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FOREWORD 


The theory of beams and plates on elastic foundations occupies a 
prominent place in contemporary structural mechanics. A very large 
number of studies have been devoted to this subject, and valuable practical 
methods for the analysis of beame and plates on elastic foundations have 
been worked out. 
However, the existing calculation methods fall short of perfection, and 
leave unanswered many problems of practical importance, The large el 
majority of these methods are too cumbrous for practical use; in addition, 
the assumptions made as regards the strains and stresses in natural soil 
cannot be fully ccepted. Complex three-dimensional structures on elastic 
foundations cannot be analyzed by existing methods. The hypothesis of a 
foundation modulus, by which the elastic foundation ig considered as a 
system of separate unconnected springs, thus simplifying considerably the 
analysis of structures on elastic foundations, leads frequently to incorrect 
results. . 
On the other hand, by means of the hypothesis of an elastic isotropic : I ne IE : i 
semi-infinite space, we can describe correctly the physical properties of 
a natural foundation. Thig, however, leads to cumbrous calculations; as 
a result, practical solutions have been obtained only for a very restricted 
range of problems. 
Establishing more accurate foundation models, and developing simplified 
methods for analyzing complex three-dimensional structures, taking into 
account the elasticity of the soil, are among the problems which the modern 
theory of structures on elastic foundations has to solve. 
It can be expected that higher accuracy will be obtained by making 
allowance for the elastic-plastic deformation of the soil, 
Approximate methods are obviously best suited for analyzing complex 4 
three-dimensional engineering structures on elastic foundations, since 
they lead to relatively simple expressions. 
A new theory for analyzing structures on elastic foundations, based on 
Viasov's general variational method, is proposed in the book, This theory 
is more accurate than the well-known theory of Winkler and Zimmermann, 
but is simpler than the theory of the elastic semi-infinite space, 
This theory considers the elastic foundation (and, in genera], the non- 
homogeneous foundation) as a single- or double-layer model whose proper- 
ties are described by two or more generalized elastic characteristics. 
This model was proposed in 1949 by Vlasov in his book "Structural = - = wm 
Mechanics of Thin-Walled Three-Dimensional Systema."' The theory of 
the single-layer foundation wag further developed by Leont'ev /11, 55/, 
Ruchkin /68/, Kosab'yan /45/, Cheche /81, 82/, etc. 
The basic differential equation describing the state of strain of a loaded 
single-layer foundation has the same forrn ag the solutions obtained by “s 
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Filonenko-Borodich /75, 76/ and Wieghardt, The models of Wieghardt and 
of Filonenko-Borodich are therefore mathematically equivalent to the single - 
layer model used here. An elastic-foundation mode! similar to the single - 
layer model was also considered by Pasternak /62/, 

A merit of the theory proposed here is that the solution of many problems 
of practical importance is reduced to solving ordinary differential equations 
whose integrals can be found from tables. The simplicity of the mathema- | | | 
tical methods and the clearness of the mathematical model make this theory 
very adaptable; not only the basic problems of beams and plates on elastic 
foundation, but also various more complex problems can be solved with its 
aid, These problems include the analysis of shells, taking into account 
additional transverse loads and the deformation of the underlying foundation, 
and problems of the dynamics and stability of structures on elastic founda- 
tions. The proposed theory can be applied to the determination of the 
stresses and strains in single- and multilayer strata of horizontal or 
inclined excavations. 

The authors do not claim to have solved completely all problems of 
practical interest; nor do they consider that the methods proposed by them 
are universally applicable. Many problems are examined for the first time 
in this book, and, as a result, have not been worked out to the stage of 
formulas and tables for ready use. However, the extensive material, 
collected so far on the analysis of structures on elastic single-layer 
foundations, makes publication of such a book necessary. The authors hope 
that the book will be of use both for engineering practice and for further 
investigations, 

The book consists of seven chapters. The first six chapters are devoted I _ | E 
to problems of beams, plates, and spherical shells on elastic foundations, 
and to the dynamics and stability of such structures. Chapters I to III are 
mainly based on Leont'ev's thesis /55/; Chapters IV and V make use of the 
results of Ruchkin's studies /68/, kindly placed by him at the disposal of 
the authors. The last chapter (Chapter VII) describes a new approach to 
contact problems, based on the method of initial functions /10, 13, 14/, 
with whose aid complex three-dimensional problems of the theory of elasti- 
city are reduced to two-dimensional problems; several examples illustrating 
this method are given, The bibliography indicates the main sources which 
were used by the authors in writing this book. The list given is, of course, 
incomplete. More complete bibliographies on the subject of structures on 
elastic foundations are given in /42, 50, and 64/, 

This book is intended not only for research engineers, but also for 
engineers working in design and planning firms. Tabies, dimensionless 
diagrams, and practical examples have been introduced in order to simplify 
practical calculations. The basic aim of the book is, however, to make 
available to the engineer an efficient variational method, with whose aid he 
himself will be able in each case to select a certain scheme of calculations, 
establish the corresponding model of the elastic foundation, and solve the 
problem by relatively simple mathematical means, 

Chapters J, Il, NL IV, V, and VI of this book were written by N.N. = - = = 
Leont'ev, and Chapter VI by V.Z. Vlasov. The editor was V.Z. Vlasov. 

The authors acknowledge the help of V.P. Ruchkin,. V.V. Vlasov, E.I. 

Silkin, A. N, Elpat'evskii, and L,V. Kosab’yan inthe work on the manuscript, 
and of V.V, Petrov and D.N. Sobolev in preparing the manuscript for print. 


V.Z, Vlasov, N.N. Leont'ev 
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Chapter I 


APPLICATION OF THE GENERAL VARIATIONAL METHOD 
TO THE THEORY OF ELASTIC FOUNDATIONS 


§1. FUNDAMENTALS OF THE VARIATIONAL METHOD 
USED IN REDUCING COMPLEX TWO-DIMENSIONAL 
PROBLEMS IN THE THEORY OF ELASTICITY a a | 
TO ONE-DIMENSIONAL PROBLEMS 


1 


Consider a thin rectangular plate toaded by forces acting in its plane 
(Figure l,a}, Assume that the plate is deformed without bending, so that 
its state of stress is determined by normal stresses o,, o, and shearing 
stresses ty, ty, only. The stresses az, oy, try tye are independent of the 
coordinate z, it being assumed that the plate thickness 8 is very small. In 
the theory of elasticity this is called a problem of plane stress. I = i ; EZ 


FIGURE 1, 


Problems of plane stress are two-dimensional since the displacements, 
strains, and stresses are functions of the two coordinates x and y only. 
Two basic methods are available for solving such problems: the method of 
stresses and the method of displacements, The first method uses as basic 
unknowns the stresses a,(x, 9), 9y(x, ¥), ty (X,Y) tc (X,¥), which are determined 
from the conditions of continuity of the deformations, This method is 
similar to the method of forces used widely in the structural mechanics of = lu -_ 
statically indeterminate strut systems, The second method adopts as basic 
unknowns the displacements u(x, y), u(x, ¥), determined from the conditions 
of equilibrium.of the elastic system. This method corresponds to the method 
of strains in structural mechanics. 

We shall use here the method of displacements, adopting as principal 
unknowns the displacements u(x, 9) and u(x, y) of a certain point M(x, y) of the 


ITITETILTITILTILiiiril 


plate. The x-direction will be called longitudinal, and the y-direction, 
transverse, The displacements u(x, y) and u(x, y) will accordingly be called 
longitudina] and transverse displacements respectively. These displace- 
ments will be considered as positive if they are in the positive direction of 
the corresponding coordinate axis. 
In the two-dimensional case, the stresses and strains are related as 
follows: | I I 


é 
«im (ter +b vy), 


oy = a altw + Hu), (1.1) 


E 
Ty ety = Zaye 


where £ = modulus of elasticity, v= Poisson's ratio for the material of the 
plate, t::=tse(x, y) and s,, —8,,(x, y}= strains in the longitudinal and transverse el =. 
directions respectively, e., = e,,(, ¥) = shearing strain. 
The strain components ¢,., ty, Gy, are related to the unknown displacements 
u and ve as follows: 


a Ou , dv 
B= Fo bw He Se Rt (1.2) 


The system (1.1) and (1.2) defines the states of stress and strain in the 
plate; when the displacements u and y are known, the problem can be 


considered solved.  f - i i 


2 


In order to obtain a simple approximate solution, the unknown functions 
u(x, y) and v(x, y) are expanded in finite series: 


u(x, gdm SUc(xorty) (= 1, 2,.3,..., me). 


i=] 


a (1.3) 
vinn= Vardi (y (k= 1,2,3,...,0). 


aad 
The functions o(y), $e(y) are assumed to be known, and the functions U, {x), 4 I I 
Va(x)to be unknown. It is often convenient to introduce dimensionless 
functions ¢:(y),¢,(g); the functions U,(x) and Vs (x) will then have the dimension 
of length (displacement). 
Because of the dimensions and physical meaning of expressions (1.3), 
the functions U:{x), Va(x) can be called generalized displacements. Indeed, 
each of the m functions U;(x), calculated for a given section x = const of the 
plate, determines in a generalized form the magnitude of the longitudinal 
displacement u,(x, y)in this section. Similarly, each of the vn functions V,(x} 
determines the magnitude of the transverse displacement u(x, y) for the 
entire section x= const. The distributions of the longitudinal and transverse ee ee 
displacements over the sections x= const are given respectively by the 
functions 9,(y) and %&(y), which are therefore called functions of the transverse 
distribution of the displacements. 
Provided they are linearly independent and express the physical meaning 
of the problem, the functions ¢,(y) and ¢:(y) approximating the state of strain 
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in the plate in the transverse direction, can be chosen in different ways. 
Some examples will make this point clear. Consider the bending of a 
narrow plate (beam) with free lengthwise ends. Assume that the sections 
remain plane during bending and that no transverse elongation takes place. 
The unknown displacements u(x, y) and u(x, y) can be represented in this cage 


in the form: : 
u(x, ¥) =U, (x) 9, (y) = Ui (0+, } ( | | | 
1.4) 


0 (x, 9) = Vy Ce) fx (¥) = Va (x) 


(tke coordinate y is measured from the center of the cross section). The 
functions of the transverse distribution of the displacements are therefore 
in this case: 


aways diw=l, 


the remaining functions 9,(y) and f(y) GG = 2...m, k= 2...n) are zero, 

It follows from (1.4) that the generalized displacement U, (x) represents 
the angle of inclination of the section, and the generalized displacement 
Vi (x), the plate defiection, 

A second term can be added to the elementary solution (1.4), known from 
the theory of the strength of materials, for the bending of a narrow beam 
acted upon by a load antisymmetrical with respect to the x-axis (Figure 2); 


u(x, y) = Uy (x) y + Ua (x) sin ~ | 


(1.5) 
Z-ies&E 


v(x, y= Vics) + Vs (x) cos 


The following expressions have thus been selected for the functions g{y). 
Ye (y) 


mW=¥ erly = sin Ze, 
hW=1, daly) = cos. 


the sections are assumed to remain plane; the second terms are introduced 
to correct the inaccuracies due to this assumption and that of zero 
transverse elongations. 


The first right-hand terms in (1.5) represent the displacements when | | I 
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A different procedure can be adopted to find a more accurate solution 
for a narrow beam, We imagine the beam to be divided into horizontal 
strips each of which is assumed to remain plane, although this assumption 
is not valid for the cross section as a whole. As an example, Figure 3 
represents a plate with free upper edge and built-in lower edge (immovable 
both horizontally andvertically). This plate is divided into three parts along 
its height, It is assumed that the sections of each part remain plane, and | | | 


that the transverse strains e, = are constant (over each section of the 


parts], Equations (1.3) can then be written in the form: 


a(x, #) = Ui (x) es (9) + Us (2) ps (y) + Ua (x) 05 CH), | 


v(x, y) = Vi (x) $y (y) + Va (x) ba (9) + Vo (x) Gey) (1.6) 


The functions 9 (y), os(¥).--+,¢:(9) ¢a(y) are represented in Figure 3. It 
is seen that in the range of variation of y, the functions of the transverse "na zh 
distribution of the displacements satisfy the continuity equations and the 
geometrical boundary conditions for y=@ andy=H, The generalized 
displacement U, (x} determines the horizontal displacement on the plate 
surface, and the generalized displacement V, (x) equals the deflection of the 
upper edge of the plate, The remaining generalized displacements 
determine the displacements of the interior points of the plate along the 
lines y=h,and y=A,. 


E-asSs 


fr 
p 


f Pr 
-p A tr 
FIGURE 3. 
The accuracy of the calculation increases with the number of parts into 4 | | 


which the plate is divided (i.e. with the number of terms in (t.3))}; the exact 
solution of the two-dimensional problem is obtained by passing to the limit 
nm—oo and m-+ oo. 

The manner in which, in this example, the functions 9,(y} and the (y) Were 
chosen for a homogeneous isotropic thin plate may also be applied to a thin 
plate consisting of several horizontal layers having different elastic 
coefficients £ and v and thicknesses 3. 

Depending on the problem and the accuracy required, the functions ;,(y}, 
and %&{y)can be obtained as linearly independent and continuous functions of 
the coordinate y by many other methods also. 

The representation of the unknown displacements by means of finite 
series (1.3) is equivalent to reducing the plate to a system having a finite 
number of degrees of freedom in the transverse direction and an infinite 
number of degrees of freedom in the longitudinal direction. Such systems 


TTITIPFITILTITILiriii 


can be called discrete-continuous, in contrast to the two-dimensional models of 
thin plates whose behavior is described by partial differential equations, in 
which the plates are considered as two-dimensional deformable solids possess- 
ing an infinite number of degrees of freedom in both the x- and y-directions. 
It also follows from the series expansions (1.3) that the two-dimensional 
problem of the theory of elasticity has been reduced to a one-dimensional 
problem, since it suffices to determine m functions U,(x) and a functions I | | 
V,(x) of the same variable in order to obtain the longitudinal and transverse 
displacements u(x, y) and v(x, y}. 


3. 

The functions U,(x) and V,{x) can be obtained from the equilibrium conditions 
for an elementary strip of length dx =1, delimited by the sections x = cons! 
and x+dx=const (Figure 1,b), In accordance with Lagrange's principle of 
virtual displacements, the equilibrium conditions are obtained by equating 
to zero the total work of all internal and external forces acting on this strip 
over any virtual displacement, 

In accordance with (1.3), the virtual longitudinal displacements of the 
elementary strip are u,=9,(y) for U;=1, where j can have m different values, 
The virtual transverse displacements of the strip are given in the form 
% = 4(y)for Va =1, the subscript 4 denoting any of the n virtual displace- 
ments. Thus the vertical strip considered possesses (m+n) degrees of 
freedom in the plane of the plate, m corresponding to longitudinal displace - 
ments ({paralie] to the x-axis), and a to transverse displacements (parallel 
to the y-axis). 

The external forces acting on this strip are caused by the normal stresses , E 7 IE ra IE 
Oy, On + oe de , by the shearing stresses t., tye + ltd , due to the interaction 
between the strip and the remainder of the plate, and by the given 
distributed load whose x and y components (per unit height] are p(x, y) and 
9{%, ¥) respectively, The internal forces acting in the strip are caused by 
the normal stresses o, and the shearing stresses ty. The work done by 
all the external and internal forces of the strip over any of the m+n virtual \ 
displacements is given by the following expressions: \ 


oe, ¢ . 
(9 dF —\aupidk +\ p(x, 9)9,dy30 (j=, 2,3,...,m), (1.7) I I 
@ 7 
(Sey, dF —Sopidk + {ale ybdy=0 = 1,2.3,.....A), (1.8) 
where dF =$dy = element of plate cross section, $= plate thickness. 
In each equation (1,7) the total work done by all external and internal 


forces acting on the elementary strip in the longitudinal direction has been 
equated to zero, The first term represents the work of the external forces 


Sz dxdp-The second term represents the work of the internal shearing forces 
uaF. Byvirtue of (1.2) and (1,3), the shearing strains are given by the . 


derivative gj(y) when U;=1. In each equation (1.8) the total work done by -_- _ = 
all forces acting on the elementary strip in the transverse direction has 
been equated to zero. As in (1.7), the first term represents the work of the 


external forces ee AF ; the second term represents the work of the internal 


normal forces a, dF. 
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The last terms in equations (1.7) and (1,8) correspond to the virtual work 
done by the given loads. 
The following expressions are obtained by inserting (1.2) and (1,3) into 


(1.1): 
EB pen yp = ; 
°= sD Ya ty D Vath]. I I [ 
fm] mt 


+= ald Vad, +¥ 3} Up], (1.9) 


fox] 


Tm toe = EE GD Ui + 5 Vidad 


d= heel 


Substitution of (1.9) in (1.7) and (1.8) leads to a system of ordinary 
differential equations in U,(%) and V,(z); this system consists of m equations 
corresponding to the m degrees of freedom of the strip in the longitudinal 


Ls = = 
direction, and # equations corresponding to the n degrees of freedom of the 
strip in the transverse direction, This system can be written down as 
follows; 
= i-yv = = 4i-—--v . 4{-y 
Wand, — FDO + (ta — ecw Wa +E" p,=0 
im] ima a=) 
(j= 1, 2,3,...,)}, 
bad aaah ee —_y¥ . ie 1, 
—S (tn — Seu) Us LE? Sema — Gane 
im) k=l E = Df E 


= Saat nad (eel, 2,3,....0). 


kel 


When the functions g;(y), (y){i, j= 1,2,3,...,m), and dy), daly), (RA = 
= 1,2,3,...,a) have been chosen, and their derivatives are thus known, the 
coefficients in (1.10) are obtained from the following equations: 


Ay = Ay = lem dF, Tar = Say = | dade dF, 
bu = by = SemdF, sansa = J dahea?, (1.11) I I I 
cans Soda d, ci = \ dre dF, 
ta = log dF, tae = | dipe dF. 
The integrals are taken over the entire width of the strip; in the general 
case § can be a function of ». 
The expressions (1,11) can be easily obtained from graphs of the 
functions 9,(y), ¢(y), and their first derivatives. 


If p(x, y), and g(x,y), are given the free terms P= p(x) (j= 1,2,3,..., m), 
and ¢n = y(x) (k= 1,2,3,...,8) in (1.10) are obtained from the equations: = - = - 


oy \p, #eidy, gn = | 94x, v) dnd. (1,12) 
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The loads p(x, y) and g(x, y) are considered positive when acting in the positive 
directions of the coordinate axes. 

In the general case it is assumed that the loads p(x, y) and q(x, y) are 
distributed over the plate height as arbitrary functions of y. Expressions 
(1.12) may also apply to the external load acting at the longitudinal edges 
of the plate, which in the general case consists of given shearing and 
normal forces, In accordance with the physical meaning of these expres - E | | 
sions (virtual work done by the loads}, the concentrated forces must be 
included, Thus, if shearing and normal forces p(x,0), q(x, 0} per unit length 
act at the upper edge of the plate in addition to the loads p(x,y) and ¢(4,4), 
we obtain for (1.12): 


Pi = B(x) 4 (0) + | Ux, yey (9) dy, 
qa= 9 (x) bn (0) + J a(x, ¥) dn (y) dy. 


Such integrals, extended both over distributed and concentrated loads, are 
called Stieltjes integrals. =_ 7 am 


4 
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The most efficient modern method of integrating a symmetrical system 
of ordinary differential equations with constant coefficients is Krylov's 
method, by which such a system can quickly be reduced toa single equivalent 
differential equation. In our case, the order of this equation will be 2(m-+ x). 
Hence, the unknown functions U,(x), Vs {x} satisfying (1.10) will contain 
2(m +n) arbitrary integration constants. The number of these constants is 
equal to the number of independent geometrical conditions to which the end I 2 I E 
sections x= 0 and x=! of the plate can be subjected {/* plate length in the 
longitudinal direction). 

The position after deformation of all points of an arbitrary section 
x=const is in fact defined by m+n independent magnitudes: m functions 
U, (x) determine the positions of these points in the longitudinal direction 
(displacement from the plane *=const}, anda functions V,(x) determine these 
positions along the height. Hence, m+n magnitudes can be arbitrarily 
specified for one end section of the plate. The number of independent 
conditions for the two end sections x=0 and x={ is thus 2?{m+)}, which is 
equal to the number of arbitrary integration constants. By varying these 
constants we can obtain a solution for the most varied geometrical boundary I [ | 
conditions in respect to the longitudinal and transverse displacements. 
Consider a plate withthe boundary conditions at x =0 and x=/ given as 
stresses or, in the case of a mixed boundary problem, partially as displace - 
ments, 

When the functions 9,(y) and &(y) have been selected, the stresses s, and 
tz, at x= const can be expressed through +27 independent generalized statical 
magnitudes, The virtual work done by the normal and shearing forces c,dF 
and +,dF over anyofthe m+n virtual displacements of the points of the 
section considered is: 


T(x) = fo, dF Gi=1t, 2,3,...,), 
Sa) = | tact, dF (h= 1,2,3,...,8), 


(1.14) 


where dF = bdy. 


XS 


a 


NY 


~ 
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The integrals in (1.14) are taken over the entire cross section of the 
plate. The magnitudes T,(x) and S,(x} represent generalized longitudinal and 
transverse (shearing) forces acting in the section x = consi of the plate, Ba 
Considering these magnitudes ag internal forces, we can express them 
through the functions U,(x) and V,(x). It follows from (1,9), (1.11), and 


{1.14) that: [ | | 


Py (2) = B(S} ani + ¥ De igls) i, j=1,2.3,...,m), 
pe — (1.15) 
SQ} =G6(S cui t+ SD ruVa) hy k= 1,2,3,... 6). 


foe] k=1 


Using (1.15), it becomes possible to impose 2(m+n) generalized boundary 

conditions expressed as stresses on the plate edges «= 0 andr =/. 
Let a given system of distributed normal force p(x, y) and distributed 

shearing forces g(x,y) act at edge x= x, (Figure 4). ee 
We imagine an elementary strip dx to be cut from the plate; from the 

principle of virtual displacements, we obtain the following equilibrium 


conditions: 
J(oeb— pr) ¢du=0 j= 1,2,3,...,m), | 
((et—9)4,dy=0 (4 1,2,3,...,n). { (1.16) 
Inserting (1.14) into (1.16) yields: E 7 I I 
Sh (x) = J gn dy. Ti (x) = | pt, dy, (1.17) 


We have thus obtained the relationship between the generalized forces 
(1.15) and the specified external loads at x= x,. 


After obtaining the general integral of (1.10), it is possible, with the aid 
of {1.17} and (1.15), to determine the strains and stresses in the plate for 
any boundary conditions at x=0 and x=/, expressed as stresses, displace - = _= 
ments, or both. 


\ 
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§ 2, TWO-DIMENSIONAL DEFORMATIONS OF ELASTIC 
FOUNDATIONS. CALCULATION MODELS 


Consider now the inverse two-dimensional problem, Let the elastic 
foundation be a compressible layer of thickness H placed ona rigid 
foundation (Figure 5). The dimensions of this compressible layer in the 
7-direction are assumed to be large. We also assume that the external 
load is independent of the z coordinate and acts in planes parallel to the xy 
plane, The thickness of the elastic foundation, its support conditions, the 
elastic constants and all the other conditions are constant in the z-direction. 
In the theory of elasticity this is called plane strain, since the displacements 
of all points occur in planes perpendicular to the z-axis. 


We imagine a narrow plate of thickness § to be cut from the elastic | - rf : i 
foundation by two planes parallel to the xy plane (Figure 5). The stresses 
Go % Tay tx , the strain components ¢,,,¢y, e,,, and the displacements 4 and 
z of this plate are functions of x and y only, and are, as in plane stress, 
related by (1.1) and (1,2), In the case of plane strain, the following have to 
be substituted for £ and» in (1.1): 


£ ¥ 
a $ 
E, = —— ‘ym 
2? 0 
i-v im, 


' (2,1) 


where £, and v, are the modulus of elasticity and Poisson's ratio for the I | | 
foundation material (soil) respectively, 
In order to determine the strains and stresses in the plate by the method 
of displacements, we express u(x, y) and u(x, y) by expansions (1.3), As in 
section 1, we obtain the following system of (m+) ordinary differential 
equations in ¢/;(x) and V,(x} from the conditions of equilibrium of an elementary 
strip of width dx =! (Figure 1): 


m_ “a ; 
Se ands APES OC) SD (rate — Sea Ve + 


7h =) a=1 
i—_ 


ey =0 Ge l.23 
+ Eo PF = (j= 1, 2,3,...,m), 


mm, especie a “ 7 ” ; 2 
= >? (votn at ~ tall + in > fig — x Srey + (2.2) 

i=] ky ony 
1— ¥ 


+ z Qn =: 0 th 1,2,3...., 9). 
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The system (2.2) differs from (1.10) only by the elastic constants, The 
coefficients ay, by,...,ca. i are again determined from (1.11) and depend 
only on the functions 9 (y) and 4, (y). 

As before, the free terms BP, and q, represent the work done over the 
displacements ¢,(y) and 4, (y) respectively, by the given horizontal and 
vertical distributed loads p(x, gy} and q(x, 4), and are obtained in the general 
case from (1.13). | I | 

The volume forces distributed over the foundation are usually neglected 
when the deformation of an elastic foundation is considered; only surface 
forces (the loads applied to the foundation surface) are taken into considera- 
tion, The free terms in (2,2) are in this case; 


P, = p(x)-9, (0), 
{2,3) 
4, = 4 (x)-, {0}, 
where p{x} and q(x) are the shearing and normal surface forces respectively; eae eee, a 


9, (0) and 4, (0) are the values of the functions ¢,{y) and 4, (y) at the foundation 
surface y=0. 

After the functions U(x) and V,(x) have been determined from (2.2) and 
the corresponding boundary conditions, the displacements of the elastic 
foundation u(x, yyand u{x,y) can be found from (1.3), and the stresses 6,, 9,. tz 
from (1.9); the elastic constants are given by (2,1). 

The system of ordinary differential equations (2.2} thus defines the plane 
strain of an elastic foundation considered as a linearly deformable medium 
of finite thickness 4, Because of the limited number of terms in expansions 
(1.3) the solution obtained will be an approximation of the exact solution of rf "2 i E 
the theory of elasticity. At the same time, the system (2.2) can be 
considered as defining a generalized model of the elastic foundation, based 
on the general variational method, Different models can be obtained by 
selecting different expressions for the functions »,(y) and 4,(y). Although 
only approximations from the point of view of the theory of elasticity, these 
models are nevertheless sufficiently accurate for practical application, 
Their accuracy can be increased at will by increasing the number of terms 
in (1,3), 

Increasing the number of terma in (1.3) is, however, undesirable, since 
an increase in the order of the differential equations (2.2) results. The 
accuracy of the solution can also be increased by a better selection of the 
functions 9,(y) and 4,(y). Since this selection is based on experimental data 
or ona more rigorous theoretical analysis, a sufficiently accurate solution 
can be obtained even with a minimum number of terms in (1.3). 

Consider for example an elastic foundation in which the horizontal 
displacements are either zero or negligible. In this case: 


a(x, y) = 0, , 
= (2.4) 
TC) Pa ae ee 
System (2.2) then becomes: 
1 © ; . ; 1—% 
z=" Dd (Va — DF seas + 4, = 0, (2.5} 
a=1 * ated 
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where 
Tak = \ ate aF, Sy = CAA dF. 


in this model the load may spread due to cohesion: reactions may appear 
even outside the region of load application. The model described by 
(2.5) can be represented schematically as a system of elementary elastic | [ | 
columns (springs) mutually interacting as a result of internal friction and 
adhesion (Figure 6), 


giz} 


FIGURE 6. FIGURE 7. 


The properties of this model depend on the functions de (y) and on the 
number of terms in (2.4), Since this is a particular case of the generalized 
model described by (2.2), we can obtain from it even simpler models of the 
elastic foundation by the introduction of additional hypotheses. Assuming, 
for example, that the elastic foundation forms a thin compressible layer 
whose base is fixed, we can write: E = i : | 


we N= VOY), (2.6) 
$:(y) = pe. (2.7) 
The function V, (x}thus represents the settling of the foundation surface 


{Figure 7}. 
From (2,6) and (2.7) we obtain for (2.5) the single differential equation: 


= . i1-v¥ . 
: z * ryVi — syV, + aL = 0, {2.8} ] [ | 


where 
(2,9) 


Assuming that the external distributed load q(x) is applied only to the 
foundation surface, the term gq, given by (2.3) will be: 


9 = 9 (x). 
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The model described by (2.8) can be called a model with two character- 
istics, or simply a single-layer model (/11/). 

The stresses in this model are obtained approximately by substituting 
(2.4), (2.6), and (2,7) in (1.9): 


Ee aoe Eo ¢ 
Oe ay =~ Gag | | I 
{(1-—%) (1—%) (2.10) 


= ty == f2— Vid, = — He oe y’ 
wa = Tey = Dip) Vidi = Uae A Mt (x}. 


The normal stresses >, thus remain constant over the height of the 
foundation, while the shearing stresses «,, vary linearly. 

If the thickness H of the compressible layer is large, the hehavior of the 
elastic foundation will be described only approximately by (2.7) since in 
this case o, cannot be assumed to remain constant over the height. In order 
to increase the accuracy without increasing the number of terms in (2.6), 
it is necessary to select for ¢, an expression more closely describing the 
actual decrease of the displacements and stresses with depth. We may, 
for instance, write (Figure 8) 


f= shy (# — g) 


wy (2.11) 


where + is a constant determining the rate of decrease of the displacements 
with depth. In this case the solution is given by (2,8), but the coefficients 
fy and s, are found from (2.11). 


If horizontal displacements in the foundation cannot be neglected, and if 
the foundation is sufficiently thin and fixed to its base, we can write: 


ut M=Uig,, l(t, 9) = Vid, 


where i (2,12) 
—¥ amy 
og RS 

lu = 
System (2,2) then becomes: 
or . s » taw > 
aU, — to, + (vols = Zz Sen) Vi + a P, = 0, 
(2.23) 


1— Iv 


— (vols _* Ften)U, _- 7 ry — SV + E w= 0. 
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The coefficients in (2.13) can be found by inserting (2.12) into (1.11). We 
can also write: 


. — shytt#—y a — shyt —y) 


va shyt TR “shag (2.14) 
or ather suitable expressions. 
If the foundation consists of several horizontal layers having different 4 


elastic properties, the functions ¢, {v). 9, (y} can be selected as in section t 
(Figure 3), The modulus of elasticity can then be assumed to vary over the 
height. This model of the elastic foundation is thus called a multilayer 
model. A multilayer model can be used for ahomogeneous elastic foundation 
when the thickness 4 is considerable; the solution obtained is far more 
accurate than that obtained from the single-layer model described by (2.8) 
or (2.13). 

By selecting the functions ¢ (y) andy, (y)differently, we obtain from (2.2) 
an infinity of different models of the elastic foundation describing with 
sufficient accuracy the peculiarities of the problem under consideration, 
Since the selection of the correct model of the elastic foundation is very 
important in the design of structures resting on such foundations, the 
advantages of the general variational method are obvious. 

Most models obtained by this method are simpler than the model of an 
elastic semi-infinite plane based on the methods of Zhemochkin and 
Gorbunov-Posadov. Henceforth only the simplest, i.e., the single-layer 
model, will be considered. This simple model makes better allowance for the 
elastic properties of the soi] than the well-known model of Winkler and 
Zimmermann, while permitting the design of beams, plates, and more  f ‘a I . I 
intricate structures resting on elastic foundations by simple mathematical 
methods. 


§3. PLANE MODEL OF THE ELASTIC FOUNDATION 
WITH TWO CHARACTERISTICS 


1, Basic differential relationships 
Let the elastic foundation be a compressible layer of thickness 
(Figure 9). Assume that the displacements in this layer due to the surface 


load, are approximately: 


ux W=0, ole, Y= Vid), (3.1) 


where ¢,(y) is a function of y, selected according to the nature of the 
problem, 
According to (1.2) and (3.1) the strain components are as follows: 


mm = = 
Ey = Vi (x) 4 (y¥). 
fry = Vi (a) hi (y), (3,2) 
ey = 0, 
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The normal and shearing stresses are obtained from (1.9): 


A, oo (1 ae Vv, {x} on (¥), 


i (3.3) 
tye = ew Mt (x) da Cy). 
The constants £, and vy, are as follows [cf. (2.3)}]: I I | 
_ _&s Ys 
ae ae , Yo is, ' (3.4) 


where £, and v, are the modulus of elasticity and Poisson's ratio respective - 
ly for the material of the foundation. 


ive 
FIGURE 9. MQ 


The system (2.2) is in this case reduced to a single equation [cf. (2.8)] : E _ I , 
containing the only given function of y, 4, (y): \ 
iv \ 
FV — suVi + a = 9. (3.5) x 
The free term in (3.5) represents the work done by the distributed 
surface load g(x} and ts: 
a 
Gu (x) = 4 (x) 4 (0). (3.6) 
The coefficients in (3.5) are: ] I | 
HH 
m= { di (y) aF, 
0 
Wis (3,7) 
Sit ={ h (vy) 4F, 
0 
where df =idy. 
After multiplying each term by Ee =, (3.5) can be written: 
aa a 
2tVi— kV, +g, = 9, (3.8) 
where ga Fos 
1-—¥ 
0 
fy 
iu rt zara (3.9) 
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Differential equation (3.8} relates the vertical displacements of the 
foundation to the load applied at its surface. It differs from the well-known 
relationship obtained by assuming a direct proportionality (foundation- 
modulus hypothesis) by the presence of a term containing the second 
derivative of the generalized displacement V,. This term, multiplied by 
2t, makes allowance for the shearing stresses in the elastic foundation. 

This model of the elastic foundation thus differs basically from the 
Winkler-Fuss model*. Since allowance is made for the shearing stresses, 
the load can spread, i.e., displacements occur not only directly beneath 
the load, but also at other points (Figure 6). 

The properties of the elastic foundation satisfying (3.8) are defined by the 
two integral characteristics (3,9), The characteristic & determines the 
compressive strain in the elastic foundation; it is thus similar to the 
foundation modulus. The characteristic t determines the shearing strain 
in the elastic foundation; it thus defines the load-spreading capacity of the 
foundation**, 

The solution of (3.8) requires the establishment of boundary conditions; 
these should be given in integral form, either as generalized forces or as 
generalized displacements, 

From (3.1) and (3,3), we obtain: 


T;= o,9,4F =0, | (3.10) 
E> e . 
Si=\suh dF = Et Vi (Yay = ov. | 


2. Selecting the function of the transverse 
distribution of the displacements 


The distribution of the displacements and normal stresses over the height 
# of the elastic foundation, and thus the basic properties of this foundation, 
are determined by the function ¢,(y). In the previous section the following 
function was chosen for a sufficiently thin compressibie layer, throughout 
which the normal stresses s, are constant: 


haa. (3.11) 


The foundation is assumed to be fixed on its base (Figure 7). The strain 
in the y direction is constant: 


by = — Vile) 


the normal stresses are also constant over the layer height: 


ie ee V, (x). {3.12} 
* The hyporhesis of the foundation modulus, usually called “Winkler hypothesis”, was first proposed by the 
Russian academician Fuss in 1801. , 

** Pasternak proposed ro call the characteristics & and ¢ “the two foundation moduli”; the single-layer model 
would thus be called "the model with two foundation moduli” /62/, Equation (3,8) is identical with the 
solution obtained by Fitonenko-Borodich for his simplest made! of the elastic foundation /76/, and also 
with Wieghardr’s solution, 


IS 


I 


We then obtain for the coefficients (3.7) (cf. (2.9)]: 


(3.13) 


the constants in (3.9) become: 


ae 

Hit—v ” (3.14) 
_ _ Eth 
~ 12¢7 4+ v4) 


& 


t 
From (3,10) we obtain: 


S,= wo Vi (x) = 2tV, (9. (3.15) 


Expressions (3.14) and (3.11) are valid also for elastic foundations of 
considerable thickness, consisting of several compressible layers having 
different elastic properties, and in particular for a semi-infinite elastic 
plane, In this case, # in (3.11) and (3,14) defines the height of an equivalent 
layer throughout which the norma! stresses s, are assumed to be constant 
{Figure 10). This height can be determined by comparing the displacements 
of the foundation surface, given by (3,8), with the actual displacements. 


Equivaient 
compressible 


FIGURE 10, layer 


If the concept of equivalent layer is undesirable, we can choose the 
following expression for 4, (y) when the elastic foundation is deep: 


hm =", (3.16) 


where # is the depth of the subsoil (for a semi-infinite elastic plane H-—+ oc}, and 
1 is a coefficient depending on the elastic properties of the foundation and 
determining the rate of decrease of the displacements over the depth of the 
foundation. 

In accordance with (3.16), the normal stresses in the foundation are: 


=e £, chy{#—y) 
a aT Aer a ean 
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and the elastic constants in (3.8) become: 


EqtH 
= ate wa-@ ‘=TWitw to (3.18) 


where : 
& shy chyh + 7H | I | 


a - 2 shy 7 (3 19) 
_ 3 4 sbyHchyH—4H ‘ 
= 25H — shy 


We again obtain: 


S, = \ wah dF = 2V; (2), (3,20) 


where ¢ is given by (3,18). =. = 
In this case the normal stresses 1, are not constant, but vary as the 

hyperbolic cosine (Figures 8 and 14), The characteristics (3.18) define 

the elastic properties of the soil more accurately than the characteristics 

(3.14). 
When H-+ oo the characteristics (3.14) tend toward infinitely and zero 

respectively, while the characteristics (3.18) remain finite. Hence, (3.16) 

and (3.18) are valid even when the thickness of the elastic layer becomes 

infinite; expression (3.16) can be used for the approximate calculation of 


structures on a semi-infinite elastic plane, E é i ¢ 2 | 
Similar results can be obtained when the function 4, (y) is an exponential - : 
function: 
Aye", {3.21} 


which also adequately describes the decrease of the displacements and 
stresses over the depth of the elastic foundation, 

Depending on the nature of the problem, many analytical expressions 
in addition to (3.11), (3.16}, and (3.21) can be selected, either based on 


experimental data or on solutions obtained by the methods of the theory of 
elasticity. I | [ 


3. Action of a concentrated vertical force, 


We shall determine the displacements of an elastic foundation, due toa 
concentrated force » acting at the origin of coordinates (Figure 11}. In this 
case we obtain from (3,8) the following homogeneous differential equation for 
the displacements V, (x): 


27V, — AV, = 0. (3,22) 


The coefficients are obtained from (3.9) and (3.7). 
The general integral of (3.22) is: 


V1 (x) = Cye“™ 4+ Crem, (3,23) 
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where 


.= yz. (3.24) 


For reasons of symmetry we need consider only the right-hand half of 
the foundation, One of the integration constants in (3.23) is determined 


from the condition that the foundation displacement at infinity must be zero: | I | 
at x-+ 00 Vii 0, (3.25) 
Hence 
C, = 0. 


The second integration constant is found from the conditions at x=0. 
We can define the generalized shearing force S$, (x) as the work done by all 
forces acting at the section x = const over the virtual displacements 2, (x, y) = 
= I-di(y) when V,(z)=1. It has a discontinuity at those sections where “= = = 
concentrated forces act on the elastic-foundation surface {Figure 11). 


Be of S,f2) IE - IE E 
. ‘4 . 


FLGURE 11. 


Taking into account the symmetry of the problem we find [from (3.10)] 


that: 
P 
at r=0 510) = — F410), (3.26) 
where 4, (0) is the vaiue of ¢,(y) at the foundation surface. 4 | I 
From (3.10) and (3.26) we obtain: 
dare, = £4 (0), 
whence 
P 0 
Gata. (3,27) 


The displacement of any point of the elastic foundation can now be 
written: 


v(x, yy = PHM eang, (yy, (3.28) 
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where 
oa fk = Eos P= Ey 
a=Vu. frie f ies | 
‘i (3.29) 


su = 3) oF ypdy. | 


If the linear expression (3.11) is selected for the function of the trans- 


verse distribution of the displacements, (3,28) becomes 
3a — P arty 
on y= Veda Te cu, (3.30) 
where 
Vta=w -_ np oe 


{ 
aeVt = 1 ti—w) 


As anexampie, Figure 12 shows the dimensionless displacements Y {x) 
of the foundation surface as a function of x/H, obtained from (3.30) for .,=90 


The actual displacements of the foundation surface are: 
V0) = fe. 

4 Et 
It is seen that the displacements decrease rapidly with increasing I - I . E 


distance from the point of load application 


FIGURE 12. 

When the function ¢,(g) is given by (3.16), expression (3.28) becomes 

ia 34 —%) 4 Po eb (Hy) 
v(x, ¥ ¥6 (1 — wv) ent shy. i (3.31) 
= = = 
1 VoG— +) VoG— +) 
where z= a. ee de, 
= A shah chp yh (3.32) 
y= TY Yt sh? ff 
[cf. (3.18), (3.19)] 


A sbai chy + yH 
3 shy chy — yH~ 
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,aa @4 


We can write (3,31) in the form: 


P(e b= PEP daly). (3.33) 
and plot diagrams of the dimensionless displacement [ | | 
= 3(ut—v) 4 
"C= TRIES an (3.34) 


for different values of the parameter y= 17H, Such curves are drawn in 


Figure 13 for y= 1, 7=2, y=1 (for» +0), Figure 14 shows the function +, (4), 
plotted for the same values of 7. and also the distribution of the normal 
stresses «, over the foundation height, obtained from (3.17). 
a shu = 
sh y(n-y) 
Hille oe 
1g 
ops 
FIGURE 14, 
= | 
It is seen that an increase in the parametery causes the displacements = 


and normal stresses to decrease more rapidly with increasing depth. 

The normal-stress diagrams also show that the proposed model of the 
elastic foundation is to a certain degree artificial: it gives finite (nonzero) 
values for the normal stresses at points on the foundation surface which 
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carry no load. This is a result of employing the variational method, which 
applies the equilibrium conditions in integral form without providing for 
their fulfilment at every single point of the system. 

Since the subject of this book is the analysis of structures on elastic 
foundations, and not the stresses in the elastic foundation itself, these 
shortcomings may be ignored. 


4, Case of a distributed load 
The displacemenis of an elastic foundation, due toa load q(x) distributed 


over its surface are best obtained from (3.28), which for y= 0 determines 
the displacements of the elastic foundation, due toaconcentrated force P. 


If we put P= 1, the curve of displacements becomes an influence line and 
can be used to determine the displacements of any point of the surface at 
any load, 


FIGURE 15, FIGURE 16. 


If the applied load ¢(@) is a known function of the distance ¢ from the 
coordinate origin, we obtain for the foundation displacements at point K 
{Figure 15) (whose coordinates are (x, 0)): 


atucx<b I f { 
£ 6 
Vi (xy = Cy [fa @ee—oag + Ya Qere—Hat|: (3.35) 


atx>oé 
Vile) = C1 fq ere a, (3.36) 
atx<a eet 2 
& 
V5 (x) = C, Sq @ere-Oag, (3,37) 
2t 


ITITITILTITITILiirifil 


where 


C= 4O), (3.38) 


In the particular case of a uniformly distributed load g, (3.35) becomes: 


ata<x<b 
V, (x) = 904 19 — gnats) — ga t#—01, (3.39) | | | 


We assume that the displacement decreases linearly with increasing 
depth: 


in? 
= 7] ’ 


the constant C, is then found from (3.14): 


and (3.39} becomes: 


Vito a [2 — ee ene) — et 2-09), {3.40) 


where 
Et 
———— 
Hiv) 


Figure 16 shows the dimensionless displacements V(x} obtained from rf = E ; E 
(3.40) for several values of H{fory=—0). The actual displacements are: 


Vi)= at V (x). 


It is seen that with decreasing H the behavior of the foundation approaches 
that of the Winkler model. With increasing H the displacement curve 
becomes smoother, and the absolute values of the displacements increase. 


§4. SINGLE-LAYER FOUNDATION WITH VARIABLE } | I 
ELASTIC PROPERTIES 


1 


The determination of the strains and stresses of an elastic foundation 
subjected to a load becomes considerably more difficult when the elastic 
properties of the foundation vary. 

Consider an elastic foundation whose thickness H varies linearly in the 
x-direction (Figure 17). 

We shall express the displacement of a point M(x,y) of the foundation as 
before: 


4% y= 0, vl w= Vi laddils, 9) {4,1) 
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It will be assumed that the function 4, (x, y) varies linearly: 


de, = 24, (4.2) 


H =H, —4%4z, (4.3) | | | 
and 4, = tg &, (Figure 17). 


The condition of equilibrium of an elementary strip of width dx=1, cut 
from the foundation, is derived from {1.7), (1.8), [(1.9}}, (4.1), (4.2), and 
(4.3), We obtain: 


where 


= Pee ‘ f(t — vy) t—vt 
LM an aye aay —aig lit )v+ a= 0 (4a 


According to (4.1), the generalized shearing force is: 


H 
S=\ tydaF. (Vi@)~1) (4.5) 


(9 fa~% 
FIGURE 17, FIGURE 48, 


Inserting (4.1) and (4.2) into the last expression of {1.1) yields: 


——fo oe ey Ho __ 
‘= Fite) x ht [Vs 8 v,). (4.6) 


where H = Hy— 4x. I | I 


Substituting (4.6) and (4,2) in (4.5) and integrating, we find: 


Si = AP eyed OV — Oil. (4.7) 
2 
Consider the particular case of a concentrated force P acting on the = -_ 


surface of the elastic foundation at the origin of coordinates (Figure 18). 
The following homogeneous differential equation is obtained: 


3G so iste ts 3 (t — ») 
io H()Vi— 1S" OV, — [14+ Sy, m0. (4.8) 
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This is an Eulerian differential equation and can be written in the ' 
following form after cancellation and multiplying each term by pie: 


Ht) V, + nH () V+, =0, (4.9) 


rant, ma (84 8). Iii 


Substituting V = H? in (4.9) we obtain an equation with constant coefficients 


where 


Vi + (a— IV, + mV, = 0 (4.10) 
The roots of the auxiliary equation 
w+ (n— l_+m=0 
are a | -= 
wea Sea a, (4.11) 
Since m must be negative, both roots (4.11) are real: 
Ls lies UES Toa o {4.12} 
The genera} integral of (4.8) is: 
Vy = C, (Ayo —%x)7" + Cy (Hy — Opry, (4,13) . E 7 rf  § 


Since the displacements of the foundation [at x = 22 and] at infinity are 


zero, the constant C, must be zero for x <0 while the constant ¢€, must be 
zero for x>0,. Hence: 


Vy =, (Ho xy, Vi = Cy (Hp — 84x)", (4.14) 


where V, and Vy are the displacements of the surface of the elastic foundation 

to the left and to the right, respectively, of the point where the force acts 

(Figure 18). ; 
To determine the constants of integration, we note that: 


at x=0 Vi=Vy, Si— Sr = P, (4,15) 
where 5) and Si are the generalized shearing forces to the left and right, 


respectively, of x= 0. 
Substituting (4.14) in (4.7) yields: 


~Egh (261+ 1) Oy _ Ee3 (2re — 1) He 
Ss Rate” Sa= ay O- (4,16) = = = 
By inserting (4.14) and (4.16) into (4.15) we obtain the integration 7 

constants: 

c= Oil tv He eae 6 (1 + wo) Ng” = 

1 Eebeeta tray ' | “? ~~ Egteotra ray (4.17) : 
a _ 
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Lastly, by inserting (4.2}, (4.14), and (4.17) into (4.1) we find the vertical 
displacement of any point of the elastic foundation: 
atx< OG 


GU + wd i, mn Hey , 
Bg PH 0) Ta H (x) ; 


= ° peace, ee [ | | 
= 
vix, y= S(t + %0) My PH (yy Hay 


Eghgy tri + ¢2) Hix) ¢ 


u(x, “= 


where ;, and r, are determined by (4,11). 


§ 5, DOUBLE-LAYER ELASTIC FOUNDATION 


1 


= = = 
Consider an elastic foundation of thickness H = h, +4, , undergoing plane 
deformations (Figure 19). The two layers have different moduli of elasticity 
and Poisson ratios, 
In accordance with (1.3), the displacements of a point of the elastic 
foundation are given by the following expressions: 
ain, yo (5.1) 
v(x, 9) = y (4) $s (Y) + V2 (x) dey), ; - I I E 


where 4, (y) and 4,(y) are the functions of the transverse distribution of the 
displacements, and V,(x), Vs{x) are the generalized vertical displacements, 
The functions ¢,(y), ¢.(y) are chosen according to the nature of the 
problem, In particular, expressions (3.11), (3.16), or (3.21) can be used, 
If the upper layer is thin and the lower layer thick, we can write 
(Figure 20): 


at Oty chy wH=——. t= 


Y, 
. oe (5.2) 


where _ is a coefficient determining the rate of decrease of the displace- 
ments with depth. 

In this case, the generalized displacements V, (x) and V,(x) define the 
vertical displacements respectively of the surface of the elastic foundation 
and of the boundary between the two layers. 

From (2,2), (5.1), and (5.2) we obtain the following two differential 
equations for the determination of the functions V, (x) and V, (x): 


1-—y 7 . t— a 
5 eraaM a + F122) — (SaVa + S22} + =, 4 = 9, 


oe Ey Ey . p= Ei 
ravi + (za +? Tew ral Ny 1—v} 


sale 
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zat) (5.3) 


4 a oe A, si,|V2 = 0, 
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where 
Hy bh 
ra= | dati dF = Sy 


(5.4) 


4 


hs Ay 
ry =| ddr = 3, sal HdFaz. | 
é ty 
A 
| 
{ 
de dF == de. | 


The elastic constants £,. &,, », and v, entering in{5.3)define the properties 
of the elastic foundation in plane strain. For a soil block, these are: 


a4 ELs ‘as 
fila) TIE 
E v, (5.5) 
E, = 25 ; Vy i 5 ; 
t-4, Tyg 
where E,, Es.s,¥1.5,%5,are the moduli of elasticity and Poisson ratios 
of the first and second layers respectively. 
t 
vy t 
A, 
5h yriseyl 
Sn 5fPy 
4 Yr 
FIGURE 19. FIGURE 20, 
Substituting (5.4) in (5.3), we obtain: 
24,Vi—&Vi + V3 + avs +9 =0, } (3.6) 
Hit AV + 2 (ti + ta) Ve — (hr + Ba) Vs = 0, 
where 
_ ft _ _Eyhyb 
ali adi—v¥ ' N= Has wp (5.7) 
ds: EB _ __ Eshgd 
Me a * b= aay He 8) 
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and ¢ and ¢ are known from (3.19). 
The coefficients & and & determine the compressive strains of the upper 

and lower layers respectively, while the coefficients 4, and t, define their 

shearing strains. 
In order to solve system (5.6), we introduce a function F(x}. The dis- 

placements V, (x) and V,(x) are then expressed through F(x) and its derivatives : . 

in such a way that when these expressions are inserted into the second | | | 

equation (5.6), the latter becomes an identity. The expressions which 

satisfy this condition are: 

Vi (x) = (Ri 4 Ra) F (x) — 24 + A) FP dx), \ (5.9) 

Vi (x) = RF (x) + F(x). : 


Substituting these expressions in the first equation of (5.6) yields: 
1, (34, + 4a) FUY — 243th + tyley + tyha) FP 4 eye = 9 (2). (5,10) 


Differential equation (5.10) defines the stresses and strains in a double- 
layer elastic foundation, In order to solve specific problems it is necessary 
to add to this equation the relevant boundary conditions which are given in 
a generalized form in this method, We therefore introduce generalized 
internal forces corresponding to the generalized displacements Vl, (x) and V, {x). 
Since an elementary transverse strip cut from the foundation possesses 
two degrees of freedom in its plane, it follows from (1.14) that: 


# 7 _q. 
Si= | tutidF, I i Z 
6 


(3.11) 


H 


Sz = \ tbe, 


a 


where df =idy, 
By (5.1) and (5.2)the shearing stresses +¢,, are: 


at O sys, 


— E "Amy ae F 
w= rare (i at + Me Ei 
at Ayu (5.12) 
Fs’ shit ~y) 


‘ve = Ste) 2 sh yh 


Substituting (5.12) in (5.11) and integrating over the entire height of the 
elastic foundation, we obtain: 


Si = 6, (2V) + V9). 


F ri 5.13 
Sati + 24 + t)Vi iis 
Using (5.9), S, and S, can be expressed through F (x): om = 
oO ae (5.24) 
S: => (3é, Ry + hk, + Qtek) F’. 
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2 


The double-layer model can be called a foundation with four elastic 
characteristics, It permits a higher accuracy than the single-layer model 
characterized by only two independent parameters & and ¢ {ef. section 3) 
Different schemes of the elastic foundation can be obtained according 
to the selection of the parameters &,, &, 4, and #,. Only one such scheme 
will be considered, I | | 
It is seen from (5.7) that when both 4, and £, decrease, ¢, tends toward 
zero while k, remains finite. If we assume that a thin compressibie soil a 
layer near the surface of the elastic foundation has a modulus of elasticity . 
considerably smaller than the lower layers, we can write for the first layer ‘s 


h=0, A=K, {5,15} 
where K is a coefficient analogous to the foundation modulus and depends on 


the properties of the elastic foundation near the surface. 
The double-layer foundation thus consists of anupper layer subject only to 


compressive stresses, (/,=0}, similarinthis sense to the Winkler foundation, = = 
while the lower layer is subject to both compressive and shearing stresses, 
Substituting (5,15) in (5.9), (5.13), and (5.14) yields: 
Vi=(K+h)F—2F", Vs=KF; (5.16) 
S,=0,  S,=S = 2t.V, = 2KtF", (5.17) 
Inserting (5.15) into (5.10) yields: 
— 2tyP* + kgf = 20) | (5,18) 
Unlike (5.10), {5.18} can be applied to a double-layer foundation with rf 7 I : I 


upper Winkler layer. The term "double-layer foundation” wi)] henceforth 
be applied only to this particular case of a double-layer model. 


3 


Let a concentrated force P act on the elastic foundation at the origin of 
coordinates (Figure 21). The following homogeneous differential equation 


is then obtained for the determination of F (x): 
— 26,F" + &,F = 0. (5.19) } J I 


Equation (5.19) is identical with (3,22). The following solution is 
obtained by analogy with (3.31): 


3i@—y) 4p 


Feb= Vetcuy ve. aK’ (5,20) 
where 
m1 Vou 
es /* oC oa” de, (5,21) 
= = = 
while g, and 4, are given by (3.32). 
Substitution of (5.20) in the second equation (5.16) yields: 
3(1— 
es ok, ee ee (5.22) 


 Veti—w) Wa, ES 
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which is identical with (3.31). By Substituting (5,20) in the first equation 
(5.16) it is seen that, except at the point where the force acts: 


¥ 
FIGURE 21, FIGURE 22, 


4 


When a uniformly distributed load q acts on a double -layer foundation 
{Figure 22), it is easiest to obtain the solution by using function (5.20), 
which for P= | represents an influence line, 


FIGURE 23, 


By analogy with (3.36) and (3.40) we find: I | | 
at Oxxcb 


Fo Beep [2— emt — eras); 


(5,23) 
at x>o F= Thay et meaty : 
Substituting (5.23) in (5.26) yields: 
at Oe <b Va = SGA ah (em texte, (5.24) 
Ves mah (et + entero); : ee ee 
atx>6 Via Vym oh (etn — eat, (5.25) 


si IF FS: 
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It is seen from (5,24) and (5,25) that the surface layer exhibits no strains 
outside the zone of load application {this corresponds to the postulation of 
the foundation modulus), since here ¥,=V,. Within the zone of load applica- 
tion, we have: 


Vv =V,-V,= 4, (5.26) 
The function V, is everywhere continuous, while V, has a discontinuity | | [ 
at the borders of the zone of load application (Figure 23}. 


§6. THREE-DIMENSIONAL DEFORMATIONS OF 
AN ELASTIC FOUNDATION 


Consider now a three-dimensional elastic foundation of thickness 4 
placed above an incompressible layer (Figure 24). Let an external load, 
whose x, yz components are réspectively pia, y,z). g(x, yz}, and q(x, y, 2), pp ow = 
act on this foundation. As in the two-dimensional problem, we shall use 
the method of displacements to determine the stresses and strains in the 
elastic foundation. The unknowns will be the displacements u(x, y, 2), v(4, y, 2). 
wix, y, 2)of a point M(x, y, z) of the foundation, The displacements wil] be 
considered positive when their directions coincide with the positive direc - 
tions of the corresponding coordinate axes, 

By analogy with the two-dimensional problem, the unknown displacements 
u, uv, ware represented by the following expansions: 


u(x, My z)= 3 wile, y) @ (z) (f= 1, 2, 3,..., mm), 
é 
a 


u(x, uv, z}= "a {¥, Y) x, (2} (g =- /, 2, Sreeen 4, (6.1) 


win, yz) — S mele ype) (R= 1 2, 3,60 abe 
4 
The functions ¢,{2), ~¢(z). de (2) in (6.1) determine the variation with height 
of the horizontal and vertical displacements, They are assumed to be known 
dimensionless, linearly independent functions. The functions «;(x, y), vg{x, y). 


we(x, y}, which have the dimensions of length, are the unknowns. In 
accordance with their physical meaning, they will be called generalized 
displacements. 


The normal and shearing stresses in the elastic foundation are in the 
three -dimensional case: 


— _fo fau . . dv , Oe 
= a (i wl tS): 
- ft _[ ae dtr Ou , 
i volar + «(Ge + S)]- NS 
— _fa_ [dw Ou ov AN 
$= z Ne a Se 
: taal or q (3; tt )I. (6.2) | = 
t =?t = £o m3 | 
ee oe ™ Tit + vy) | dy ( az jt 


my — 4 E. Gu hs dw 

ae eS DA ey) UGE ax | 
_ fo fae , du 

i a Tie) aaah 
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where 


FE. Ys 
ea oe Sa (6.3) 
£; and », are respectively modulus of elasticity and Poisson's ratio for the | | | 
elastic foundation, 


FIGURE 24, FIGURE 25, 


Substitution of (6.1) in (6.2) gives the following expressions for the E z I E 
stresses as functions of the generalized displacements: 


ou a. 

a Tp) mw tne + ¥ wi), 

i—-v en ¥ Pome 

Ee . av, : : ue Ou, (6.4) 
fu 2 oe Me tM Yeti + 3 Fie) , : 

a! gory k=] im] 
a m t 

by Ou, av 

Sp [Bete ( Sot 3 Sen), 


ie : I I I 
a i 
E. on, « 
tay = ty = rts 2 ty het Seed]. 


a tl. (6.5) 


m n 
E. ‘ 
Toe = Tee = ratta |B aa + p> 


fm] 


In order to determine the functions 4, (x, ¥), Us, 9). Wale. 9), Wwe cut from — - = = 
the foundation an elementary column of height 4 and sides de=t, dy=1, 
(Figures 24 and 25), This column possesses (m+-/+) degrees of freedom 
in the three directions. The generalized equilibrium conditions of the 
elementary column (considered as virtual displacements) can therefore 
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be written in the form: 


| Brendes - -{ cupid + | pp; dz = 0 


(j=1, 2, 3,. fm), 


da, aye 
i ee ae ere 0 (6.6} | I | 
=, >, 


{ siren vue Bieta 
(hol, 2, 3,..., A). 


{ef. (1.7), (1.8)} 


Each equation (6.6) states that the total work done by all external and 
internal forces acting on the elementary column over the corresponding 
virtual displacement equals zero: 


dy {x, ¥, 2) = 4, (2), = = lo 
Oy (x, Ye 2) = xy (2), 
Wax, y, 2) = $n (z} 


for 
a(x, y= 1, 
ole, Y= lL, walk, y= 

The terms behind the minus sign correspond to the work of the internal 
forces. The other terms represent the work done by the forces external 
relative to the column. 

Substitution of (6.4) and (6.5) in (6.6) yields the following system of partial 
differential equations for the functions u;(x, y), vg(x, y). weld, 9): 


i a —-»y * as 
S au | set +15* a )- 4 D byes + 


f=—) i=] - 
4 i+ ow iv? 
SD ta ght Buta! ee =z + Pim 0 I if I 


(j=, 2, 3,-.., m), 
i sad da - i 
a at) oes 2D tere t+ 
a=! 


2 (6.7) 
ow, 
+" Stara +B (dn 5 ee ea ret Ey 2g, =0 
F=1,2,3,..., 4 
m = eu t = ’ 
= Dire — Pen) ae — 3 (re hae) at + ae | 


= ow = i-¥ 
+g" By (et + at )- — Dsmis + Han = 0 


th= 1, 2, 3,..., ap 
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The coefficients in (6.7) are: 


ay = a= Ver dz > yg = Mg = {x jue dz ’ 

bye = by = Sep dz, Mg = Net = \xyng dz , 

C= \emude, ky = [ied I | | 
dn = \epedz, tn = Snrtade, (6.8) 

Fie = (ran = \onde a, ty = \ dapede i 

Soe = Sin=\ date de, dav = | fagedz, 

ng = \ dung dz, t= Supe, 


Ing =\ axe dz, tie =\e xq dz. 


The definite integrals are taken over the entire height 4 of the elastic 
foundation, 

The free terms in (6.7) represent the work done by the known external 
load over the corresponding virtua) displacements: 


il p(x, ¥, 2) 9; (z) dz, 
a= (etx, Ys 2)xp{z) dz, (6.9) 


gx= Vax, y. 2)dn (2) dz. = IE oe IE . E 


When an external load acts on the elastic foundation, the integrals (6.9} 
are to be considered as Stieltjes integrals (cf. explanations to (1.12), (1.13)). 
If no body forces act, i.e., if the external load consists only of [distributed] 
surface forces p(x, 9), (x, y),q(t. 9). expressions (6.9) become: 


P; = P(x. ¥)¢;(0), 


Br = 8%, y)» (0), (6.10) 
9n = 9(, ¥) 4nl0), I | I 
Differential equations (6.7) describe completely the states of strain and 


stress of an elastic foundation having a finite thickness#. The elastic 
foundation is considered to be an infinitely thick slab secured to its support - 
ing surface and capable of sustaining normal and tangential loads. 

The solution (6.7) for a thick isotropic plate is approximate from the 
viewpoint of the theory of elasticity. Its accuracy increases with the 
number of terms in (6.1). The differential equations (6.7) define at the same 
time a generalized three-dimensional mode} of the elastic foundation, whose 
properties depend on the number of terms in (6.1) and on the properties of 
the functions 9; (z). xg (z), ¢e(z). Different schemes, corresponding in varying a 
degrees to the actual foundation, can be obtained by selecting different 
expressions for the functions q,, xy, $4. 

The selection of these functions was discussed in detail in section 2, 
dealing with the plane strain of an elastic foundation. We repeat that this 


33 


\ 


N 
\ 


TELIGILELIIIIGIiiil 


selection must be specific to the problem considered (e.g., according to 
an experimental law). In this case even the simplest model described by 
a minimum number of functions ¢, xy, d will be closer to reality than the 
model based on the postulation of the foundation modulus. 


§ 7. THREE-DIMENSIONAL MODEL OF AN ELASTIC 
FOUNDATION WITH TWO CHARACTERISTICS 


1 


Consider an elastic foundation of finite thickness H (Figure 26), Let 
the horizontal displacements of the foundation vanish everywhere: 


“ua, y, zv=90, v(x, gy, 2)=0, (7.1) sel 
and let the vertical displacements be*;: 
wix, 4 2=wle, g$(2, (7.2) 
where ¢(z) is the function of the transverse distribution of the displacements, 


chosen in accordance with the nature of the problem, 
By (7.1) and (7.2), only a single equation of (6.7) remains: 


i— t— 
Vw (x, ¥) — 5,6 (x, N+-pta =e, (7.3) 
where 
Vie (x, y) = SEG 4 Poy | (7.4) 
a “a 
My =| $* {z) dz, su= j $3 (2) de. {7.5} 
a 0 
The free term in (7,3) represents the work done by the known [externa}] I I | 
load q(x, y, z} over the virtual displacement (x, y,z) = $(2) (for w(x, y} =} 
and is: 


Hu 
n= { q(x, ¥, 2)¢ (2) az. (7.6) 
9 


If the external load consists only of surface forces g(x, y), this becomes: 


Fi= G(x, gh (0) (7.7) 


where (0) is the value of $(z) at the surface of the elastic foundation. 
Equation (7.3) can be rewritten as follows: 


2Vw (x, yy—kwix, yy, = 0. (7.8) 


* The subscript ] in w(x, y) and (2) will henceforth be omitted. 
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where 
ga fou pa Fon 
i—¥’ 4D + wo)” (7.9) 


The coefficient & characterizes the compressive strain in the elastic 
foundation, and is thus analogous to the foundation modulus. The coefficient 
? characterizes the shearing strain in the elastic foundation. | | | 


FIGURE 26. FIGURE 27, 
The partial differential equation (7.8) differs from the relationship 
derived from the postulation of the foundation modulus by the term: 
20 wx, Hh 


which makes allowance for the shearing stresses. In order to determine 
coefficients (7.9), we must specify $(z). Assume that, in accordance with E E 
the problem, this function has the form: E * , 


sh7(H — 2) 
Qo (7.10) 


where + is a coefficient determining the variation with depth of the displace- 
ments. 
Substitution of (7.10) in (7.9) yields [cf. (3.19)]: 


E 
hx" ___ fy, , 
H(—%) (7.11) 
te bg 
Zit) 
Ho shot cht + y# 
w= Tp / See al Ta }. 


w= 35 [Sa | 
te 2 4H sh? yA : 


The elastic constants £, and v, are (see (6.3)): =: 


where 


(7.12) 


(7.13) 
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We shall now calculate the displacements of an elastic foundation, due to 
a concentrated force P acting at the origin of the polar system of coordinates 
(@, p} (Figure 27). [For P = 0], the following homogeneous differential 


equation is obtained: | | I 
Vp —oW <0, (7,14) 


where 
r 
ean (7.15) 


Since the load is symmetrical with respect to the coordinate origin, the 
generalized vertical displacements will be independent of the angle uy. The 
Laplacian operater is in this case: 


a t 
V2 W (p) <= me ey . oe 7 (7.16) 


By introducing a new variable 
£ = tap (7.17) 
we can reduce (7,14) to a Bessel equation of the imaginary argument €; 
or 1 4w 
arte tv. (7.18) 


The general solution of (7.18) is*: 


W = Cyl, (ap) + CyK, (ap), (7.19) 


where J, (aj and K,(ap) are modified zero-order Bessel functions of the first 
and second kind respectively, while C, and ¢, are arbitrary integration 
constants. Curves of /,(ap) and K,(ep), as functions of the argument {ap} 
are shown in Figure 28. It is seen that the behavior of these functions is 
similar to that of exponential functiona. 


FIGURE 29, 


* See, e.g., G.N. Watson. Theory of Bessel Functions.—Cambridge. 1923. 
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Since /,(ap) and K, (ap) are real for all values of e, the integration constants : 
€, and C, will also be real, They can be found by considering the physical 
aspects of the problem, Since at infinity the displacements of the elastic 
foundation vanish, we obtain the following boundary condition: 


at poe WO. (7.20) 
Since /, tends to infinity with p, it follows from (7.20) that: I I I 
C, = 0, (7.21) 
To determine C, from the equilibrium conditions, we cut an elementary 


cylinder of radius p=e« (;-0) from the elastic foundation (Figures 27 and 
29). The equilibrium conditions for this cylinder can be written in the form: 


tn # 
{ pao} tee (2) d2 4+ Pd (0) = 0, (7.22) ee eee 
This equation represents the work done by the shearing stresses to, 
distributed over the envelope of the cylinder, and by the external force P 
over the virtual displacement w(p, z) = $(z) {for W (=) }, 
By analogy with (6.2), the shearing stresses +, are expressed in the 
cylindrical system of coordinates (z, p) as follows: 
Se = gt EO ee). (7.23) 
Substitution of (7.23), (7.19), and (7.21) in (7,22) yields:  f " i 
on 
{ 2atCaK; (cp) pad = Pb (0), (7.24) 
¢ 
where, for ap «1 
{ 
K; (ap) ra 
{and # ia given by (7.26)]. 
Integrating (7.24) we obtain for ¢,: 
Cy FO (7.25) 
where 
E H 
orn 
‘~Titw =| eras. (7.26) 


From (7.19), (7.21), (7.25), and (7.2), we obtain the vertical displacement 
of any point of the elastic foundation: 


w(e, 2) = “£0 K, (ap) $42). (7.27) 
Ii, for instance, $(z) is given by (7.10), expression (7.27) becomes: 
wip, z)= Seba” Ko (ap) Pts) ; (7.28) 
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where [cf. (3.32)] 


ko 1 V6 it — wy) 
ar DT te Ya, 
— 3 1 [shy chyH — 7H {7.29) 
= 2 a5| ee |) 
de =H Ash ych 7 + 4# | | | 


3 shyAch ya — 7H * 
If $(z) is given by: 
$(2) =e-** (7.30) 


we obtain for an elastic semi-infinite space (H — oo): 


wp, 2) = LEE) Ky (upper, (7.31) 

a= Um = 

where 

ax =, Yew) 
e au 7T 1— 
and 7 is a coefficient of dimension 1/L which determines the variation of 
the displacements with depth, 
As an example, Figure 30 shows displacements of the surface of the 
elastic foundation in units of = , obtained from (7.31) for y,=<0. The E E E 


Boussinesq curve corresponding to vy,=U has also been plotted for com- 
parison. It is seen that the cohesion of the elastic layer decreases with 
increasing 7, and the properties of the foundation approach those assumed 
by Winkler, On the other hand, when 7 decreases the elastic foundation has 
a higher load-distributing capacity. 


FIGURE 30. 
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Consider now an elastic foundation acted upon by a load, uniformly 
distributed within a circle of radius R (Figure 31). 


Two regions exist in this case and, by (7.8), two differential equations: 


at O<p<R SP pt a i iene 
a 4 ie ” (1.32) 
at R<p<oo “ar tye = 0. 
The solutions of these equations are: 
_ @q 
W, = Calg (ap) + CsKg (ap) + %, are 
Ws = Col, (ap) + Crk, (ap) 


where & is given by (7.9). 


La La 


BEEREMEEERE @ 


FIGURE 91. 


The following boundary conditions are deduced from the nature of the 
problem for the determination of the integration constants C,, Cy, Cy, Cy: 


ae 
at p=0 “apo (7.34) 
at px Wy=0, 
at p= R W,= W,, 
a¥, _ dW, (7.35) 
apo de { 


It follows immediately from (7,34) that: 
C,=Cy=0. (7.36) 


After substitution of (7.33), we can write (7.35) as follows: 


(7.37) 


Cif, (aR) — C.K, (aR) = —+ : 
Cf, aR) + CLK, (aR) = 0, 


where ?;, K; are the first-order modified Bessel functions. 
Solving the system (7.37) we obtain for C, and ¢,: 
Co K,{aR) 
1” -¢ To (@R} Ri (aR) + Gy (ak) Xe(aR : (7,38) 


Cy a f (aR} 
R fo(aR) XK, (@R} + (aR) Ka (aR) * 


a) 


39 


TITLITELLETEILIir iil 


Finally: 


1, (0) = Cl, (ae) + 4, 
Ws (e} = CLK, (ap). (7.39) 


This problem could have been solved by proceeding from (7,27) which, | | | 
for z=0 and P=i, defines the influence surface for the displacements, We 
then obtain for the displacement atz <0: 


mR 
W 0) =4 { { Ko (ap) pdp dd = W191) —akK, (ak)]. (7.40) 
oo 
§ 8. THERMAL STRESSES IN AN ELASTIC FOUNDATION a hom = 
1 n 
In the design of foundations for heavy structures, it may be necessary to . 
determine the stresses and strains caused by temperature variations, This 


problem is also encountered in the design of thick slabs and beams on rigid 
or elastic foundations. 

Consider an elastic layer on a rigid foundation (Figure 5), and let this 
layer be in a state of plane strain as a result of a two-dimensional temper - E -  f ;  { 
ature field. In the general case the temperature is a function of the MS 
coordinates x, y and the time?:: 


T=T (x, 9, 0. 


The problem wili be solved by the variational method. The unknown 
displacements u(x, y, ),. v(x, y, #) are expressed as finite series: 


ay N= TU, Ow) G=1, 2,3,..., m, - 
= (8.1) 
vit, Y= Va oe) (k= 1, 2,3... 47), 
at 
where the functions U;, (x, 9, V(x, } are the unknowns, while the functions 
o:(y), te{y) are chosen according to the nature of the problem. 
The following system of m+n equations is obtained as before ((1.7) and 
{1 .8)) by considering the generalized equilibrium conditions of an elementary 
column of height H and measuring | x $ inplan, andassuming that no surface 
or body forces act on the elastic foundation: 
do 4 . . 
(Sh ocak — | eng dF =0 G=1, 2,3,..., m), 


(Se nar — § of dF = 0 (A= 1, 2, 3,..., a), Sea) 
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where dF =&dy 
The strain components are: 


du du eu , do . 
Ses FF ww = ay? ta ate 
the stresses ¢,, o,,t,, are, in the case of plane strain caused by temperature 
variations: [ 
—_fe_ {au ,) _ 8&eT 
a wat ae T=6" 
= Fo (4 z)- (8.3) 
°y ee ‘ 0x i-»y,' 


Ly Gu , de 
tee Bey (ay te) 


where a is the coefficient of linear expansion; T =T (x, y, #) is the temper- 
ature at point (x, y) and time ¢; £, and y are elastic constants defined by (2.1). 

The following system of m+n ordinary differential equations in the 
unknowns U;,{x, 9, V(x, § is obtained by first inserting (8.1) into (8.3), and 
then the resulting expressions into (8.2): 


” ma A 
Dan Ui — S™ J ou Ut DS (athe FX on) Va— 
fm fm ket 
—a(l+ wy) X= 0 
(f= 1, 2, 3,..., mi), 

Lae a ° 
= tu— 1=%e,\u,4 49 3 yi (8.4) . e : 

D (rota ew) cea Bil * E tf rf 


dmy 


_ D2) SaeVa + a(t + vy) Kar =0 


(A= 1, 2, 3...., ap 


The coefficients ay, by ,.--, fuer Ss in (8.4) are given as before by (1.11) 
as functions of 9 (y), d&(y). The free terms Xr and Yar are: 


Xr = (Fear, Yor =|TpndF. (8.5) I I I 


Equations (8.4), together with the corresponding boundary conditions, \ 
completely define the temperature equilibrium of a layer of finite thickness 
ff in a state of plane strain. This method can also be applied to the design 
of elastic foundations and thick plates in a state of three -dimensional stress, : 
The three~dimensional thermo-elastic problem can be reduced to a two- S 
dimensional problem by the method used in section 6 for an elastic founda- ; 
tion subjected to an external load, 


2 a - nes 


As an example, consider an elastic layer of finite length inthe x direction, 
which is in a state of plane strain (Figure 32). Let the layer be rigidly 
connected to its base, so that the displacements atx, y) and v(x, y} in the plane 
of contact between layer and base vanish. 


41 


TTLIGFITITITITILCLity 


Taking only the first three terms in (8.1), we obtain the following 


approximations: 
a(x, oy t= Uy (x, Der tyd + Oalx, Hoa (y) + Us, 8 Gy), (8.6) 
v(x, Ys, N= Vidz, Hb, + V5 0%, A b2(e) + Vax. 9) da (yh 
The functions 9, (4), p2(y). pal¥). br (¥). $2 Whey (uv) are represented in Figure 33. 
From (1,11) and Figure 33, we obtain the coefficients in (8.4): 


tH 
yr n= az 


Ht 
Ors = Gay = Fax = fs, = Gay = Cas = Pe = fa = FE 


Oy = Og: = Fig = Fy, = 0, 


Oyy = Oy = “RE, 

b= =, 

bis = bay = Sia = Sy = baa = bun = San = Sp = — (8.7) me ee Oe 
Oya = by, = Siz = Sy = 9, 

by = tn =F, 

feet le 

Cyn = faa = Cag = ae = Cay = fa = Cag = bys = 0, 

fn =the =O = fy =>. 3 


Ui, Y 
Z Wl EEE 


FIGURE 32, FIGURE 33. 


By substituting these values in (8.4), a system of six differential 
. equations in the six unknowns U,, U;, U;, V,, Vs, Vs Can be represented in the 
form of Table 1, In this table D and 5' denote respectively the first and 
second - order differential operators on the function given at the head of the 
column. The terms A),A,, As, 8, 8;, 8, in the last column on the right of 
Tabie 1 are: 


A=a(ltw| Feds, B= —a(l +) \ Thay, 
Ayg=a(l+ wh gady, B,= —a(l +») Th dy, (8.8) 


As=a(ltw\F edy, B= —alh tv) THsdy . 


42 


TTITILQTILTIQTIITILiritTl 


TABLE 1 


When the function T = T(x, y, 4) is known, the differential equations in 
Table 1 can be integrated by usual methods. In accordance with the 
variational method described above, the boundary conditions at x =0 and 
x =fhave to be given in generalized form. Thus, in the case of free ends 
they can be written in the form (cf, (1.14)): 


0¢;dF = 0, tafi dF = 0. (8.9) 
j \ 


When the ends are built-in, and both horizontal and vertical displacements I | | 
are prevented in sections r=OQandy=/, the generalized displacements 
must be zero: 


Ui =¢0, V,=0, (8.10) 


We shall later discuss the case when diaphragms, rigid in their plane ' 
and flexible outside their plane, are located at r=0 and x=!. Such 
diaphragms prevent only vertical displacements, The stresses ¢, in the 
end sections then vanish. These boundary conditions are written as 
follows in a generalized form: ---:SlUlUl 


\ong)dF = 0, V.=0. (8.11) 
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a = a 


3 


Let the function T (x, y,!} be expressed as a trigonometric series: 


2n —~ i} mx 
t . 


Tey = Phyo sin (8.12) I I I 
amt 


The Fourier coefficients are: 


{ 
Ta (Hs j= F(Te, y, 4) sin Pea ae, (8.13) 


o 


It will be assumed that the boundary conditions of the problem are given by 

{8.11}. In this case, the solution of the differential equations in Table 1 

can be approximated by trigonometric series, Writing the unknown functions ee 
U. (x, t), Ve (x, 2) in the form: 


Ute) = % Un (t) cos SAN ; 
2 (8.14) 
Vala, = Y Ven (d) sin Lan tes ; 


fmt 


it is easily seen that they satisfy (8.11). EE - I _ |x 
Substitution of {8.12} and (8.14) in Table 1 yields a system of algebraic 

equations for the determination of the coefficients U,, (1), Veo(t} in (8.14). Six 

equations in six unknowns Un, Ui, Un Vin, Vin, Vn COrrespond to each value 

of n(Table 2), The free terms in these equations are: 


# 


Amn =2n—Vr(itw)al Taly. Nerdy = 1,2, 3), 
n° (8.15) 
Brn = —(1 + wat] Tay, Odady (k= 1, 2, 3). 
9 
The solution of this problem has thus been reduced to solving a system I I I 


of algebraic equations. This must be done in a generalized form, since 
the free terms Aim, Ben are functions of 7. 

After Uta ({), Use (tf). Usa (f), Vin (f), Ven (f). Van (f} have been determined, the 
displacements of the elastic layer can be obtained for any instant from (8.14) 
and (8.6}. The stresses are found from (8,3), after insertion of (8.6) and 
(8.14). The following expressions are obtained for the normal and shearing 


stresses of the elastic layer: 
& + ns 
=u He > — BADE SF Unter + 
4 ia 


3 
+% Dini enisd—atl +) Tatu. |sin SO", (8.16) 
ry 
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H i 
Ao t 
[fe+ 5% 


Bt a 
¢ <a] ' 


Ao) 
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(%— pet d—uz ex 
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Hot 
[Fe we 
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Heth 
[Fe ne 


gt ti 
* avo) |* 


ae —* eH a — 1) eeoael "i 


(% +) (b— 0g) E — 


(+ 1) ve) 2 — 


(+ Hs — ut tme— 4) (6 — 22) % 


4a 
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6 
H *x{} — bz} 


IIT 


(+1) — wz) © 
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I 


or ds a 
ay = EB] Vn OH WWF BU (9 


‘9 emi tee) ‘ 


(8.16) 
= a] + vg} Te ly, asin gente cont'd 


~ 8 
ww = ratte B[ Beate) + 


Amy & fey 


3 
+ ASD Vin (Nd «| cos SATs 
nd 


From (8.16), we can determine the stresses in any section of the elastic 
layer for the duration of temperature variation, provided Tix, y, ¢}is known, 
It is thus possible to find the stresses in a block of concrete caused by the 
temperature variation during the setting and hardening of the concrete, or 
by its contraction, if the latter can be analytically expressed. * 


* See, ¢.g., Cheche’s papers /#1, A2/, 
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Chapter It 
BENDING OF A BEAM ON AN ELASTIC FOUNDATION 


§1. DIFFERENTIAL EQUATION OF BENDING OF A BEAM ON 
AN ELASTIC FOUNDATION WITH TWO CHARACTERISTICS 


Consider a beam lying on the surface of a single-layer elastic foundation, ed = 
Let an external load p{x) act on the beam (Figure 34). It will be assumed 
that the sections remain plane during bending, and that friction between the 
beam and the foundation can be neglected. The differential equation of 
bending of the beam is then: 


EUV Y (x) = p(x) — 9 (2), (1.1) 


where g(x) is the reactionof the elastic foundation (= load acting on foundation), 
and V{x) is the beam deflection {V™represents on }. ; I -  f E 


Equation (1.1) contains two unknown functions V (x) and g(x). In order to 
determine them it is necessary to establish the relationship between the 
load acting on the foundation and the displacements. This relationship is 
obtained from the condition that the deflection of the beam is everywhere 
equal to the vertical displacement of the foundation. 


FIGURE 34, 


The equation of equilibrium for a single-layer foundation is* [ef. (3.7), 
(3.8), (3.9) of Chapter I): 


—2V + AV = g(x) $(0), (1.2) x. — 


* The subscript 1 is henceforth omitted in V (y) and 4 (y)- ses 
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where 


Ea ( y (1,3) 
o 


It is most convenient to select the function ¢(y) in such a way that ¢(0) = 1. 
The generalized displacement V(x) will then represent the displacement of the 
surface of the elastic foundation, and equation (1.2) becomes: 


— 20V* + kV = g(x). {1.4) 


Since the deflection of the beam equals the vertical displacement of the 
Surface of the elastic foundation, equations {1.1} and (1.4) can be considered 


together: ee re vi 
— 2" + kV = ¢ (x), (1.5) 
EIV'Y =m p(x) — 9 (x). ‘ 
Elimination of g(x} from these two equations yields: 
ELV — 2tV* +t RV = p(x). (1.6) 

This equation differs from the equation, derived by postulating the ; 
foundation modulus, by the term containing the second derivative which - E Pe i : E 
makes allowance for the influence of shearing stresses in the elastic 
foundation, 

We introduce the dimensionless coordinate 7= + ,» where: 

ee 
a / a= (1.7) 
Ese 


is the “elastic characteristic of the beam. "* 
Equation (1.6) then becomes: 


av ev LA 
ae Se teva. {1,8} I I I 


where 


(1.9) 


Equation (1.8) represents the generalized equilibrium conditions of the 
elastic layer together with the beam lying on its surface. Hence, V(n) is 
the generalized vertical displacement. 


* A similar expression was adopted by Gorbunov-Posadov for analyzing a beam of infinite length /25, 26/. 
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To the generalized displacement V(x) and slope 9(%) = + V’{x) fin this case, 


these magnitudes represent the actual displacement and slope of the beam} 

there corresponds a generalized shearing force representing the shearing 

stresses. This force is distinct from the shearing force Q acting on the 

beam. In accordance with the variational method employed before (cf. 

second equation (1,14) of Chapter I) (see table on page 82): | | | 


N (n) = — SAV" (_) —2°V’ (DI. (1.10) 


This expression must be taken into account for the boundary conditions 
which, as mentioned in Chapter 1, have to be in integral form. 

When V{7) has been determined, the reactions g(m) can be found from (1.4). 
The bending moments and shearing forces are: 


ay Es &Y 

M=—Elas=—Taa vie Se eee 
Vy Ei Py 

C= —- EI = he (1.12) 


The solution obtained corresponds to the two-dimensional problem of the 
theory of elasticity. Hence, (1.6) (or (1.8))} is valid both for a beam lying 
on a vertical foundation of equal width 38 (Figure 35), and for strips of width 
& cut in the transverse direction from a long plate (Figure 36) lying on an 
elastic foundation, These two cases correspond respectively to plane stress 
and plane strain, 


FIGURE 35, FIGURE 36. I | | 
In the case of plane strain, we have: 


s_, (1.13) 


Yo = 


where £,, ¥ are respectively the modulus of elasticity and Poisson's ratio 
for the elastic foundation. ‘ 

Furthermore, in (1.11) and (1,12), the equivalent moment of inertia J of 
the strip is: 


j= bAe 
“27 = - = 


where p is Poisson's ratio for the material of the strip. 
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2. SOLUTION OF THE GENERALIZED EQUATION OF 
EQUILIBRIUM BY MEANS OF PARTICULAR INTEGRALS 


1 


To solve (1.8), we must first find the general integral of the correspond - 
ing homogeneous equation: 
7 ant Sts = 0. (2.1) 
which is: 
V (ny) = CD, + C,.0, 4+ C0, + C,0,, (2,2) 


where C,, C,, C,, Cy are integration constants and %, ,,%,,2,,are roots of 
the auxiliary equation: 


A 2rtkF + s4=0 * (2.3) 
Since neither s nor r can be negative, the ratio — is always positive. 
The solution of the auxiliary equation is: 
1) for s>r : 
k=+tat+fi, (2.4) 


where a and § are real and positive: 


aw fe, pep So: (2.5) 
2) fors=r 
pete ts ol (2.6) 


3) fors<r 
kh=—h=\=Ve4 Vrms, ae 
ky= —k == VA_pros Vr—s. , I | I 
The functions ©,,®,, ®,, ®, their first three derivatives, and their first 
integrals denoted by © corresponding respectively to {2.5}, (2.6), and (2.7), 
are given in Table 3, The derivatives are expressed linearly through 
D, ®,, ,, a . 
The first case is the most important for the analysis of beams on single - 
layer foundations. When s>r, the functions in Table 3 differ from those 


for the bending of a beam on an elastic Winkler foundation by the 
arguments « and 8 of the hyperbolic and trigonometric functions. These 


functions can be characterized by the ratio between the real and imaginary , ae) = 
parts of the complex root (2.4): 
Bb st—;t 
4" ys. {2.8} 


* (Rin chis equation should not be confused with the characteristic & introduced in (3.9) of Chapter |. ] 
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TABLE 3 
Zz 
te é A 4 ©, 
e 3 sl => ' a, ©, a 
2m 2] Ss 5 {odd) 
aE‘) 53 {even) {odd} (even) 
eS] Bs 
r © shay cos By chaycos Ay chan sin B hay si 6: 
a Hsin By shaysin By 
tl aw : - 
ad, — 6d, ar + 
ee rT ee 


(a? — $7) ®, — 245, 


(a* — B*) Dy ~ 2p, | (at — 6%) @, + 2260, |(a* — 6 ©, + 2a90, 


2 {a* > 383) @, + 
+ 3 (3% — 3a%) 


a {a’— 36) @, + 
+ f (Bt — 3a%) oy 


& (a? — 38%) @ -- 
— f (3? — 32%) @, 


a (a? — 36% o, — 
— 6 (f* — 39), 


sh ry, ch al qehry ash ry 
@, + rd, D+ 1d 
2rD, + PD, 2rDy + r*D, 
Br8Dy + 9D, BAD, + r*Dy 
sh Ayn —— day 


5! 


This ratio varies between 0 and 1. For 7+=0 the functions ® {(i=t...4) 
degenerate into hyperbolic functions, multiplied by 1 or yn. For 7=} they 
reduce to the functions of the bending of a beam on an elastic Winkler 


foundation, 
The functions 4, %, %,, &,, are tabulated in the appendix (Tables 1, 2, 3, 
4) for values of y between 0.0 and 1.0. In these tables z = ay. | | | 
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The general solution of the nonhomogeneous equation (1.8) is equal to the 
sum of the general homogeneous solution (2.2) and of a particular solution V,: 


V(y) = C,@, + €,0, + C.D, + C.D, + Vo. (2.9) 


When the distributed load is either constant or varies according to a 
linear law p(n)=a+6y, we can write: 


« 

Ve= $e. (2.10) 
Although this method of determining V(m) is very simple in principie, 

it involves cumbersome calculations. Even when the function p(y) is defined 

by a single analytical expression for the entire beam, a system of four 

algebraic equations has to be solved in order to determine the four integra ~ 

tion constants C,, Cy, Cs, Cy. If the load varies according to different laws . . 

in different zones of the beam or includes concentrated forces, the general ; E - I : E 

integral (2.9) will contain different integration constants in each zone, their 

total number being four times that of the zones. In the relatively simple 

problems represented in Figure 37, we have to find 12 constants by setting 

up 12 algebraic equations. Hence, the method described is only practical 

when the external load is given by a singie analytical expression valid for 

the entire beam. 


FIGURE 37, 


To solve the problem considered in a practical and general manner, we 
shall apply Puzyrevskii-Krylov's method of the initial parameters {this — 
method was first suggested by Cauchy) in the form proposed by Viasov, 
This method requires the determination of only two integration constants 
irrespective of the load distribution* 


* The method of initial parameters as apptied to the analysis of beams (both ordinary and on elastic 
Winkler foundations) is explained in /73/ and in /47/. 
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§3. SOLUTION BY THE METHOD OF INITIAL PARAMETERS 


1. General integral of the homogeneous equation 


It will be assumed that the load consists of concentrated forces and 


moments. Between their points of application the bending of the beam is 
determined by the homogeneous equation (2.1) whose general integral (2.2) ; 
is written: 

V= CR + C.K + CyK, + Cig, (3,1 ) 


where Kj, Ke, K;, Ky are independent linear functions of ®,, %, D, O,, The 
system K,, Kz, Ks, K, can accordingly be called the fundamental system. 
We choose the fundamenta! system in such a way that when j=0, the 
generalized geometrical and statical magnitudes V, g, M, N, expressed 
through the functions X,, Kz, Ky, A, and their derivatives, form a unit 


= ma = 
matrix: 
N (0) = 
‘ ’ £s 
IV (0) = K. (0)| @ (0) = 7K, (0) M(0)}= —24 K; (0) |= — FelKGO — 
— 2r9K! (0) 
Hence: 


Cy=Vy, Cy= fo C= M, Co=No 


{the subscript "O" denotes the values for » = 0). 
The functions K,, Ky. K,, Ka thus express the influence of unit initial ; 
parameters on the deflection, i.e,, they are influence coefficients. Writing: I | I 
Ky =Kyy. K,= Ky,, Ks = Kun, K,= Ken, 
we obtain: 


V (9) = Voki uy + poke + MoKya + Mokyw. {3.2) 


Inserting (3.2) into (1.10) and (1.11), the following system is obtained, 
including {3.2}: 


V (x) = Vokvv + Gove + MoKva + NeoKvn, -_- == = 
P (1) = VoKer + pokeo + MoKem + NyK one 
M(1)= VoK uv + po we + Mein + Noun, (3.3) 


N (9) = Voknv + pone + MoKuw + NoKwn: 
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The 16 influence functions Ky, Kve,.... Kw, in (3.3) form a matrix for 
the direct linear transformation of Vo. , Mo, No into V,.9,, My, N,. After the 
initial parameters have been determined, the problem can be considered 
as solved, 
Any section 4= fin which V;, 9, My, N; are known can be taken as initial 
aection. The values of Vs, %, Ms, V, in a section situated at a distance »—/ 
from the initial section will be determined by the same influence functions, I | | 
provided the homogeneous differential equation of bending (2.1) is valid 
between these two sections: 


Vy = Vikov + giky, + Mekum + NiKen, 

Gn = Vikev + OiKoe + MiMon + Nikon, 
a = Vika + Katy + MK + Nek, 
N, = ViKav + okie + Miki + NiKane 


(3.4) 


The influence functions Kvy,.... Kvv are here functions of the argument 
(y—), while 9,,..., 0, become ®, (n—f),.... Miqg—). 

A very important property of matrices (3.4) and (3.3) is their symmetrical 
structure, as a result of which there are only 10 distinct influence functions, 
The four functions forming the secondary diagonal are not repeated. The 
remaining 12 functions, arranged symmetrically to this diagonal, are equa! 
by pairs: 


Kyun = Koes Keon = Kyu, Kyun = Kye, \ (3 5) 
Kyw = Kyy, Kye = Kyy, Kya = Kyv. J : . IE +f IE 


This property is derived from the reciprocity theorem of Maxwel) and 
Betti, * 


2. Effect of external load. General integral of 
the nonhomogeneous equation 


Consider a beam of length /, acted upon by concentrated forces P,. P;,.... Py 
(Figure 38} at points whose dimensionless coordinates are respectively I | 


fie foes bine 


FIGURE 38. 


* For a detailed discussion of influence functions forming matrices of direct and inverse transformation, cf, 
¥.Z. Viasov, “Tonkostennye uprugie sterzhni” (Thin-walled Elastic Bars). —Gostekhizdat. 1940. [Trans- 
lated by IPST, No. 428.], and "Stroitel’naya mekhanika tonkosteanykh prostranstvennykh sistem” 
(Structural Mechanics of Thin-walled Three-dimensional Systems).~—Stroiizdat, 1949. 
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For 0<y<72, the kinematic and statical factors are determined by the 
initial parameters and influence functions: 


V On = Vike (n) + Gk ve (n) 4) Moka (n) + NoKew (a), 
$49) = VeKev On) + GKoe (qh + MoKem (4) + NoK ew (0), (3.6) 
M (0) = Ve Kye (9) + 0K ate (4) + MoH (0) + Nok an (9), 
N (a) = Vek wv (9) + G0fne On) + MaKwac tn) + No nw (9). | | | 


These expressions remain valid as long as the homogeneous differential 
equation (2.1) holds true, i.e., as long as V (y), p(y), My), N&) are 
continuous, 

If one of these functions has a discontinuity atyj=%, i.e., if a concen- 
trated load acts at this point, the influence of this load must be taken into 
account for y>t%, in accordance with the principle of superposition 
following from the linearity of (3.6). This influence is equa] to the magnitude 
of the discontinuity multiplied by the corresponding influence function, = lu! = 
calculated for the coordinate (4— #4). 

Thus, V(4), ¢(), M{») remain continuous at all points where a concentrated 
force P,; acts, only N(x) increasing by (—?,). Hence, for t, <<, (Figure 38): 


V (m) = Vok wy (1) + pokve (1) + Moya (9) + NoKun (} — 
— PiKyn(y—ts), 

PID) = VoKev (0) + PoK on (9) + MoKom (9) + NoKew (2) — 

— PiKen (n—t,), (3.7) ; 
Mia) = VoK sev (a) + pole (1) + MoKnne (2) + NoKuw (1) E-F-.&5 

— PK (4 — 41), 
N (9) = VoK wy (9) + eK ve (9) + MaKe (2) + NoK wn (9) — 
— PiKwa (n— th). 


For i; << ti4, we have: 


V (7) = VoKwv (1) + GoK ve (2) + MX vm (n) + NoKyn (1) — 
ad 
—D> PaKen (g— te), I Nf | 
hm] 
@ (1) = VoKgv bn) + GoKee (1) + Molen (9) + NoKen (1) — 
i 


—Z PeKew (n— fe), 
ie (3.8) 
M (4) = Vek wv (1) + PoK ay Cy} + MoK an (0) + NK aw (2) — 
f 
—> PiKun n— ty), 
; itm] 
N (4) = VK wv (7) + $oK we (4) + MyKam (9) + Ny Kuna) — 


— > Pirkyn (4 — ty). J 
fui 
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A distributed load p(/) (Figure 39) can be considered as a system of 


elementary concentrated forces; we obtain for the loaded part of the beam: 


V (9) = VoXvv (9) + pK ve (mn) + Maun Cy) + 


* 


+ NoKvn (2) —{ 9 (0) Kvn (n— 0 dt, 

€ (0) = VeKev (0) + 60Kew (od + MaKe (0) 4 I | i 
+ NeKaw ts) |p) Ken tn dt, 

M (3) = VoK uv (9) + GaKn (n) + My) + ee) 


+ NKun (—| 9 Kun i— dt, 


N (n) = ViKww (9) + 99K ve (9) + MaKe (9) + 


+ NKww (—{ 0) Kun q—O at. | 


When distributed and concentrated loads act simultaneously, the integrals 
in (3,9) are Stieltjes integrals, i.e., the terms under the summation signs in 
(3.8) have to be added to them. 


FIGURE 39, FIGURE 40. 


In the most general case of arbitrary external influences, the sotution : 
of the nonhomogeneous differential equation (1.8} can be represented in the l | I 
form: 4 


V (y) = Vokvv + Gokve + MyKum + NyKew — Fr, 
(9) = Vekew + OX oe + MoKon + NoKon — Fe, 

M (9) = Vika + 9K ap + MK + NK — Fu, 

N (nt) = ViKuv + PKnw + MyKnm + NoKnn — Fy. J 


(3.10) 


where Fv, Fy, Fa, Fy are known functions depending on the load and its 
distribution. These "'loads’' need not be vertical forces and moments; they 
may also be breaks and abrupt bends in the beam. = a = 
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For the case represented in Figure 40, we obtain for Fy and Fy: 
at U<cy<t, Fy = Fy =0; 


at ic ych, Fy = PKyn (q—4,), 
Fu= PKyy(q— ty); 


at a<an<ty Fy = PKyw(n—1))—MKiwla— ty), | | 
Fu= PRKauw (9 — 1.) —MKan(y— ts); ] 
at wcyn<c, 
Fy = PRew (y— 4) — MKyvy (y— 4) — AV Kv (4 — 4). (3.11) 
Fa= PK as (4 — th) — MKym ()— ts) — AVK uy (a — ts): 
at4,<cy 
Fy = PKvx (\— 4) — MKum (— t) — VK py (H~ t) — 
— ApK ye (n— ta), 
Fae= PK aw (q—t)) — MKumty— 4) — OV Kav (4 t.) — = = = 
~~ ApK me(n— t)- 
The initial parameters V,, 9,, M,, N, can be obtained very simply by this 
method, the initial section of the beam being chosen arbitrarily. Thus, 
by selecting one of the beam ends as initial section {y= 0), we automatically 
determine two of the four parameters, The other two initia) parameters 
can always be found from two equations defining the boundary conditions at 
the other end of the beam. 
Thus, for a simply supported beam, we obtain respectively for »=0 and , E as IE I 
t 
aoe Aad 
V,=9, M, = 90; (3.12) 
V(iz)-% «m(t) =o. (3.13) 


Substitution of (3.10) and (3,12) in (3.13) yielde: 
f 
VL) = ake + MoKyw — Fy 0, 4 I | 
M (+) = Kime + N.Kun — Fy = 0, 


Kye, Kyu, Kuo, Kun, Fu, Pu 


where 


are determined for 
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3. Determination of the influence functions 


The functions Ky, Kve..-., Xww in (3.10) were assumed to be known. It 
will be shown now how these functions are determined for the most important 
case s>r. 

We proceed from the homogeneous differential equation (2.1) whose 
general integral, determining the generalized deflection V(x) , is 


V (&) = C,O, + C,9, + CP, + C.®. {3.14} 


The other kinematic and statical factors are linear functions of the 
derivatives of V (n): 


amM=TV, 
Mw) =— Ey, (3.15) 


N= — - [Ve — 2r9V"]. 


Substitution in (3.15) of (3.14) and the initial conditions (for (y= 0) 
[cf. Table 3] 
%,=1, %, = 0, = b, = 0, 
V=V,, =m MoM N=N,, 


TABLE 4. 
Influence functions 


= a (BO, + a0) 


Pid 
== 


Fajr BO 20] Ky, = Oe + 


Es = 
Kue=— ape {et — 


8) Bd, — (a? — 38%) a, 


Kun = Kuy 
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yields the following expressions for the integration constants Ci Cy, Cy, Cy: 


4 ms 7 
Cc,= aaa [Plat B EF Ne] ' 
C; = Vz, 


1 = =i 3. : 7 
orl st oT 


1 i 
CS a [7¥. + =r Me | . 


Substituting these values in (3.14) and (3.15), we can express V(x), 9(%), 
M(n). N(») through the initial parameters Vy. G My NV, and the influence 
functions Kvy. Kye... Kaw , given in Table 4. 

The influence functions for the two other cases: 


S=rands<r, 


= = = 
can be similarly determined. 
§ 4. INFINITELY LONG BEAM 
1 
Consider an infinitely long beam. If a concentrated force P (Figure 41) I I i E 
acts at the origin of coordinates, we obtain the following homogeneous 
differential equation (for all points except the origin]: 
Fa — 20S + HV 0. fof. (2.1)) (4.2) 
Assumings>r, the general integral of (4.1) has the form 
V (m) = Cye~* sin By + Cye*" cos By + Cye* ain Pry + Cye**c0s Bry, (4.2) 
where a and B are given by (2.5). 
For reasons of symmetry we consider only that part of the beam for 
which x« > 0. 
Since for y— 00 v0, 
we obtain Cy=Cy=—0. (4,3) 


Substitution of (4.3) in (4.2) yields: 


Vi) = CLF, + CPs, {4.4) 
where 
F, =e sin By, 


Fa €-**c0s fy, et 


si IFES 
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The integration constants C, and C,can be determined from the conditions at 
the origin: 


= 19 tH -0 we 
NOn—HG—wE]-—2. | FEI 


= = ws 
FIGURE 41. 
Substitution of (4.4) in (4.6) yields; 
CiF} (0) + CsFs 0) = 0, 
1 1 (0) + Fs 0) pis {4.7} 
CPF (0) + CaF; (0) = $5 - 
By solving (4.7) we obtain the integration constants: E - I ; I 
C, m= PL F, 0) 
PRET” FF OF, O)— Fy OF, 0) (4.8) 
a SE 
tO TET” FE OF, 0) — Fy FO 
where F,(0), Fy (0), F,(0), Fy (0) are the first and third derivatives of F,, and 
F, at n =0. 
By substituting (4.8) in (4.4) and taking (1.7), (1.9), and (2.5) into account I Nf I 
we obtain finally: X 
Pi- 4 x : 
Von) = ay segs laP Gd + BF (oD. (4.9) aa 
\ 
Expressions (1,11) and (1,12) for the bending moments and shearing 
forces respectively then become: 
PL F, F; 
Min = [S| , (4.10) ‘< 
5 
Qm=—+[Ad—Ze A].. (4.21) _— -— = 
© The following ordinacy boundary conditions correspond to the generalized conditions (4,6): 
1 a 
oy = 5 ry 6, 


Bev oP 
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The reactions of the elastic foundation are, by (1.4), 
Po oce - 
an) = 5 | Bist + 219) Fan) +3 (8 — 204) Fy ap) (4.12) 


Expressions (4,9) through (4.12) make possible rapid calculation of the 
stresses and strains in an infinite beam {on an elastic foundation). They | [ | 
can be written in the following concise form, similar to that for an fordinary] 
infinite beam (cf., for instance, /25/): 


Pii~wy L — 
Vt) = —3— 0 ty). M (yn) = PLin (n), 
Et a) | (4.13) 
Qin) = — PO (n), 9(4) = +a (1) 
where 
- ae = rane ™ 
o@) = Pray (2F, (m) + BF s (ay), 
m(n) ai oles =o] : 
= 4 4.14 
Qo) = + [Frey — ar Pid]. ak 
a(n) = ar IB (s* + 2rty Fy (n)-+ a (s" — 2r4) F, ()]. 
The following relationships exist between these functions: : E : I E 
vo) = #0) a’ (n) = — G(r), (4,15) 
P () = m{y}, () = — ¢ (9). 
2 


Expressions (4.9) through (4.12), or (4.13), are quite general. They are 


valid for any function (y}, the accuracy being equal to that with which &, ¢, 5%, 
ra, B have been determined, s 


Consider the case for which: 


oY) =$—=— , (4.16) 
” a 


where L is defined by (1.7), and 7 is a coefficient depending on the properties 
of the elastic foundation, 


Pv) 
Eatl 9(™)- 


am= nT F(x) is the dimensionless slope whose dimensional value is: 9 (7) =_— 
a6 
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The constants entering in (4.9) through (4,12) are: 


Est 


“Fae i f= Tew 
f—w A 
Sm 2a oe ma The 
= sts x —r 
c= Yo Th aero 
me eal a ci 
ie ant tft 
L 
Foyt _ ft cf, (2,5) of this 
on 17 cht — 1 [cf. (2,5) 


paler Salter Geet chapter and (3.18}, 
(3.19) of Chapter 1] 


If the elastic foundation is a semi-infinite plane (Hoo), expressions 
{4,17} reduce to: 


kt Et 
2a—vy 2b’ 
pa as 
bie) 1” (4.18) 
s=7, 
mit 
ae 


Curves of v, m,@ and q, calculated from (4.14) and (4.18) for H-r0, 
%o = 0.3, and 421.0, 7* 1,5, are shown in Figures 42, 43, 44,45. The 


abscissae are the dimensionless distances 4= +. measured from the origin. 


20 30 
Eee Le 
ae a a 
Ca 


& 
C 
hypothesis (yt 5, 
Bee 
el 


Deflections & 
FIGURE 42. 


These curves have been plotted only for positive values of y since 
[obviously] @, m, and g are even functions of 4,only Q being an odd function. 
The dimensional functions V, M, Q and ¢ are obtained from {4.13). 

When + increases, the bending moment at 7 =0 decreases. This is due 
to the larger reactions near the point of action of the force. in addition, 
the deflections of the beam are considerably less. 
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a 
Reactions ¢ 
FIGURE 43. 
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Bending moments 
FIGURE 44, 


wo-dimensional problem of 
the theory of elasticity 


Shearing forces é 
FIGURE 45. 
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Curves obtained by Gersevanov and Macheret (cf. /21, 25/) for an infinite 
beam on an elastic semi-infinite plane*, and also those obtained by 
postulating a foundation modulus, have been plotted in Figures 43, 44, and 
45 for comparison. The foundation modulus is assumed to be: 


Eb 
b=ra oe + (4.19) I I : I 


a 
2Es (1 — 
miss “ywo8. GeV oe 


bEe . 


where 


Comparison with the results, obtained when the foundation modulus is 
postulated, shows (see the curve for 7= 1.5 in Figure 44) that when 
allowance is made for shearing stresses in the elastic foundation, the 
maximum bending moment decreases, The difference is of the order of 4 % 
for the values of y considered. 

When $y) is given by (4.16), the solution presented here gives for 7=1.0 
and 1.5 lower absolute values of the maximum bending moment than the 
solution of the two-dimensional problem of the theory of elasticity. The 
difference is of the order of 15 to 20%, becoming less when y decreases. 


3 


Consider an infinite beam on which a positive moment M, acts ina E rf E 
clockwise direction (Figure 46). 7 


Py 
as 
Nt ata) 
& ) ‘ 
Z , P 
¥ iy 


FIGURE 46, FIGURE 47, 


Let two equal and opposite forces P be applied at points 0 and K situated I | { 
at a distance ds from each other (Figure 47). We shall determine the 
deflections of the beam due to this couple. The first equation (4.13) becomes: 


Pa ti-vy) - 
Veg() = ot O(n), 


P,it—vy — 
Vog(n) = ——“~ Gg Ot ds). 


The total deflection of the beam at point a(x) is: = om 
Pil—vi) ~- 
V (9) = Veg + V og = — age (Gln + ds) — O(n (4.20) 


* This was not done in Figure 42, since the vertical displacements cannot be determined in the two-dimen~ 
sional problem of the theory of elasticity, 
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Let ds tend to zero and P to infinity so that the product Pds = M, remains 
finite and constant. By multiplying and dividing the right side of (4.20) by 
ds [=Ldy},we obtain in the himit: 


Mi(i—v) -, Mo(i—viy — 
Vo) = — a oy = SO one (4.21) 
Similarly: I | I 
4—v) -, Mi — vw) — 
ey) ae Sa () = ar pu (x), 
MQ) =— Mgr’ (x) = Mymx (9), (4.22) 
Q(q) = MO) = — Ent, 
go) =— Thao) = FE au (n- 
= me 
By (4.15): 
Ould =F, Miu) = O(a), hese 
pu(n}m(n), Only) =9(y)- ; 
By differentiating the last equation (4.14) we obtain: 
Gu () = F(x) + SSE Fy On), (4.24) H-a-485 
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§5, RIGID BEAM 
The case of an infinitely rigid beam is very important in the theory of 


beams of finite length. Analysis of such beams reduces to :inding the 
reactions q(x); the other unknowns can be found by means of the ordinary 


equations of statics. : 
It is convenient to resolve the external load into symmetrical and I Nf I 


antisymmetrical components and to carry out the calculations separately, 
The final result is then obtained by superposition. 
1. Symmetrical loading 


The deflection of a rigid beam under the action of a symmetrical load — 
is constant; 


V(X) =C,. (5,1) 


The vertical displacements of the surface of the elastic foundation are 
also constant beneath the beam, as follows from (1,4): 


g(x} = kC,. (5.2) 
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The reactions of the elastic foundation are thus determined in a manner 
similar to Winkler's method. The only difference is that in our case V(x} 
has no discontinuity at the beam ends, as would happen if the foundation 
modulus were postulated. In other words, the elastic single-layer foundation 
is strained even beyond the edges of the beam (Figure 48). 


ef hs ee 


FIGURE 48. FIGURE 49, 


In section 3 of Chapter I we introduced the generalized shearing force: 


Rn 
S(x) = \ ty'b(y) dF = 2UV" (x) (5.3) 


¢ 
[cf. (3.10) of Chapter I] : 

which is discontinuous at points where concentrated forces act at the surface I - I E 
of the elastic foundation. 

In accordance with {5.1), S becomes zero beneath the beam. Beyond the 
edges of the beam, the generalized shearing force is, however, different 
from zero, so that S(x) has discontinuities at x=-—fandx=—/. Hence, 
concentrated reactions Q° arise at the beam ends, which are due to 
stresses in the elastic foundation beyond the beam edges. 

The existence of concentrated reactions Q* can be proved also by different 
reasoning. The assumption that only distributed reactions, given by (5.2), 
act on the bottom of the rigid beam leads to a contradiction: the vertical : 
displacements of the surface of a single-layer foundation acted upon by a 
uniformly distributed load are not constant (cf. (3.39) Chapter 1). In order 
that condition (5.1) be satisfied beneath the beam, concentrated forces must 
act at the beam ends, causing additional displacements of the foundation 
surface (the hatched part of the displacement diagram in Figure 49), 

In the general] case the concentrated reactions Q* are equal to the 
difference between the values of Sto the left and to the right of the beam 
end: 


8% = S(-Y—Sy(—H, | (5.4) 
08 = SiO—S, 0, 


where S, = generalized shearing force acting in the free foundation, Sb 
= generalized shearing force acting in the foundation beneath the beam, 

The sign of Q* is determined in a similar manner as the sign of the 
reactions g(x), being positive for forces acting upward. 
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The stresses in the elastic foundation beyond the beam edges are given 
by: 
— 26" + kV = 0, (5.5) 


Solving (5.5) for V¥, we obtain: 


eet Coals aici (5.8) ! I I 


at xpi Vy = Ce, 


Taking (5.1), (5.6), and (5.3) into account, we obtain from (5.4): 


QS = Qf = 2atC,, (5.7) 
h 
co enV. (5.8) 


The displacement ¢, is found from the equilibrium condition of the beam 
by equating the projection of all vertical forces to zero. The forces acting 
on the beam are the known external load P,, the uniform reaction q, and the 
two forces Qg% and Q%; therefore [by (5.2)] 


P 
G= Ti+ 2ar) TF at) ° {5.9} 
Substitution of (5.9) in (5.2) and (5.7) yields: 
Pt E-E ft 
= b= Ff —F- (5.11) 
* Yat 


The constant C, could also have been determined from the generalized 
(variational) equilibrium condition for the entire system (beam and elastic 
foundation), obtained by equating to zero the total work done by all external 


and internal forces in the system over the virtual displacement v (x, y) = 
= 1-H(y): { | I 
oh 
— || ow W)aF dx + Pep) = 0, (5,12) 
—oo 


where dF =8dy, and o, is the normal stress, given by the first equation 
(3.3) of Chapter I, 

Substituting (3.3) of Chapter 1 in (5.12), taking into account (1.3), (5.1), 
(5,6), and noting that ¢(0)=1, we obtain: 


-t +2 


Cl { etre dy { da) wmode} = Pe (5.12') 


— -t 
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or 
Cyk [ot + =| = 2C, [ki + atl = P,, (5.12") 


from which we again obtain (5,9), 
From (5.12') or (5.12") and (5.7) it is seen that each reaction Q* is equal 
in magnitude to & times the volume of the displacements in the elastic 
foundation beyond the corresponding beam end: I I | 


mf 

Qh mk | Cert de = aly, 
—! 
tJ 


(5.7) 
=k \ Cyt de em atl, 


A similar result is obtained if the displacements given by (5.1) and (5.6) 
for C,=1 are considered as virtual displacements. Unlike (5,12), the work 
done by the internal forces is in this case the sum of the work done by the =: al 
normal stresses o, and by the shearing stresses ty,» The final result will 
again be given by is. 12"), 


2, Antisymmetrical loading 
The deflection of the beam due to an antisymmetrical load is: 


V (x) = 8x, (5.13) E-B E 


where 6, = tgg, = the slope of the beam (Figure 50). 


EG a As 
Ff 4 et Onn 
Se EC 


eS TH 


FIGURE 50. FIGURE 52. 


It follows in this case from (1.4) that: 
g {x) = Rx. (5.14) 


In order to determine the concentrated reactions Q®, we calculate the 

generalized shearing forces S(x), = = = 
Proceeding from (5.3), and noting that the displacements of the foundation 

beyond the beam ends are: 


at xr<q—i pone 
at xf Vin = Ofer, (5.15) 
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we obtain the following expressions for the generalized shearing force: 


atx<—! S = ~~ Lath gferteth s 
at —fex<? S = 2£0,: (5.16) 
at v>! = — 2alife-eu—a, 
The concentrated reactions at the beam ends can now be determined I | | 
from (5.4): 
— QE = QB = 2t (t+ af) &, (5.17) 


where 
V k 
i= 5; in 


From the equilibrium condition for the beam, obtained by equating to 


zero the sum of all moments acting on the beam about its center, we find: a 
3M, 
% = apres all’ (5.18) 


Substitution of (5,18) in (5,14) and (5,17) leads to the following expressions 
for the reactions: 


een ., ae (5.19) 
wt |t+ engi +e] 


er (5.20) | ee oe | 


. alt +aean) 


where M, is the sum of the external moments about the coordinate origin. 

Expressions (5.10), (5.11) (for symmetrical loading), and (5.19), (5.20) 
(for antisymmetrical loading), give the complete solution for a rigid beam, 
since the bending moments and shearing forces can be determined by known 
methods once the reactions have been determined. 


3, Calculation examples and analysis of resulta I { | 


The exact solution of the problem of a plane symmetrically loaded punch, 
obtained by Sadovskii, is: 
— —Pe__ 
a) = at Vi-— 7 


= (5.21) 


where q=F> (Figure 51). 


The reactions given by (5.21) are also shown in Figure 51, It can be seen 
that they increase to infinity toward the punch ends. 
The elastic foundation is not considered by us to be a semi-infinite plane -—- = = 
but a single-layer model whose properties are determined by two parameters 
& and ?, inwhich concentrated forces Q@¢ correspond to the infinitely large 
reactions q(y) obtained for the exact solution. 
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The concentrated reactions Q* are obviously not real forces acting in the 
elastic foundation at the beam ends. Their appearance is due to the stresses 
in the elastic foundation beyond the punch ends. They should therefore be 
considered as fictitious forces by which allowance is made for the influence 
of the free foundation on the stresses in the punch. 


We put: | I : | 
ae 


shy Ose 
TSS gt (5.22) 


where ! is the half-length of the beam, and 7 a coefficient characterizing 
the variation with depth of the vertical displacements in the foundation. 
In accordance with (1,3) and (5,22), the elastic parameters of the founda- 


tion are: 
Fob tm ott Se eee 
t= Fae Ti+ wy) 1653) 
ant VOGRW gy ; 
RH t=—% : 
where 
{ y een TF 4 
te = rir ahs . 
a7 Sas aie a- : 
% = T39— a wo (5.24) 
Hf #4 
a Pay Mile eo 
-f Bt tt _ ae (cf. (3.28), (3.19), 
Le ae (3.32}0f Chapter I] 
Substitution of (5.23) in (5.10), (5.11), (5.19), and (5.20) yields: ‘ 
for the symmetrical load, 
g= fe A 
od sh 1H on 18 _ IF 
14 YV2T=%) Poy 77 
ay shan cn te , 2A 
a a (5.25) . 
P 4 
=> : 
= dy shit yt, 
oo ——_——_ 
¥2a— #. 5a yn 
—~) sh cn F-_ as - = = 
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for the antisymmetrical load, 


ti 1-y POT vet) 
3 7 vA YA Hf Y YA 7H 
oh er so Ris sa 


ef on tA ey Ay 2H 
147 Ge Y/ shade A (5.26) 


ae re aw # 
= 2 vH oH ox vH 1H | yi 
wt ve EST TT. vii yo f 


Consider the case of symmetrical loading, for which curves of the 
dimensionless magnitudes 7 and Qtare given in Figures 52 and 53. for 
vy =0.3 and y=1,0; y=1.5; y=2.0. The dimensionless reactions q and Q¢ 
are obtained from: 


g= FG, Qo= 5200, (5,27) 


FIGURE 52, 


It can be seen that for ratios of 4 above 1.5 to 2,0 the reactions remain 
constant for the values of y considered. When Q exceeds this value, 


therefore, the elastic foundation behaves like an elastic semi-infinite plane 
(4 =o). It can also be seen that when 7 increases, the concentrated 
reactions at the beam ends decrease, the foundation behaving more like 
Winkler's model. 

In order to compare (5.25) with the exact solution given by the theory of 
elasticity, we determined the bending moment m at the center of the beam, 
due to the reactions g[{5.10)] and Q¢ [{5.11}] alone: 


gt __ Pol ki -+ at 
ing + QM eB ay ee) 


7 


insertion of (5.23) and (5.24) yields: 


// s2isi=i 
Pot 44+ VE0—%) shy cht +7 


2 
iq 2: 


6y + YTT— w) shych t+ 7 


with T=14. 


(5.29) 


in the case of an elastic semi-infinite plane (F= oo) » (5.29) reduces to: 


My = Polite, 


wnere 1 4+¥20—) 


me Tot Vvitew 


FIGURE 54. 


(5.30) 


(5,31) 


h a a a 


The value of m given by (5.31) has been plotted in Figure 54 for y=0.3. 
as a function of y. It is seen that m, = 0.32 for 7=1.5 , which is Gorbunov- 
Posadov's result for a rigid beam /26/, With increasing _ the value of m 
approaches 0,25 asymptotically, which is the solution when the foundation 


modulus is postulated. 

The reactions thus obtained for y= 1.5 are therefore equal to those | | I 
obtained in the two-dimensional solution (5.21) for the moments in the . 
center of the beam, due tothese reactions. Since, for a rigid beam acted 
upon by a symmetrical load, q is uniquely determined by P, and?!, the bend- 


ing-moment diagram, obtained by the method proposed by us, willbe similar to 
that obtained in the two-dimensional solution given by the theory of elasticity. 
As an example, Figures 55 and 56 show curves of M and Q corresponding 
to the three most important cases of loading of a rigid beam fot v= 1,5. 
Comparison with the exact solution* (broken curves and numbers in 
parentheses) shows that the results differ only near the beam ends. 
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FIGURE 55. 
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FIGURE 56. FIGURE 57, 
A similar comparison for the case of antisymmetrical loading shows that 


the results obtained for 7 -: 1.5 are very similar (Figure 57). 


* See Gorbunov-Posadov Raschet konstruktsii na uprugom osnovanii (Analysis of Structures on Elastic 
Foundations). —Gosstroiizdat, Part 1, Chapter], $6. 1953, 
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4, Allowance for plastic deformations beneath the beam ends 


It was assumed until now that the vertical displacements V(x) of the 
surface of the elastic foundation are continuous. This necessitated the 
assumption of concentrated reactions Q¢ beneath the beam ends. 

Under actual conditions these intense reactions cause plastic deforma- 
tions beneath the beam ends, leading to considerable changes in the general | 
stress pattern in beam and foundation, The methods of the theory of 
elasticity no longer apply to the soil in this case and a special analysis, in 
which allowance ia made for the elastic-plastic deformations of the foundation, 
becomes necessary. 

The approximative method proposed can, however, be appliedtothis case. 
Agsume that plastic deformations have occurred beneath the ends of a 
symmetrically loaded beam, as a result of which V(x} has discontinuities 
atx aj andxa=—#, equal to: 


c=(1—BC,, (5.32) 


where @ is a coefficient characterizing the settling tendency of the elastic 
foundation (Figure 58). 


FIGURE 58, 


As before, the reactions consist of the uniform reaction g and the 
fictitious forces Qe, where by (5.2) 


qm Cy. (5.33) : 
According to (5.3) and (5.4): | 


QS = QE = 2a28C, (5.34) 


From the equilibrium condition of the beam we find: 


Co= rare Tah * [cf.(5.9)] (5.35) 
Substitution of (5.35) in (5.33) and (5.34) yields: 


Pp 1 lu J 
rer ss 
Al 
ee a (5.96) 
ae Seay Te 
1+ 3557 (cf. (5.10), (5.11) 
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When p=0, the elastic foundation is not strained beyond the beam ends; 
this corresponds to Winkler's model. For p= 1, (5,35) becomes identical 
with (5,9), 

Similar considerations apply to the case of antisymmetrical loading. 


§6, ELASTIC BEAM OF FINITE LENGTH I | I 


1 


The differential equation of the bending of a beam on a single-layer 
élastic foundation is (cf. (1,8)): 


t) 
a oa av 


— vit 
ay a tsVa a: (6.1) 


Here 4= + and 


E} 
V 2Es tL — vy 
i= Ee (6.2) 


where ¢ = beam width, 
The coefficients in (6.1) are [cf. (1.9)]: 


pathy Vata, E-uU.3sO&K 
re (6.3) 
st = 2L{ 4f dy. 


The general solution of the problem can be presented in the form (cf. 


(3,10): 
V (a) aa) VoKvy + prk ye + MioKye + Nioken —_— Fy, 
99) = Vay + poXee + MaKom + NoKew — Fo, 6 
M (y)= VokK uv + ook me + MoKum + NoKuw — Fae. { 4) ‘J 
N (9) = VoKwe t+ ake + MoKwe + Moku — Fey 
where Kyy. Kye..... Kwa, Kew are the influence functions, given in Table 2; 


Fv, Fe, Fu. Fy are functions depending on the external load (cf, e.g., (3.11)). 


2. 


To determine the initial parameters V,, 9, Mo, Mo, it is necessary to =: = 
consider the boundary conditions at the beam ends. 

If the beam ends are prevented from moving downward, the boundary 
conditions can be written in the usual way: 

a) for simply supported ends: 


V=0, M=0; {6.5") 
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b) for built-in ends: 
V=0, g=0. (6.5") 


if the beam ends are free to move downward, the compatibility conditions 
for the beam and the elastic foundation must be taken into account when 
establishing the boundary conditions. The vertical displacements V (x) of 
the free parts {I} and (I) of the foundation (Figure 59) are determined I | | 
except for the constants D, and D, ; the vertical displacements of the 
foundation beneath the beam are determinea except for four constants 
Ci, Cy, Ca, Ce (ef. (2.9)), Six independent conditions (three for each end of 
the beam} have therefore to be established in order to determine these 
constants, 


FIGURE 59. 


An obvious condition for each end free of load is: 
M0. (6.6') E-8 +s 


The two other conditions can be written as follows: 


Vo= Vy; (6.6") 
S=WN at x=0 (or «= 2!), 


where V, = vertical displacement of foundation, Vp= vertical displacement 
of beam, $= generalized shearing force in free parts (I, II) of foundation, 
and N = generalized shearing force in the foundation beneath beam (part | I | 
Til). 
We note that (6.6")} corresponds to the conditions for a rigid beam, 
Only simply supported beams will be considered henceforth, since these 
are of the greatest practical interest while their analysis is the most 


complicated. 
3 
By placing the origin of coordinates at the left end of the beam (Figure 59) =~ -_ 
we find from (6,6) and (5,3): 
Me=0, No=S(0} = 2a7V, (6.7) 
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haa a 
The system (6.4) now becomes; 


V (a) = (Kw + 2atKyn) Vo + KyeGa — Fy, 
p(y) = (Kev + 2alKen} Vo + Kea Go — Fee (6.8) 
M (a) = (Kay + 20tKan) Vo + Kuotto — Fu, : 


N (9) = (Kyy + 2atK yn) Vo-+ Knope — Fu. I | | 


The boundary conditions at the otner end of the beam are: 
M (FZ) =0, N (FZ) =— 2a (2), (6.9) 


from which the other two initial parameters V, and ¢ are obtained: 


=a (6.10) 


P=— a — G45 


The coefficients in (6.10) are: 
a,= Kav (2) + 2atKuy G). I = | i 
a; = Kuo (7). (6.11) 


as = Kyy 3) + 4atKwy @) + (2et)* Kyo( 7). 


FEGURE 60. 


Equations (6.8) and (6.10) represent the required solution when the 
bending of a beam of finite length, placed on an elastic foundation and acted 
upon by external loads, is considered. 

When the beam is long, the origin of coordinates should be placed at the 
beam center, and the load should be resolved into symmetrical and 
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- = _ =~ 
ba. a 


antisymmetrical components (Figure 60); this increases the accuracy of 
the results. The method of solution is similar to that employed above, 
In this case the following formulas are obtained: 
a) for the symmetrical load: 


V (y) = Kye V, + Kew, — Fr, 
(4) = Key + Kew My — Fo, (6.12) I | | 
M (x) = Kav, + Kany — Fa, : 
N (q) = KawVo + Kyu, — Fu, 
where 
bFy (t) abe [Fy(z) + rat, | 
= tibet SSSS*~S 


ult) ed) ¢20r] ==. 


mes Diba — Sabra : 


b) for the antisymmetrical load: 


V (m) = Kve% + KynN— Fy, 
9 (1) = Keope + Kew Ny — Fe, (6.13) i‘ 


M (ny) = Kuso) + Kun Ny— Fa, ; E 
NG) = Keste+ KwwN, — Fy. E -  { ry 
\ 
where : 
iu (t) — tof F(z) + 20, (7)] 
Fo fyb eds 


_ __ F(z) —%[ F(z) + 2atFy(F)] 


No= bibs — baby : 
The coefficients in (6.12) and (6.13) are: 4 | I 


by = Kun (5) + 20tKva(t), do=Kuv(z), 
bs = Kum (=) ’ bs = Kue(z) + 2atKve(7) ' (6.14) 
by = Kw (4) + 2atKw(F), b= Kwe(7)- 


Both (6,12) and (6.13) include only ioads acting either to the right or to 

the left of the origin. —_- = —_ 
The equilibrium condition of the beam, the contact condition of equal 

vertical displacements of beam and foundation, and the continuity condition 

of foundation displacements are all satisfied by (6.8), (6.12), and (6.13). 

The statical boundary conditions are, however, only approximately satisfied: 

when the bending moments M vanish, the shearing forces Q at the beam 
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ends differ from zero in the general case. This is explained by the 
properties of the mode} adopted for the elastic foundation, which is 
characterized by two generalized parameters & and ¢, 


Fil 


Analysis of these results shows that the elastic properties of both beam 
and foundation are characterized by a single magnitude: 


t 
M=7, (6.15) 


which represents the reduced haif-length of the beam. 

In the two-dimensional probiem of the theory of elasticity (solved, e.g., 
by the method of Gorbunov-Posadov), a magnitude called the index of beam 
flexibility is introduced as principal elastic characteristic, being defined 
as follows: 


mE bP 
are (6.16) 


where {= half-length of beam, 4 = width of beam, 
By comparing (6.2), (6.15), and (6,16) the following relationship between 
» and ¢ is obtained: 


a Ae (6.17) 
ea A 5-E OSE 

Several examples will now be discussed in order to show the effect of 2 
on the results. It will be assumed that the elastic foundation is a semi- 
infinite plane (HW = 0}, and that $(y) is given by (4.16). 

The dimensionless reactions 7 and bending moments m, calculated by 
(6.12) for two beams, each loaded at the center by a concentrated force P, 
are shown in Figures 61 and 62. The elastic characteristics of these beams 
are respectively: }= 1.24 (f=3.0), and 4.1.64 (¢=7.0). The calculations 
were performed for 7=1,0 and y=1.5, for y= 0, and ¥= 00. Curves of 7 
and m, plotted on the basis of Gorbunov-Posadov's data /26/ for ¢ = 3.0 I | | 
and ¢= 7.0, have been drawn for comparison in the same figures (full lines). q 
The actual reactions and bending moments are respectively: 

g=g ; » M=mPl. 

It is seen that the concentrated reactions Q¢ at the beam ends vary 
inversely with }, as do the bending moments, This variation is more 
pronounced when the value of \ is less, On the other hand, the more 
flexible or longer the beam, i.e., the larger the value of x, the larger are 
the reactions near the point of application of the load, leading to a reduction 
in the bending moment at the beam center, 

The dimensionless reactions g obtained by Gorbunov-Posadov's method 
are almost equal to those obtained by our method for +=1.0 and 7=1.5 along 
the entire beam, except near its ends. As a result, satisfactory agreement 
is also observed for the corresponding bending-moment diagrams. 
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Reactions § 


FIGURE 61 


Reactions § 


hatte (t97g} 4 I I 
FIGURE 62 


For y= 1.5, the bending moments for both finite elastic and infinite 
beams, determined by our method, are slightly less thanthose obtained when 
solving the two-dimensional problem of the theory of elasticity, 

The dimensionless deflections and bending moments of a rigid beam 
(broken lines, numbers in parentheses) and of an elastic beam of reduced 
half-length, =0.86 (f=I) , are shown in Figure 63 for 7=1.5, y.=0.3, H=o, 
Comparison of these diagrams shows that (5.23) can be used for beams 
when 0< 1.< 0.86. Such beams can be considered to be rigid, 

A similar comparison, performed in Figure 64 for an elastic beam 
loaded by a concentrated force, and for an infinite beam, represented by 
broken lines and numbers in parentheses, shows that the results become 
practically identical for 1=1.85 (¢=10): the difference between the 
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maximum bending moments is only 5%*, 


Deflecti 
Deflections é eae 


Axis of symmetry 


FIGURE 64. 


This enables us to establish the values of x at which transition from the 
finite-beam model to that of an infinitely long rigid beam occurs. 

When a concentrated force acts, these values are as follows: 

(. < 0.86 — rigid beam, 


0.86 <}< 1.85—finite [elastic] beam, 
}> 1.85 — infinite beam. ] | I 


The boundaries thus defined are identical with those obtained by the 
methods of the theory of elasticity, and in particular, by Gorbunov- 
Posadov's method. 


§7. INFLUENCE OF LATERAL LOADING 


1 


The method explained above can be applied to many problems connected 
with beams on elastic foundations, Such a problem is, e.g., that of a load 
applied to the elastic foundation beyond the edges of a rigid beam. 


* The comparison was performed for y = 1.5, Hf = 0, w = 0.3. 
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Let a concentrated force G act on the elastic foundation at a distance a 
from the beam end (Figure 65). The following expressions are obtained for 
the vertical displacements of the surface of the elastic foundation in sections 
I, I, Ill, IV (Figure 65) (see sections 3 of Chapter I and 5 of Chapter II): 


¥; = Deter, I | : | 
Vn =C, + 94, (7.1) 


V; ‘= Dettmer Dye*d-4), 


Viy = Dentre—n), 


k 
where 2= VE - 


The solution of this problem thus reduces to determining the six S 

constants Dy, Dy, Ds, Dy, Cc, and @,, IE -  { : E 
Since the surface of the elastic foundation is assumed to be continuous, 

the following four independent conditions are obtained for the boundaries of 

parts I, II, Ill, and Iv: 


V; = Vis, 
at x=m—/ 
Vez & Ver;, 
et a a“ (7.2) 
Vers = Viv, ” 
at x=x/fi+a Sin—~ Sym G, I [ I 
where S,,;; and Sw are the generalized shearing forces in parts III and 


IV respectivety*, 
With the aid of (7.1) and (5.3), conditions {7.2) can be written in the form: 


D, = C,— 8, 

Dy + Ds=C, 4+ 6, 

Dy? + Dyet4 — Dy = 0, 
— Dye? + Det + Deo H, 


(7.3) 


© The last equation (7.2) states that S$ (x) has a discontinutty of Magnitude Gatxeetta, itis again 
assumed that ¢ (0) 4. 
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Solving (7.3) for D,, Dz, Dy, Dy we find: 


D, =C,—8, 
Dy=Cy+ at — ee 


__& (7.4) 
ave rl 
a 


De= (Cy + Sfyete + 


We determine C, and 6, from the equilibrium conditions of a beam acted 
upon by the external load and the reactions g(x) and Q¢ of the elastic 
foundation. 

The distributed reactions q(x) are, in accordance with (1,4) and (7.1): 


g=R(C, + 4x). (7.5) 


The concentrated reactions Q* are by (5.4): 


% = S:(—)—Si(—b), | (7.8) 
as = Su (f)— Sin). 


The generalized shearing forces entering have to be obtained from (5.3) 
with the aid of (7.1) and (7.4); substitution of the expressions obtained in 


(7.6) yields: ° E 2 I _ | 


QY = 2t [aC, — (t + af) I, 


QE = 2 fac, + (1 +f} 8) — (7.7) 


The equilibrium conditions of the beam, obtained by separately equating 
to zero the sum of the vertical projections of all forces and the sum of all 
moments about the beam center, yield: 


7 . 
Pat cen :. 
C= 2 (el + 2af} ° 


(7.8) 
s(a+ St) 
o = wee yard +a) * 


Expressions (7.8) differ from (5.9) and (5.18) only by the presence of a - 
term in the numerator containing G, through which allowance is made for 
the lateral load, 
Analysis of (7.7) shows that this lateral load affects the concentrated 
reactions at the beam ends, thus altering the stress pattern. The = - = -= 
influence of the load G decreases rapidly when the distance ais increased, 
When this load is distributed instead of being concentrated, allowance can 
be made for it in a similar way. 
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Consider two elastic beams of length 2f, and 21, respectively, arranged 
in line and each acted upon by an external load. The displacements are 
shown in Figure 66. 


FIGURE 66. 


Clockwise rotation will be taken as positive direction for the angles 6,, 4, 
and external moments M, andM,. For each beam a separate coordinate 
frame, with origin at the beam center, will be used. 

The results of the previous example will be used to determine Ci. 0, Cy 


and @,. The distributed reactions g,(x) and 93(x), acting on the first and E - E > E 
second beam respectively, are: 


41 (x) = (Ci + x} &, \ 


; {7.9 
Gs (x) = (Cat Oxyh. J 


The concentrated reactions Q4 and Qf are: 


Q% = 2t [aC,—(1 + al) 6,), . 
Meg dat (7.10) I | | 


FIGURE 67. 


The solution of this Probiem thus reduces to the determination of the six 
constants: C,, 9, Cz, 4%, Q% and Qg.. Therefore, a system of six algebraic 
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equations has to be set up, which is represented in Table 5; the symbols 
used in it are identical with those appearing in Figure 66. 

The first four equations in the table define the equilibrium conditions of 
each beam separately; the last two represent the continuity conditions of 
the vertical displacements of the foundation at the point where the two beams 


adjoin: : 
at x, =f, {xs = —4,) : V, = Vy, Ss, = S$. | | | 


The general solution is not given here, since it is much simpler to 
perform the calculations in each particular case by direct substitution of 
the numerical values in the equations. 

Henceforth, only the case of two beams having equal lengths 2/ and each 
acted upon at its center by a load P, will be considered (Figure 67). 

From Table 5, equations (7.10), and the conditions of symmetry, we 
obtain: 


(Pp ataz)r Smt. =, laa” Sua 


RP 4at 


Oe 
: net (Sr +g +247 +2) , 


(7.114) 


a 
at (= + s) Py 


al lay Se er E-l. ¥ 


Ug ta tla 


TABLE 5. 


2 (hly + af) 2¢ (1 + aly) 


+ 
ta [a+ ah)! +3] 
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Let ¢(y) be given by (5.22). The characteristics & 1, and aof the elastic 
foundation are then obtained from (5.23) and (5.24), We further assume that 
the elastic foundation is a semi-infinite plane (#—- co); in this case: 


= oe ee 
Te eG 


; : 
ae IIT 
f= iw) By (7.12) 


Substitution of (7.12) in (7.11) yields: 


Pod 
C= ic x 


+t1V8a wi + Fw) 


x t 
r[r41V2To a + lt—w) VIt=wi +7 0—w)] 


Pot —%) 
baa > ra 
x avid—w) y 
‘{y+aV2G =a + $ tw VA w + Ft — | 


O82, = Q2, = 


(7.13) 


= Poa(t— w) V2 — w) ; E = I - | 
16y [+1 ¥iti—w) + & (in) V2(t =) + Fa - | 
Wx B= 
PVT wt +e —I] 
in pee ee 
ty [s 4 TVET ww + gt —w VET Swi + F 1 | 


and 


3 3 3 

ae) Pr, Yt 71 V2 Cw) + Th — wt VE wh F (7.14) { f [ 

= OS ST -: : 
P+ 1VET=w) + gl w VET wd + $a) 


The dimensionless bending moments and shearing forces acting on the 
left beam, obtained from (7.13) and {7.14} for y= 1.5, y= 0.3, anda uniformly 
distributed load p are shown in Figure 68. The actual bending moments and 
shearing forces are respectively: 


M=plim, Q-= pl. (7.15) 
The same figure also shows the results obtained from (5,25) by neglecting : ~ 
the lateral load (broken lines, numbers in parentheses). It is seenthat this 


additional load has a considerable influence, reducing the positive bending 
moments and the shearing forces. 
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The influence of a lateral load can be similarly treated in the case of 
elastic beams of finite length 2. Consider beams having dimensionless 


lengths 4,2 andi, =~, placed in line on anelastic foundation (Figure 69). 
1 hi Ty Pp gu 


a 2h ay" Zig 


oh 


FIGURE 69. 


The origin of coordinates for each beam is located at its left end. The 


boundary conditions are, in accordance with {6.7): ; I | I 


at 4,=0 a) M}=0 ~ b) Mi = atv! 
(m= 0) 
at 1 a c) Ms = Mi! =0; d) vs =v; e) NY = My; wap) 
at = 34 f) Mé= 0; g) Ni = + 20fvi, 
where = = =~ 


‘| =// 2E ii (1 — 4) ua 2E ss (1— vp) 
r= PY E® eae, re 7 
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The superscripts I and II indicate the corresponding beam. 
The kinematic and statical magnitudes corresponding to the first beam are 

then determined except for the two parameters Vj and 9), as are those 

corresponding to the second beam, except for the three parameters V}!, 


gus Nol. 


Since V;' and Nj! can be expressed through Vs and @ (cf. (7.16d, e and 


! ‘i 


also, below, (7.17), (7.18)) the problem reduces to determining Vi, gl, qf! 
A system of three algebraic equations can be obtained from (7.16c, f, g), for 


the determination of these parameters. 


This system is given in Table 6, where the following symbols are used: 


KY = Kiy — 2etKh}, 
Ky = Kiw — 20K}, 


Ke = Kv, — 2atkit, 


TABLE 6 


Boundary 


| 
| ve 


Right-hand side 


Fula 


Fie (di) KAY (+ 
= F(a Ki (de) + 
+ Fil tds) 


i 
tH 
No. 
, condition | % % 
| Key (di + 2atK yy (ch) Kye (de) _ | 
| 
t i 1 \ 
EE eae Kho (dy) KM (dy) + | 
: Mane Shania? Pele t + K' (ay) KML (ds) Key (de 
z 
+ 2atk,, (ds)) RAL, (ds) Net ae 
| | | 
—— Eaten | 
wl f] | 
pee eee Khe (dy) A tte) + ' 
3 Nil = tail |x KY (dad + [Ky Cd + Ky) 


+ Khe td KE (dy) 
+ 2arK ly (diy| KY! (dp) oe 


The general solution of this system is [cf. (6.4)]: 
for the first beam 


V! (m) = (Kiy + 2atKbn) Vat Kept— Fh, 
 (n) = (Kby + 2atKiny Vi + Kil — Ft, 
M! (9) = (Ki + 2atKjan) Vi + Kheog — Fh. 
N! (n) = (Ky + 2etK hy) V5 4 Kea — Fv; 
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FE (dy) KU (ae) + 
+ FR) KN de) + 
+ FA — zatel! 


(7.17) 
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for the second beam 


V" (my = KEE Kiel! KBE FI, 

tt U ait Wnt — Fe 
ican a pang n me " ¥ (7.18) 
M (9) = lat Ye Kops + Kiwis! — FY, 


Nn) = KMS + Kiet + KEyNit— BM, | | | 


It can be shown that, as in the case of rigid beams, the latera) load 
reduces the concentrated reactions at the beam ends, thus considerably 
altering the stresses in the beam, 


§8. BEAM ON AN ELASTIC DOUBLE-LAYER FOUNDATION \ 


acc a) 


1 


Consider a rigid beam of length 2! and width 4 lying on a double-layer 
foundation and carrying an externa] load.(Figure 70), Equations (5.1) 
and (5,15) of Chapter I are assumed to hold true for the elastic foundation; 
in other words, we are considering an elastic foundation with upper Winkler 
layer, whose properties are described by (5.16) and (5.18) of Chapter I. 


In contrast to (5,2) of Chapter I, ¢2(y) is assumed to vary linearly over 
the entire height of the foundation (cf. Figure 70}*, From (5,4) and (5.15) of 
Chapter I, we obtain: 


= -_-_ £45 — 
k, =. K, k, = fa (1 4) ‘ (g 1) 
1=0, 4£=——fts_ 

ms re Ra +” (cf. (5.7) of Chapter 1] 


Since the deflections of a rigid beam are equal to zero, the displacement 
of the surface of the elastic foundation beneath the beam (part III in 
Figure 7)) is: 


Vi = Cy + Sx, 
ose (8,2) 
* This derivation remains valid for any other function 43 (y), since the latter determines only the coefficients 
Ay ad fy. 
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where C, = vertical displacement of beam center, 0, = slope of beam, 
From the first equation (5,16) of Chapter I and (8.2) we obtain: 


— teF* + (K + hy) F = Cy + x. (8.3) 


FIGURE 71, Pe ne eh 


The general integral of this equation is: 


F (x) = CychBx + Cy shpx + Set oe (8.4) 


where 
o= VS. (8.5) E-E KI 


The constants of integration C, and C, are found from the conditions at 
the boundaries of the parts shown in Figure 71, which are: 


at x= Vi=viil Sh= 53"; (8.6) 

atx=/ yy =v2', St = S35, (8.7) 
where the superscripts I, II, III indicate the corresponding part of the : 
foundation. 

Proceeding from (5.22) of Chapter I, we obtain: 


tp tteti 
Vs Dye . (8 8 ) 


vi! = yee 


where 


By virtue of (5,17) of Chapter I, we obtain: 


s} = Pag, Detrerh, 
B= — Dealer ote—", (8.9) 
Sz" == 2Kty(C,8 sh px + CyB ch Bx}. 
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Substitution of (8.4), (8.8), and (8.9) in the boundary conditions (8.6), 
(8.7) yields the following system of four algebraic equations by which the 
integration constants can be determined: 


—C, ch pl + Cysh pl + 2 D, = fete | | | 
—C,sh pl + Cy chat — or D, =0, 


(8.10) 


—C,chpl—Cysh pf + ~— Dy = ate , 


— Ci sh Bl — Coch Bl + 3D; = 0, 


By solving (8.10} we obtain C,, C,,D,, and D, as functions of ¢, and 6,- The 
vertical displacement C, of the beam center, and the slope @ are found 
from the equilibrium conditions of the beam: a Ta 


DY=0, SM=o. 
We finally obtain: 


1 Po 
O = —-—an 
th pt 2 
iKke ch aila th Bf + 3, | 


ry; 
_ 1 Me | 
C= = ——F 7 in 2 a / Z . = 
key en pi [er (4 — SF) 4 2 
Ca + Of 
aici (Co—Oof) (th2B! 4-2 VTA th Bi + 1] — ou 
i ea 7BBs (8.11) 
8,11 
—_—_—_ Ca — Mot : 
K (Co + Got {th Hi 4 2 HTH D th Bs 1) — ae 
Dy = ay 
% K + ky 2818s 
Cy Katte By Po 
1K, th Al 2° 
Khe ae +B, 


to. ww Khe By Mo : 
on AKRe TA hg Be 
a(t- a 3 


where P, = sum of vertical loads, M,= sum of moments about beam center, 
considered as positive when acting clockwise, and: 


8 =1+VT4Fithee, 
B, = V1 +h + thi, 
A, = "A thee 43, (8.12) 


K 


=o =, 


From (8.11), the generalized displacements V,, V:, and the function F 
can be found by (5.16) of Chapter I, and (8.2) and (8.4) of this Chapter. 
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The reactions of the elastic foundation are obtained from (5.18) of Chapter 1*, 
which, after substituting in it (8.4), yields: 


anak “ee: Co + x) — K (Cx ch Bx + Cosh Bx)|. (8.13) 


the beam and the condition of equal vertical displacements of beam and 
foundation, but also the statical boundary conditions: thus, the bending 
moments and shearing forces at simply supported beam ends, at which no 
joads act, are zero, This is due to the fact that the concentrated reactions 
Q® existing in a single-layer foundation are absent in the double-layer model. 


The solution presented satisfies not only the equilibrium conditions of | | 7 | 


2 


The case of symmetrical loading of a rigid beam will now be considered 
in more detail, Putting M,=0 in (8.11} we obtain from (8.13): 


Cpa GEsiss os 
Who. te Be 8,14 
YL VTE Rib at + 3. ae era4) 


gi) = 


where 
m=, pa VAR. (8.15) B-n-&8 


Hf 4,(y) is linear (cf. Figure 70), the coefficients & and f, are given by 
(8.1}, the substitution of which in (8.15) finally yields: 


g(x) = FP G(x), (8.16) 
where 
x T+A if 
! 14a (Fh brea) 
a vTean(G or)-a (hart) 
@{x) i a As Fd — i (8.17) 
m(hVere 
cy 1— v% 


! 1+% 
te yTeiol( pe i) 


Curves of the dimensionless function g(x) are given in Figure 72 for 
-- 1, y,=0, and different values of} = x. 
a 
It is seen that in all cases the reactions increase from the center toward 
the ends of the beam where they remain finite, varying directly with 2; 
when = 0 (kg =o) the double-layer foundation degenerates into an elastic 


* When q(rlis known, the bending moments and shearing forces of a rigid beam are obtained by the known 
methods of the strength of materials. 
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Winkler foundation, On the other hand, when 4--o, the model becomes 
similar in its behavior to an elastic semi-infinite plane. 


5, Heuamuduot soda giz} 


Que O6t at | | | 


= 
z 
& ~ 
3 \ 
i \ 
i i iS ae oa SH 
FIGURE 72. 
3 
When analyzing an clastic beam of finite length, the differential equation | 7 a ; a 


of the bending of the beam [cf, (1.1)}, 
ElV\’ =p—q (8.18) 


has to be taken into account together with (5,16) and (5,18) of Chapter I, 

which determine the deformations of the elastic double-layer foundation. 

Since it is assumed that the beam deflections are equal to the vertical 

displacements V, of the surface of the elastic foundation at the same points, 

the first equation (5.16) of Chapter I can be inserted into {8,.18). From this, : 

and from (5.18) of Chapter I, we then obtain: I | I 


EJ [—2F + (K+ heh FY mm p— gq, (8.19) 
— 2Kt,F" + KeoF = q. s 


Elimination of q(x) yields: 


— Es 5t PMs By SE PY ort yk = 2, (8.20) 
Equation (8.20) is a sixth-order ordinary differential equation with = - om an 


constant coefficients and can easily be integrated. The boundary conditions 
are given by (8.6) and (8.7). By including the statical conditions M=0 and 
Q=0, four independent equations can be established for each beam end; 
this number corresponds to the total number of integration constants*, 


* The function £ (x) is determined for the entire bear length except for six constanis which corresponds to the 
order of (8.20). Beyond the beam ends F{x) is determined except for two constants (cf. (8.8)), 
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After F{x) has been determined from (8.20) and the corresponding 
boundary conditions, the beam deflection and the reactions of the elastic 
foundation can be obtained from (5.16) and (5,18} of Chapter I, the bending 
moments and shearing forces are given by (1.11) and (1,12) of this chapter. 
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Chapter Ul 


BENDING OF A RECTANGULAR PLATE ON AN 
ELASTIC SINGLE-LAYER FOUNDATION 


$1. STATEMENT OF THE PROBLEM. 
DIFFERENTIAL EQUATIONS OF BENDING OF A 
PLATE ON A SINGLE-LAYER FOUNDATION (“TF . = - m 


Consider a rectangular plate on an elastic foundation whose properties 
are described by (7.8) of Chapter ] (Figure 73). .The assumptions usually s 
made in the theory of bending of thin plates will be deemed to apply to this me 


case. Friction and adhesion between the plate and the surface of the elastic : 
foundation will be neglected, ~*~ 


SEERLEERTERLERTEA 


oe TT 


The differential equation of bending of the plate, referred to cartesian 
coordinates, then becomes: 


V Vw ir, y) _ ; (1.1) 


(Vv? denotes the Laplace operator) or, in expanded form: 


a Ote: ow . = - = _ 
Gat? a t Beh (1.2) 


where w= w(x, y} = vertical displacements of the plate surface, p’ = p’ (x, y} = 


distributed load on the plate, D= ha = flexural rigidity of the plate. 


Although (1.2) is known as the equation of bending of thin plates, it can 
be applied to the analysis of most rectangular plates. It was shown by 
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academician Galerkin /17/ that (1.2) is valid even when the ratio of the plate 
thickness to the smallest dimension in plan equals 1:3. 
Since the plate lies on an elastic foundation, the distributed load 
consists of the given surface forces p'(x, yyand the reactions 4 (x. y) of the 
elastic foundation: 
pdx, W) = B(x, YY — 90% 9). 1.3) 


Since the reactions are unknown functions of the coordinates x, y, our 
problem consists in determining their distribution as well as the vertical 
displacements w(x, y) ofthe plate, In addition, the equilibrium conditions of 
the plate and the condition of equal vertical displacements of the plate and 
the elastic-foundation surface have to be fulfilled. 

It was established above (cf. (7.8), Chapter 1) that the strains of a single - 
layer foundation under the action of a load distributed over its surface are 
given by the following differential equation: 


— 29%w (x, y) + biwlx, v) = 9 (x. 9 (0), (1.4) 


where 


is the Laplace operator. 


are the elastic characteristics of the single-layer foundation, 

y(z) = function of transverse distribution of displacements. 

The deflections of the plate and the vertical displacements of the surface 
of the single-layer foundation are assumed to be equal. In addition, the 


joad g(x,y) acting on the foundation represents the reaction of the foundation 


on the plate. Hence, (1.2) and (1.4) have to be considered simultaneously. 
Assume that $(0)=1. Substitution of [(1.3) and] (1.4) in (1.1) yields: 


ViVIw — WVIw + sty = 2, (1.5) 


where r* and s‘ are the generalized elastic characteristics of plate and 
foundation, defined as follows: 


a 
Eo . aint 
r Trew \ Mea =a 
. ; (1.6) 
—_ oO 43 poeta 
= a@—3D \¢ Erde ot 
® o 
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Also, 
s + WY = , (1.7) 


where £, and vy, are respectively the modulus of elasticity and Poisson's 
ratio for the material of the foundation (soil). 
Differential equation (1,5) differs from that derived from the hypothesis I | | 
of Winkler and Zimmermann by the additional term containing -?, which 
makes allowance for the shearing stresses in the elastic foundation. 
After w(x, y) has been determined from (1.5) and the boundary conditions, 
the reactions ¢{x, y) can be found from {1.4}, the moments and shearing 
forces being given (Figure 74) by the known formulas of the theory of bending 


of plates: 
M, = —0(55 + 5S), 
M, = —D(S5 +4 $3), wae igen =e 
H= Hem —Hy=— Dl Ze, (1.8) 
y= — Da (ga t+ Fe): 


f" ¥ a , 
FIGURE 74. 4 | | 


Following Kirchhoff, the shearing forces N,, N,, andthe torque # at the 
plate edges are usually replaced by the reduced shearing forces Q, and Q, 
which, for a rectangular plate, are: 


Ot ow . 
Q. = —D(SS + 2—w seo], (1.9) 
0, = —D[S5 + @—w sear]. 
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§2. REDUCING THE PROBLEM OF THE BENDING OF 
A PLATE ON AN ELASTIC FOUNDATION TO 
ORDINARY DIFFERENTIAL EQUATIONS 


1. General considerations | | | 
The problem of the bending of a plate on an elastic foundation can way 
be solved in closed form for a relatively small number of boundary 
conditions. In most cases the deflections w(x, y) cannot be given as a finite 
polynomial in x andy. 
Approximations, based on series expansions, are therefore mostly used 
to solve problems concerning the bending of plates. One example is the 
solution by single or double trigonometric series (the problems of Maurice 
Lévy and Navier respectively). 
Although simple and convenient for practical calculations, this method 
is only applicable to certain particular boundary conditions. The more a . - 
general method of reduction to ordinary differential equations will according- 
ly be used here. 
The general variational method of reduction to ordinary differential 
equations, as applied to the problem of the bending of a rectangular piate, 
is discussed thoroughly in "Structural Mechanics of Thin-Walled Three - 
Dimensional Systems", by V.Z. Viasov. Only the application of this method 
to the analysis of thin plates on elastic foundations will be dealt with here. 
No restrictions are imposed on the boundary conditions at the longitudinal 
and lateral edges of the plate, whose thickness may vary exponentially in I - EI : E 
one or both directions, 


2. Reducing the two-dimensional problem to 
a one-dimensional problem 


We shall consider the «¢-axis to lie in the lateral, and the y-axis, in the 
longitudinal direction of the plate (Figure 75). 
The unknown deflections of the platew(x, y) will be represented as a 


finite series: l | I 
w(x, y= 2 We (9) x, (¥)- (2.1) 


in which the dimensionless functions 7, {x) determine the lateral distribution 
of the deflection of the plate, and are assumed to be known. The unknown 
functions, (y), which have the dimension of length, can, in accordance with 
their physical meaning, be called generalized deflections. : 
Different expressions may be chosen for the functions 7,44), provided 
they are linearly independent and satisfy the boundary conditions at the 
longitudinal edges of the plate. The simplest example of such a system, 
satisfying the boundary conditions: cas i= = 


Ne (0) ~X. (4) = 0, 


is a series in sin ax, where & is an integer and assumes all values between 
1 and a. 
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The introduction of the finite expansion (2.1) is equivalent to reducing 
the plate to a system having a finite number of degrees of freedom in the 
lateral direction and an infinite number of degrees of freedom in the 
longitudinal direction. It is also equivalent to reducing the two-dimensional 
problem of the theory of elasticity to a one-dimensional problem, since the 
deflections w(x, y) are obtained by determining the a functions of the single 


variable W,(y). | | | 


y | 


GSsr> oer, rm td 
~~ Hl aC ET| o 
a fz) so 


FIGURE 75, 


FIGURE 76. 


To determine the unknown functions W,(y), we consider the equilibrium I | I 
of an elementary slab (composed of elements of plate and foundation} bounded 
by the cross sections y=const and y+ dy =const (Figures 75 and 76). In 
accordance with the principle of virtual displacements, the equilibrium 
conditions will be expressed by equating to zero the total work done by al) 
externa) and internal forces acting on this slab over any virtual displacement, 
Let the /-th virtual displacement of the plate element be a cylindrical 
bending in the vertical plane, The deflections of the upper surface are 
determined by one of the functions y,(x), while the corresponding generalized 
deflection W,(y)=1. Since all the virtual displacements of the plate are 
defined by the na linearly independent functions y,(x),(i21...2), 9 inde- —_—- = Lael 
pendent conditions of equilibrium can be established, from which the a 
unknown functions W,(y) (k = 1...) may be determined. 
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3. Generalized equilibrium conditions of the elementary slab 


The elementary slab defined above consists of a compressible layer 
belonging to the elastic foundation and of an element lying on it. (Figure 76), 
To establish the generalized conditions of equilibrium, we consider 
separately the forces acting on the respective elements of the plate and of 
the elastic foundation. OM | | | 
In addition to the given external load, moments My, M, +- ap dy. and 
forces Qy, Q,+ Fay, due tothe remainder of the plate, act on the sections 
¥=const and y+ dy=consi respectively of the plate element. At the corners, 
OH 
oy 
Kirchhoff, result from replacing the torques by statically equivalent 
additional shearing forces. 
All these forces, with the positive directions shown in Figure 76, are 
external forces relative to the plate element. The internal forces are due a = 
to the stresses in the longitudinal sections x= const; these stresses can be 
reduced to bending moments M, and reduced shearing forces @,. 
The external forces acting on the element of the elastic foundation are 
the normal and shearing stresses acting on the vertical edges y =const and 
¥+dy=const . The internal forces are due to the normal stresses 3,, 4,, and 
the shearing stresses ¢,, and 1,,. 
In order to establish the generalized equilibrium conditions for the 
system considered, the work done by each of these forces separately will 
now be calculated. z  { I ; | 
The work of the internal forces acting on the plate element is equal to ~ 
the work done by the bending moments M, and shearing forces Q; in the 
corresponding deformations of the element, On the strength of the assump- 
tion usually made in the theory of bending of plates, the work done by the 
shearing forces Q, will be equal to zero; the work done by the bending 
moments is: 


concentrated vertical torces 2 and 2(H + dy) act, which, according to 


| Max} de. (2.2) 


where the integral is taken from 0 to 6. , 
The work done by the external forces acting on the plate element consists 7 
of: 

a) Work done by the given external load 


G, = fot, ¥) xX, (x) de, {2.3) 
where the integral contains not only the distributed load p(x, y}, but also the - 


concentrated shearing forces and moments, and is understood as a Stieltjes 
integral. We can therefore rewrite (2.3) as follows: 


G; = jp, Dx, de +E relyx, + Dme(yd xy (0. (2.4) 5 Se eee 
where p.(y} and m(y) are the concentrated shearing loads and moments 


respectively, acting along the lines x=x, which include the reduced shearing 
forces Q, (0), Q, (6) and the bending moments M,{0), M,(d). 
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b) Work done by the reduced shearing forces: 
ag 
Q, and Q,+ a dy: 


a0, 
See (eae. (2.5) 


c) Work done by the concentrated shearing forces 


2H and 2(H + dy) 
on + 
—2[$x,]- (2.6) 


Henceforth, the brackets with an asterisk will denote the difference 
between the values of the magnitude inside the brackets at x= O andx=6 ee ae 
respectively. 

The work done by the bending moments M, over the virtual displacements 
7, (4) OF y) = t) is zero. 

In accordance with the assumption made for a single-layer foundation, 

uG@, y 2=0, v0, 4 2=0, 

the work done by the internal and external forces acting on the element 
of the elastic foundation is represented by the work done by the normal 


P o 
stresses a, and the shearing stresses ty, try (at y = const}, and +, tai 4 3 I I EZ 


(at y+dy = const) in compressive and shearing deformations respectively. 
This work will be denoted by &(y). 
The integral equilibrium condition of the slab element is thus: 


. @Q oH. y* 
| May; dx + \ Sty de 2 [2 y,] +RitG=0 (2.7) 
(i=1, 2, 3, ..., a) 
4, Work done by the external and internal forces : 
acting on the elastic foundation 
Consider first the most important case of free longitudinal plate edges. x 
From the condition of continuity of the vertical displacements w(x, y) 
over the surface of the entire elastic foundation, we obtain for the region 
beyond the plate edges: 
w(x, y= Sp Waly) Xo (2): (2.8) 
where W,(y) are the generalized vertical displacements, and the dimension- = 2 -= 
less functions y,, (x) are: 
at x<0 oe = Xq (0) e**, (2.9) 
at x>6 Noe = X_ (Deer), 
10t 
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where a = ss & and ¢= generalized characteristics of the elastic founda- 


tion (cf. {1.4)}, 

This means that the element cut from the elastic foundation behaves 
exactly like the plane single-layer model considered earlier: the vertical 
displacements of the surface vary exponentially. Each virtual displacement 


Wels, yb= 1 +x, (x) I | | 


corresponds to a uniquely defined displacement of the surface of the elastic 
foundation beyond the plate edges, : 

The displacements of an elastic single-layer foundation are determined 
by (7.2) of Chapter I. Therefore, the virtual displacements of the surface 
of the elastic foundation 


w(x, ¥) = ley, (x) 


correspond to the virtua] displacements inside the elastic foundations: 
w(x, YZ) = Ley (x) plz). (2,10) 


The work done by the shearing stresses 1,, and t+ ou dy , distributed 


along the edges y = const and y+ dy=const, over the virtual displacements 
given by (2,10) is: 


+00 H# 


ot 
dx\ —# ; 2. . 
\ \ yy x, {x) $ (2) dz (2.11) EK . I E 


The work done by the internal stresses ¢, and t,, in the deformations 
corresponding to the yirtual displacements (2,10) is respectively: 


+o OM 
~— {dxf ey, (x) 4" (dz, 

ef (2.12) 
_~ j dx { TexX, (x) oY (2) dz. 

2 6 


where, in accordance with (6.4), (6,5), (7.1), and (7,2) of Chapter I and 4 | I 
{2.1) of this chapter, 


omy) 3D Wada, 
) a=] 
tw = rae HO) DB Walydxs(, (2.13) 


Ey : 
tee = Tp HO) Ba (Yd x; (- 


Only the stresses in the foundation directly below the plate can be 
calculated by (2.13), In order to determine the normal and shearing 
stresses beyond the boundaries of the plate, the functions X% (x) and y, (x) in 
(2.13) have to be replaced by Xu (x) aNd y;, (x) respectively. 
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Substitution of {2.13} in (2,11) and (2.12) yields, after integration: 
n 


Rig) = D fe \ yx, de + tthe wa — 
21 Qe, z Ubeged) } Ws (2.14) 


a 
— Ble Sande + 2¢ [rinse + 2atityx at } Wy, | | | 


where 


x 
—_ it t 
k= =a) 2) dz, 


if 
E. 
(= arte) Oe, (2,15) 
a=). a ee | 


The integrals in (2.14) are taken from 0 to’. The double brackets 
denote the sum of the values, atx =O andx=5, of the magnitude inside the 
brackets, 

When the longitudinal edges of the plate are built-in or simply supported 
(x, ) = x, (6)= 0) , and the elastic foundation is not strained beyond the plate 
boundaries, (2.14) reduces to: 


Rily) = 3 (2h rade Wi — (& | xx, de + 26) xixide) Wah (2.16) 


A particular case of (2.14}is obtained when one plate edge is free and the 
other built-in, 


5, Second method for obtaining the generalized 
equilibrium conditions 


plate can be taken into account in a different way. 

As before it will be assumed that the deflections of the plate are given 
by (2.1). The generalized deflections W,(y) will be determined from the 
equilibrium conditions for a plate element bounded by the planes y = const, 
y+ dy =const (Figure 77), It will be assumed that the plate element is acted 
upon by reactions of the elastic foundation, in addition to the external load 
and to the forces transmitted from the remainder of the plate. 

Let the ¢-th virtual displacement of the plate element be a cylindrical 
bending, the deflections of the element being determined by the functions 
7,(*) (W.(y} = 1); the generalized equilibrium conditions of the plate element 
are then, [cf. (2.7)]: = - = = 


We shall show now how the strains of the elastic foundation beneath the : I I I 


\ Magi de + \ Se x.de—2 (5 x} + R+G;=0, 
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where G,;=6,(y) = work done by external load, and R,; = R;{y) = work done 
by reactions of the elastic foundation over the virtual displacements: 


Ww, (x, y) = Joy, (xs 


The reactions of the elastic foundation consist, as in the case of a beam 
in a state of plane strain, of the distributed reactions g(x, s) and the | | | 
fictitious forces Q%(y)* acting at the plate edges (Figure 77). 


atte ght 


bree 
] 


& &) 


FIGURE 77, a ag | & EZ 


We obtain from (2.1) and (1.4): NN 
A 4 An . *s 
ait yak & Wax, — 2¢ p> Wey, — 2t 2, W ites (2.17) Ee 
where & and f are given by (2,15). : 
The work done by the distributed reactions (2.17) over the displacement ; 4 I | 
xX, is then: < 


—fau, W%,de=2 ¥ Nyx, de, — 
Pa (2,18) 
— Bi lb Sxgxede + 21 | xx de — 2 yx") We 


By the concentrated forces Q¢ allowance is made for the influence of the 
free foundation beyond the plate edges, In other words, these forces result 
from the work done by all the forces acting on the element of the foundation 
over the virtual displacement x, of the foundation beyond the plate edges. 


* Qty) ate given as forces per unit length. 
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Aaa @& a 
We thus obtain: 


Q% = —2¢ F {Walz O— a4 ON + aon, (0) Wi. 
es (2.19) 


QS = 2S {Wala O an OM — ym (OW; I | [ 


=1 


The work done by these reactions over the virtual edge displacements 
¥i(0) and ¥; (6) respectively is: 


18x, () + Oz, ON) = — Z [Oryx d+ 2a the xd) Wa F Chex wif. (2.20) 


ker 


Finally adding together (2.18) and (2.20), we obtain: 


4 


Rity) = SF {oe dy pt wi- 
= BAP xan de +g tlngel } we ban 


— (eV ryxde + 204 xix + 2at fxg} We. 


which coincides with (2,14), 


6. Solution of the ordinary differential equation 


The forces and moments M,, H, Q, and their derivatives entering in (2.7) 
are by (1.8), (1,9), and (2.1): 


M,=— D 2 wWixt Wx}), 


=~DZU-ww ry, 


GH . — *y* | 
%=—P D0 B) WW ixee (2.22) I I I 


Ww =— DY Wirt (2B) WG). 
0a, D . wiv a3 
a By + Ow Win. 


Substitution of (2.22) in (2,7) yields: 


BW E Sande + BW, Ow Six de — 
= 22 Ww a) LGx,)+ 2 Wap hex dx + (2.23) 
. a RG, 
+2 We lai ax — — Fz =0. 
uy 
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Integrating by parts: 


fade de = faa? — fixer. or 
fxax! dv = Lil* — Jaxer, 


and inserting (2.21), equation (2.23) becomes: 


2, on — 22. (bin + 92.) We + 2 (cr + 39,) Wx —G, = 0 (2.25) 
(f= 1,2,3,..., 0) 


where 
on = SD \y,x, de, Pee = 
ba = DD Ll yxide— Finan + xd f 
cn = DD xxi dx, (2.26) 
ote = Vaux, de + oe Chea 
t= 8 (lryxdet Zl xixidet S tteyxal} 
Here D= as = flexural rigidity of plate; »=-Poisson's ratio of plate a : X , Z 
material; £, = — + i= = = elastic constants of foundation material. 


Expressions (2.26) are applicable to a plate whose thickness varies 
stepwise in the x direction. The integrals are calculated for each part 
whose flexurai rigidity D is uniform; the expression in brackets with 
asterisk then denotes the difference between the values of (y,x; + %,¥,) at the 
ends of each part. The summation is extended over all such parts, 
The coefficients in (2,25) evidently depend only on the functions  , (x) . - 
These coefficients are symmetrical: I | | 


Gn =O, On = Orie Cie = Cris P= ye = Ny (2.27) 


in accordance with the reciprocity theorem of Maxwell and Betti. 
The free term in (2,25) represents the functions G,;{y), obtained from 
(2.4) as the generalized load per unit length corresponding to the virtual 
displacements y, (x). 
By letting i assume successively different integral values between ft and 
an, we obtain a system of a ordinary differential equations with constant 
coefficients for the determination of the n unknown functions W,. By virtue ae = 
of (2.27), this system has a symmetrical structure. All the equations will 
be of the fourth order in each unknown function. 
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7. Determining the moments and shearing forces 


Solving the system (2.25) for given boundary conditions at x=0 andx=6 
we obtain all the functions W,(y); the function w(x, y)can then be determined 


by (2.1). 
We can then rewrite {1.8} and (1.9) as follows: 


M,=— dS (UW ix, + Waxy). 

My= —D S Wiry + oY a). 
H=Wp=—H,=—D YW Wx, 
N= — DS Wx + Wax), 

Ny = — DD Wig + Wie 

Q = =D S 2 —w Wir, + WA, 


wa DO BW + 2 — we Wyg . 


§3, GENERALIZED INTERNAL FORCES. 


(a) 
(b) 
e) 
(d) 
(e) 
) 


(g) 


(2.28) 


BOUNDARY CONDITIONS AT THE LATERAL PLATE EDGES 


As already mentioned above, the functions W,{y) represent the generalized 


plate deflections corresponding to the virtual displacements x(x). The 
derivative of the generalized deflection therefore defines the generalized 


slope ¢(y) . The geometrical magnitudes W, (y) and g(¥) correspond to the 


generalized bending moments M,(y) and the generalized shearing forces 
Ni(y), exactly as in the theory of the bending of beams, 


The generalized bending moments M, represent the work done by all the 
bending moments M, acting in the section y=const over the corresponding 


virtual rotations oa =x, (p,=1); the generalized shearing forces WN, 


represent the work done by the shearing forces N,, the twisting moments #H, 


and the shearing stresses +«,, acting in the section y =const over the virtual 


displacements w; = Wz, (W,= 1). 


The shearing stresses «,,, acting in the section y =const of the elastic 
foundation, are, by virtue of (6.5), (7.2) of Chapter I, and (2.1) of this 


chapter: 


Eo 


tw = ag EH = maw 1D W', (Y) x (2)- 


(3.1) 


The work of these stresses over any virtual displacement of the elastic 
foundation must be calculated over the entire cross section ¥=const, i.e., 


for —cos x ¢4+o0and O08 26 #. 
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The ¢-th virtual displacement of an arbitrary point M(x, y, 2) of a single- 
layer foundation is: 


w(x, Y, 2) = We (yy, (x) $ (2) (3.2) 


With W,{g)=1 the virtual work done by the shearing stresses +,, is there- 


fore : ' ' ; 
{f Tay, (2) $ (2) dx dz. 


(3.3) 


Substituting (2.9), (2.15) and (3.1) in (3.3), and integrating, we obtain the 
following expression for the virtual work done by the shearing stresses 
acting in the section y = const: 


a 


D fee (eae de+ £ trex} We. (3.4) 


kal 


{The integration jimits are infact: x=0 and r=6 ] 
By (2.1), [(2.24}], (2.28 b,c,e,), and (3,4), the generalized moments and 
shearing forces acting in the section y=const are: 


Mm — 3 (EOS axa) Wy —w ED (Sxyxide—trgxd*) Wa} .5) 


M=— 3B (LOS yx de) wet 7. 


+ >) {2 —w SD (Verde — axl”) +2 ea de + 


hme 


+5 Nxaccllf} (3.6) 
Gi=1, 2...., 4), 


[where the second term on the right includes the virtual work done by the 


guy 
force fa ). ; 
The boundary conditions for y=0 and y= 6 can now be expressed in j 
integral form with the aid of (3.5) and {3,6}. 


Since (2.25) is a system of order 4n, the functions W, are determined 
except for 4n constants. It is therefore necessary to add 4n boundary 
conditions to (2.25) in order to obtain a complete solution. It is seen from 
(2.1), (3.5), and (3.6) that 21 boundary conditions can be specified at each 
edge y=0, y=. If the plate is built-in, the boundary conditions are given 
as generalized displacements; when the edges are free the boundary 
conditions are given as generalized forces, and when the edges are simply 
supported, the boundary conditions are given partly as forces and partly 
as displacements. 
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$4, SELECTING THE FUNCTION OF THE LATERAL 
DISTRIBUTION OF THE DEFLECTIONS. 
BOUNDARY CONDITIONS AT THE 
LONGITUDINAL PLATE EDGES 


The functions y, (x), which determine the lateral distribution of the 
displacements of the plate, can be selected in different ways provided they | I | 
satisfy the geometrical boundary conditions at the longitudinal plate edges 

and are linearly independent. Several methods for selecting the functions 

%., and the corresponding properties of the matrix of {2.25}, will now be 

considered, 


1. Eigenfunctions of the transverse vibrations of a beam 


The eigenfunctions of the transverse vibrations of a beam having uniform 
cross section can be selected as functions y,(x), when the boundary condi- al 
tions for the beam are similar to those at the longitudinal plate edges. 
We begin with a short discussion of the theory of eigenfunctions*, The 
free vibrations of a single-span massive beam of length 6 are described 
by the differential equation: 


Iv_ yf 

xv sox, (4.1) 

where X=X (x) is the deflection of the beam axis at x, and py = parameter 

characterizing frequency of natural vibrations of beam. j 5 -  { E 
The genera) integral of (4.1) is: 


X (x) = C; sin + Cycos + Cysh + Cech HE. (4.2) 


The constants €,, C., C,, C, and the parameter f# are determined from the 
boundary conditions at the beam ends x=0andx=6. The form of the 
function X(. depends therefore on these conditions. 

Some particular boundary conditions will be considered, 

1. Both beam ends simply supported, 


In this case the boundary conditions for X (x) are: ; 4 I I 
at x=0 X (0) = X" (0) = 0, 
at ees X () = X"(6) <0, \ (4.3) 


Substitution of (4.2) yields: 


C+ C,=0, 
—14+C,=0, (4.4) 
Cy sin + C, cos + Cyshp + Cychp = 0, 
—C,sinu—C,cosp+Cyshp + €,chu = 0. a S=. = 


* For a more thorough treatment of this problem, see Vlasov, V,Z, "Structural Mechanics of Thin- Walled 
Three-Dimensional Systems”, see also section 2 of Chapter VI. 
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The first two equations give CyaeC,~0. The remaining two equations 
then reduce to: 


Cy, sin + Cyshp =0, 
. 4.5 
—C,sinu + Cyshu = 0. a) 
Since, for a nontrivial solution, all constants cannot vanish simultaneous- I | 
ly, the determinant of (4.5) must be equal to zero. The following trans- 


cendental equation is then obtained for p»: 
sing = 0, 


which has an infinite number of real roots u,,(m= |, 2, 3,.. }equal to: 


’ 


m, Qn, 3m, ..., Mx, (4.6) 


In accordance with (4.6) we obtain a complete system of eigenfunctions: 


Xa (= sin (m= 1, 2, 3,4...) 


which determine an infinite number of modes of the natural vibrations. 


2. Both beam ends built-in. The boundary conditions are in this case: 


at x=0 rectnes, (4.7) 


at x=b X (6) = X' (6) = 0. 


Substitution of (4.2) yields, as before, a system of algebraic equations 
in the integration constants C,, Cy, Cs, C,. Equating the determinant of this 
system to zero, we obtain: 


cospchp = 5, 


The roots of this equation are: I I I 


0; 4.790; 7.853; 10.996; ...; b+. (4.8) 


The eigenfunctions X,,{x) determined by (4.8) are in this case: 


Ban* Bm* ¥m* ) 
3 + 


Xm (x) = sin" —sh — an (cos Ye" — ch Yn’ 


r) 
where [| n- .f= 


sin py, ~ shp,, 
COS ty — chy * 
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No further cases will be discussed. Proceeding from (4,2) and the 
specified boundary conditions of the problem, the eigenfunctions 
Xm(x} can be determined for continuous multi-span beams. In each case 
a system of homogeneous equations will be obtained for the determination 
of the integration constants. By equating to zero the determinant of this ° 
system we obtain a transcendental equation for the parameter » , whose 
roots define, together with the boundary conditions, all the eigenfunctions 
corresponding to the problem considered. 


Table 7 contains the eigenfunctions of = for the six basic cases 
of boundary conditions of a single-span beam, together with the correspond- 
ing transcendental equations and some of their roots. 


TABLE 7 


anda = . en = 
en id Y e Roots of transcendental equation 
conditions 2 
Beam supports Coefficient] § ¢ general 
=] formul 
3 F| * wa we Be for ag 
ED | ta>ay 
( ~ im 
sing. = 0 3.1416 2x ae 4x an 
aaa] A i (er) Ff 
2 Thue | [sine — shy lcosmehum! 5 o300 [7 asszlto. 995614, 1372/22 + 
— ala tees ake: = me . : : ; = 
bed cos # — chp 1 2 i = i i 
0) Leila sh h 
*meQ) + shp§ — | siny — shy lcospchy = = 5 2a + 4 
3 atcosnt+|cose=chpl mt 4, 7300 [7.8592}10. 9956/14, 1372 5 
+ chyé) 
4 sins + shh lcospetn =| 4 gos 548110. 9955107 =! 
=0}—a(cospt—| cose aie] = | 1.8751 (6.6841) 7.854810. 9955 a 
pa ABE (iia J 
sin pE— siny . 2102/13. 35: ant 
5 bags ee ae 3.9266 |7 0685/10. 2102/13, aot - 
sin eh + sing 7 in +1 
¢ ewe ake = ing | 272268 a ‘ 
\ 
In order to simplify the use of the eigenfunctions, values of X, (x) and of 
their first three derivatives, multiplied by constant factors: 
by bt 6 
_— Xm (), ary Xm (x), 7a Xn (0) 
Bon Bin Ym 
are given in Tables 5 to 10 of the appendix for nine intermediate sections = - -_ 


and the two end sections x=0 and x=06 of the beam. 

The eigenfunctions determined in this way possess some properties 
which have very important practical applications. Firstly, they are 
orthogonat over the entire length of the beam: 


é 
{ Xm (x) Xn (x) de = 0. (m+ n) 
o 
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The second derivatives of the eigenfunctions are also orthogonal: 


é 


| Xm (x) Xp (x) dx = 0. (mn) 
o 
It then follows from (4.1) that all even derivatives of these functions are 
orthogonal. | | | 
The corresponding integrals for m=<n are different from zero and : 
independent of the boundary conditions at «=0; they can be expressed a 
through the function and its derivatives at x=6 only: 


& 
Xb (2) dx = 2 [XS — 2XnXm + (Xe) eos. 


0 


Returning to the problem of a plate on an elastic foundation, we take as 
eigenfunctions x, {*) the functions of the lateral distribution of the 
deflections X,{x). 

The solution of (2.25) is simplified when y,= Xa. Thus, for the symme- 
trical problem (cases i, 2, and 3 in Table 7), the system (2.25) can be 
divided into two independent sub-systems, each containing only even or 
only odd terms of (2,1), The system (2.25) cannot he divided when schemes 
4,5, or 6 in Table 7 apply. 

Furthermore, by virtue of the orthogonality of the eigenfunctions 
and their second derivatives, the coefficients a, and ¢, vanish for is. 


2. Trigonometric functions 


The problem considered is solved most easily when the longitudinal 
piate edges are simply supported (case 1 in Table 7}. In this case 


Anx 


the eigenfunctions degenerate into the trigonometric functions sin , all 
derivatives of which are orthogonal. Hence, since 4, = sin “oat x=0 and 


a=b, all coefficients (2.26) vanish for imk. System (2,25) then reduces to 


separate independent equations of the fourth order in W,(y). m 
Trigonometric functions may also be used when the longitudinal plate : 

edges are free, or when one edge is simply supported while the other is I [ I 

free (cases 3 and 6 in Table 7). The elastic line can in this case be 

approximated by a series consisting of the first (linear) terms of the 


eigenfunctions and of the trigonometric functions sin ‘ 


The function w(x, y) for a plate with free ends (case 3) is then: 
for symmetrical loading 


w(x, yp = Woly)1 + Wi (y)sin F + Wy iy) sin = +...3 (4.9) 
for antisymmetrical loading 


wx, y) = Woly)(1 — F} + Waly) sin 32. W, (y)sin BF +... (4.10) 
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For a plate simply supported at one of its edges (case 6) we obtain: 
wa, y= Wola) = + Waty)sin eS + W's(y) sin “= tees (4.11) 
When the functions y, (x) are defined by (4.9) or {4.10}, and D=consi 


system (2.25) can be represented in the form of Tables 8 and 9 for sym- 
metrical and antisymmetrical loading respectively. [ | | 


TABLE 8 
Matrix of ordinary differential equations for symmetrical loading 
4a 
w= Wott Dd W, sin EX ape ke = 1, 3, 5,..., n 

aol 4 

y ¥ | 7 Free : 
‘ ‘ ’ | : _ W,, Displacement 

ac cr term 


a3D* — 2, D+ — Xoo : 
Ogg D* — 2p), D?+1 ct. — — 2 tbng + 02.) < ‘ ' _ _ = 
+ st, | — 2b + Wyre] ow Fa Lf — 2a + the) D+ | Ge 
“ * 59g + 32, — b-—an 
=|—— = ct = -~ 
a, 04 — X= sin 
1 7 1 — 2 (by + ph) DE + a 0 G; 
+8}, + on) i a 
ay" — X= sin=~ 
0 — 2 (bss + Pyq) DA+|--- o Gs _ ee ee | 
+ (shy + cus? 
Bap lt — 
_ Annex 
0 ‘J 2{8,, + ph OF+ 1 G, Ky = 8in = 
+ (San + Can) 
The only nonzero terms in these matrices are those of the principal 
diagonal, the first row, and the first column. 
The symbols D* and D* in these tables denote respectively the fourth and 
second derivative of the function indicated at the head of the column. The 
coefficients: 
Go, Pour Soa: Boy, ++ ey Onn Son 
are obtained from (2.26), by substituting in them the expressions: 
for a symmetrical toad, 
Ko = 1, x, = sin (at #=1, 3,5, 7,...); 
lu =a 


for an antisymmetrical load, 


Qr ner 
Neo 


Xe |Z + Xn = Si {at m= 2, 4, 6,4...) 
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The free terms in the last column but one of each table represent the 
work done by the external load over the corresponding displacement Wy, 
when W,=!, 

These examples show that in order to obtain a complete solution it is 
necessary to solve an infinite number of ordinary differential equations. 


Matrix of ordinary differential equations for antisymmetrical loading 


an 
. & 
w(x, ¥) = (1 F)4 > sin upe &=—2, 4, 6,.... 
2 


| Free: 


i | wv, | vy, | wv, |: : | ve [ ter | Displacements 
ami—as 
led — 2 {bm + D+ 24 by3+p2,) D8 @q4D* — Oy, * — bs 6 
OF +p) Ot + +2, enetiidees ssl 2 (bem + Pom 2+ | Ga | ge , cee 
+ Soy + 504 + Stn , ‘ ‘ = = > os 
2na 
fm D* — shaun a 
9 . — 2 (dex + 924) DE + a 0 Gs , . 
~ (Cr + $4) \ r 
— |i x ans 
ay? — Ya EN 
4 . ° —2(bee + Hh) D+). o % t 
| + (eu +) = al — aman EEL 
Baan = bE @ 
in — 2 (inn = Pinm) Dt + GC, Kay © Stee rs 


+ (Com + Sane) 


Since, however, the series representing trigonometric functions or 
eigenfunctions converge rapidly, it suffices in practice to take a small : 
number of terms in (2.1L). Thus, if the load distribution is neariy uniform 4 
in the x-direction, two or three terms in (4.9) and (4.10) are sufficient in 
order to obtain satisfactory accuracy. This is also true for the other 
methods of plate support, 
When only a limited number of terms are taken in (2.1), the bending 
moments M, and shearing forces 4, and Q, can be determined directly from 
the equilibrium conditions instead of from (2.28). 


3. Fulfilling the statical |equilibrium] conditions at 
the longitudinal edges 


As already stated, the functions y,(x) are selected in order to satisfy the 
geometrical boundary conditions at the longitudina] plate edges, The 


fulfilment of the statical [equilibrium] conditions depends on the type of the 
boundary conditions and the form of the functions y,(x), and is, as a rule, 
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only approximate; this does not, however, introduce large errors in the 
calculations. 

The statical {equilibrium] conditions at x=0 and x=6 are particular 
cases of the conditions of equilibrium which, generally speaking, must be 
fulfilled at all points, On the other hand, the equilibrium conditions were 
included only in an integral form when establishing (2.25). In this solution, 
as usual for variational methods, the average deviation from the exact | | | 
solution and from the strict fulfillment of the equilibrium conditions is 
small; at certain points, however, and particularly at the boundaries x=0 , 
x= ; the equilibrium conditions may not be satisfied. 

The following examples will make this point clear, 

a) In the case of free plate end x=0 , functions X,(x}, can be selected 
as eigenfunctions which satisfy the following boundary conditions: 


at x=0 X*(O) = X" = 0, X(0)HO, NO) HO. 


The following expressions are then obtained from (2.28a) and (2.28f): 


M, (0) = ae pW ays, 
a (4.12) 
Q, (0) = — Ds (2—p} Ways 


These equations are identical with the statical boundary conditions only 
for certain values of M, andQ,; in particular, they are not identical with EI . i _& 
the homogeneous boundary conditions: 


M, (0) =0, Q.(0) =0 (4.13) 


Hence, the statical boundary conditions at the free ends are only approxi- 
mately satisfied in the general case, the accuracy depending on the number 
of terms taken in the series expansions, 

b) When the plate is supported on hinges at x=0, the eigenfunctions 


taust salisfy the condition: 2 
x(0) = 0, x (0) = 0. I | [ 


It then follows from (2.28a) that: 
M, (0) = 0. (4,14) 


The homogeneous boundary condition (4.14) is thus identically satisfied 
in this case. If an external moment is applied at x=06, the resulting non- 
homogeneous boundary condition will not be satisfied, irrespective of the 
number of terms taken in the expansion. This contradiction is, however, 
purely formal, since in a section an infinitesimal distance from the boundary 
section we shall obtain a value for M, which is very close to the actual value 
by taking a sufficient number of terms in the series expansion. 

It will be shown in section 5 how the statical [boundary] conditions at the 
longitudinal edges can be approximated with a minimum number of terms, 
by means of a different selection or an extension of the system of functions 


ta). 
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§5, SELECTING THE FUNCTIONS OF THE LATERAL 
DISTRIBUTION OF THE DEFLECTIONS BY THE 
STATICAL-EQUILIBRIUM METHOD 


Eigenfunctions or trigonometric functions are not the only possible 
choice for the functions y, (x). They can also be obtained by means of the | | | 
sStatical-equilibrium method. 
We consider the plate element of width dy as an ordinary beam, its 
elastic line being determined by the boundary conditions. Different elastic 
lines can be obtained by varying the point of application of a concentrated 
force acting on this beam; these lines, which are third-order curves, are 
then taken as functions y, (x) (Figure 78). 


93 IE -5 KE 
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fo te b = | Z3fx} 


FIGURE 78, FIGURE 79. 


assuming different laws of variation with x of this load, we can obtain 


In the same way we can apply a distributed load to the beam. By : 4 f I 
different forms of the functions x, from the differential equation: 


and the boundary conditions. A certain function x, will correspond to each 
type of loading. With a uniformly distributed load, of differing intensity in 
different parts of the beam (positive or negative) (Figure 79), the deflections 
% of each part are represented by fourth-order parabolas when the rigidity 
EjJof each part is uniform. Since the functions x%, (4) and their derivatives 
may be expressed differently in different parts of the beam, we shall a | = 
consider the integrals on the right sides of (2.26) as the sum of the integrals 
taken over all these parts. 
’ This method is more general than the method of eigenfunctions. This 
follows from the following property of the eigenfunctions: 


XV (x) = by (x). 
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In the particular case when the load varies like the ordinates of the 
elastic line, the eigenfunctions themselves will represent the elastic 
line. 

Further, when a shearing force Q(x} acts at the free end x=0, or when 
a moment M, is applied at a free or hinged end, the elastic lines of the 
beam, duc toa force @,(0) = 1 and moment M,(0}= ! respectively, can be 
included in functions x,(x). A better approximation to the exact solution at, [ | | 
and near, the free end x=0 is thus obtained than by taking a finite number 
of terms in the expansions of the eigenfunctions. 

This method is also simpler than the method of eigenfunctions, used 
when analyzing complex structures, such as continuous plates and plates 
of variable thickness whose rigidities vary exponentially in the x direction. 

An elementary strip of width dy of such a structure can, depending on 
the cross section of this structure, be considered either as a stepped or as 
a continuous beam. By applying an external load to such a beam, we obtain 
the functions , (x} by the known methods of the theary of structures. 


be gece ght 


FIGURE 60. 


Different functions y, (x), approximating the deflections w(x) for y = const, 
are obtained by varying the external load. Figure 80 shows the functions 
x, (4) obtained as deflections of a continuous beam under the action of three 
types of loads, approximating the deflections of a continuous plate built-in 
along the edge x =0 and having rigid supports parallel to the y axis at 


X=uy, X=d + a,, and x=a, +a, +4), I I I 


§ 6. PLATE SIMPLY SUPPORTED AT OPPOSITE ENDS 
1 


Consider a rectangular plate on an elastic foundation, simply supported 
along the longitudinal edges (Figure 81}. 
The functions of the lateral distribution of the deflections are assumed to 
be: lu = 
mmx 


X, {x} = sin. (6.1) 


Because of the orthogonality of these functions and their derivatives, we 
find that all coefficients (2.26) having different subscripts vanish, while 
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those with equal subscripts become: 


7 b nin? int 
Gn = OF , bra = DS. fon = DS, 
asi fe 1. ns (6.2) 
fan = ts Sha == sf 7¥| 
System (2.25} thus reduces to a independent equations: . I I I 
aon — 2 (ban + Pon) Wie + (Cana + Sra) W,=G,, (6.3) 


FIGURE 82. 


The subscript rn will henceforth be omitted. It should be kept in mind 
that the coefficients (6,2) and the function I’ correspond to a certain value 
of nin (2,1). 


2 ” 
Ht is convenient to write (6.3) in dimensionless coordinates, Introducing I [ I 
a new variable »= 4 and noting that: 
aw Law ew tay 
a 1 ay’ a Bay etc, 


we can rewrite (6.3) in the form: 


WY — ort 4 sayy = 6. (6.4) 
i - _ == 
where 
rtm bth ie 
ane (6.5) 
=H, 
VIR 
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Substitution of (6.2) in (6.5) yields: 


ft i if 
tpt? pa 
R= Wits + sanz), 


is nit] 2 a (6.6) 
sent es [t= Fil(z) 
where 
£0 

Le T 

{ = plate length, 6 = plate width: 
k 
eaV 5 
Introducting the notations. 
fi t 
ri = nie? aT yar man i {6.7} 


we obtain: 


: ry J 3 
rent ra, 


It is seen that (6.4) has the same form as the differential equation of the 
bending of a beam (}.8) of Chapter II, differing only in the values of the 
constants r* and s*. It follows that methods similar to those used for two- 
dimensional analysis of beams can be applied to this problem (cf. sections 
2, 3, 6, of Chapter IE). 


§7. SOLVING THE DIFFERENTIAL EQUATION OF 
THE BENDING OF A PLATE BY THE METHOD 
OF INITIAL PARAMETERS 


When an arbitrary external load is applied to the plate, equation (6.4} 
is most simply solved by the method of initial parameters. 
The general solution is then: 


W (a) = Kw wo + Keto + Kum -+ Keno — Fu. 
(a) = Kew, + Keo + KouMy + Kenn — Fy, 


M (9) = Kaw W'9 + Kaeo + KuwMe + Kano — Fou, (7.1) 
Ny) = Ky wo + KiveQo 4¢ Kno + Kuno — Fr, 
where Kww, Kwe,..., Kxw = influence functions; Wy, fo. Me No = generalized 
deflection, generalized slope, generalized bending moment, generalized 


shearing force respectively (at y* 0); Fa,.... fx = load functions. 
In order to determine the influence functions in (7.1) we have to find 
the solution of the homogeneous equation corresponding to (6.4), which is: 


W (nq) = CyDy + CLD, + Cys + CD, {7.2} 
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where C,, C:,...,C, = integration constants; 9,,...,@, = functions depending 
on the roots of the auxiliary equation, i.e., on the coefficients r? and s*. 
The case: 
s>Tr. 


is that most frequently met. 
The functions $,,...,%, are in this case (cf. Table 3, p. 51): I | | 


, = shaycos py, , = chancos fx, 
®, = chansin fn, , = shay sin py, 


enV, 5-552. — 


Since W is a function of the dimensionless coordinate y= + , the 
generalized slope @ is: 


Ww’. (7.4) 


We then obtain from (3.5), (3.6), and (6.1) the generalized bending 
moment M and the generalized shearing force WV: 


N=—+{wr—le- 2+), (7,6) 


where » = Poisson's ratio for material of plate; a, 4, and p° are givenby (6.2). 
Substituting (6.2) and (6.7) in (7.5), we obtain: 


M = — [iw — pil), 
5 (Ww! — wri) | ror 


N= — 5{W" —|(2—p) re} + Ora) 0’). 


We then obtain from (7.2), (7.3), (7.4), and (7.6): 


W =C,%, + C,O, + C0 + Cy, I I | 
fp = C, (a, — BO, + Cyd, — fo.) + Cad, + fld,)+ 
+ Cy (ah, + bP,) 
2 M=—C, ((l—pyri + 3), — 208} —C, (10 — we + 
+ A) DP, — MRO) — Cr — weet + BLO, + (7.7). 
+ 2afD,} — C, {111 — 2) rt + 13; D, + 2a8@,} 
“N= Cy {atst— pl] ®, + Bis? + whl) + 
+ Cs fas? — pri] ®, + Ble? + perf Oy}—C, (6 lst + eri] ®,— cai Seek 
—~ als? — uri ,} — C, (6 [s* + prt} @, — @ [s*? — prt} @,}. 
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For »=0 these expressions become: 


W,=Cy, 

fa = al, tid AC. 
Mo == — CaN — 0) Ff +B) — DBC, kas I I 
< Ny = Cia [s*— art} — Cofi [s? + wrt. I 


Solving (7.8) for €,,€4,C., C, yields: 


1 7 = > 
C= mal + pri) Blo, +8 = Ml, 
C, = W,, 


G; [(s? — wr atg,—a Sm}, (7,8) 


a 
- 2afst 


1 it 
Cla sar {tl —wyt+ 8) M+ Sm} . 


where @ and % are given by (7.3'), ands, r,, and ro by (6.6) and (6.7). 


TABLE 10, 


Ww, | bt) 
| 


Mo Nn 


{ 
{ Date t é ¢ 
| Kww = gag taste — U1 — whet + Ko = Diggs (68 + wei + Ken =~ po ,| Xp. 
‘| 


: ™ 2aaps? * 
+ fot Oa + (3"— prt) a@,} x (b®, — ad) 
K : in « Safe, + 
a, ew ia 13 + ergs jay — at) eae Ken = — 2aaa * Kaw + K was 
— (s* = pe®) ay] +I — pir? + 2) Oy x (aM + fd) 


; Kies — Zag US + wrx 
| X¥w = pap Smee] x (ted al + Kane Rie Kapa Kos ’ 
+ Uta, | + OE wpb Is + Af Ort ; 
+ a ((s* ~ ur?) (4 — p) 8 + 
+ 3j—(s* + wh) [s? — 2] Dal 


da = 
—— 2 
| Knw = Fagp Blt + Pit wed 
tht ped + 3) (st + prt] ay + 
1 @ fst ry 6) 4 dy — 
1 


1 Lm alep tb Bl ist — wrth ay 


Ny 


Kye = Kw Kyu = Kow Kyw = Kew | 


By substituting (7.9) in (7.7) the solution of the homogeneous equation 
corresponding to (6.4) can be expressed through the initial parameters and 
influence functions (the functions Fy,..., Fy do not appear in the expressions 
obtained}, The influence functions are given in Table 10, 
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In order to take into account the external load, represented by the right - 
side of (6.4), we subtract from the expressions (7.7) terms corresponding to 
the functions Fy,...,Fy, which depend on the applied load and its distribution 
over the plate. This dependence was discussed in section 3 of Chapter Il. 
One example of the application of this method will be given here. 
Let a load as shown in Figure 8&2 act on the plate. It is seen that in 
part 0<14< 1, the homogeneous differential equation is applicable so that | I | 
all unknowns are determined by the initial parameters 


W (4) = Kww (a) Wot K wy (1) pot Kw dy) Mot K wr (n) No, 

§ in) = Kow(4) Wo + Keo la) go + Kem (9) Mo + Kenn) Mo, 
M(x) = Kuw(a} Wot+K me (1) Ge + Kam (9) Mot Kun (9) Mo, 
N (9) = Kym (y) Wot Kiel) Qo + Kn a(n) My + Kawa) No. 


{7.10) 


For 4: <4<¢, the following expressions have to be subtracted from the 


respective equations (7.10): noo = 
Fw = GKwon(n— 1), Fy = G Kun (Q— 4h), (7.11) 
Fy =GiKes (Q—fi}, Fu = GO Kon (q—~ 4): : 
where 
Gy == X Pex (0) = Pry (61) + Pax (C2). 
and y(c) = value of x(x) at the point of application of the concentrated force. , IE I : E 


For t.<14,<f, the load functions are: 


Fy = OiKan (Q9— ti} + GsKew (9 fe) 

Fe = GiKex (9— hh) + GaKew (9 — fh), (7.12) 
Fas = G Kw (1 — 1) + Goku (9 — fa), ; 

Fu = 6\Kxw (n— hh) + GsKwa (4 mo), 


Gy = Psy te). tI [ I 


where 


FIGURE 82, 
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For t;<%< 1! the load functions are: 


Fa = G.Kww (9 — t,) + GsKww (4 — ta) + 
+ {& (1) Kwa(n — 2) dt, 


. 
Fe = GKyy (1—f) + GsKon (4-42) + | | | 
+ } Galt) Kew (n— Nat, 
r (7,13) 
Pu = G\Kaw (9 — 4) + GK (4 — Oa) + 
7 
+ (GO) Kun (9—t) dt, 
a 
Fx = G, Kun (4 — 41) + GK nw (4—&)+ 
+k \G (Kav (n— fd, 
o 
where , oe = 


® 
G.= (rts, 4) x (x) dx. 


o 


§8. DETERMINATION OF INITIAL PARAMETERS, 
CALCULATION OF BENDING MOMENTS 
AND SHEARING FORCES 


Since the origin can be in any plate cross section, two of the four 
initial parameters Wa, >, My, No in (7.1) are usually determined directly 
from the boundary conditions (cf. sections 3, 6 of Chapter II}. The two other 
Parameters are determined, irrespective of the applied external load, by 
solving simultaneously two equations written for a different cross section 
{y = const) of the plate. This will be illustrated by several examples, 


Simply supported lateral plate edges 


The load applied along the » axis will be divided into symmetrical and I { I 
antisymmetrical components. The origin of coordinates lies in the center 
section of the plate (Figure 83). 

The boundary conditions for symmetrical loading (Figure 83, a}, are: 


net=0 =O N=0. (8,1) 
the general solution then becomes: 


W (9) = WoKww (1) + MoKwm (9) Fw (), 

9 (4) = WoKew (1) + MoKem (9) ~ Fo (x), a 
M (9) = WeKww (1) + MoK ua (2) — Fe (x), (8.2) 

N (n) = Wokww (nh + MoK wm (n) — Fw (n)- 
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where the functions Fw.4... fs correspond to the load on only one half of 
the plate {4> 0), The parameters W, and M, are determined from the 
boundary conditions at the lateral edge: 


at n=¥(n=—$): W=0, M=0, {8.3) 


Substitution of (8.3) in (8.2) yields: I | | 


W ($) = WeKww (fF) + MoKwm ()—Fu (Z} =O. | 


(8.4) 
M (4) = Wu (4) + MKan (5) —F(G) = 
FIGURE 43. 
The solution of system (8.4) is: IE -E I 
Fo (Z) Kun (3) — F(Z) Sw (3) 
aT er 1 ery ba be | 
Kww(5) Kum (5) = Kul s) K aw (5) 
A ‘ . , (8.5) 
ime Fu(z)Kwo(z) — Fw (7) Kaw (7) 
om V0 fh\ peed ea 
Kww (x) Ku (5)-Kwn (x) K aw (x) 
For antisymmetrical loading (Figure 83,b), the boundary conditions at , d 
=0 are: 
at q=$=0: WH 0, Ma=0. (8.6) 


The general solution for this case is: 
W (9) = goKwe OQ} + Nowe Co) — Fw (). 
gy) = Fakes (n) + NoKen (4) — Fy (4), (8.7) 


M (4) = Poke (a) + NoK aw (9) — Fm On), 
N (0) = 0K yg (4) + NoKww () — Fw (y), 


where the functions Fy (»),.... Fy(q) again correspond to the load on only one 
half of the plate, 
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The boundary conditions (8.3) yield: 


W (q) = ake (3) + Nakew ($)—Fu (5) =0, (6.8) 


M(x) = Kue() + MoK un (5) — Fa($) = 0, t | | 


whence 


__ Fel g) Rwy ($)— Fu (2) wn (5) 

=O 
Kwslx) Km (2) —Kwy (3) Kaa (F) 

tat (+) Kw (3) — Fy (3) Ke (+) 


Kore (Z) Kuo (5) — Ks (Kan CE) 


(8,9) 


Built-in lateral plate edges 


In this case (Figure 84), the boundary conditions at y= 0 for symmetrical 
and antisymmetrical loading are given by (8,1) and (8.6} respectively. The 
solution of the problem is given by (8.2) for symmetrical and (8.7) for 
antisymmetrical loading. 


HEL Att Nae 


4 
4p ARAL AA ae He AE 
ee isn At sie ha, 


. Itt 
FIGURE 84. 


The boundary conditions at the built-in lateral plate edges are: 


a= (1-4) W=0, p=0. (8.10) 


The initial parameters are determined from (8.10) and (8.2) or (8.7): 
for symmetrical loading: 


v, - Fa Kom - FokKwn 

Kewkou ~ Kwak,” (8.11) 
My = F Kew — Fekow ; 

Kwok —KeuXow 
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for antisymmetrical loading 


ae Fwk wn — FokKww 
0 Kaen —Kwirkee * P 
F Kwe— Fukes (8.12) 


N,= y-oee . 
Y Ky Ken a KynKeoe | | | 


Kom Kwos +++ Koss Kon, Fur Fo 


where 


are the values of the corresponding functions at 4 = + , 


Free lateral plate edges 


The boundary conditions at the free plate edges are (Figure 85): 


v(s=¥. 
N (5)=S, (8.13) 
u($)= 


- +, S_ * generalized i . E. | 


where W, = vertical displacement of foundation at 4 
shearing force exerted by foundation in this section. 


FIGURE 85, 


The first condition (8.13) is purely geometrical and expresses the 
equality of the vertical depressions of plate and foundation surface, The 
second and third conditions are statical equilibrium conditions, similar to 
the corresponding conditions for the free end of a beam of finite length on 
an elastic single-layer foundation (cf. section 6 of Chapter H). 
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The vertical displacements of the free foundation surface (Inl>3} can 
be approximated by an exponential function (Figure 85): 


ul 
w= Wy x(x) = WH (F)x@) e- (3) (8,14) 


where a= x , and x(x) is given by (6.1). The first boundary condition 


{8,13} is then satisfied by (8.14). 

The generalized shearing force S¢ in the free foundation, determined by 
the work done by the shearing stresses ty over the corresponding virtual 
displacements, is given by (3.4). Since in this case x) differs from zero 
only when O< x< 6, (3.4) reduces to: 


a ,_? 
Sp= 2 3 We Sean ae. (8.15) ee 
' % 


Substituting (6.1) in (8,15) and taking (8.14) into account, we obtain for 
y>4 

S 1) (0-7) 8.16 

(= —atbW; (re a’, ( al ) 


The values of this expression at y= + (n= >) is: 


Since 


we can write (8.13) as follows: 


ao ce a | 


For symmetrical loading, the general solution is as before (cf. (8.2): 


W (m) = WyKww (4) + Mow Cy) — Fw in), 
#(y) = WoKew (n) + MoKon (x) — Fy (y), 
M (y) = Wy Kaw (9) + MoKam (n) — Fa (m), 
NM (n) = WoKww (n) + MyKva (4) —~ Fr (9). 


(8.18) 


Substitution of (8.17) in (8.18) yields: 


w — Kam + Kw) Fy — Kay (Fy + ath Fy) 
~ Mw (Kya + af wa) — Kang Kyw +aloK py) * 


Kuw (Fy + 0bF yp) — Ky + 6t6Kgy) Fy (8.19) 


M= 7 (Ryn + 20K) — Ry Kuyt albRey) ” 
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For antisymmetrical loading we obtain: 


W (4) = gy Kwe ln) + Nokon (n) — Fw (), 
$ (9) = PoKon (9) + Nokon (n)— Fen), 9.20 
M(x) = GoK te (1) -+ NoKuw (9) — Fe (1) (8.20) 


WN (9) = 9K xo &) + NK ew (9) — Fw). I I | 


Substitution of (8.17) in (8.20) yields: 


_ (Ky + atoKwy) Fw — Kw (Py + ath Fy) 
0 Kw Kun + OK wy) — Kun Rng + Ry) 
Kay (Fy + atb Fy) — Kyy + oloK yg Fy 


Nw= z 
0 Rigg Ky + 00K py) — Kuan (Kg + 200K) 


(B.21) 


The values of Kww(n)-,Kwe(n) Fw,(q) Fy (x) in(8.19) and (8.21) are taken for 
a= (y= +). As-before: 


a 
Vi E ' __F 
wey des TE \ ne t= arew ee (8.22) 


where 


Different boundary conditions at the lateral edges 


If the boundary conditions at the two lateral edges differ, the x axis is 
placed along one of these edges (Figure 86), The initial parameters can 
then be determined in exactly the same way as for a symmetrical plate. 
From (8,17), we obtain for the free edge 1 =—0: 


M,=0, Ny =atbW,. (8.23) { | { 


ar are 
TT 7 


f 
i 


FIGURE B86. 
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The general solution is then: 


Wg) = (Aww 4: athKwa) Wy 4- Kweey)— Fun 

(a) = (Kew + afdKon) Y, + Ke Fu F,, | 
M (4) = (Kaw + atbK an) Wy + Kouety — Fa, | 
N (4) = (Kwa + 0f0K x) Wo + Kop — Fr- 


(8.24) 


The values of W, and y can now be determined from the boundary condi- 
tions at,=) (y=t) . Thus, if this end is simply supported the boundary 
conditions become: 


at yq=l: W=0, M=V. (8.25) 
From (8.24) and (8.25) we then obtain: 


Y= Kage? wm Kae Fie 
on Kime Rew + oy) — Ky Kaew + 2tbK yy)” (8.26) 
Kyy > atdKyay) Fy (Kya + 28K ag) Fy 
9 = Rigg Rare + 800K) Kay Rw OOK yy)? 


where the functions Kye, Kwe,-.-,fw, Fu are taken at y=1 (y=?). In this 
case the functions Fy, Fy correspond to the load on the entire plate(0« 41). 


Calculating the bending moments and shearing forces 


When the generalized plate deflection W (4) has been determined, the 
bending moments and shearing forces can be found from (2.28). Noting that 


W (yjis a function of » = va , and taking (6.1) into account, we obtain for each 


term of (2.1): 


Mp=—D[ 4p WO —(F) W sin, 


My = —D[ x W*()—w(F) Ww (xp] sin I [ I 


t—p rea, awx 
H= Hye ty= DEW (es. (8.27) 
1 io is T 
Ny =— Dl Fw (—(F) W CH] cos F, 
Ny = —D[ Wy —+(F) We (ay) sin 


§ 9, CYLINDRICAL BENDING AND TORSION OF A NARROW 
PLATE. THREE-DIMENSIONAL BEAM ANALYSIS = - _ 


1 


Consider a narrow rectangular plate loaded symmetrically with respect 
to the y axis (Figure 87). 
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If we assume that the cross section of this plate (which in the general 
case is of varying thickness) is not deformed, only the translational 


displacement 
xe = I. {9.1} 
remains from all the possible displacements X, of an elementary strip 
of width dy=1, The coefficients (2.26) entering in (2.25) then become: 
= Dabm, b = =U, 
eeeeereain abit (9.2) 
ry =t(b+ >), Sho = kO+-4at, 
where 
D. EAS, 
w= 2i—p) 
is the flexural rigidity of the plate for a part of length 6, of the cross section = = 
(Figure 88). 


tet 


Lo “sn 


Since e 
Dnbm = i. , 
we obtain 
__é _ Ef 
Q = Ti De = ae (9.3) 


where J is the total moment of inertia of the cross section relative to the 
x axis. 
Substituting (9,2) and (9.3). in (2.25), we obtain: 


wh _ op 4 sty = (9.4) 
Gi—p) 
= ny 7 , 
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where 
2_i1- i 
Pas t(b+ =). 
tops {9.5} 
St= py (86 + 4af). 
In this case, the value of G is that of the actual load, as can be seen I I | 
from (2.4) and (9,1). 


The differential equation (9.4) of the cylindrical bending of a plate has 
the same form as the equation of the bending of a beam in the two-dimen- 
sional problem ((1.8) of Chapter II); it differs from it in that Poisson's 
ratio » enters in (9.4), The values of the coefficients s and r? are also 
different. Through the terms 


1—pts | 4— pre 
he Sere 


entering in these coefficients, allowance is made for the fictitious reactions 
Q@® distributed over the longitudinal plate edges, i.e., for the three-dimen- 
sional state of stress in the elastic foundation. 

We then obtain from (3.5) and (3.6): 


M=— = 3", 
rs ; (9.6) 
N=—;=3W + 2b(1+ 5)”. 


We can now integrate (9.4) by the methods of sections 2 and 3 of 
Chapter II, When the generalized deflection of the plate has been determined, 
the actual bending moments M, and shearing forces N, are obtained from 
{2.28b, e), which in this case reduce to: 
M,=~DW", N,=— DW". (9.7) 
It is seen from (9.7) that the bending moments M, and shearing forces N, 


in each cross section are proportional to the flexural rigidities D,, : 
(Figure 89). I I I 


2 


Consider now the same plate acted upon by an antisymmetrical load 
{Figure 89). Putting 


wm=x, x ig=), (9,8) 


where x, (x) has the dimension of length, the generalized defiection becomes: 


W (y) = 
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hank 


which is a dimensionless magnitude, being the angle of twist of the plate: 


By (2.4) and (9.8), the generalized ioad is: 


G=| pla y)xdx + Deeks = m(y) (9.9) | I | 


and represents the twisting moment m(y). 


| My. My 
1 


ITA etnias r-rSsE 


FLOURE 89, 


The coefficients of (2.25) are again obtained from (2.26): 


ay = Pm (ax =T =, 


oy = (1-8) 9 Oba = an > I I I 
Cy =0, (9,16) 


ib} 7 3 
= rl + ae) 


_ abe 42 6 
% =e ('+ sor +5), 


where 
rs 
o-VEO 


k and ¢ = constants characterizing the compressive and shearing strains 
respectively of the elastic foundation, J+ total moment of inertia of plate 
cross section relative to x axis; p = radius of inertia of rigidity diagram 
(Figure 89): 
E Db (12c7, + 63) 
tat As ——- (9.11) 


sna 
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{where c ,, is the distance between the origin and the centroid of that part 
of the cross section whose rigidity is p, ]. 
For a plate of uniform thickness: 


b? 
f= qr: 
Equation (2,25) then becomes: | | | 
ay, 0 — 2 (by + ph) + sj 8§—m=0, {9,12} 
The generalized bending moment M and shearing force W are, by (3.5) 
and (3.6): 
hea = ore, {9,13} 
Ei » tb 31, 
Ne — 7 +S [1+ ay]. ate 
= a = 
where ¢’ is defined by (9,11). 
The actual bending moments M,, torques H, and shearing forces M, are 
by (2,28): 
M, = — Dxt’, 
H=—D({l—p)6’, (9.15) 
Ny = — Dxd", 
The distribution of M,and N, over the cross section y=const is thus - 
similar to that of y,:=¥% multiplied by the flexural rigidity D; while the I ad i tf 


twisting moments are directly proportional to the flexural rigidities D 
{Figure 89). 
Together with (9.13) and (9.14), (9.12) determines the deformation of the 
plate, characterized by the presence of bending moments M, in addition to 
the twisting moments H. 
The generalized moment (9.13) represents in this case a bimoment, i.e., 
a system of normal stresses acting in the section y=const, statically 
equivalent toazero force. The generalized shearing force determines the 
total twisting moment acting in the section y=const , due both to the ; 
shearing forces N, and to the reactions of the elastic foundation; these are : 
respectively given by the first and the second term of the right side of (9.14). 


3 


We can apply (9.4) to the three-dimensional problem of the bending of 

a beam by putting »=0, and considering E/ as the rigidity of the beam. 

The free term G then represents the load per unit length. 
Exactly as in the two-dimensional] probiem (cf. Chapter II), the beams 

can be classified as long, short, or rigid, depending on their rigidity. = - SS - 
Long beams acted upon by concentrated forces and moments can be 

analyzed by the method developed in section 4 of Chapter II. In the three- 

dimensiona} problems the generalized shearing force N entering in the 

boundary conditions is determined by the second equation (9.6), while r? and 

st are given by (9.5). 
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Short beams acted upon by aribrary external loads are most simply 
analyzed by the method of initial parameters (section 3 of Chapter II, and 
section 7 of this chapter). When solving (9.4), the influence functions must 
be obtained from (9.5) and (9.6). The initial parameters are determined 
from the boundary conditions, given in generalized form, which, for free 


beam ends, correspond to (8.13). . 
In the case of rigid beams we can proceed directly from the equilibrium ; | | 
conditions of a beam acted upon by the known external load and by the 

reactions of the elastic foundation (cf. section 5 of Chapter II), Thus, for 

asymmetrical load, we obtain: 


W (y) = Cy. (9,16) 


The reactions of the elastic foundation consist of the reactions ¢ 
distributed over the surface supporting the beam, the reactions Q? distributed 
along the longitudinal edges and the concentrated reactions T° applied 
at the beam ends (Figure 90). The concentrated reaction 7° are introduced i 
in order to make allowance for the effect of the deformation of the elastic 
foundation beyond the beam ends (y <0, y>/) on the stresses in the beam. 


FIGURE 90. 


From (2,17), (2.19), (9.1), and (9.16), we obtain: 
G=hCy, QP = 22lC,,. (9.17) 
The concentrated reactions T* are obtained by assuming that for y<0 I I I 


and y>, the vertical displacements of the surface of the elastic foundation 
decrease exponentially. Thus, for y<0 we have (Figure 91): 


at rQ—4 
e 
wx, y) = Cyr (+2) par, 
b 6 
at _—_>— x <= 
aS (9.28) 
w(x, y) = Cer, = - = = 
at x>> 
b 
w(x, y= Ce (3) ony, 
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We assume that the work done by the reactions 7* over the displacement 
C, = | is equal to the work done by all the internal forces in the elastic 
foundation in the region y <0 over the virtual displacements (9.18) when 
C,= 1. We thus define the fictitious force T* as the virtual work done by 
the normal and shearing stresses ¢,, +, t,, in the elastic foundation in the 


region y <0. We then obtain: 
T® = C, (Qutb + 31). (9.19) I I I 


Strictly speaking, the concentrated reactions T* consist of the reactions 
Q% distributed over the lateral edges of the beam and the concentrated 
reactions RP” at the corners (cf. section 10). However, since the beam is 
by definition rigid in the lateral direction, we can introduce the resultant 
concentrated force T*, 


FIGURE 91. 


The equilibrium condition of the beam is obtained by equating to zero the 
vertical projection of all forces acting on the beam. Taking (9.17) and 
(9.19) into account, we obtain: 


febl + Axtl + 42th + 641C, = Py, 


whence 
Py 
Co = Teor paar poy Fo {9.20} I I I 
. 


where P, = resultant vertical] load acting on beam; /* beam length; 6= beam 
width, 
When C, has been obtained, the reactions of the foundation are found 
' from (9,17) and (9.19); the bending moments and shearing forces are then Be 
determined by the known methods of the strength of materials. \ 
The analysis of a rigid beam acted upon by an antisymmetrical load is 
performed similarly. If the origin of coordinates is placed at the beam 
center, the vertical displacements are: 


Wy) = Gu, 
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where 6, is the slope of the beam, whose value can be determined by 
equating to zero the sum of all moments about the origin, acting on the 
beam: 


aM =0 


(ef. section 5 of Chapter II). I I | 


4 


Consider a symmetrically loaded rigid beam. Assume that: 


shy Hz 
¢@=———. (9.21) 
shy 


Substitution of (9.20) in (9.17) and (9.19) yields: 


q= Ft ! 
= en 
i. [t+a( ++)+an| 


Qt ~ £ * 
$ a [t+ G4+5)45 | (9.22) 
3 


_ [++ sis] E-EE 
ald om vas 5 eral 1 WEE SE 
ait s(t +t) tap 
When ¢$(z) is given by (9.21), the coefficient «= + entering in {9,22} 


(cf. (5.23), (5.24) of Chapter II) becomes: 


co Ts 3 f ee 
a= Ve: a (9.23) : 
shaogo ech -“p- ——E- 4 | 
If the single-layer foundation is an elastic semi-infinite space (2), 
we obtain: 
gate { 
= B 2 i—% b 3b ye 
[+S V Gt tat 8], 
OF = fe —___—— tt, 
im 2 24/i—y b 3 8 24 
eV alte V St Ft ae Fay) mae tae en 
3 i-» 
14¢5- VY > 
pesee = a 3b : 
TeV ty Fi(1+ 7) +m Fw] 
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Figures 92 and 93 show the dimensionless bending moments M for two 


cases of loading, obtained from (9.24) for 7 = 1.5;v) =0.3; is 5, and + =!0, 


Results obtained by Gorbunov-Posadov for the two- and three-dimensional 


rigid-beam problem ( + =10}, are also given: | | | 


Pp 
pEPNE EPP EPP ET EP ES te Ed Y 


Nt 
ix 


Axis of symmetry 


Axis of symmetry 


The actual bending moments are: 
M = Mpi!,  n- z —_ 
for a uniformly distributed load, and 


M= MPI, 
for a concentrated load, 
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It is seen that the respective curves obtained by the two- and the three- 
dimensional analysis differ considerably: the maximum moment obtained 


by the two-dimensional analysis (for + = 10 and a uniformly distributed 


load) is almost 3.5 times the maximum moment obtained by the three - 


dimensional analysis, 
It is also seen that the bending moments vary inversely with +: the I | | 


wider the beam, the smaller the difference between the results obtained 
by two- and three-dimensional analysis. 
A comparison of the results obtained by the method proposed and by 


Gorbunov -Posadov (for — = 10) shows that the difference between the 


maximum bending moments is relatively small (about 15% for a uniformly 
distributed load, and about 1.5% for a concentrated load), 


§10. APPROXIMATE ANALYSIS OF A PLATE WITH FREE 
EDGES IN THE CASE OF SYMMETRICAL LOADING 


1 
Let a symmeétrical load p(x, y) be applied to a rectangular plate with free - 
edges on a single-layer elastic foundation (Figure 94). The origin of 
coordinates is at the center of the plate. The differential equation of the ~ I ny IT : I 
bending of a plate on a single-layer elastic foundation is: 
DVIViw — 204w + kw = pix, gy) = ef. 11.5)) (10,1) 


where w(x, y) is the unknown deflection function of the plate, and 


H H 
_  £ 4 Ey t 
ha a5)! dz, ‘=i ¢ dz [ef, (1.6)}. (10.2) 
If pix, y)is distributed nearly uniformly over the plate a simple approxi- i 
mate solution can be obtained by writing: q 


wi{x y= Co + Cy cos F oT +C,cos Pr +C,cos 5 x cos 34 3. (10.3) 

where C,, C,, C,, C, are constants having the dimension of length. 

The first term in (10.3) determines the translational displacement of 
the entire plate, the second and third terms represent the cylindrical 
bending of the plate in the x and y directions respectively, while the fourth 
term defines the three-dimensional bending. 

The coefficients ¢C, in (10,3) are determined by Bubnov and Galerkin's 
variational method based on the equilibrium conditions, i.e., equating the (==. 
total work done by all external and internal forces acting on the plate over 


each virtual displacement to zero: 
os @, = cos an 
(10,4) 


= cos = wv, = = Cos 5p 08 37 


x i” 
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FIGURE 94, 


2, Determining the reactions of the elastic foundation 


An analysis of (10.1) shows that the first term depends on the internal 
forces in the plate, while the other terms depend on the reactions of the 
elastic foundation, distributed over the surface supporting the plate and 
caused by the compressive and shearing strains in the elastic foundation. 

In addition to these forces and to the distributed load p(x, 9), reactions 
Q%, distributed along its edges act on the plate. These reactions are 
introduced to make allowance for the three-dimensional deformation of the 
elastic foundation beyond the plate edges. In the case of rectangular or 
polygon ~-shaped plates, concentrated reactions R¢ arise at the plate corners 
(Figure 95), In order to determine the reactions Q¢ and R® we shall assume 
that the vertical displacements w, of the elastic-foundation surface beyond 
the plate edges obey the following law (Figure 96)*: 

in the positive direction of the x axis 


te (x, gy) = wey) en* (10.5) 


in the positive direction of the x axis 
006 (%, Y) = wy (x)em* WH, (10.6} 


where a= Y 4. w;(y) and w(x) are respectively the vertical displacements 


of the longitudinal and lateral plate edges, The following law is also assumed 
for the vertical displacements of the foundation in the regions >$,4 >/: 


we (X,Y) = Weer Mee u—h , (10.7) 


where w, is the vertical displacement of the plate corner, 

It was shown in section 2 of this chapter that if the distribution of the 
vertical displacements of the foundation beyond the plate edges is given by 
(10.5), the fictitious reactions Qf at the longitudinal plate edges will be 
given by (2.19), which can be written in the form: 


Of = 24[awes + (F), — 32 (Fe),b (10.8) 


* These expressions are only approximate, since in che three-dimensional problem the vertical displacements 
of the foundation beyond the plate edges obey a more complex law (see for instance section 7 of Chapter [}. 
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where the derivatives of w(x, y) are taken at x= 46. 

The fictitous reactions Qf distributed over the lateral plate edges are 
obtained similarly. Defining these reactions as the work done by all forces 
in a strip of unit width, cut from the elastic foundation, over the virtual 
displacement of the elastic foundation beyond the plate edges, we obtain: 


QF = 2 [wy + (#), 7 4 ($3), (10.9) 


where the derivatives of w(x, yyare taken at y =+ 1, 
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FIGURE 96, 


The concentrated fictitious reactions R¢ are determined by the vertical 


displacements of the elastic foundation beyond the plate edges in the regions: 


#<q—6, yS—d), KK, yD), (Dd, y<—L), (x Dd, y SD). 
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These reactions are defined as the work done by all the internal forces in 
the elastic foundation in the corresponding regions: 
RO => tux, (10.10) 


where ¢ is given by (2.15) and w, is the vertical displacement of the corre - 
sponding plate corner, 


FIGURE 97, 


Indeed, for x>6,[y2 ;], the vertical displacements mw, (x,y) of the 
surface of the elastic foundation are given by (10.7), The virtual displace- 
ments of the elastic foundation are therefore: 

wx, Ys 2) = wy (x, yy (2) = 1-e-* @—br ea W-D (2), [When w= |} (10.11) 


The internal forces in the elastic foundation are the stresses 93, 


Tex. Crys f 
E ’ : 
om at (2) wy (x, 4), I I | 
E, Ow; (4, #) 
Ty =~ Ta + vy) #2) oy (10.12) 
Ee ws (x, ¥) 
te = Fea 8) — ae {ef. (2.13)] 


The work done by these stresses over the virtual displacements (10.11) 
for x6, y>l is: 


700 — - 
Rea (|| (onde + tee gg + ty “ah-$) de dydz, (of. (2.11), (2.12)] (10.13) 
bie 
where 


wx, y) =e rb) ga et), 


14] 


TELTEPITITrrriircgel 


Substituting (10.12) in (10.13) and integrating we obtain (10,10), 

The reactions R¢ given by (10.10) are relatively small and their influence 
on the strains of the plate is insignificant. Furthermore, plastic deforma- 
tion occurs in practice near the plate corners, The reactions R* can 
therefore be neglected. 


3. Variational equilibrium conditions 
The following four algebraic equations in the four integration constants 
appearing in (10,3) are obtained by forming the expressions for the work 
done by all external and internal forces in the plate over the virtual dis- 


placements (10,4): 


{{ (ee — plaxdy + 2 opdx + 2\0P dy + 4R* = 0, 


ow ow . 
\\[2 se — 2 Ge + ew — p]eos F de dy + sh. 
+ 2{ Qocos F dx = 0, 
Pe 9, Pw sie y 
{{[0 ay 22 ay +hw pcos oy ax dy + (10.14) 
+2) Qreos $ dy = 0, 
‘OCW Hwy ow ee oD 
{S[2 (Ge +2 aes + aye) — 2 Gee — ae) + 
mx Tr 
+ hw — p] cos 5 cos dx dy = 0, : E rf EK 
where w is given by (10.3); p=p(x, y) is the known external load and 
Q?, Q¢, R are given by (10.8), (10.9), and (10.10) respectively, The 
integrals in (10.14) are definite and have the following limits: — b<x<6, 
— i<¢3<_When concentrated external loads are present, these integrals 
are to be understood as Stieltjes integrals. 
The first equation (10,14) defines the work done by all forces external 
with respect to the plate over the vertical displacement w=1. In the term . 
containing k& allowance is made for the compressive strains in the elastic 
foundation, 


The second equation (10.14) defines the work done by ail forces during 
the cylindrical bending of the plate in the z plane, By the terms containing 
D and ¢ allowance is made for the work done by the bending moments mM, , 
and by the shearing strains in the elastic foundation respectively. 

Similarly, the third equation defines the work done by all forces during 
cylindrical bending of the plate in the yz plane, In this equation, the term 
containing D corresponds to the work done by the bending moments M, . 

The last equation (10,14) corresponds to three -dimensional bending of the 
plate, similar tothe bending of a plate simply supported along the edges. 

In this case, the work done by the internal forces consists of the work done 
by the bending moments M, and M,, and the twisting moments #. 

Substitution of (10.3), (10,8), (10.9), and (10.10) in (10,14) yields the 
system of four algebraic equations (10.15) from which the coefficients 
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C,. C., Cy. C, can be obtained: 
TABLE 1) 


term 


ments 


C, | Virtual displace~ 


(10,15) 
= oe = 
Here 
3 
Bog = 4 [lok + Qat (I + 6) + +h 
8 
hyp = — [16k + 2atd}, (10.16) 
kp = 4 [ok + Qatt}, 
haa = <5 lok; . 4 | I 
my = 2[tok+ Sot 4 RAD + cath + Tah 
ny = 22 toe, 
4 nt i sé ¢ 
fin = = {idk + Tote), (10,17) 
® xt . : 
tag = 2[tk+ t+ RED + atl +e 4), 
4 at 6 stb 
rn = [tht Ft HO], = = = 
ast 6 wt i 2 6 
Mag = dok + (E+ T)tt OG + H+), 
and 


EN 


D= Taw 


a EES 
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is the flexural rigidity of the plate, while & andrare given by (10.2), 

It is seen that the coefficients (10,16) determine the work done by the 
reactions of the elastic foundation, while the coefficients (10.17) determine 
the work done by the reactions and the internal forces in the plate, These 
coefficients are syrametrical: 


hio= Ro, Rw = Rar, hao = Rows (10,18) : i I 


Ay SA, My HA, = Ae = Ages 


in accordance with Maxwell and Betti's reciprocity theorem, 

The matrix of (10.15) is symmetrical by virtue of (10,18), which 
considerably simplifies the determination of the unknown constants when 
more than four terms are taken in (10.3). 

The free terms on the right sides of (10.15) (Table 11) represent the 
work done by the known external load over the corresponding displacements 
(10.4), and are obtained in the form: 


G. =\V ple, yards dy. (10.19) 


4. 


System (10.15) could have been obtained without introducing the fictitious 
reactions Q%, Q%, R*, had we followed the procedure in section 2 in deriving ; 
the generalized equilibrium conditions of an elementary strip of width ty, in I = I . I 
which we considered the work done by all internal forces, including those 
acting in the elastic foundation beyond the plate edges. The final result 
would have been the same, since the fictitious forces Q?, Q¢, R® were defined 
as the work done by all the internal forces acting in the elastic foundation 
beyond the plate edges, and were only introduced to simplify the expressions. 


5 
After the constants C,, C, C; C, have been determined from (10,15), the 
plate deflections can be obtained from (10.3), the bending moments and : 


shearing forces being given by (1.8). Substitution of (10.3) in (1.8) yields: 


+7 oA 
My = D3[u Fe Cre0s HH + Cycos F + 


(. (1 +p 2)C, cos $ cos al 


at ft Tr, RX {10.20) 
M, =DT 7 Cxc0s + uC, cos se 4 
a x. x 
+ (% + 2) Cycos E cos +. 
From (10,15} we obtain as particular cases approximate solutions for - 
a plate simply supported along its entire contour, or only along either . 
its lateral or its longitudinal edges. In this case we have to substitute 


C=C, =C,=0, GQ =C,=9, or C,=C,=0 respectively in (10.3), 
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If a higher accuracy is desired, or if the external load has a pronounced 
nonuniform distribution, a larger number of terms must be taken in (10.3) 
{cf. section 12). We must then set up a system of algebraic equations 
similar to (10.15), each equation of which defines the work done by all 
external and internal forces acting on the plate over the corresponding 


displacements, | | I 


§11, EXAMPLES 


1 


Consider a rectangular plate, for which we assume that: 
shy 
¢ (2) = —= (11,1) 


where + = coefficient depending on elastic properties of foundation; 6 = plate 
half-width. 
The generalized characteristics of the elastic foundation are in this case: 


{ef. (5.23) and (5.24) of Chapter JT] ‘ 
tata oo 
~ tt —v) she 

CL CLA 
_ E,e sh G-ch-5- — 
t= a+), . sn . (11.2) \ 


where 


{11.3) 


(€,and v, are, as before, the modulus of elasticity and Poisson's ratio 
for the elastic foundation respectively}. 
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1—v 
Ee? 


Substituting (11,2) in (10.16) and (10.17), and multiplying (10.15) by 
we obtain: 


kg = 4[tjms +3 (14 -Z)VET=,) meme + 


+g stm], 
de => [pm + VET) meme], (11,4) i | | 
b= [fg met E EVE — whem ma], 
bm BEL my 
mnt Em PSs lm ab (bl 
1 


+z? 6 (1 — v9} my tte + = ayer nh 


(11.5) 
fs. x fi 1i-—« 6 «* 
t= 2(L om + 7 T™+E,7 Tt 


L VET IDL my mee a 
TTPO Wg ms Mate yea me TP 


a4fyi sti—v, d at 6 
ty = [fom tet +e} 
- xt wiry, By > x fhy\2 b 2 
Me = 12 pata —y (4+) T+ ger (l +e) +} E . | € I 
where 
yH oyH +H 
shh > + $ 
My = 1H , 
shi 
ott git_w 
a= 7H , (11.6) 
sh a 
tomar) I I I 
uO VY Tie we . 
b 6 6 
and 


{11.7) 


is the "flexibility index" of the plate, « 


* A similar vatue for ¢ is used by Gorbunov-Posadov /25, 26/. 
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The free terms in (10,15) are by (10.19): 


a= Wares y) dx dy, 

OF ees W) cos Se dx dy, ey 
G,= Ee (lee, 9 cos St = dx dy, 

G= te tllou., y) cos 5 cos SE dx dy. 


2. Approximative analysis for a uniformly distributed load 


Consider a rectangular plate acted upon by a uniformly distributed load 
of intensity p (Figure 98), We assume that: 


f= 2b, y= 1.5, r= 1.0, vg = 0.4, (11.9) 


and that the plate lies on an elastic foundation of infinite thickness, H =o. 


FIGURE 98. 


Substitution of (11.9) in (11.4) and (11.5) yields: 


Ron = 9.58, ay = 310.4, figs = 23.50, 
Ri = 4.51, ity = 244, tog = 14.22, 


Rap = 5.23, tty = 197.8; yy = 241.1. (11,10) 
Rg = 2.44; 
The load terms (11.8) become for p=const: 
Go 4 pl 
— 8 i-¥ 
Ga, (11,41) 
— yt 
Gr= = pol, 
i868 i—v! 
Ga ne Fe Pt 
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The following formulas are obtained for Co. Cy, Cy Cy 
(11.10) and (11.12) in (10.15) and solving: 


4-2 
Co == 408- 10-9 El, 

{—y 
C, = 2,37-107 zl. 


1-¥ 
Cy 17,4: 10% pl, 


id 
Cy = 0,4.107° pt. 
iJ 


Hence, 


w (x,y) = [408 + 2,37 cos 5 + 17,4c0s oa ae 


Xx ay PIL — 
—0,4 cos a oo ar — 


Dimensionless bending moment &, 
for tection yd 


by substituting 


(11,12) 


10°, (11.13) 


FIGURE 99. 


Dimensionless bending moment %, 


FIGURE 100. 


Figures 99 and 100 show the dimensionless bending moments M, and 7, 


for section 209 
--—_—_—— f Swe peel 
[a z 


“> 


at y= Oand x=0 respectively, determined from (10.20) and (11.12) for w=. 


The actual bending moments are: 


M, = M,pb?,  M, = M,pl?, 


Bending moments, obtained for r=5 by this method, as well as by 
Gorbunov-Pogadov's method for a rigid plate (broken line) are also shown. * 


“ See Gorbunav~Posadov, M.I. Rascher konstruktsii na untugom osnovanii (Analyzing Structures on Elastic 


Foundations), p. 457, 1953. 
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In view of the approximative character of our method, and taking into 
account that according to Gorbunov-Posadov, plates are rigid when 


ree, 
Vi 


the agreement between the results obtained by the two methods can be | [ E 
considered as satisfactory, , 


3. Approximative analysis of the foundation slab of a spillway dam ®, 


Figure 10] shows a section of a spillway dam of light-weight design, 
The foundation of this section is a rectangular conerete slab of constant 
rigidity having piers at tts lateral edges. One of the most critical stages is 
the period when the slab and piers have already been erected, but the 
spillway sections are not yet in place, This case willnow be considered, 


FIGURE 101, 


Since the rigidity of the piers in their planes is very large, the lateral 
piate edges can be considered as unbendable. The joint between the siab 
and the piers can be considered as a hinged support. Applying (10.3) to the 
slab deflections, we must put C,=0. We then obtain Table 12 from (10.15). 


—= I I I 
Cs | a Vinal displace- 


Free term | ments 


wy 


cory Oo ss = 
3 
[-. “st 
tgy Gz 
| ZA a 
re 
ty Gs i 
| | 
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The coefficients in Table 12 are given, as before, by (11.4), (11.5). 
Assuming that a load p is uniformly distributed over the entire slab and a 
load g is uniformly distributed along the lateral edges (Figure 102), we 


obtain: 
Gy = 4 (el + gy, 
c= tpi te, (11.14) | | I 
1601 —v 
Ga = yp! = 


After the constants C,, €,, Cyhave been determined from the equations 
in Table 12, we obtain for the slab deflections: 


wx, y) = Cy + C,c08 3 + + Cycos $F cos SF (11,15) 


The bending moments are therefore by (10,20): 


M,=D ale % C,cos rt (itp 5) Cscos 3 3p 08 Se] 
; 11.16) 


M, = Dat Cz cos-St + ( +p)€scos F op 60s ae 


4. Taking into account additional loads transmitted by I | iy I 
the adjacent sections 5 


Consider now the case when a system of slabs, loaded symmetrically 
and arranged in a row, lies on a soil foundation, We thus consider not a 
separate section, but the dam as a whole (Figure 103,a). If the base of 
each section is an absolutely rigid plate, no shearing forces will act in the 
elastic foundation at the boundaries between the different sections. The 
concentrated reactions Q¢ at the lateral plate edges will therefore vanish, 
as can be seen from (10.9). 


FIGURE 102, 


150 


TTIITILQYIIILIL IL 


If each plate lying on the elastic foundation has a finite but sufficiently 
large rigidity, the shearing forces acting in the elastic foundation at the 
boundaries of the different sections will be small, so that the concentrated 
reactions Qf may be neglected. In this case we shall be able to disregard the 
influence exerted by the adjacent sections, and analyze such plates according 


to the scheme in Figure 103,b, | | I 


By expressing the deflection of each plate in the form (10.3), we obtain, 
as before, the system of algebraic equations (10.15} (Table 11). Since, 
however, QO? and R® are zero, the coefficients of this system are: 


t t 
bo = 4 [Fim + VT aw], 

-S3(1L _ - 
tem abe. fades EEE 
ky = [Lp m + £5 VEU— %) mme], 

tf 
too = EE Mi 
1! ridaavw é nb is 

mye? [tem +e Mt Gers) | 

16 t 
fa =a tem 

apy x4i-w { et 
tu = = [F546 GE tela) | 

f at i{—wd ni b 
oy = 2 [Lome t ge mete Tt j 
id =e] (11,18) 


i =? 
+ GV 6U —%) Fits tha + BES Vata 7} 


nn S[Eim teint ea, 


where mg, Mm, ma and r are given by (11,6) and (11.7). = - = hu 
The free terms are, as before: 


—~i-% w 
Ci + feu. y) a. dx dy. (11.19) 
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If we assume that the lateral plate edges do not bend, due to the presence 
of perfectly rigid piers, the deflections will be given by (11.15). The 
constants C,, Cy C, are determined, as before, by the system of algebraic 
equations in Table 12, the coefficients being given by (11,17) and (11,18). 
By making allowance for the additional loads transmitted from the 
adjacent sections, marked reduction of the positive, and an increase in the 
hegative, bending moments M, may result, the genera) deformation pattern | [ | 
changing considerably. 


$12. GENERAL CASE OF LOADING OF 
A PLATE HAVING FREE EDGES 


1, Method of solution 


Consider the general case of loading of a rectangular ptate lying freely 
on an elastic foundation. Let the external load consist of concentrated 
vertical forces P and of forces p(x, y) distributed over the plate. 

To solve this problem we have to find the deflections w(x, y)from (10.1) 
for given boundary conditions. Whenthe plate edges are neither built-in nor 
loaded, the statical boundary conditions are [by (1.8) and (1.9)): 


$ ot Cad 
at sats M, =—D(S5 +e5n)=0, 


(12.1) EF. E 


Q.= —0[(38 + 0-H FS )= of, 


at y=ty M, = — D( Se +n53) = 0, 
(12.2) 
= — DS + C—w se] = at, 


where Qf, of, determining the strain of the elastic foundation beyond the 
plate edges, are given by (10.8) and (10.9) respectively. : 
The problem will be solved by Bubnov and Galerkin's variational method, 4 | I 
in which the deflection function w(x, y) is represented as a series each term 
of which satisfies the boundary conditions: 


wir, ¥) = SD ConGoen (Ke Hs (12.3) 


where ¢an(x, y) are known functions, and C,,, are constants which have to 
be determined, 

The functions gm, can be selected arbitrarily, provided they are linearly 
independent and satisfy the geometrical boundary conditions of the problem, a, 
Rigorous fulfilment of the statical boundary conditions is not réquired, since 
when setting up the Lagrange equations, the equilibrium conditions are 
approximately satisfied at all points of the plate. 
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We represent the functions gm, as trigonometric functions, together 
with linear terms defining the translationa] displacements of the entire 
plate, We thus satisfy the geometrical boundary conditions, since at the 


Plate edges w+0, = 0 , andalso, for »=0, the first of each statical 


condition (12.1) and (12.2). The remaining statical conditions are fulfilled | | | 
only approximately. 
Proceeding from Lagrange's principle of virtual displacements, we can 
establish a system of algebraic equations for determining the constant 
coefficients C,,, in (12.3); in each equation the work done by all external and 
internal forces acting onthe plate over the virtual displacement $a 18 €quated 
to zero: 


3 z Coal{t [DEV porn BV inn + Raman — P) Fix dx dy + 


+} 1Qeun (8) + Q%(8)1 pin (8) ds} =0 a4) a 
{f= 1, 2, 3...., m; &A=1, 2, 3,..., a), 


where jm (5), 2s(s) are the values of the corresponding functions at the 
contour, 
The double integral in (12.4) defines the work done by the internal! forces 
acting inthe plate (bending and twisting moments), the work done by the 
shearing and compressive stresses in the elastic foundation beneath the 
plate, and the work done by the external load. The contour integral defines IE - I E 
the work done by the shearing forces acting on the plate edges over their 
virtual displacements, The first term represents the work done by 
Kirchhoff's reduced shearing forces (cf, (1.9)), which appear at the plate 
edges because the static-equilibrium conditions (12.1), (12.2) are only 
approximately satisfied. The second term represents the work done by the 
reactions (10.8), (10.9), acting at the plate edges and determining the 
deformation of the elastic foundation beyond them. 
As already stated, the concentrated reactions Ro acting at the plate 
corners (givenby(10.10)) caninpractice be neglected, sothat the work done ; 
by them is not taken into account in (12.4), , 
The integrals in (12.4) are taken over the entire area and the entire 5 
contour of the plate respectively, In the presence of concentrated external 
loads, these integrals are to be understood as Stieltjes integrals. Thus, 
for a finite number of concentrated forces, the integrals should be replaced 
by the sums of the products of each force by the function g at its point of 
action, 
We can rewrite (12.4) in canonical form: 


209,00 Coa “+ Su0.10Cio +++. ByomaCnn = Bop, 
810.00 Coe + Sio.10 Cro +t byomaCmn = Aro, 


Ee me ee et me ge Oe Ae oe, * + . . a1 2 “ 5) 
84.00 Co + 8en.10 Cy, i Sie mnCmn = An, 


toe rr i ee, ae er ee ee ay a 


Smen.00© og + Sma. 10 bee + Sen min Cn = Amn. 
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where 
Baim = ({IDV!V%¢ mn — 260% + Bean] Gin dx dy + 
+ $ (Ome (8) + 99 (5)] 91 (8) ds. (12.6) 
These coefficients are symmetrical (82,mn = Saou) by virtue of Maxwell and I | I 


Betti's reciprocity theorem; the matrix of (12.5) is therefore symmetrical. 
The free terms in (12.5) are: 


dn = (low, 9) pa dx dy (12.7) 


and represent the work done by the external load over each virtual displace - 
ment, 

In the solution of practical problems it is convenient to resolve the 
external load into four symmetrica] and antisymmetrical components, For 
example, Figure 104 represents the resolution of a concentrated force 
applied atxr=a, y=¢, 


4 
a 


FIGURE 104, . 4 I I 


The calculations are considerably reduced when each load component is 
analyzed separately. 


2. Symmetricai load 


When the load is symmetrical with respect to both axes (Figure 104, b), 
(12.3) becomes: 


wix, g)=Coy + Dd Cnacos ae + 3) Con cos “SE + DDCan cos a cos a“ (12.8) 
' 1 1 = 


(m,n =1,3,5,7,.... (2k —I)). 
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By forming the expressions for the work done by all forces acting on the 
plate over each virtual displacement, we obtain the coefficients (12.6). 

When these are inserted into (12.5), we can solve this system for the unknown 
constants Cy. Cree Con, Cun» 

Table 13 presents the matrix of the algebraic equations when nine terms ; 
{m=3, n=3) are taken in (12.8 ), corresponding to nine possible displace - 
ments ofthe plate: tran_iational displacement of the entire plate, four dis- 
Placements characterizing cylindrical bending in the xz andyz planes 
respectively, andfour displacements similar to the deflection of a plate 
simply supported along the contour, 

It can be seen that the matrix ig symmetrical about the principal diagonal. 
It is therefore necessary to obtain 29 dimensionless coefficients. 

The magnitudes a, B, k, fand p entering in these coefficients are 
determined by the formulas: 


2= + , P= + ' = = = 
aR # : 
k= Tod |’ dz, 
7 (12.9) 
E, 2 
= AAD) dl 
_ __&n 
~ Zi ey * 
Here / and 6 = length and widthof plate respectively; 9 = flexural rigidity of : a eee ce 
Plate; & and ¢ = generalized characteristics of elastic foundation; 4 = $ (z) = - E ~-  { : E 


= funotion describing the distribution of displacements over the depth of the 
elastic foundation; 


= 5 __*% 2,10 
and E,= ia Se ora q ) 
The free terms are: 
‘ 
Au = a5 \lpts ¥) Oa dx dy. 12,11) 
When concentrated loads are present, the integrals in (12,11) are to be I I I 


understood as Stieltjes integrals. 
3. Load symmetrical with respect to one, and antisymmetrical 
with respect to the other axis 


If the external load is symmetrical with respect to the x axis and anti- 
symmetrical with respect to the y axis (Figure 104,c), we can write: 


w(x, Y) = Co 2X +33 Cone sin et Con cos MY 
t i 


site (12.12) 
+ LY) Can sin Fcos SE 
1 
(m= 2, 4, 6,...; a=1, 3, 5,...). 
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The first term defines the rotation of the entire plate about the y axis. 
The single series defines the cylindrical bending in thexz plane, and the 
deformation of the longitudinal plate edges respectively. The double series 
defines the displacements corresponding to a plate, simply supported along 
its contour, Inserting (12.12) into (12.6) all the coefficients of the solving 
system (12.5) can be found. Exactly as for symmetrical loading, we : 
restrict ourselves to nine terms in (12.12) (m=2:4;n2=1;3). The system | | I 
of nine algebraic equations thus obtained is presented in Table 14. The 
free terms in these equations represent the work done by the known external 
load over the corresponding virtual displacements and are obtained from 
(12,11). The magnitudes a, p, & and D are given by (12.9). 
In the similar case of a load, symmetrical with respect to the y axis and 
antisymmetrical with respect to the x axis (Figure 104,d), we can write: 


w(x, Y) = Coot + 7D) Cori cos “+ 
q 


= 1d = 
+ 3) Cu sin =H + SY Sena cos 3 sin (12.13) 
z 1 ? 
(m=1, 3, 5,...; n= 2, 4, 6...) 
The matrix of the algebraic equations for this case (m=1; 3; 1 = 2; 4) is 
represented in Table 15, ‘ 
4, Antisymmetrical load < x 
When the load is antisymmetrical with respect to both axes (Figure 104,e), 
we can write: me 


a 
, «RX 
w(x, ¥) = Con +35 Cao sin | + 
z 


2 DCm sin =! + 35) Corn sin &™ sin ZY (12.14) 
2 t 3 


6 é _ 
un, n=2, 4, 6, 8,...). I [ I 


The first term defines the deformation of the entire plate, in which the 
edges remain straight. The single series defines the deformations of the 
plate edges, The double series defines the displacements corresponding to 
a plate, simply supported along its contour. 

The coefficients in (12.5) are again obtained from (12.6), the free terms 
being given by (12.7), The matrix obtained when only the first nine terms 
are taken in (12.14) is given in Table 16. The elastic characteristics are 
determined, as before, by (12.9), and the free terms by (12.11). Tables 
13 through 16 permit approximate analysis of a rectangular plate acted = - = = 
upon by an arbitrary external load. 

It can be seen that in the general case we have to solve four system of 
algebraic equations, each containing nine unknowns and having the same 
structure as the system of canonical equations of the theory of frames. The 
Gauss method is recommended for this. 
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After the deflections of the plate have been determined from (12.8), 
(12.12), (12.13), and (12.14), the bending moments and shearing forces are 
determined from (1,8) and (1.9). The accuracy of the solution obtained 
depends on the type of loading and on the number of terms taken in (12.8), 
(12,12), (12.13), and {12.14}, Since trigonometric series converge rapidly in : 
the case of nearly uniformly distributed loads, only nine terms were taken in [ | | 
each series, This approximation is thus satisfactory in practice if the 
external load is distributed over part of the plate, When greater accuracy 
is required, the obtained solutions can be extended on the basis of (12.5) 
and (12.6). If, on the other hand, a lesser accuracy is sufficient, a smaller 
number of terms can be taken as, for example, in (10,3), 
The functions on, can also be expressed in different ways, provided the 
boundary conditions of the probiem are satisfied. For example, a high 
accuracy can be obtained with a smal) number of terms in (12.3), when the 
functions gma are formed by means of the eigenfunctions of the transverse 
vibrations of a beam (Table 7) p. 111. Various polynomials may also , ae 
be chosen as functions gm *, 


13. GENERAL EQUATIONS FOR THICK PLATES 
ON ELASTIC SINGLE-LAYER FOUNDATIONS 


Consider the three-dimensional deformation of a thick plate on a Single - 
layer foundation (Figure 105). _ E = Yl : E 


VOTE 


FIGURE 105, 


In accordance with the general variational method, the unknown displace- 
ments of plate and foundation are assumed to be: = - = 


42%, gy 2) = ua (x, 9) gy, (2). } 
— UG 2) =O, (x, y) gp, (2), 


(13.1) 
w(x. Y. 2} a(x, odds (2) + we lx, 9} qa (2), f 


* Some problems of the analysis of tectangutar plates on elastic foundations are discussed by Kosab'yan in /45/, 
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where 
ui(x, ¥), 010%, 9), wile, Y). Wale, y) 


are unknown functions of «andy, 
and 


_ Aa 2z 
A-—z 


1 - 1 =1; 
si ca (13,2) 


at z>A hal aa Wbheed 
(2)=0, 9, (2) = 


FIGURE 106. 


It is seen from (13.2) that 9, (z) and 4,(z) define the deformation of a plate 
on an absolutely rigid foundation. It is assumed that the surface of the . 
foundation is perfectly smooth: no friction or adhesion exists between the ‘ i =  f : E 
plate and the foundation. In contrast to thin plates, vertical compression 
is taken into account by introducing the function 4, (2). 
The function 4¢,(z} permits us to make allowance for the elasticity of the 
foundation: it defines the latter as a single-layer mode) subjected to both 
normal stresses o, (characteristic of the Winkler foundation) and shearing 
stresses t, ty. Forz>A, the function ¢,(z) may be defined in any other oN 
way such as a decreasing exponential function or a hyperbolic-sine function " 
(see (11.1)). \ 
The solution given is approximate from the viewpoint of the rigorous ‘ 
mathematical theory of elasticity, The system considered has a finite 
number of degrees of freedom in the z direction; the horizontal displace- 
ments of the elastic foundation are neglected. The solution is, nevertheless, 
considerably more accurate than that obtained by analyzing a plate on an 
elastic Winkler foundation, both as regards the strains in the plate itself, 
as well as those in the elastic foundation. 
To determine the unknown functions (x, 9), 0 (7. ¥). Wil. ¥),we(X, YW), 
consider the generalized equilibrium conditions of an elementary column 
cut fromthe plate and the elastic foundation (Figure 105). The equilibrium 
conditions are obtained by equating to zero the work done by all external 
and internal forces acting on this column over each virtual displacement: = - = aa 


tx, o = plz). lx, we 2) = Gr (2), 
wl w 2=di(zl, wy (x, ¥. 2) = be (2) 


for {13.3} 
4, (x, y= 1, v, (x, y) =l, 
wx y) = 1, w(x, Hy) = 1. 
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In the general case these equilibrium conditions can be expressed 


in the form of (6.6) of Chapter I, Substituting (1 3.1) and (13.3), we obtain: 


for @. =dy=] 


cs) 


Ao, ‘ Ot 

{ x Ft de—\-ty, ¢ide+| ae dz +\ pp, dz = 0, 
a 
td 


\ rae) dz \ a9, de+\ Se 9, as +\gpidz =0, 
\ ee, de —\0,4; dz +45 ty dz i op, dz = 0, 
|S 4. dz — (ot; dz + wr ty de + j qt2dz=0. 


The integrals in equations (13.4) are taken over the entire height of the 


elementary column: 0 « z sh+H. The stresses o,, %, 


(13.4) 


Sr, Trty Tyr, Ty are 


determined by substituting (13.1) in (6.2) of Chapter I, and assuming that 


the elementary column consists of two layers, whose elastic characteristics 


are £ and vy forz<4”, and &, and vy, forz>h, 


We assume that no body forces act on plate and elastic foundation, and 


that a vertical surface load 9{%, y)is applied to the plate, In this case the 


load terms in (13.4) are: 


| pps de =0, ) gps de = 0, 
Jahide = 94:0) = 0, Sadadz = ofa (0) = 9. 


(13.5) 


Substituting (6.2) of Chapter I in (13.4) and taking (13.5) into account, 


we obtain: 
a i—v 1i-— ft+v dy, 
Sr + oun 7 at bu a7 4a + Oy 2 de oy 
1—v ow, i-—v om 
En Ge Oa Ge = 0, 
i+-v Oy, 1i—v Av, Fo, i—v = 
Ou dxdy + OM Ber + Iu Be bu 4 
1—v dw, 1—v de, 
eh a ra “5 ym 


-Vv Ps i-— a 
(SF eva) St + ( z <e— vy) + 
br ir ~ + Stn et sit + 


1— i— 1—vt 
+ Fra Gah ES ray Bt — satay + FE 7=0, 
E E Ou, £ E ou 
sas ¥) 1a ds Ox +[s (f+ x ft? Tae4du lat 
E ow, — Fe, 
+ iar’ art 2a +y 2 Ga — 


£ E E, o }itw, 
— past + lai fog + aT + vl “|S a 


E Eo 0 )dtm £ 
+ Laem iat rr stag |e sg = 0, 
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where 
=a, gh M=A(s, ¥), w= w,(%, YW), w= wslx, ¥} 


E, v, Ey % = modulus of elasticity and Poisson's ratio for the plate and the 
elastic foundation, respectively; ¢= (x, y)= vertical load acting on the plate. 


From (13.2), we obtain for the coefficients in (13.6): ; | ‘ | 
rs =\ea=Z, su =) @)'de =F, 


bu = (teraz mh, Si = f $2 dz = 0 


cu= leh dz = 4, 
(13.7) 


en = (pita dz = — A, et al tits dz = 5, 
ay = Jer dz = 9, 
dis = {ede G, 


Substitution of (13.7) in (13.6) yielda the system of differential equations 

given in Table 17 where the symbols D,, D,, Di, Di represent differential 

operators and indicate that the function written at the top of the column is 

to be differentiated once or twice by x or y respectively. E - i E 
This system of four differential equations in the four unknown functions 

24, Uy. &,@,, describes the problem of the bending of a thick plate on an 

elastic foundation completely, When these functions have been determined, 

the displacements and stresses in the plate and the elastic foundation can be 

obtained from (13.1) of this chapter and (6.2) of Chapter I respectively. 


TABLE 17 


Load term 
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Chapter IV 


AXISYMMETRICAL DEFORMATION OF CIRCULAR PLATES 
ON ELASTIC SINGLE-LAYER FOUNDATIONS 


§1. STATEMENT OF THE PROBLEM. BASIC 
DIFFERENTIAL RELATIONSHIPS 


1 


Consider a circular plate of uniform thickness A resting on an elastic 
foundation possessing two characteristics (Figure 107), Let the external 
load be applied symmetrically relative to the plate center, so that the plate 
is subjected to an axisymmetrical deformation. Polar coordinates ®, 
will be used, the origin of coordinates being placed at the plate center, and 
the distance from the center to a given point denoted by p. The differential 
equation of bending of a plate resting on an élastic single «layer foundation 
{cf. (1.5) of Chapter III) is in polar coordinates: 


VeVeW — 2°VIW + 6 mm 2. (1,1) 


where 


# 
r= Ti+vwyD { i | 


Ai {1.2} 
. Eo * 
as aap) Yds | 


and D= 


= flexural rigidity of plate, 


FIGURE 107, 
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By virtue of the axial symmetry, the plate deflections W — W (s) are 
independent of the polar angle 9, and the Laplacian of W becomes: 


ayy — Pte) | 1 ah ip) 
VRE ae ae (1.3) 
The problem stated is thus completely described by (1.1) and the | [ | 
corresponding boundary conditions, Equation (1.1) differs from the equation 


of bending of a circular plate on an elastic Winkler foundation by the term: 
2 


through which allowance is made for the work done by the shearing stresses 
acting in the single-layer foundation. 


2 


In the case of axisymmetrical bending, radial bending moments M, and 
shearing forces Q, appear in the cylindrical plate sections p=const (Figure 
108}, In the radial sections @=const only bending moments M, act, The 
radial and peripheral moments and shearing forces are: 


Mon —0 + EZ) —— afew — See, 
My = —D(» Ge + +9) =— D[eviw 4 #8), (1.4) EEE 
on oH TES) otew. | | 


Shearing forces Q, acting on areas having positive outer normals are 
considered as positive if their direction coincides with the positive direction 
of the z axis. Bending moments M, and M, causing tension in the lower part 
of the plate are considered as positive, 


FIGURE 108, FIGURE 109, 


3 a | = 
We now introduce the generalized shearing force (per unit length) which 
for p<R defines the shearing stresses in the plate and elastic foundation, 
acting in the cylindrical sections p= const, (ef. (1.10) of Chapter ID): 


Np= —D(% Vew — ort 2), (1.5) 
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where ? - a 
= ¢ 
O25 = area \ YOu. 
s 


The sign of the forces N, is determined as for the forces Q,. 

The generalized shearing force acting in the foundation beyond the plate 
edge (p> R) will be denoted by S, in order to distinguish it from 4,. Its 
value is by (1.5) (cf. (3.10) of Chapter 1): 


av? 
s =u, (1.6) ~*~ 


Consider thus a plate with a free edge on which no forces act (Figure 109). 
The boundary conditions for p= are: \ 


M,(R)=9, Wy(R) = Wy{R),  N_(R) = So (R). (1.7) 


where W,and W, are the vertical displacements of plate and surface of elastic 
foundation for p< R and p>R respectively. 

The last two conditions (1.7) describe the continuity of the deformed 
surface of the elastic foundation; through them allowance is made for strains 
of the elastic foundation beyond the plate edge. 

Substitution of (1,5) and (1.6) in the iast condition (1.7) yields: 


av, 


aP sn 2 OY 
de 


d oe 
— DE VeWs + 2s = 


In virtue of (1.4), this boundary condition can be written: EK . mt mt 
=— p+ yy, =o) (4%s_ a ° 
Q{R) = —DF-VW, = (FS), (1.8) 
A fictitious contour force Q* = Q,(X) thus appears at a free plate edge 
on which no forces act, due to the coherence of the single-layer foundation 
and to its capacity for taking up shearing stresses, 
We can rewrite (1,8) in the following form*: 


Q* = Ss,— So, (1.9) 
where S,, and S,, are the generalized shearing forces in the elastic foundation, 
obtained for sectionse R—e and p=AR+ejrespectively, when e—0. 1 


§2. GENERAL INTEGRAL OF THE DIFFERENTIAL 
EQUATION FOR A CIRCULAR PLATE ON 
A SINGLE-LAYER FOUNDATION 


1 


We replace p by the dimensionless coordinate =, where: 


i= y 2. (2.1) 


© The fictitious forces Q® were similarly defined in the analysis of beams (see section 5, Chapter [1}. 
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ft 
and g= =| * (2)dz defines the compressive strain of the soil, D = 
—% 0 


= flexural rigidity of plate. 
We can now write (1,1) in the form: 


292 to} ply 
WW — 2 + W = (2.2) 


where 
7s Hs 
6= > = at | Ye, (2.3) 
o 
and 
Vee Hy i2, (2.4) 
ae TE ae <a 
2 


When no aurface load acts, (2.2) reduces to the homogeneous equation: 


Vivew — 2iviw + 7 =0. (2.5) 
This can be reduced to an equivalent system of two second-order differentia] E i : E 
equations. Let W = W() be a particular solution of (2.5) satisfying at the ° 


Same time the differential equation 
Vw +2 = 0, (2.6) 


where 2 is a constant to be determined, 
It follows from (2.6) that 


ViW os —V 
, 2.7 
Viviey =v. \ oe 4 | | 
Substitution of these expressions in (2.5) yields the following equation 
fori: 
M4941 = 0. (2.8) 
Its roots are 
== r) + Vi —t , 2 
w= —A—V Ey). ( .9) 
ll = 
For actual soils 
Veh <i. (2,10) 
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The case = 0 is limiting; it characterizes the absence of shearing 


forces in the elastic foundation (¢ =). 
The roots of (2.8) are therefore conjugate complex numbers: 


Am a=—a,+ bi, | 


Q=% H=VI— (DP 


The complex numbers (2.11) may have the following values (Figure 110): 


r>amga>s, (2.12) a 
—n< arga<— 


where 


In accordance with Viéte's theorem, their modulus is equal to the free term 
in (2.8), i.e., to unity: 


jaj=t faJ=1. {2.13} 


4 
FIGURE 116. 


Proceeding from (2,6), we find that the following two independent second- 
order differential equations correspond to the conjugate complex roots (2.11): 
ov, , iav. 
ap tea terre) a tas 
oF, id = : 
B+ eR TAWA 0. f 
3 
The general integral of (2.2) can now be written in the form: = = 
V=,4+¥,+W,, (2.15) 


where W, and W, satisfy the first and the second equations (2.14) respectively 
and W, is a particular integral of the nonhomogeneous equation (2.2). 
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aaa 
\ 


By introducing the new variables: 
u = Vat, v= Ve, {2.16} 


we can transform (2,14) into zero-order Besse] equations: 


id 4 1 a. 
at ta ae + Mia 0, ae [ | | 
Sr++ uno 
The solution of (2.17) can be represented in the following form® : 
W(t) = Bio (Vat) + Bate! (Vas), 
V at (2) Vat (2,18) 
Ws (0) = Bove (V af) + Balfe’ (V at), 
where ee ae 


J,(Vat) and Jo Vab 
are zero-order Bessel functions of the first kind in at and Vat; and: 


HP (Vay andy (Vaz) 


are zero-order Hankel functions of the first and second kind respectively, 
also in Vat and Vat. 


Using (2.18), we can write (2.15) in the following final form: E E 7 E 
W=Bl(V at)+ BHt! (Vat) + (2.19) 
+ Bs (VS)+ 8,40 Vop+W,. 
For the solution of practical problems it is convenient to write: 
Va =e =cosg + ising, 
Va =c-* =cosg—ising, (2.20) 


where 
?=+arga 


and the modulus ofthe complexnumbers Va and Vg is equal to unity in 
accordance with (2.13). 
It can be seen from (2,12) and (2.20) that the functions: 


NR] 


J,Vat), HP Vap, A Vay, waa 


are determined in the regions: 
PreP ze. —F<e<~—t. (2.21) 


In the particular case ¢=0, (r= 0), these functions are determined 


along a line forming an angle 9 = = with the axis of real magnitudes. 


* For a thorough treatment of the theory of Besse) functions, see /4/. 
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Since the functions 
Jo Vai), HE (Ved, Vay, #2 Vag 


are complex while the plate-deflection function ¥ must be real, the 
constants C;, C,. C,, C, must be complex. In order to express the solution 
through real functions, we write (2.19) in a different form: 


W = Cyuty (F} + Cod (b) + Cala (&) + Capo (8) + Wo, (2,22) 


where, as before, W, is a particular integral of the nonhomogeneous 
equation (2,2), and 


Ho (@) = Res, (Wa8) wo V8) + Lo Voy 


05 (@) = Im J, (Vag) = 2 Vat) 
(2.23) 


wo 42) (WG 
fo(@) = Re HS? (Wak) = AO a 


Aa 2) 
go) = Im #2 (Vat) = ye — AP : 


It is seen from (2.23) that u,@) and f,(t) represent the real, o,(¢) and 
gv Gj, the imaginary parts of the zero-order Bessel and Hankel functions. 
Since these functions are real, the constants C,, Cy, Cs, C, will also be 
real, The behavior of functions u,{%} and  () resembles that of the functions 
e+cos€, esin€ appearing in the theory of beams on elastic Winkler 
foundations: they remain finite when <0, and tend to infinity when [—w. 

At ¢--0, the function f,(¢} has a singularity of the type Int; the function 
& (} becomes infinite when+0. Both functions tend to zero whent+o, 
resembling the functions e—cas&, e-*sin€ . 


5 


The following expressions are obtained for the slopes, bending moments, 
and shearing forces in the plate by substituting (2.22) into (1.4) and using the 
known rules of differentiation of cylindrical functions: 

S160) + CO +6.0+6%0— Fe], 
Me= 7 DI, [Mi @)— (t—w) MO) + Cole) — 
o 


— (t—) My) + CofMe@®) — (1 — p) My (81 + 
+ CIM @—(—p) MO) [VI +* | woh, 


= Fy {Cale (+ 2) Mi OY + Ca le + 
¢ 


+ (i—#) M@1+ ColuM, © + (1 —#) Ms (0) + 
+CileM. + (1— HM. OI — [ne + ES] we} 


Qo — FCW + 1a +600 + C1Qe ‘ +5¥W 5], 


(2.24) 
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where 


8 (F) = a, () cos — 9, (f) sing, 

8, @) =n, sing +o, (§) cos, (2.25) 
9, (8) = f, (6) cos p— gy (6) sin g : 

9, ©) = fr®)sing + gi cos 9; 


M, (8) = Uy (&) cos 2p — 0, (E) sin 2p, 

My () = a, (&) sin 2p + 0, (€) cos 20, (2.26) 
Ms (t) = f, (&) cos 29 — gq (&) sin 2p, : 

Ma (6) = fy &) sin 2p + gy (E} cos 29; 


M® = < [4 &) cose — v, () sing], 
M,() = zl (sing + v, @) cos of, 
My = | lh @cosg— gx @sin ¢), 
Ma ® = + tf, (sing + 21 (@) 0054); 


(2,27) See 


Qs (#) = 1; (8) cos 3p — v, (€) sin 3p, 
Qr (€) = uy (§) sin 3p + 4, (E) cos 3p, 
Qs (t) = fr ) cos 3p — g, (¢) sin 3g, ee) : 
Qu © = fi (@)sin 3 + 24 @) cos 39, 


and 


— = z arg a; (2.29) 


the complex number a is given by (2.11), 
The functions u, (t), u,(), and f,(&, g1(@) represent the real and the 


imaginary parts of the first-order Bessel and Hankel functions respectively, 
and are determined from the functions 


AV 2), 1, Van, HV a), He V8) J Nf I 


in a manner similar to (2.23). 


6 


Expressions (2.22) and (2.24) are the general solution to the problem of 
the axisymmetrical deformation of a circular plate on a single-layer 
foundation, The integration constants Cy. Cy, Cy. Cy must be determined 
from the boundary conditions, Establishing the latter presents no difficulty 


in the usual cases of plate support (simple support or built-in edge), Thus, ft - >: = 
for a simple support along the edge, 


“= (Bo) 


(2.30) 
(Bm, 


x 


he 


=~) 
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for a built-in edge 


w= (2) =0, 


phd = (2.31) 
(3 es pf af 
If the plate is freely supported on the elastic foundation, the coherence I i J 


of the soil and the possibility of strains appearing in it beyond the region 
of load application necessitate a consideration of an infinite region lying 
beyond the plate edge. As was shown in section 1 of this chapter, this is 
expressed through a fictitious shearing force Q* acting along the plate edge, 
which has to be taken into account in the boundary conditions. 


§ 3. ABSOLUTELY RIGID PLATE : = 


Consider a circular plate under the action of an axisymmetrical load 
whose resultant is P,. Let the plate be so rigid that its deformations can 
be neglected; it canthenbe considered as acircular punch whose displacement 
is W,=C, (Figure 111}. 


FIGURE 111. 


The states of strain and stress of the elastic foundation beyond the plate 
edges (R<p< oo) are determined in the general case by (7.8) of Chapter 1, 
When no surface loads act within the region considered, this equation 


reduces to the homogeneous equation: I I I 
av, + 1%: _ oy, = 0, (3.1) 


dp? > dp 


where ¢= Vi. and W,=W,(p) is a function characterizing the vertical 
displacements of the foundation beyond the plate edges. 
The solution of (3.1) (ef. section 7 of Chapter J) is: 
W, = C,1, (a) + CrKq (ap). (3.2) 


The problem is thus reduced to determining the integration constants Cc, —s 
and C,, as well as the vertical displacement of the piate C,, from the 
boundary and equilibrium conditions of the plate. 

Since the deformed surface of the elastic foundation is assumed to be 
continuous, while the vertical displacements of the foundation are equal 
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to zero at infinity, the boundary conditions are: 


at p=R: W,=C,; 
| “i 


at poo: Wy 0. 
Taking into account the behavier of the function /,(ap) at infinity, the | | ; 
second condition yields: 


C,=0, (3.4) 


The first condition gives then: 


Cieat iecten (3.5) 


To determine C,, the equilibrium condition of the system (plate +elastic 
foundation) will now be formulated by equating to zero the total work done . aS hlUwe 
by all external and internal forces acting on the system over the virtual 
displacement: 
w (0, 2= 1-4 (2), 
We obtain: 


nm Hexa@ 
-[}{ {ag (2edpdt ds + | { | eu (@) pdp dts} + eS 
+ Py} (0) = 0, B-E OE 


where o,, and ¢,, are the normal stresses appearing in the elastic foundation 
beneath the plate and beyond its edges respectively. According to (6.4) of 
Chapter I, these stresses are: 


= Ey + 
fod ra 4 Cop (2), ~ 
~ —=2_ wi) Pe (3.7) ‘ 
w= rl —4 alp) $' (2). * ; 
Substitution of these expressions in (3.6) yields, after integrating between 4 | | 


the limits shown: 


K, (aR) 
tC [xR* + aR ay | = Py 


or finally: 

Py 
on is [ts 2opeeer| | (3.8) 
ROR TT CORK (aR) 


where, as before: 


af 
ha oe tds. (3.9) 
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The reactions of the elastic foundation can be obtained from (7.8) of 

Chapter I by putting W,=C,: 
as AG a Pe . 
e 4 wrt + 2p (3.10) 

In addition to the distributed reactions (3.10), fictitious reactions Q, 
whose dimensions are kg/cm or t/m, act along the contour of the circular 
piate (Figure 112), These are due to the strains of the elastic foundation 
beyond the plate edges and correspond to the infinitely large pressures 
beneath the edges of the circular punch, found by the exact methods of the 
theory of elasticity. 

The fictitious reactions Q* can be determined from (1.8), putting WC: 


gran (FH) (3.11) 


Substitution of (3.2), (3.4), (3.5), and (3.8) leads to the following final 
expression for Q?: 


> Pp Ki far) 
= fs 2 C7) a@RK, (aR) ° (3.12) 
"RIL +2 ORKa nary | 


The reactions of the elastic foundation, obtained from (3.10) ana (3.12), 
satisfy the static-equilibrium condition of the plate 3iZ=<0. It is easily seen 
that: 


mRg + 2nRQ? = P,. (3.13) 


This solution is true for any function $(z), with the same accuracy as 


that with which: 
r 
a-V} (3.14) 


has been obtained. In many practical probiems it is convenient to select 
¢(z) in the linear form (2.7) of Chapter I, or in the form: 


pilt—a 
= (3.15) 4 | I 


where # = thickness of compressible soil layer, R= plate radius, and + 
= dimensionless coefficient depending on the elastic properties of the 
foundation, When ¢(2) is given by (3.15), the integral characteristics of 
the elastic foundation are [cf. (7,11) of Chapter 1}: 


= Eo De 
d—vypa rt = = -— 


Rapa (3.16) 
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where (cf, Chapter I, (7.12)]: 


‘R 
t 
an f H 
é 158 Re sh > ent — 3 : | | | 
1" 254 |— _ {3,17) 
R 


FIGURE 112, FIGURE 113. IE I - EZ 


Curves of q as a function of the reduced thickness t are easily plotted, 


using (3.10), (3.16), and (3.17), as in Figure 113 for v, = 0.4 and 7 = 1.0, 

+ = 1.5. In this diagram the ordinate defines the ratio (in %} between gq and 

the corresponding values of the reactive pressure as given by Winkler. It 

is seen that for a single-layer foundation acting like the base of a press, 

g is less than the value according to Winkler, This is due to the fictitious 

forces Q* acting along the contour, which characterize the state of strain of 

the single-layer foundation beyond the plate edges; they are equivalent to : 

the infinite stresses obtained in the exact solution of the theory of elasticity: ] I | 


These curves also show that g becomes practically constant for 
t> 2.5, so that, for e >2.5, the foundation can be considered as a semi- 
infinite elastic space (H = oo). For r< 1.0, on the other hand, the single - 


layer foundation approximates Winkler's model in its behavior, the 
distributed reactions q increase while the concentrated reactions Q? 
decrease. 
After the reactions of the elastic foundation have been found, the bending 
moments and shearing forces acting on the rigid plate can be determined _ =_ > = 
by the ordinary methods applied to symmetrically loaded circular plates. 
In this case the external load consists of the given actual load and the 
reactions of the elastic foundation, 
The following expressions are thus obtained for the radial bending 
moments at the plate center, induced by the distributed reactions g and 
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the concentrated reaction Q?: 
M, (0) = gR*M, (0), Mg (0) = PRM (0), (3.18) 


where, using the same notations as in (3.10) and (3.12): 


Ki {aR) I I I 
7] 0) = (3+ “) SRK (aR) 
c= Ki (@R)_}" 

[1 +2 SRK aR) | 


(3.19) 
Mg (0) = — —3+h __ | 


Ky (aR) 


Curves of M,(0) and Mg(0) as functions of ae obtained from these formulas, 


have been plotted in Figure 114 for the function $(z) given by (3.15). The 


elastic characteristics of the foundation are defined by (3.16) and (3,17). = 
The following numerical values were used: % 70,4, pol, 7 =1.0 and 
1= 1.5. 


It is seen that the radia} bending moments at the plate center increase 
with the depth of the elastic layer, tending toward a finite value; for y =1.§ 


and 4 > 2,0 the solution presented is practically identical with the solution 


given by the theory of the semi-infinite elastic space; for +=1.0 the 
difference is about 20 to 25%, 


if Z 
FIGURE 114. 


§ 4. ANNULAR PUNCH 


Consider an annular punch subjected to an axisymmetrical load P, 
distributed along the circumference of the circle PzR (Figure 115), whose 
resultant is: 

Py = 2nRP, 


The inner and outer radii of the annulus wil) be denoted by R, and R, 
respectively. The following notations will be used for the vertical displace- 
ments of the elastic-foundation surface: W, () = vertical displacement 
inside annulus, W, =C, = vertical displacement beneath annulus , W, ()} = ver- 
ticai displacement outside annulus. 
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The homogeneous differential equation (3.2} holds true for 0<p<R, and 
R.<p<oo; the vertical displacements in these regions are thus: 


Wi (e) = Culp (ap) + CaKo (ap), (4.1) 
Ws (oe) = Cafe (ap) + Cake (ap). ° 


The boundary conditions are: . | | | 


=0: Fo, 
at p=0: a 0; 
atp=R,: Wi. =Cy: 
{4,2} 
atp = Rs: Wo Cy; 
at p—> 90: Ww, = 0. _ = 2 
The constants C,, C,, C,, C, are, by {4.1) and (4.2): 
O= rem ¢. 
r = n 
Cy = an , Ce Ky (aR3)° (4,3) 


The vertical displacements of the surface of the elastic foundation are, 


therefore: rf =  f i 


Vp) = Aco Ty {ap), 
Ws () = Co, {4 4) 
Ws 0) zeta Kolo). 


We determine C, by the equilibrium conditions of the system considered, 


applying Lagrange's principle of virtual displacements. We obtain by : 
analogy with (3.6): I | I 
Berk, 
{i 


mR, 
02,9” (2) p dp db dz + { j 45,9" (2) p dp d8 dz + 
‘ 


ou 


m 
mt ey (4.5) 
j f ong” eedpavar | + Pos (0) = 0. 


+ 


The expression in brackets appears with the minus sign since it re- 
presents the work done by the internal forces; 

Substituting the values of the normal stresses, given by expressions ae ee | 
similar to (3.7), and integrating, we obtain: 


P 
9 = ti or: 
1{@Ri) Xi (aRs) 
a[=Rh— Rb + 268i Tee aR; + RR RET) M8) 
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FIGURE 115. FIGURE 116. i | | 


Using (4.4) and (4.6), the reactions of the elastic foundation are, by 
(7.8) of Chapter I and (1.9) of this chapter: 


Po 


= 


; Ri _hyeaRy) Ri Kars) 
* (Ra RD) : +2 to = REGRT, (aR + RE RE aRK ERD 


$1 {@Ry) 
PUR) gil (RD 
a= RE R? ‘ ‘ ; . 
Re—RYH | 442 1 41(@R1) z Ki (e@Rs} . re = 
SOR SPY |e RE RI aR taRi) * RR ORK, (aks) 
Ki (aks) 
¢ PoRs SRK (aRs) 
si Ri Atak) Rt Ki (aRy)_ \ 
1 LI 
=(#3—R)| 142 ( Ri Rp? @Rilo(aRyi + RE REAR Ko (ARs) )] 


Here, Qf and Q@? are fictitious forces acting along the inner and outer punch 
contours respectively (Figure 116). ; E I ; E 


5. INFINITE PLATE UNDER THE ACTION OF 
A CONCENTRATED FORCE 


Consider an infinite plate loaded by a concentrated force Pp (Figure 117). 
The origin of coordinates is located at the point of application of the force, 
The problem is then one of axisymmetrical loading, and can be described 


by the homogeneous differential equation: : 
DytgeW — 2utysw + kW = 0, (5.1) I I I 
As was shown in section 2, the solution of (5.1} can be represented in 
the form: 
W = Cutty @) + Cato (] + Cofo (E) + Cag (8), [of. (2.22}] (5:2) \ 
where ; ~~ 
c=f,andi,= V2. ys a 


The solution thus reduces to determining the integration constants C,.C;, 
Cy, Cy * ; 
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All forces and displacements must tend to zero when E+oo. Since the 
functions a, (¢) and v,¢) tend to infinity when E400, then 


C=C, = 0. (5.3) 


FIGURE 117. FIGURE 118. 


The plate deflection must remain finite at the origin (= 0). Since the 
function },(@ remains finite when ¢-+0, while g,(f) tends to infinity, the 
coefficient of g.() must be zero: C,=0. 

It therefore follows that: 


W = C,f, &). {5.4} 


To determine the constant C,, consider the equilibrium condition of an i a K 
infinitesimal cylinder (p— 0) cut out of the plate and the elastic foundation 
at the origin of coordinates {Figure 118), Applying the variational principle, 
we obtain: 


fad 
(N,pdd+P=09, (5.5) 
° 


where N, = generalized shearing force, given by (1.5), 
The generalized equilibrium condition (5,5) could also have been written : 
in the form: , 
| Q.ed0 + P = 0, (5.6) 


since, for reasons of symmetry, we have: 
at p= 0 F=0. (5.7) 
The last equation (2.24) yields for the shearing force: 
Q = = FOO, (5.8) -_ = 
Substituting (5.8) in (5.6) and integrating, we obtain: 


pL ; 
O™ ante 3.8) 
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From (5.4) and (2.24), we finally obtain the displacements, moments, * 
and forces for an infinite plate: 
PL 
we any fo 
a °, > 
~ wine ®, | | I 
m= = Ting Mo — (1-1) M@). (5.10) 


Me = Tamas (wMs (t) + (t 4) Me Ol, 


= ae a, 


The functions 0, M;, M;, Q; are given by (2.25) through (2.28), or, in 
expanded form, by the following series: 


= (1—%) GM (Ecos 2im + De — 
~2 (nd +e) re ii of 
x ($)"* sin2@nt Dell +34 ae 
ms) =(1—2) SSPE singin + Ne- ._E-E-E 
—2(in§$-+ 0) BSH (S)sin2em + De 


2 5 a" (E)"singim+ eft +44 


Cmaty® 
mM = | 


4 i 
+ +.re), 
z - (5.11) 


M,) = (1-2 =) > amare (h) c282(m-+ Dk Sas 


—2 (n+) 2 miwein()” sin2(m + e+ I I I 


gales (—4)™ 
+s > meri * 
2m 1 
x (F)"sin2imt Ne (l+t+... 44), 


Qa =(1— 2) p2 aie (t pt cos 2m + 2)¢— 


iy” +1, 
—F (ng +0) Ds mine (S) | sin2(m + 2) 9— 
A : t —1)" 
— sit 2p — sin dg + Ly aia TH 


x Fy" * "sin 2¢m + 26 (1 +h4...4¢4). 
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Taking a finite number of terms in (5.11), it is possible to determine, 
with sufficient accuracy, the displacements, moments, and forces in the 
most highly loaded sections (for p ~+ 0), 

At 9 = 45°, i.e., if mo shearing forces act in the elastic foundation, the 
solution obtained coincides with Hertz's solution for an infinite plate on an 


élastic Winkler foundation. I | I 


$6. ELASTIC PLATE OF FINITE DIMENSIONS 


The general solution for a circular plate on an elastic foundation was 
given in section 2 of this chapter. We shall now give some examples which 
clarify the general theory. 

For practical calculations, tables of Bessel functions of the first kind, 
of a complex argument, and tables of the functions: 


= = = 
9, (8), (8), Mi), Me). M®. W), 
which define the states of strain and stress of the plate, are given in 
Table 12 of the appendix. The tables have been compiled for 45°<9¢ < 65", 
and give the various functions for: 
f= ~ = 0; 0,05; 0,10; 0,15; ...; 1,0. 
When the dimensions and physical properties of the plates are such that E IE ; I 


the argument ¢ of the corresponding functions is not contained in the tables, 
reference has to be made to /4/ and /86/. After the Bessel functions have 
been determined, the functions: 


0, (@), 85(8),.... Mr), 


are obtained from (2.25) through (2.28), 
In addition, series defining all the required magnitudes are given in the 
examples below in order to permit calculations for: 


e : 
oe ; I I 
without having recourse to tables. 


1. Circular plate under the action of a uniformly distributed load. 


Consider a circular plate of radius R, subjected to a uniformly distributed 
load p, lying on an elastic single-layer foundation (Figure 119), 


Cd 


g— 
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The differential equation of bending is: 
soe 2.2 ply (6,1) 
VEG W, — 2g, + Wi = =, , 


where & — h , and 
a 


au? 
a=p b= Ys. (6.2) 


The following homogeneous differential equation holds true beyond the 
Plate edges: 


viWs— ag, = 0, (6.3) 
where 
£3 
of = oti = —? (6.4) 
and 
rd iad 
Vi=mt+ TH: (6.5) 


The general solution of {6.1) and (6.3) is: 


Wy = Cyn &} + Cada (E) + Coho (6) + Cage () + + F (6.6) 
We = Colo (ok) -t+ CaKo (ack), (6.7) 


where £ = particular integral of the nonhomogeneous differential equation 


{6.1}; Zo (aot), Ko{aot) = modified zero-order Besse) functions of the first and 
second kind, of the argument ag; C,,...,C, * integration constants. 

To determine these six integration constants, the following six independent 
boundary conditions are used: 


dv, : 
at p=0 (€=0): a! =0, Quad = 0; (6.8) 
at ¢=R (t= f): M, =0, 
6.9 
Qo = (SE), wy (R) = WAR); pe 
at poo {E-- 0c}: Walp) =0. (6.10) 


Conditions (6,8) state that the slope and the shearing force vanish at the 
plate center; condition (6.10), states that the vertical displacements of the 
elastic foundation vanish at infinity, Expressions (6.9) are the boundary 
conditions at the free plate edge p=R; the second condition (6,9) accounts 
for the effect of the free foundation beyond the plate edges on the stresses 
in the plate (cf. (1.8)). 
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Recalling the considerations which led to (3.4), (5.4), Jand {5.9)}, we 
obtain: 


C3 =C,=C, = 0, {6,11} 


The plate deflections W, and the vertical displacements W, of the free 


foundation surface are then: | | | 


Wy = Cio) + Cay + 2. (6.12) 
Ws = CoKa (oof). (6.13) 


From the third condition (6.9) we obtain: 


Cito (En) + Cavs (Ep) + 4 


tas Ka (ast g) , (6.14) x~ = 
where = g ‘ 
a 


The remaining two constants C, and C, can be determined fromthe first 
two conditions (6.9), rewritten with the aid of (1.4) in the following form: 


(6.15} 


Substituting (6.12) and (6.13) in (6.15) and using the rules of differentiation 
of cylindrical functions, we obtain: 


mC, + mC, = 0, 
nC + tar = Gy. } (6.16) 
where: 
am = My Ee) — (1 —u) Mie), 
my = Mz (Ee) — (1 —u) Ma (Ee), : ; 
&% 5 Ky (achp) 
he aE ee ae (6.17) I I I 
y= Qa btn) + C2) — 0 (eq Ai (orkad . 
3 9 SR. aa OWR ase (ap) * 
6 -2 K,; (@oip) 
po ® aKa (ae x)” 
The solution of system (6.16) is: 
(mo 
i alte : (6.18) _ -_-: = Lad 
on -_ 


=. —_—_ 
Ajit, — Mtg, 
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The displacements, moments, and forces in the circular plate are then: 


v= Cie O@+ Cnet 4, 
Fm — +. (C38, (8) + C9), 


M, = HCL®) +E.) (6.19) | [ | 
= 5 C.2,6) +C.£:@1, 
o 


Qe = — F1CiQi @) + CO. 
Q 


where 


> (= 1)" 7 & yom 
wo = Sy “pape (F)” cos 2p, 
mm d 
ga (=H E\IN 
w= 2 ai (3) sin 2mp, ee | -_ 
mom Oo 


1)" feyim+ 
a@- > way (e) 


tt ma 


" cos 2 (mn ++ Yq 


(— 1)" E\em+1 
%@ = 5 arm ) sin2(m + l)¢, 
a | 
M,() = > cared " cos 2 (m + I}, 
mo 
we CH Eye 
My (BR) = it sin2(m+ lg, : 
’ 2, (my (3) ( de eons I I E 


~- ee Cok) A 
Mem zd mime Tn 8) cos 2(m + 1)9, 


(-1)"_ fey, 
MQ = b Prats ) sin 2 (m+ 1) 9, 


et yr"? 


Qu) = 3 ices cos 2(m + 2) 9, 


Qs (0) = 3 mari ste Por (¢ 3y"* "sin 2 (m+ 29, . 
£,6) =M,0—( —e) mM @. I | I 
£2(3) = Mi @)—(i — 4) Ma), 


LO = eM @O+ (i —w Mh &, 
L2G) = 0M, (E) + (1 — yp) Me ®). 


2, Circular plate under the action of a uniformly 
distributed edge load 


If a circular plate is subjected to the action of an edge load P,(Figure 120), 
expression (6,1) reduces to a homogeneous differential equation. The 
general solution of the problem considered is therefore: 


Wy = Cyto () + Cav (8) + Caf (8) + Camo (8), 
1 = Cn (8) + Cavo ) + Cafe (8) + Cag (8) (6.21) 


We = Cole {agi} + Cok g (arab) 
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The boundary conditions are given, as in the first example, by (6.9) 
through (6.10), only the second condition (6.9) being replaced by: 


p=R Q,=28 7 e pe. (6.22) 


FIGURE 220. 


By analogy with (6.11) and (6.14), we obtain: 


C,=C,=C,=0, C= ae ee : (6.23) : nn lu! = 


The plate deflections W, and the vertical displacements W, of the free 
foundation surface (p>) are then: 


W, = Citta (3) + Cary (6), Wy = CoKo (ot08). (6.24) 


From (6.22) and the first condition (6,9), we obtain: 


yiw,—tpe mn i ~ Z 5 


Shenoy! a Pata (6.25) 
a VWs + (Ge — Ge) + "= 0. 


Substitution of (6.24) in (6.25) leads to a system of two algebraic 
equations in the constants C, and C,: 


mC, + mC,=0, mC,+n,C,.=Gp,, {6.26) 
where 1%, si, %,, M2 are determined from (6.17), while I | I 
: Pty 
Ge, = —-F. (6.27) 


The integration constants ¢, and C, are thus again given by (6.18), with 
G, replaced by Gp,. The plate deflections are determined from the first 
equation (6.24}, while the slopes, bending moments, and shearing forces 
are given by (6.19). 


3, Circular plate under the action of moments 
distributed along the edge 


Consider the plate shown in Figure 121. It can be seen that all the 
results obtained before also apply in this case. In fact, the general solution 
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for 0<f<t, and i << oo can be written in the form (6.21), whence, as 


above: 
Cc; _ Cy =C€,=0, 
C= Cytta top) + Cada (Zp) {6.28} 
bi Ko (dat gh I | | 
The integrations constants C, and C, are determined from the boundary 
conditions: 
a = = _ 5, (4%, a 
p=RG=h) M=M, Q=2 ee): {6.29) 
From (1.4) and {6.21}, taking {6.28} into account, we obtain: 
mC, + MttyCy Be Gy. nC, + nt. = (, (6,30) 
™ a = 
Pac. 121. 
The coefficients in (6.3) are obtained, as before, from (6.17), while: ° IE 7 I K 
M,Lt 
Gu =—~5-. {6,31) 
Thus, the constants C, and ¢C, are: 
Ges, Gat ee (6.32) 


Fry gy — RyMy 


Myfg— Ay * 
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Chapter V 


AXISYMMETRICAL DEFORMATION OF A SHALLOW SPHERICAL 
SHELL ON A SINGLE-LAYER ELASTIC FOUNDATION 


§ 1. BASIC DIFFERENTIAL EQUATIONS OF THE 
THEORY OF SHALLOW SPHERICAL SHELLS 


1 


A shaliow shell is a thin-walled three-dimensional structure whose 
height is small in comparison with its dimensions in Plan, A shell is called 
shallow if the ratio of its height to its smallest dimension in plan /,,,is less 
than ¥,. 

Since for 7 < > the shell curvatures are very small, we can apply 


min 


Euclidian plane geometry to the middie surface of a shallow shell. This . 

assumption is equivalent to replacing the first fundamental form {also known : E - I i 
as ground form] of the shallow-shell surface by the corresponding funda- 

mental form for a plane. This also means that the Gauss curvature: 


K=th=ze. 


is very small for shallow shells and can be approximated to zera, 

An additional assumption, made when considering the general equations 
of equilibrium of a shallow shell, is that only the principal moment terms, 
which donot contain as factors surface curvatures and curvature derivatives, , 
need be taken into account, All other moment terms are neglected as being } 
very small and having an insignificant effect on the interna] forces and 
bending moments of the shel). 


2 


Consider a shallow shell having the form of a spherical surface of radius 
R (Figure 122), Let p and @ be the polar coordinates measured in the plane 
of the shell base. It will be assumed that the projection of the shel] apex 
on this plane coincides with the origin of the e, 4 coordinate system. On a | = 
the strength of the geometrical hypotheses underlying the general theory of 
shallow shells, all points of the middle surface of the shel) will be defined 
by the coordinates p and 4. 


* The general theory of shallow shells was first expounded by V, 2, Vlasov, For a detailed treatment of this 
theory, see /8/. 
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Let the shell considered be subjected only to the action of a normal load 
Z, positive when directed along the outer normal (Figure 122). In this case 
all statical and geometrical equations characterizing the states of stress 
and strain of the shallow spherical shell can be reduced to the following 
system of two differential equations: 


R 
= VO — Vw = 0, 
fe (1.1) I I I 


TV'O+ DVVW— Z=0, 


where w=w(p, 9) = radial displacement of shell (positive if directed 


along the outer normal), and ®=@(, 6) = stress function determining 
membrane forces acting in shell: 


_ 13 , 1 a 
Nom eae TR ar 
ao - —_e 
Ne= Gr (1.2) . = = = 
_ _ 180 t 
Sa — pape tH a 


FIGURE 122, I I I 


The symbol 9? in (1.1) denotes the second-order differential operator: 


ifoa é 1 # 
= las) +> am (1.3) 
The magnitudes & and D represent the shell thickness and its flexural 
rigidity respectively: 


Ek 
D= aH" {1.4) 
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The first equation (1.1) has a geometrical meaning: it expresses the 
condition of continuity of the deformations; the second equation has a statical 
meaning: it characterizes the equilibrium condition of the shell in the ~ 
radiat direction. 

We introduce the scaiar function F=F (, 9, which satisfies the following 


relationships: 
wa VIPIF, [ | i 


The first equation (1.1) is then satisfied identically. Substituting (1.5) in 
the second equation {1,1} yields: 


DvvinyF 4 O vy — Zz = 0. (1.6) 
or . . = = = 
DVViw + Few 2 =0. (1.7) 


The radial displacements w of a spherical shell are thus determined by 
a fourth-order differential equation having the same form as the equation 
of bending of a plate on an elastic Winkler foundation whose foundation 
modulus is 


anes EEK 


Hence, with respect to the strains due to the deflections w, complete 
analogy exists between a shallow spherical shell and a circular plate on an 
elastic foundation, suitably supported along the edge. Exactly as in the 
case of bending of a circular plate, the additional curvatures ~,, x and the 
twist + are: 


Hw 
Xe = Gr’ 
= toe A te 
TF TP Op (1.8) 
t oe 1 dw . 
3 


The interna! forces and moments acting in sections p= const, 6 = const - 
of a shallow spherical} shell can be divided into two groups: the normal 
{membrane) forces N,, Ns, S, corresponding to deformation without bending, 
and the bending moments M,, Me, torques #, and shearing forces Q,. Qy due 
to bending. The positive directions of these forces and moments for = - ss = 
surfaces with positive outer normals are shown in Figure 123. 
As already mentioned, the first group of forces is determined by the 
stress function ® = @ , & with the aid of (1.2). The second group is 
determined by the displacement function w=w(,%. By virtue of the analogy 
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noted above, these forces and moments are calculated in the same way as 
in the case of bending of a circular plate: 


M, = —Di&e+ fe}, 


Ms = — D (xa + 2x,), (1.9) 
H=D(1~y)s, 


=—p* 
ae i he | (1.10) 
@=—D+2vy, | 


where ~,, %,t are defined by (1.8}, and 9° by (1.3), 


FIGURE 123. FIGURE 124, 


We determine the tangential displacements u(p, 8) and vp, #) in the 
directions of the tangents to the curves p=const, #=-= const respectively 
(Figure 124), from the relationships between the membrane forces N,, Na, S 


and the strains: 1 | | 
EA Eh Eh 
Ne = aay (e+ pee), Ne=qraw t+ Be), Serr” (tit) 


where ¢, ¢, @ are the tensile (compressive) and shearing strain respectively, 
determined by the displacements u,»9, and w as follows 


ou w 
SP Bt E , 
1 dv 
ar deere ae a (1,12) 
t du do Ed 
Om BIE -F = = = 


When the stress function » and the displacement function w have been 
determined from (1.1), and then e,, ta, and w from (1.2) and (1.11), « and 
v can be found from (1,12}, 


187 


ITITITIPIITIITIiiiriicreys 


§ 2. DIFFERENTIAL EQUATIONS OF A SPHERICAL SHELL 
ON AN ELASTIC SINGLE-LAYER FOUNDATION 


Let a shallow spherical shell lie on an elastic foundation whose pro- 
perties are described by the differential equation: 


20°w — kw + g = 0, (2.1) | | | 


where v? is defined by (1.3), & and are the generalized characteristics of 
the elastic foundation, and ¢ is the load per unit area, acting onthe foundation. 

Since the radial displacements w of the shell and of the elastic foundation 
are equal along the entire area of contact (Figure 125), (1.7) and (2.1) can 
be considered simultaneously: 


DV'Vtw + 5 w— Z=0, 2Vtw —kw + 9 = 0. (2.2) 


The external load on the shell consists of the known forces p and the : OO ee 
foundation reactions g [all referred to unit area]: 


Z=p—4 (2,3) 
eliminating ¢ from (2,2), we obtain: 
DVVIw— 20% + (k + Ht) w =p. (2.4) 
This equation has the same form as the equation of bending of a thin plate oe E . E : EI 
on a single-layer foundation (cf. for instance (1,1) of Chapter IV), differing 


from it only in the coefficient of w. This coefficient is larger by £4/R* than 
the corresponding coefficient in {1.1} of Chapter IV, 


ny 
FIGURE 125, 


The problem of bending of a spherical shell on a single-layer elastic 

foundation is thus similar to the corresponding problem of a circular plate, 

discussed in Chapter IV. a en ee 
To determine the stresses and displacements when the membrane 

problem is considered {in which bending stresses are neglected), we use 

the first equation (1,1): 


VV = Vw. (2.5) 


NS 
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This is a nonhomogeneous bihar monic equation, the function w being 
assumed known (it can be determined from (2.4)). Having determined the 
function © from (2.5) and the corresponding boundary conditions, the normal 
forces, moments, strains, and displacements of the spherical shell can 
be found from (1.2), (1.11), (1.12), 


If the problem is axisymmetrical, all derivatives with respect to 4 vanish 
in the equations determining the states of stress and strain of the shell, 
The Laplacian then reduces ta: 


qa 1a 
Vim oy brary (2.6) 


while (1.9) and (1,10) become (taking (1.8) into account): 


Ete oy — ftv) ov 
Mp = b[vew |. 
an == (ip) a? ‘ ; 
Me= D[avw + Cow) ‘i (2.7) = le = 
d 
Q@=—D_ vw, 
Pp 


Qo=H=0. 


Equation (1,2) and (1.12) respectively take the form: 


i g@ PD , 
Ne=p ae: Nem Gre SHO; ees 
ea e+e. watts w=, {2,9} I -I ; EZ 


where W =W(p), O=@(p), depend on p only, 


§ 3, GENERAL SOLUTION FOR AXISYMMETRICAL 


DEFORMATIONS 
1. Bending of shells I f | 
Exactly as in bending of a plate, we replace p by the dimensionless 
coordinate § — t , where 
* 
=17 DR? 
66 =V teaiR (3.1) 


Equation (2.4) then becomes: 


4 bs 
VEVEW — 2evEW + Wm Fe (3.2) a 
where 
4 
ha le (3.3) 
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and 
= gettE (3.4) 


By analogy with the integral of (2,2) of Chapter IV, the general integral 
of (3,2) can be presented in the form: 


W x Cytig B) + Cay &) + Cafe (B) + Cage &) + Wo. (3.5) 


where 
Ue (8), Us (§), fo (6), &o 13) 


are respectively the real and imaginary parts of the zero-order Bessel and 
Hankel functions, and W,is a particular integral of (3.2), On the basis of 
the general solution of (3.2}, all statical and kinematic magnitudes referring 
to the state of bending stress of the shel] are determined from (2.24) of 
Chapter IV, with 1, defined by (3.1). 


2. Deformation without bending of shells 


We determine the stress function ® =@(p)_ with the aid of (2.5). Replacing 
the variable p by the dimensionless coordinate [=p/L,, where 1, is defined 
by {3.1}, (2.5) becomes: 


Eri? 
ViViO = S08 yw. (3.6) 


The function Wy = W () is defined by (3.5), and the Laplacian by (3.4). 
The general solution of (3,6) is then: 


@ = = (0, + Ov), (3,7) 


where , = , (f) is the general solution of the homogeneous biharmonic 
equation corresponding to (3.8) and Or = My (8 is a particular integral of 
the nonhomogeneous equation: 


ViVIDy = VW. (3.8) 


The solution of the homogeneous biharmonic equation is for the axi- 
symmetrical case is: 


@, = Cy + CE 4 CE In + Cy In€, (3.9} 
where ¢,,C,,C;,C, are constants. 
The particular integral of the nonhomogeneous biharmonic equation (3.8) 
is: 
Dw = — (Capi ©) + Cra (E) + Cops @) + Coa 1 + ©, (3.10) 
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where ®, is a particular integral corresponding to the particular integral 
W, of (3,5) and: 


1 (6) = uo @) cos 2p 4+- vy (€) sin 29, 
#2 (8) = — uo (E)sin 2p + vp (E) cos 29, 


3,11 
aE) = fa (3 C08 2p 4- go (8) sin De, ‘ } I | | 
va {&} = — fo (8) sin 2p + gy (8) cos 2eq, : 


9 =arg(V a) = + arg a, 


Here as before: 


where a is a complex number defined by (2,11) of Chapter IV in accordance 
with expressions (3.3) and (3.1) of this chapter. 


It is easily seen by direct substitution that (3.10) does in fact Satisfy the 
nonhomogeneous equation (3.8), 


In accordance with (3.9) and (3.10), the general integral of (3.6) is 
therefore: 


aL? 
@ = “FI Cie, &) — Cra) —Cape ® ~ Capa) + 


+ C+ C4 CAtIne +0, Int + O,1, (3.12) 


Substituting this in (2.8) yields the following expressions for the normal 
forces: 


E-& SE 
No = [Com @) + Cate (0 + Coma) + Cara (8) + 


te aoe (3.13) 
+++ 2+ Ge + Ee), 


Ny =F {Clu ®)—m Ol + Cate) — ma] + 
+ Cs [fo (E) — rs (EE + Cy Leo) — 4 )] + OC, + (3.14) 


ap 
+ C78 + 2Inh—Cye + ae}? 


where I | | 


AL) = 7 [ity cos p -+ v4 (sin gl, 


ne (8) = -F-1— 44 (@) sing 4- 0, @) cos 9, 


P (3.15) 
n, ) = 7 1f1 (B) cos @ + g &) sing), 


mu) = FI fy sing + gy & cos 4). 


and a), %. fi, gi are respectively the real and imaginary parts of the first- 
order Besse] and Hankel functions. 


To obtain the deformations of the shell, we rewrite (2.9) in dimensionless 


coordinates: 
e=E ete 
Ly at 
Ad ’ (3,16) 
eT het ek 
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From these expressions and from {1.11} we obtain: 


Net Me= eto =p (Ft (S + 4)+7F]- (3.17) 


—_ 


On the other hand, (2.8), written in dimensionless coordinates, and 


(3.7) lead to: | | | 
(3.18) 


e+ New V0 = E* VE (@) + Ov). 
o 


Since, by (3.8): 
Vidy = W, (3.19) 


we can rewrite (3.18) in the form: 


Np + Ne= 5 (Vi@, + W). (3.20) are, 


Equating the right sides of (3.17) and (3.20) yields: 


Eh ot _ _th tsdu , wh. 2 
Vie + WV) = i la(et+ <)t | (3,21) 
or 
du a Ie = ; 
Et EH EI MMe (l+ ge) W). (3.22)  { - E : E 


This equation establishes the relationship between the unknown tangential 
displacement » and the known functions @, and ¥. Substitution of (3.9) and 
(3.5) in (3.22) yields finally: 


oe te = EM wy Ca + 4, (In + I — 
=~ (1 +) [Citta (8) + Cag (8) + Cafe (6) + Cage) + Welt 2s) 


The general solution of (3,23) is: * 4 I I 
n> ca {- (+ #} [Cwm ©) + Cone) + Cove &) + Carel) + 


3.24 
+ AL] + -W2Ck + CINE + BI + uo} , ; 


where 
A, Eadie) _ 
R 4 
is the integral of the homogeneous equation corresponding to (3.23), de- 
termined up to the constant factor sift) ; uw, is a particular integral 
corresponding to the function y,; and: 
x1) = 4, (Ecos @ + 9 sing, 


42 @) — — a, sing + v, (cos, (3.25) 
xe) = f, Ecos g + gy (8) sing, 
xa (8) = —fi sing + gs (&) cos gp. 
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Due to the summation of (3.13) and (3.14), the constant C, no longer 
appears in (3.23}, On the other hand, a new constant A, appears in (3.24) 
It is seen that these two constants are identical by substituting the solution: 


wy = — EY aye (3.26) 
into the following equation, obtained from (2.11) and (3.16): I I I 
ae ae ee ue v 
NW = [a (z +e e)tite ze]. {3,27) 


The first term of this equation, which only depends on yu, , then becomes: 
N= DAG: (3.28) 


Comparing thie with [the coefficient of yy ] in (3.13) we find that: ae eee. ee 
Amt; 


The analysis of a shallow spherical] shell thus reduces to determining 
eight integration constants whose number corresponds to the order of the 
initial system of differential equations (1.1). The first four (C,, Cy, C,, C.) 
determine the bending of the shell, while the last four (C,, Cs, C;, C,) determine 
its deformation without bending. 

The constant C, does not influence the states of stress and strain of the : 
shell, and it can therefore be disregarded. The logarithmic terms in (3,13), I = I KE 
(3.14), (3.24), must also vanish, since the logarithm is multivalued for 
doubly -connected regions which the shell may form, and does nat therefore 
fulfili the requirement of uniqueness. Hence, the constant C, must be zero, 

There remain thus six unknown constants. To determine them, three 
boundary conditions are required for each edge of the shell. Of each group 
of three, two will determine the bending deformation, and one the deforma - 
tion without bending. 

The boundary conditions corresponding to the bending deformation can 
be given in displacements W, W’' (geometrical conditions), in forces and 
moments M,, Q, (statical conditions}, or partly in forces and partly in . 
displacements {mixed conditions), 

The boundary conditions corresponding to the deformation without bending 
are determined either from the tangential displacements uw or the value of 
the normal forces N,. 


§ 4. SHALLOW SPHERICAL SHELL SUBJECTED TO 
A UNIFORMLY DISTRIBUTED LOAD 


1 


Consider a shallow spherical shell on an elastic foundation, subjected to 
a uniformly distributed load p (Figure 126), Letthe shell edges be free, so 


193 


TITITITITIIILTirifgil 


that the elastic foundation can be deformed beyond the limits of the structure. 
In accordance with (3.5), the normal displacements of the shell are: 


Wy = Cyto (8) + Cy) + Caf D+ Cig) + Wo, (4.1) 


W, ca E i | I I 
wa particular integral of {3.2}. 


The following differential equation holds true for the region beyond the 
limits of the structure: [cf. (6.3) of Chapter IV] 


where 


vi, — ag’, = 0, (4,2) 
The general] integral of this equation can be represented in the form: a _ 
W, = Bylo (xok) + BaKa (aob}, {4,3) 
where 
kz 4 
ap = atte = 5 . La = ae . (4.4) 
Here, #,, and 8, are integration constants, while Zo (af) and K,(a§) are 
modified zero-order Bessel and Hankel functions of the argument a. ; E ~ I : E 


FIGURE 126, I | | 
The solution contains therefore six integration constants which are 


determined from the following boundary conditions (cf, the case of acircular 
plate, (6.8) through (6.10) of Chapter IV): 


av, : 
at p=0 (=O): a) T= 0, b) | Qa = 0: 
at o=R, =f); c) M, = 0,|d)Q, = 22\52* — S?) cos g, (4,5) _- = — 
e) Wy (Ro) = We (Ro); 
at pro 00) : f) Wy(p) = 90. 
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The fourth boundary condition of (4,5) differs from the corresponding 
condition in (6.9) of Chapter IV by the coefficient cosB, where 6 is half the 
central angle subtended by the shell, The reason for this is that the 
fictitious shearing force acting on the shell is equal to the projection of the 
fictitious shearing force acting on a circular plate, onto the normal to the 


middie surface of the shell at the edge. : 
Conditions a), b), and f) yield: | | | 
&=C,= 8, =0, (4.6) 
so that the normal displacements of the shell are: 
Wy = Cru t) + Cov + pA. (4.7) 


Condition e) yields: 


a ‘na va 
Cute (Eg) + Cot (Eq) + ee (4,8) . 
By = Ko (bq) ‘ 
where 
® R 
oR = Ei 


Substitution of expressions (2.7) for M, and Q, in conditions ¢) and d) 


yields:  { = i - E 


fr R : dD —izv dy) _ 
Sf eae Ae is) —Flvers t za =r (4.9) 
d 2b} dW, dW : 


wv + > Te ee cos B = 0. 


dubstitution of (4.3), (4.6), (4.7), and (4.8) leads to the following two 
simultaneous equations in C, and C,: 


ac; 4,0, = 0, 6,C, 4. 0, = G,, (4.1 0} I I { 


= M, (5a) — (1 — 1) Mi (ke), 
= Mz (Ea) — (1 — 4) Ms (Ea). 


where 


2? Ki (Sn) B {4,11} 
sisi aera ot gee), 


2 C08 B 
ba = [Qa Cen) +p [Uae cos — 05 a) SESebareeeme® I 


_ AR KilatSe) 
Co= Fhe RR K Caiqy ad) 
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The functions: 
M, M:, ™, Ma, Qn Qe, 4, %, 
appearing in (4.11) are given by (2.25) through (2.28) or series (6.20) of 


Chapter IV (see also (6.16) and (6.17) of Chapter IV, ) 
The solution of (4,10) is; I | [ 


Ges GyQ) 
O=-—iR—adit "Shoah: (4,13) 


The slopes, moments, and shearing forces of the shell are then by (4.7) 
{cf. (6.19) of Chapter IV]: 


Wi = — FC ©) + C0, (1, 
M, =F (Chi @ + Cola Oh 
0 


> > {4.14) 
Me = F.1CL, 0+ CL @l, 
0 
Qo — FIGS + C502 @)1- 
°o 
2 
Consider the state of plane stress of the shallow shell. By virtue of E - z i 
(4.7), the stress function @ defined by (3.12) takes the form: 
EALS 
= > —Crps &) — Cape (8) + Cy + CP + (4.18) 
+ Cif Int 4- C,lné+ et 


The functions ¢, (§), 9,(@) are given here by (3.11) or by the corresponding 


series: . 
#1) = 2 Sane (Fy cos 2(m—1) 9, } | I 


oo (4.16) 
a®= LEG)” sinzen— yg. 


As already stated, the constants C, and C, in (4.15) vanish; we thus 


obtain: 
EAL 
© =" [— Crm 0) — Cape) + CE + Cy int + Lo: (4.17) 
mm i] = 
From (3,13) and (3.14) follows: 
Np = BC) + Crm + 24+ Co h+ te Pera), (4.18) 
Nom R{Cilo@) —mOl+ ClaO—mOl+ U— G44 4 Ph, (4.19) 
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where n,(3), and 2.(%) are defined by (3.15), or by the corresponding series: 


wo 
t —ijy™ i 
(= rT ors (zy " cos 2m, ies 


o 
_ (—1)" E\en 
n2(f) = tm (F) sin 2me. | | | 


Hence, (3.24} becomes: 


= R{- 0 + Cr + Cr) + OS + 


t Rt 4.21 
+ parame] +2C.(l— wa}, ines 
where 4: (3, y.(¢) are defined by (3.25), or by the series: 
© S (—1)” amt = = 
m0) = 2 ara e ay (S) cos 2p, | 
es (4.22) 
=—ij™ a an 
x2) = Saas (3) *sin 2mp. | 


The constants C, and C, in (4.17), (4.18), (4.19), and (4.21) are obtained 
from (4.14), while the constants C, and C, have to be determined from the 
boundary conditions for the tangential strains, which are: 


at p=0 (f=0): u=0; : I -E | 


ree : (4,23} 
at p= R, (E= 7): N, = —Q sing = — F [W,— 3] sinB. 


The first condition states that the tangential displacements vanish at the 
shell apex; this is a consequence of the axial symmetry. By the second 
condition allowance is made for the existence along the shell contour of 


fictitious forces: 
N* = — Q*sing, (4.24) 4 | I 


equal in magnitude to the projection of the fictitious shearing forces acting 
ona circular plate, onto the tangent to the middle surface of the shell at the 
contour, The minus sign results from the convention according to which 
a negative value of N* corresponds to a positive shearing force at the 
contour, 

The first condition (4.23) yields: 


C= 0, (4.25) 
The second condition yields: ~ as 
ad 4 
Ce =. + [ae —Cyny (Ex) — Cyn, t— > 7am | ‘ (4.26) 
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haa a 
were Ne = — sing x 


Cate (Eq) + Cade (EQ) + 5 eee 
Kalack ep? 


* [ee a) + C29, (Ee) — aoK, (aoke)] - (4.27) 


§ 5. SHALLOW SPHERICAL SHELL SUBJECTED 
TO A CONTOUR LOAD 


1 
Let a shell on an elastic foundation be subjected to a vertical contour 
load P, [per unit length] (Figure 127). 
The differential equation (3.2), is homogeneous in this case; its solution 
is: 
¥,= Cyuy (&) ~b Cty (6) -+ Csfe (&) + Cue (t). (5.1) 
For the region beyond the limits of the shell (Ry <p < 00) we have: 
We = Bylo (mob) + ByKo (a8). (5.2) 
The constants in (5.1) and {5,2} are determined from the boundary ; I = | . Z 


conditions which can be formulated as in {4.5) with the exception of condition 
d), which is replaced by the following, having the same physical meaning: 


at p= R, (t =f Q = [2 (Gt — Fay 4 Pal cos, (5.3) 


where P, is the vertical load per unit length of the contour. * I I [ 


FIGURE 127, /_ = - me = 


Conditions a, b, e, and f of (4,5) yield: 


Cs = Cy = ay, = 0, 
re Cutts (Eg) + Cav (Ep) (5.4) 
ae Ke (atokg ; 
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Using (4.9), (5.1), (5.2), and (5.4), the following two simultaneous 
equations in C, and C, are obtained from conditions c) and d): 


aC, + aC, = 0, | (5.5) 
dC, + 6,0, = Gp. 
Their solution is: t | | 
= G pa, _ Gpa 
ges Oyb, — tb," C= 0,52 — yb, ? (5.6) 


where a;, a2, h, b, are defined by (4,11), while: 


Gp _ 48 606 Be (5.7) 


The normal displacements are thus: 


= = = 
Wy = Cus @ + Cay (). (5.8) 
The slopes moments, and shearing forces are given by (4.14), the constants 
Cc, and C, being obtained from (5,6). 
The normal forces are in the case considered (cf. (3.13) and (3,14)]: 
No =F [Cim (8) + Come) + 2 +Crq]. 
7 5.9 
No = FEC, uo ®)— 74 @)1 + Colo) — 291+ 2C,—Cr a “E-E EK 
the tangential displacements being [cf. (3.24)]: 
wm BL (1+ yl Cres + Cats) + Cog] 2C.(1— a). (5.10) 
The boundary conditions are: 
u4(0)=0, N, (Ro) = N%— PysinB, (5.11) 
where N® is the fictitious normal contour force given by (4,24), In the case 4 
considered [(ef. 4,27)]: 
Crs (Ex) + C00 (En) 7 
N® =~ F{Ci01 (En) + Cod Ba) — etary tol (@ata) si. (8.12) 
The first and second boundary conditions (5,11) yield respectively: 
Cy = 0. (5.13) 
o—P, sinB)R 
Com | re cm (bn) — Core ta) | (5.14) — 


199 


ITITIVITITITILIICITE 


7 = a 


2 
If a horizontal] load N, is applied to [unit length of} the shel) contour 


{Figure 128), the problem is solved in exactly the same way, the only 
difference being in the boundary condition (5.3), which become: 


Qo (Ra) = 24 (Ft — Fh) cos p — Ny sin. (5.15) | | | 


FIGURE 124. 


The integration constants C, and C, are again determined by (5.6}, the 
load term Gp being now: 


NL 
Gu = 5 sin. (5.16) 


The forces are obtained from (5.9) and the displacements from (5.10). 
The corresponding boundary conditions are; 


“(0}=0, Np{R,) = N* — NycosB, (5.17) 


which yield the following values for the integration constants Cc, and c,: 


Cc, = 9, aS 


adel R (5.18) - 
Q= + [ oR cn, (ee) — Coma (te) | ‘ I [ | 


Here N* is the fictitious contour force, determined by (5.12). 


3 


Let the shell be subjected to moments M, applied to [unit length of] its 
contour (Figure 129), 

It is easily seen that the solution can in this case also be presented in 
the form of (5.1) and (5.2). The boundary conditions are given by (4.5), with 
the exception of condition c) which is to be replaced by: 


M,A{R,) = Me. (5,19) 
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We obtain: 
Cy =C, = 8, =0, 
B, = Chuo (Eg) + Cyvy (Ep) (5,20) 
os Ko (ataE 2) 
The following two simultaneous equations are obtained in ¢, and c,: | I | 
aC, + a0, = Gu, } 
5.21) 
6,¢, + 5,0; = 0, ( 
The magnitudes a,, a;, 6, and, are defined by (4,11), while: 
M,i3 
Gym th, (5.22) 
= E =_ 
The solution of (5,21) is: 
Gygbs = Gu 


FIGURE 129, 


The forces and displacements are in this case again given by (5.9) and 


(5.10), with C,=—0 and: I | | 
> 


Co= 5 [Se — Cam Ge) Cars ed |. (5.24) 


§ 6. APPROXIMATIVE ANALYSIS OF A SHALLOW SPHERICAL 
SHELL ON AN ELASTIC FOUNDATION 


1 


Taking into account its small deformability in relation to that of the 
elastic foundation, we shall consider the shallow shell as a rigid punch, 


= rEYD 
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The reactions of the elastic foundation are then determined by (3,10) and 
(3.12) of Chapter IV, valid for a circular punch of radius R, (Figure 130, a): 


Po 
=~ ita 1° (6.1) 
mat + TERS 7” 


> Py Ki (aR,) 
g | eRe +? Ki(aRe) ] Reha er ae I I I 


Ko (aRy) aR 


where P, is the resultant of the given vertical load. 

The analysis of a shell on an elastic foundation thus reduces to deter- 
mining the strains and stresses in the shell subjected to a given external load 
and to the reactions g and Q¢ of the elastic foundation, all these forces being 
in equilibrium. For a uniformly distributed external load p, the system is 
shown in Figure 130,b, where: 


P=p-q, (6.3) 
and aRY? _ 
C= Te, = (6.4) 


FIGURE 130, I I I 


2 


It was shown in section 1 that the problem of a shallow spherical sheil 
subjected to a vertical distributed load p* reduces to integrating the two 
differential equations (cf. (1.1), (1.7)}: 


Dytg'W + EW — p' = 0, -—-= = 
Lvvto—yw =0, ee 


the first of which yields the displacement function W, and the second the 
stress function >, 
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We introduce the dimensionless coordinates: 


=f 
aad Bt) 


Lom (6.6) 


We can then rewrite (6.5) as follows: 


where 


viviw +W = ete : (6.7) 
Vivio = = viv, (6.8) 
where 
Vi= Bette: (6.9) 
3 


The homogeneous equation obtained from (6.7) for p’=0 can be reduced 
to an equivalent system of two second-order equations: 


ew { a? 


dee +e tw =O, 
owiofoidw ss 16.10) 
at tag — iV =0. 


The general integral of this system is: 
Y= Aso EV i) + Alo EV =H + AH? V7 + AH? EV =D, (6.11) 


where Jo(t} i) and J,(gY’—i) are zero-order Bessel functions of the first 
kind, of the arguments @V%) and @Y—i); HY EVD and H éVY—) are 
respectively zero-order Hankel functions of the first and second kind, of 
the same arguments. 

The only difference between (6.11) and (2.19) of Chapter [V is in the 
arguments of the functions considered. Integral (6.11) is a particular case 
of the more general solution (2.19) of Chapter IV, since the straight lines 
along which the Bessel and Hanke} functions in (6.11) are determined make 
angles of 45° with the real axis in the complex plane: 


% = arg Wi = 45°, \ (6.12) 
= ary --i = — 45°, 
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: a 


iT til 


4 


It is convenient to express (6.11) through real functions: 


W = Cyto (E) + Cao (8) + Cafo (8) + Caz, &), (6.13) 
where | | | 
uo (t)=ReJo(Vik), folt) = Re He’ (Vie), (6.14) 
05 (8) = ImJ,(Vi8), 8 (6) = Im HP (y — #8). 


The following relationships are obtained from (2.20) of Chapter IV and 
{6.12) of this chapter : 


Viug=%, Vey =—uy, V¥f,= a, V8 =— fo (6,15) 
The general integral of the nonhomogeneous equation (6.7) is then: 
W = Cy, (8) + Coo (b} + Caf, () + Cag, (8) + Wo, (6.16) 


where W, is a particular integral of (6.7). 
For instance, if p’=const we can put: 


opr 
Va= a {6.1 7) 


From the boundary conditions a) and b) of (4.5) we obtain: z q x . x 
C,=C,=0, (6.18) 
Substitution of (6.17) and (6,18) in (6.16) yields: 
W = Cytty (&) + Cay) + BE. (6.19) 
We then obtain for p"=const from (2.7), using (6.15) and (6,19): 7 
Fe = 7, (Cw, + Cw, @) i I I 


Me=— Bic, |u@— U9] + 


+¢,[-4e—a—w 22}, 


rare (6,20) 
Me = ar {Ci [He0@ + 0 ) 0) 4 
+C,{[—w@+0—w 2}, 
Qe = — 1G, — Cau, Ol. = - = 


* These functions ate known as Thomson functions, Tney, and their derivatives, are tabulated in the 
appendix (Tabie 11). 
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These expressions could also have been obtained from (4,14) by substituting 
in them (2.25) through (2.28) of Chapter IV, taking into account (6.12). 

Equations (4,17), (4.18), (4.19), (4.21) are again valid, Taking into 
account (4.25), they become in the case considered: 


ae 6.21 
© = =F [— Cy. (0) + Cate) + Cat + SEE, ic [ | I 
_ Ek % (8) CAG) i ptR? 
Wom BL OP +e + 2c 4 Lee], (6,.22') 
AG 0 (8) 
We = Fc, | uy) + “S| + cs [% @ — 2 | +204 a 
{6.22"') 


w= BL (1 + eI — Ci, +. Cu, () + 
+201 —we—Cevery 


(6.23) 
These expressions contain three integration constants which are = = 
determined from the boundary conditions at the shell contour. 
5 
Consider as numerical example the shallow spherical shel] shown in 
Figure 131. 
Let the geometrical and physical characteristics of the shell and the : 
elastic foundation be as follows*: : I - tf : E 
R = (3.5 m, 
k=0,46 m, 
Ro =65.] m, 
E,, = 4-10%om/m?2, 
v,= 0.4, 
AiR, = 1.0, 
a a (6.24) 


E = 2-10%em/m?. 

» = 0.167, : 

7= 1.55, : 
P = 1,0 cm/m, 

D = 16.2-10cm/m. 


We then obtain from (3,16) and (3.17) of Chapter IV: 


= 2.6-10% m/m3 2 = 1.85-10° m/m, 
a=0,93 I/m,  aRy= 4.72. } eee 
By (6.1) and {6.2}, the reactions of the elastic foundation are: 
q = 0.269 m/m2 = Q@ = 0.315 m/m, (6.26) = = — 


* Ivis assumed that the function ¢ (2) determining the vertical distribution of the displacements in the elastic 
foundation is given by (3.15) of Chapter 1V, 
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Their substitution in (6.3) yields: 
(6.27) 


p* = — 0,269 m/m?, 


Insertion of the values (6,24) into (6.6) gives: 
(6,28) 


Lo= 1.34 m, tr= To = 3,8. 


The functions entering in (6.19) through (6.23) are for ¢r= 3.8: 


= — 1,967, ui = — 2.822, 
Oy = — 2.345, —v, = 0.0526 (8.29) 
My Me 
p= 0.742, ft = 0.138. 

= | -_ = 


FIGURE 131. 


The boundary conditions are in the case considered: 
M, = 0, 
(6.30) 


at p= Ro(tr = +) : 
Qo= (P — Q*} ens B, 
e=— (P—Q*}sinB, | 


or (by (6.20) and (6.22"): 


a 
c [ce (Er) — (1 ~ 2) oe ] + 
0, (x) 
+C,| —u,e)— (0 —v) "| =0, 
tp — oF 
Cw fte) — Cau, (ta) we — EK Tee (6.31) a 
1p*R? 
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Substitution of (6.26), (6.28), (6.29) in (6.31) yields finally: 
C= — 3.68.10 m, Cy = ~ 3.26.10 m, Cy = — 0.948 -10°#m, {6.32} \ 
The moments M, and M,, and the forces N, and 44, obtained from {6.20) 


and (6,22) for the numerical values (6.32), have been plotted in Figures 132 
through 135. 


ng 
a6 06 
Qe iP & 
= om = 
a2 a2 
itl 
00 UTI Noo 
oe G2 #, G4 Ry 86% aba, % 
FIGURE 132, 
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FIGURE 133. 
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FIGURE 134, : 
Figures 132 and 133 also show values. of the moments M, and M,, calcul- = = 


ated for a circular plate of radius R= R,, with the same values of the 
characteristics of the elastic foundation and of the structure. The calcula- 
tions were performed by three different methods: the method employed in 
Chapter IV (for #/R,=1, 7=1.55), the method of the elastic semi -infinite 
space /26/, and by Winkler's method, the foundation modulus being : 

&= 1.6-10 m/m3, 
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Comparison of these curves shows that the bending moments M,, and Mp 
acting on a shallow spherical shell are considerably smaller than those 
acting on a circular plate. 


a (i 


-e as 


FIGURE 136, a a 


§ 7. APPLICATION OF THE ABOVE METHOD TO THE ANALYSIS OF 
THE BOTTOMS OF CYLINDRICAL RESERVOIRS 


The preceding sections dealt with some problems concerning a shallow 
spherical shell on an elastic foundation. It was assumed that the shell edges 
are free and that the shell is acted upon either by a uniformly distributed or EF -E. E 
by a contour load (Figures 126 through 129). 
We shall now consider the case when the spherical shell forms the bottom 
of a cylindrical reservoir on an elastic foundation (Figure 136}. 


Y 
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Z 
Z 
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FIGURE 136, SIGURE 137. 


1 


The bottom is usually secured to the cylinder by a supporting ring and can 
be assumed in a first approximation to be a spherical] shell built-in along 
its contour. In other words, we consider the system shown schematically 
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bh a aah 


in Figure 137, disregarding the remainder of the structure, In this figure, 
the contour forces P represent the load transmitted to the shell by the 
reservoir walls, while the uniformly distributed load p represents the 
pressure of the liquid in the reservoir, The reactions ¢ and Q¢ of the elastic 
foundation are obtained from (6.1) and (6,2), assuming that in relation to the 
elastic foundation the shell can be considered as a rigid punch. 
As before, the stresses and strains of the shell are determined by (6.19) I | | 
through (6.23), These contain the three integration constants C,, C,, and 
C,, which can be determined from the following boundary conditions: 


R —_ r im 
at p= R, (= 7) V=0, Wed, u=0. (7.1) 


mw, |he 

ae Os 
i 
£8 
ses 
=f! 
82 
OS \ 
“as = - a] 
“as 
“06 

FIGURE 139, 
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These conditions yield: 


Cytte (En) + Cota (Ea) =— 3, 


Cts, (Ea) + Cru, (Er) = 0, 
— (t+ E)I—Cy0, a) + Catt, Ee) + 2Ca(t — BE — (7.2) 


Fy] 
— Cee te = 0, : | | 


where p* = p—q. 
The solution of these equations is: 


— v4 ER) per? 
rr Ye ER) % (ER) — #0 (Ew) Mo ER) FF 
= Oe (7.3) 
iH (En) % (Fn) — Ho (ER) % (Sat 2 ae ee 
C._ i+w 2p," En) + 94° (ER) pert — 
4 ER bs (ER) 7, SR) —u, (ER) 0 En)I Eh 


The bending moments M, and M,, and the forces N, and N,, calculated by 

means of (7.3), (6.20), and (6.22) for a reservoir bottom subjected only to 

a contour load P, have been plotted in Figures 138 and 139. The values of 

the elastic constants of the soil and the structure are given by (6.24). The 

results obtained for a shell with free edges have been plotted in broken line : 

in the same figures. E 7 rf E 
It is seen that reinforcing the shell along its contour by a rigid ring 

preventing radial displacement and rotation, reduces to a certain degree 

the values of M,, M,, and 4,, while the tension N, at the shell contour 

becomes considerably less. This is very important when a shell forms the 

bottom of a reservoir. 


2 


If the supporting ring prevents only radial displacement, the shell can : 
be analyzed according to the scheme shown in Figure 140, 
The boundary conditions are in this case: 


at p=R, «= #2) : W=0, M,=0, um, (7.4) 


bas Cite Ex) + Cate Ea) =— AE, 


C, [tee —(—y» “fia ee 


+0,|—4e0—0 —w 2] ‘a0: (7.5) 


— (1 +e) (— Cry, ba) + Come (Ea) + 


+ 2C.(1 ute — CFR, = 9, 


210 


ITITILPILTITIPTILiicil 


The integration constants are thus: 


Cites ee 
1” [HoER) Katey (Egykal EA” 
oi nL ee ai 
a [HoERIKIE M(ER)Aa] EA” 
C, = ite) 04 (Ep) Ki — ty (Ep) Ke pert I I | 
TTIW | Felt (EqyRak oaleg Ray tf EA’ (7.6) 
where vie 
Ky = to @a)+(1—w) 282), 
Er 
Ky = vo (ta) -+ (l= p) BER. 
ER 
ee | 
P E-i SE 
ov ; e 
FIGURE 140. 
3, 
To obtain a more accurate solution it is necessary to make allowance . 
for the effect of the cylindrical reservoir walls on the strains of the bottom. 
This can be done by the methods used to analyze statically indeterminate 


systems, i.e., the method of forces or the method of displacements (strains). 


FIGURE 141, 
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In the first method, a cut is made in the zone where the bottom joins the 
cylindrical reservoir wall, and the constraints there are replaced by 
unknown forces [and moments] (Figure 141}, In accordance with the 
convention adopted for the signs, the canonical equations expressing the 
continuity of the deformations are: 


oie ee) (7.7) I I I 
(On + Ma) X1 + (A$ + Ad) xX, 454 ad 4 ad, <0, 


The first equation states that there is no relative rotation at the cut; the 
second states that there is no relative displacement in the direction of x,. 
The coefficients and load terms in (7.7) are given in absolute values. 
The first subscript indicates the place and direction of the displacement. 
the second subscript, its cause. The superscript "c'' refers to the eylin- 

drical reservoir wall, the superscript "b" to the bottom, 


The load terms: 


b 
di, Oi. AD, Af 


define the absolute values of the displacements due to the external loads q 
and p, while the load terms ab,, Ab, correspond to the displacements due 
to the contour load Pp transmitted by the reservoir wa)l to the bottom, 
All coefficients and load terms with superscript "b" can be obtained 
from (6.19), (6.20}, and (6.23), ; 
To obtain the coefficients with superscript "c"', it is necessary to I - I E 
consider the axisymmetrical deformation of a cylindrical shell subjected 
both to an external radia) load gq and to contour forces X, and moments X 1% 
This problem reduces to solving a fourth-order differential equation 
identical in form with the differential equation of the bending of a beam on 
an elastic Winkler foundation. 
This problem is discussed in detail in many books* so that the coefficients 
with superscript ''c" can be found without difficulty. 
The same procedure is adopted when the reservoir bottom is a circular 
plate instead of a spherical shell. The coefficients with superscript "b"” ; 
are in this case obtained from the formulas of sections 3 and6 of Chapter IV, I | | 


* See for anstance /a/. 
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Chapter VI 


DYNAMICS AND STABILITY OF BEAMS AND PLATES 
ON ELASTIC FOUNDATIONS 


§1. DIFFERENTIAL EQUATION OF THE VIBRATIONS OF 
A BEAM ON AN ELASTIC SINGLE-LAYER FOUNDATION 


Consider a beam of width 8 on an elastic foundation, subjected to an 
external load p(x, ) varying with time {Figure 142). This is the case of 
dynamic loading, where the inertia forces acting in the deformed system 
become significant. 


FIGURE 142. 


The differential equation of motion of the beam is: 


ELV (x,t) = p(x, f) —m, ~E — gtx, 4), (11) 
where EJ = rigidity of beam, J =” _ . 
. 1z(t1—p) ’ 
m,= mass of beam per unit length, 
9 (x, f)= distributed reaction of foundation, due to elasticity and inertiaof 


soil, 

To determine the reactions q(x,f), we cut out an elementary column from 
the elastic foundation (cf. sections 2 and 3 of Chapter I), and consider the 
equilibrium conditions of this column, applying Lagrange's principle of 
virtual displacements, Assuming that no horizontal displacements occur in 
the single-layer foundation and that the vertical displacements are described 
by the function $(y), the virtual work done by all external and internal forces 
acting on this column becomes: = - = 


H # # 
Tp 1") Fw dy — FBV yay ms} PW) dy + ate.Q=0, (1.2) 


> ° 
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where q(x,/) = load per unit length, applied to surface of elastic foundation 
(foundation reaction); T= te = mass per unit volume of foundation 


(% = specific weight of soil, g 7 gravitational acceleration); also, 


be. yers Pil 
a ear tec a . (£.3) 


y= 
F o dmy ry 
Ys $ 


where £, and v, = modulus of elasticity and Poisson's ratio of elastic 
foundation respectively, 
We introduce the symbols: 


=e = hu = 
# 
7 Ft bd 
f cara) # (y) dy, {1.4} 
# 
my= md $y) dy, 
g 
Equation (1,2) then becomes: 
2tV"— AV — my SE + 9 (x, 1) we. (1.5) | 7 | ‘ E 
This is the differential equation of the vibrations of a Single -jayer 
foundation under the action of a load q(x, t). Eliminating ¢(x,1) between (1.1) 
and (1.5), we obtain: 
VIV— 2FtVt+ SV ob me SY Plt) (1.6) 
where : 
4 =——t_ | gt 
> EF map) (gy) dy, 
! Et ¢ 
Om ar aerate | PW ay, (1.7) 


0 


mim Bert = (Parte ( oun dy) sy 
0 


{vy and 4% = specific weights of materials of beam and elastic foundation 

respectively), a ee | 
The partial differential equation (1.6) thus shows that not only the beam, 

but also the elastic foundation vibrates. 
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§ 2. FREE VIBRATIONS OF A BEAM 


When pjx,/) = 0, (1.6) reduces to: 


VV — 2p" 4 HV = — me (2.1) [I | | 


This equation describes the free vibrations of the beam when it is 
disturbed from its state of equilibrium and then left to itself, 

We assume a solution in the form of a product of two functions, one of 
which depends only on x, the other only on?: 


V= X(e}7T OQ). (2,2) 
Substitution of (2.2) in (2.1) yields: 
= _ = 
ve * id 
SS (2.3) 


Since its left-hand side is a function of x only, and its right-hand side 
of ¢ only, (2.3) will hold in the general case only if each side is equal to 
the same constant. Denoting this constant by m*w*, we obtain: 


T*-+ wT = 0, (2,4) 


XV — Br2X7 4 (s4— m*a) X = 0. {2,5) 


The solution of (2,1) thus reduces to integrating two ordinary differentia] 
equations. 

Equation (2,4) has the same form as the equation of free vibrations of a 
system with one degree of freedom: it describes a simple harmonic motion 
with frequency w. The solution of this equation is: 


T = Asinwt + Beaswl, {2.6} 
where A and & = constants determined from initial conditions. I I { 
The mode of the free vibrations of the beam is determined by (2.5), which 
can also be written thus; 
X'V — 2rtX*_ (MA) X = 0, (2.7) 
where 
M= rt t+ mw’, (2.8) 
The general integral of (2.7) is: eo 


X (4) = C, sh ow + Cychax + Cysin Bx + Cycos Bx, 
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where C,,.... C, are constants, and: 
at de ry p= it — ¢?, (2.9) 
Since » is still unknown, the parameter }?, on which « and B depend, will 


also be unknown. : 
The general solution of (2.7) contains therefore the five unknowns | | | 
C,.0s0,,C, , and 4, whichcan be determined from the statical, kinematic, or 
mixed-type boundary conditions at the beam ends. Only two conditions can 
be formulated for each end, When no external forces act, the boundary 
conditions are homogeneous, containing only the values of the function x (x) 
or of its derivatives at x=0 and x=?. 
By expanding the boundary conditions at the beam ends x=0 and x=/ 
with the aid of the formulas: 


X (x) = C, shax + C,chax + C,sin fx + C, cos Bx, 

X’ (x) = Cachax + Cyashax + C,8 cos Bx —C,8 sin Bx, 

X" (x) = Cya* shax + Cy? ch ax — C,8tsin Bx — C,B* cos Ax, 
X* (x) = C,a?chax + Cya* sh ax — C58? cos Bx 4. C,P* sin Bx, 


{2.10) ee 


we obtain, putting *=Qand x=/, a system of four linear equations in the 
four integration constants (,,...,C,. Since the boundary conditions are 
homogeneous, the four equations formed wil) also be homogeneous. In the 
general case we obtain: 


yy AY Cy A Oya (ACs + ars (KV Cot ay QC, = 0, 
gy (2) Cr+ Gigs (A) Cy + tiga 0.) Cy + Oye 1h) Cy = 0,~ : EI .  f : E 
Oy (A) Cyt gg (0) Ca + dag (AV Cs + Oe HC, = 0, (2.11) 


Bar (A) Cr+ dae (A) Cy + Gay (AP Cy + Oy (AVC, = 0, 


where the coefficients ay() (i, k= 1,2,3,4) are functions of 2. By equating 
to zero the determinant of system (2.11), we obtain an equation in i: 


@4x (0) @yy(A} ayy (A) Gy, (A) 
G2, (%) Gaz (A) Gen (h) Gre) 


8O)= lan) aasQ) 43500) 540d) | =o (2,12) : 
Gar (h) Gen (h) Gag (A) eq (A). I | | 


This equation is called characteristic equation of the homogeneous 
boundary-value problem, i,e,, the problem described by the homogeneous 
differential equation (2.7) and the homogeneous boundary conditions (2.11}, 
Since 4 depends on the vibration frequency , equation (2.12) will also be 
the equation of the natural frequencies of the system, 

Since by virtue of (2.9) and (2.10) the parameter 2 appears in the 
arguments of the hyperbolic and trigonometric functions, the characteristic 
equation (2.12) will be transcendental, yielding an infinite set of values 
fords. It is easily seen that all these values are real, irrespective of the -_s- = 
type of boundary-value problem to which the equation corresponds. 

The parameters 13 (n= |,2,3,...) determined by (2.12) are called eigen- 
values of the homogeneous boundary-value problem. 

Applying the method described here to determine 2° thus yields an infinite 
set of real eigenvalues 4}, 4, ¥j,.... To each eigenvalue x2 there corresponds, 


1453 246 ae 


*% 
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in accordance with (2.8), a certain vibration frequency; hence, an infinite 
set of natural frequencies will correspond to the infinite set of eigenvalues 
Me (a= 1,2,3,...). 

From (2.8) we obtain: 


AG st pe 


of SES", (2.13) ; | | 
Similarly, in accordance with (2.9), a 


pair of numbers a, and Ba, Which 
determine the function Xa(3, will correspond toeach eigenvalue 43. We thus 
obtain an infinite set of functions Xa (x) (a= 1,2,3,...) which satisfy all the 
conditions of the given homogeneous boundary-value problem. These 
functions are called eigenfunctions (cf. section 4 of Chapter III}, 
Since the constants C,,...,C, are determined by (2,11) up to one common 


constant factor, each eigenfunction X,(x) will also be determined up to one 
constant factor. 


» = Le 
2 
The eigenfunctions possess the property of orthogonality: 
t 
(XeXedx =O. (i fek | (2.14) 
3 
This can be proved as follows: : EK = | . | 


Since X, and xX, are solutions of (2.7), we have: 


_ = xtY_ opty" 

( / ry X, sh 2r Xe (2.15) 

Or—r*) Xpex Xyo — 2rAXy, 

where +f and 24 = eigenvalues corresponding to eigenfunctions X; and X, 
We multiply the first equation (2.15) by X,, the second by x;, subtract 


one from the other, and integrate the resulting equation between x= 0 and 
¥=!, This yields; 


i ui f i i I Nf I 
OF) XXa de m PX Xe de — [XX ae — 208(| XIX de —(XiXide). (2.16) 
o @ v o ° 


Integrating the right-hand side by parts, we obtain: 


i 


OMY Xa = (XT Xp — XIX — XIX XIX — 28 (XIX — MX) (2.17) 
a 


where the symbol [ }} denotes the difference between the values for x =? and _ = 
for x=0 of the expression in brackets. 
The right-hand side of (2,17) is proportional to the work done in state ";'" 
by the generalized boundary moments and forces M and Q over the boundary 
displacements corresponding to another state &, and is zero in the case of 
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homogeneous boundary conditions, irrespective of the type of support, 
Hence: 


i 
QO} — 2») \XiXedx = 0. 
a 


Since the eigenvalues }} and a? are distinct wheni+&, it follows that: 


MH! #0 


and therefore: 
f£ 
(X.Xede = 0, 
9 


which proves the orthogonality of the eigenfunctions. 

Exactly as in the case of vibrations of a simple beam (cf. section 4 of 
Chapter III) all even derivatives of the functions X; and X, also possess the 
property of orthogonality: 


ft 


xe" x2” de = 0. (2,18) 


0 


Here, x°” denotes the derivative of order 2m(m=1,2,3,...).. This can be 
proved for any value of m in the same way as the orthogonality of the eigen- 
functions themselves was demonstrated, 


3 


Some examples of the determination of the eigenfunctions and the natural 
frequencies of a beam on an elastic single-layer foundation will now be 


given. 
a) Let the beam ends have simple supports. The boundary conditions 
are then: 
at X*=OandX =? X= xX"=0, (2.19) 
The following system of equations in C,,..., C, are obtained from these 


boundary conditions and from (2,10): 
y+ €, = 9, 
aC, — BC, = 0, 
Cy shal + Cychal + Cysin Bi + C,cos pt = 0, 
Cya* shal + Cyz*ch al — C,f* sin Bf — C,8* cos Bf = 0. 


The first two equations yield: 
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The remaining two €quations then reduce to: 


shalC, + sin 9fC, = 0, \ 


a*shalC, — p*sin piC; = 0. jf (2.20) 
Equating to zero the determinant of this system, we obtain: I | | 
(a? + $*) shad sin ff = 0 
or 
sin pi = 0. (2.21) 
whose roots are: 
Pa = +: {where n is an integer) (2,22) 


Substitution of (2,22) in the second equation (2.9) yields all the eigenvalues 
of the given problem: 


Maat rt. (2,23) 


Substituting (2.23) in (2.13), we obtain finally: 


wp = aw ls + 2 (F)'+ GF. (2,24) “EF -IE-E 


This is a general formula for the natural frequencies of the system, For 
instance, putting s=r=0, we obtain as a particular case the natural 
frequency of a simple single-span beam, Putting only r=0, we obtain the 
frequencies of a beam on a Winkler foundation of modulus &. 

Having determined the eigenvalues 3 and frequencies ®,, We can find 
the eigenfunctions X,. According to (2.21): 


sin pf = 0, : 4 I I 
Substitution of this in (2.20) yields: 


C, = 0. 
Hence, in the case considered three constants vanish: 
CQ =Cy=C,=0. (2,25) 
The constant C; remains indeterminate. 
Substitution of (2,25) in the first equation (2,10) yields the eigenfunctions 


Xn (x), determined up to a constant factor. T aking this factor as unity, we 
obtain: 


X=sinZ, Xyesin2®,  xy= sin et, (2.26) 
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b) If the beam end x =0 is simply supported while the end « =/ is built 
in, the boundary conditions will] be: 


at x«=0 X= X*=0, 
ienay veret | (2,27) 
whence: | | | 
C,+C,=0, 
atC, — pC, = 0, (2.28) 


shalC, + chalC, + sin BiC, + cos BIC, = 0, 
achai€, +ashalC, + Boos BIC, — Bsin BIC, = 0. 


Thus: 


€,=C,= 0, 
shafC, + sin BiC, = 0, (2.29) 7 wre 
achalC, + Bos BIC, = 0. 


The corresponding characteristic equation is: 
Pshal cos pf —ach af sin pf ss 0. (2.30) 
Substitution of: 
a=ViFeR, paVBoF, E-E E 


yields: 
YA ths Al = YF tg VI rl. (2.31) 


If stis given, the transcendental equation (2.31) determines all the eigen- 
values 2, 03,23... of the boundary-value problem considered, whence all the 
natural frequencies w,, ws, w,.... of the beam are determined by (2.13). 
The eigenfunctions X,(x) corresponding to the eigenvalues 42 and 7 
boundary conditions (2.27) are: ] f | 


Xn(x) = sinV MF shV RF rx—shVYR + rtisinY RR — rx 
(2.32) 
(n=), 2, 3,...), 


It is easily seen that these functions satisfy the boundary conditions 
(2,27). 
The functions X,(x) obtained depend also on the elastic characteristic -. 
By successively assigning different values to this parameter we obtain 
different families of eigenfunctions with corresponding eigenvalues, 
determined for a given r* by (2.23); all the functions corresponding to this __= = = 
value of r? will be orthogonal. The family of functions obtained for r?=0 
corresponds to the vibrations of a simple beam with one end simply 
supported and the other built-in (cf. section 4 of Chapter HI). 
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¢) When both beam ends are built in, the boundary conditions are: 


at x=0 X=0, X'=0; 
at x={ X=0, X'=0, } (2.33) 
The characteristic equation, obtained in the same way as in the preceding I | | 
examples, is: 
cos VF ich VIET in VPA shY PFA la1, {2,34) 
The eigenfunctions are: 
Xn (x) = (chanl — cos Bal) (Ba Sti 4X — Oy Sin Bax} — (2.35) 
— (Bash anf — a, sin Bal) (ch aiax — cos Bax), 
where eo ee es 


Ly = Vie srt Br = VR. 


Putting r=0, we obtain the eigenfunctions and eigenvalues of a aimple 
built-in beam, 


The above method can also be applied to other boundary conditions. 


. q-E SE 
Proceeding from the properties of the general integral of a homogeneous 


linear differential equation, the following general expression is obtained for 
the free vibrations of a beam on an elastic single-layer foundation: 


a9 ~ 
Vix, )= 2X XsTa = 2 Xn {Ansin wat + By cos wnt), (2,36) 


where A, and B, = integration constants, . 
This expression can also be written in the following form: I f I 


V(x, t) = 2 CoXnsin on (t — $n), {2.37) 


where the integration constants are now C, and ¢,, the latter character- 
izing the phase shift, 

It follows from (2,36) that the elastic line of a freely vibrating beam 
represents the geometrical sum of an infinite set of curves of the form: 


XalAnsin ont +- By COS toyf}, 


which are called principal modes of the transverse vibrations of a beam, 
Each curve is described by the corresponding function X, and oscillates at 
the frequency w,. The beam axis therefore changes its shape continuously. 

After the beam deflections have been determined in form (2.36), the 
velocity at each point is obtained from: 


Fw 3) Xatts (Ap 608 tagd = By Sittagt), (2,38) 


fim] 
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The bending moments and shearing forces are; 


ao 
Mix, t) = — ESE Xn (An Sin wat + By cos ont), (2.39) 


Q(x, t) = — EFS X2 (An Sin ont + By cos wal). (2.40) | | [ 
tm] 


The diagrams of these magnitudes also change their shape continuously, 
The maximum bending moments and shearing forces are obtained at different 


beam sections and times, 


§ 3. ACTION OF A MOMENTARY IMPULSE 


Let an impulse of intensity p(x) per unit length act for an infinitely short 
time onan elastic beam of length / resting on a singte-layer foundation, 
At the instant at which the load disappears the displacements are still 
infinitesimal, but the velocities are already finite, 

After the load has been removed, the beam will vibrate freely, its 
deflections being: 


Vix, = py Xn (Aa Sin wat + By, COS Wat). (3.1) 


Assume that the eigenfunctions X, of the bar and the corresponding 
frequencies w, have already been determined from the boundary conditions. 
We obtain the coefficients A, and B, from the initial conditions, which, 
according to our assumptions, are: 


V (x, 0) = 0, 

OV {x, 0) (3.2) 

oS 
where vy, = initial velocity at section x. , 

The first condition (3.2) yields 8B, =0. To make use of the second q 
condition, we express the initial velocity of a beam element of length dx in 
the form: 
v, = 22, (3.3) 

where m= reduced masa per unit length of system, which, by the last x 


expression {1.7}, is: 
ye 
m= my + ty = T+ IE gy) dy. 
o 


Since for 8, = 06: 


re) 
ov 
z:™ > Xp Any COS Ont, 
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the second condition (3,2) becomes: 


oo 
OE) =D AninXn. (3.4) 
am 
The determination of the coefficients A, thus reduces to expanding the ! | I 


function 2“) in a series of the eigenfunctions X,. 


We multiply both sides of (3.4) by one of the eigenfunctions and integrate 
the resulting expression over the entire beam length: 


i 


20 i 
we \PO)Xadx = Dunde  XaXede. (3.5) 


ry a= rs 
Because of the orthogonality of the eigenfunctions, all integrals on the 


right-hand side vanish for ak. The only nonzero integral is; 


t 
Ae X2 de. (3.6) 
o 


Equation (3,5) thus reduces to: 


i é I 2 E : E 
Fr \P C2) Xadi m onde { XY de, 
0 0 


whence: 


t 
{2 (x) Xy dx 


At, (3.7) 
a 


The solution finally obtained is thus: 


Vinge 22 ; Xa Sit cane. (3.8) 
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The bending moments and shearing forces are: 


i 


wo (PX, ae 
M (x, = — 2 Yo _Xisin ont, 
Ask wo, | X3 de 
ies (3.9) 
wo \P(x)Xqdx 
Qt, je ye 7 Xa sin Oat. 
at ©, 3 dx 


We thus see that each component of the impulse 


Pu (X) = MAn WX a 


causes a simple harmonic motion of mode Xn, frequency »,, and amplitude AaXn . 

Series (3.8) for the deflections converges relatively slowly; series (3.9) 
for the bending moments and shearing forces converge even more slowly. 
This may cause considerable difficulties in practice, However, in these 
expressions no allowance has been made for the damping of the vibrations, 
which is considerably more rapid for the high-frequency vibrations than 
for the low-frequency vibrations; most high-frequency vibrations are 
already completely damped at the instant when the defiection corresponding 
to the fundamental mode attains its maximum. i E 7 I ; E 

As aresult, it is sufficient to take the first terms of (3.8) and (3.9) in 
order to obtain a satisfactory approximation, 

Consider, for example, a single-span beam with simple supports resting 
on an elastic foundation (Figure 143}, Let a momentary impulse p, uniform - 
ly distributed over the span, be applied to the beam. The eigenfunctions 
are in this case given by (2.26), and the natural frequencies by (2.24). To 
determine the coefficients A,, we substitute (2.26) in (3.7) and obtain: 


t 
p\ sin F cae 
4 af 
Ay = 7 = am,” (3.10) 


o 
Vix, j= bd Dy SL sin 3 xin wnt = 


{3.11) 
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a — 


FIGURE 143. 


Only odd values of n appear in (3.11), since a uniform impulse will cause | { | 
the beam to vibrate symmetrically with respect to its center section, 


§ 4. FORCED VIBRATIONS OF A BEAM 


Consider an external load acting on a beam resting on an elastic 
foundation: 


P(x, 1) = p(x) f(t). (4,1) 


Assume that the variation of p is not accompanied by any noticeable variation 
of the mass of the system, i.e., m remains constant during the motion. 

This problem reduces to integrating the nonhomogeneous differential 
equation (1,6). Its solution is the sum of the genera) solution of the corre- 
sponding homogeneous equation and of a particular solution of the non- 
homogeneous equation. The general solutionof the homogeneous equation is: 


(4.2) E-E EK 


Ving= Dy Xn (An sin wat + B, 005 wal), 


where A, and &, are found by expanding the given initial values of y and 


o in series of the eigenfunctions xX,, as shown in the preceding section for 


the case of a momentary impulse. 
To determine a particular solution of (1.6), we expand p(x} in a series of 


the eigenfunctions X,: 
a 
pix) = 2 CaXn. (4.3) : 


The coefficients C, can be determined by multiplying both sides of (4.3) 
by X, and integrating over the entire beam length. Because of the ortho- 
gonality of the eigenfunctions, we obtain: 


t 
[Px Xq ds 
c.=-—. {4.4) 
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If the external load also includes concentrated forces P, the integral in 
the numerator of (4.4) is to be understood as a Stieltjes integral, We can 
therefore rewrite (4.4) as follows: 


i 
(P(#)Xydx + 3) PR, 
Cc, = *—__-__—__, (4,5) | | | 
Xi dx 
\xt 


where X, = values of functions X, at points of application of forces P, 
Each function xX, can be considered as an elastic line induced by a 
distributed static load of intensity wmX,. The static load C,X, will 


obviously induce an elastic line whose ordinates are = X,- A dynamic 
“,"" 


load causes at time ¢ the displacements* 


2 
Vix, 1) = of Vy:(u) sino (t—u)da, (4.6) 
a 


In the case considered the static load is C,Xaf(t}. Hence: 


‘ 
Vax, at Xn | F(u)sin a, (t — u) du. (4.7) 
” 9 
Hence by (4,3): i - i EK 
a c t 
Vizg= > mae Xn F (usin o,f — udu, (4.8) 
am a é 


The general solution of (1,6) is the sum of (4.2) and (4,8): 


20 t 
Vin. d= DS Xe [Ansin ant + Bucosint + £25 (4 sin (t — a) da (4.9) ‘ I I I 
9 


The bending moments and shearing forces are calculated by the known 
formulas of strength of materials: 


ay al a 
M=—-—ES5. Q=— EI: (4.10) 


the velocity is found by differentiating (4.9) with respect to /: 


-- _- _ - 
v= 5 oP I Xn [ Auton 608 oat — Byte sit ont FE Fupcos.on (tau. (4.11) 


* See for instance, Rabinovich, I. M, + Kurs stroitel'noi mekhaniki (A Course in Strucaural Mechanics), 
pactil, 1954. 
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$5, DYNAMICAL ANALYSIS OF BEAMS CONSIDERED 
AS SYSTEMS WITH FINITE NUMBERS OF 
DEGREES OF FREEDOM 


From the viewpoint of structural dynamics, the beams considered by us 
represent systems with infinitely large numbers of degrees of freedom. : 
The deformed axis of such a system can acquire an infinitely large number | | | 
of different shapes under the action of the various static and dynamic loads, 
The exact dynamical analysis of elastic beams, which takes into account the 
entire frequency spectrum, thus leads in general to an infinite series of 
the eigenfunctions of the given boundary~value problem, 
However, it can frequently be assumed that the beam considered has a 
finite number of degrees of freedom. If a beam resting on an elastic 
foundation is so rigid that it does not become bent, it can be considered as 
a system with two degrees of freedom. Elastic beams can also be con- 
sidered as systems with finite numbers of degrees of freedom. In this case 
some basic forms are selected from the infinitely large number of forms ee es 
which the elastic line of the beam May assume, and only these forms are 
considered in the calculations, Any function approximating the elastic line 
of the beam and satisfying the geometrical boundary conditions can be taken 
as vibrational mode. This considerably simplifies the solution of the 
dynamical problem while being satisfactory for practical needs. 


1 


We consider first the vibrations of a rigid beam on an elastic single- : a ~ a E 
layer foundation (Figure 144), Let the deflections of the beam be: 


V = CT (#). (5.1) 


The equilibrium conditions of the beam are obtained by equating to zero 
the work done by all the forces acting on the beam over the virtual displace- 


ment V=!, The inertia forces per unit beam length are: 


av : 
Mm = 3q = mCT’. (5.2) I Nf { 
In addition to these forces, there act on the beam also the reactions g 


and Q° of the elastic foundation. 


227 


TELIPILTITIrTrIirgiilriTy 


In the general case, when allowance is made for the inertia of the founda - 
tion, the distributed reactions g are by (1.5): 


av ay 
Substitution of (5,1) yields: 
q =XCT + m, CT”. (5,4) 


To determine the fictitious reactions Q*, it is necessary to calculate the 
work done by the normal and shearing stresses, and also by the inertia 
forces in the elastic foundation beyond the beam ends. The virtual displace - 
ments to the right of the beam are: 


¥, a e7us—i}, 


We then obtain: 
Qe = (207 + my ZT") Cm (2atT +#T\C, (5.5) 


where: 


# 
bam as { eWay, 


uv 
tm riba | Pwd, oa 
% 
a 


Equation (5.5) for the concentrated reactions, valid for the dynamica) 
problem, differs from (5.7} of Chapter II by the presence of a second term 
representing the inertia forces in the elastic foundation. 

Equating to zero the work done by all the forces acting on the beam, we 
obtain: 


(2th + dat) T + (lm, + Lim, + 2m, %) 7 = 0, (5.7) 
or 


4 
Ti+ tte) T=0 
Me 1 a 
m(i+gteBee (5.8) 


Thus, a rigid beam on an elastic foundation performs asimple harmonic 
motion at a frequency of 


1 
& itor 
= ™ Mm 1 (5.9) 
. i+ i+ my dal 
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The vertical displacement of the beam at any instant is 
V=C,sinwt + C, cos of, (5.30) 


where €, and C, = constants determined from initial conditions. 


Iii 


We consider as a second example the free vibrations of an elastic beam 
of length 2f resting on a single-layer foundation (Figure 145), Let the 
motion be symmetrical with respect to the section x.=< 0. The elastic line 
of the beam is then approximately defined as follows: 


X (x) = 3B Arcos S* (i =9, 1, 3, 5,..., 0). (5.11) 
im 


The first term of this series (i =0) corresponds to the displacements of a 
rigid beam; the other terms correspond to a symnmetrical bending. It can 
be seen that the function X(x) satisfies the geometrical conditions of the 
problem and one of the statical boundary conditions (M=0 at r= +4). The 
second boundary conditions (Q=0 at z= +/)}) is not satisfied. 


FIGURE 145, ] I I 


To find the natural frequencies «, of the beam, corresponding to modes 
(5.11), we obtain the equilibrium conditions for the beam by means of the 
principle of virtual displacements. Taking (1.7) into account, (2.5) can be 
written as follows: 

ELXV — 2tX* + (e— mw) X = 0. (5,12} 


Substitution of (5,11) yields: 


Dales a) +2¢() +e awo?)] cos FF = 0. (5.13) 
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For each value of i, the first term corresponds to bending of the beam; 
the second and third terms containing the coefficients & and¢ depend on 
the reactions of the elastic foundation, distributed over the bottom of the 
beam; the last term depends on the inertia forces, 

In addition to these loads, concentrated reactions Q¢ will also act on the 
ends of the beam when the latter is forced into the soil like a rigid body. 


These reactions are determined from (5,5)*: | | | 
Qe = (2at — F2 wt) Ay, (5,14) ce 
The following system of algebraic equations is obtained by calculating the 7 

work done by all these forces over each virtual displacement of the beam: * 
fon ‘ Ae 
J Sb — mor Ar cos FF de + 29% = 0, / 
timo 
La 

in\¢ in \? a - 

\ ales ar) + 2¢ (Fr) + k— mw} x : 
~timg 


ixx Rx 
x Ajcos +7 cos az ax =0, (5.15) 


( S[er(Sy4 21(%) + k— mot] x 
—limg 
x A, cos S$ cos dx = 0 


(i= 0,1, 3,5, 7,...,a), -F_-I E 
\ 
ay 


or, after the corresponding integrations are performed: 


[e(t+ )—(m + My + ty 3) wo] Ay + 
i=] 


+S Aj= (k— mw (— 1) * =0, 
fms 


Se — mot) Ay F(T + : 
+ 2t A+ k— mw) A, = 0, (5,16) I | I 


eb — m0 (1) F Ag+ 


+ (EIT + TE +k — mut) A, = 0 


(i= 1, 3,5, 7,...,n). 


The 243 homogeneous algebraic equations (5.16) become identitites for 
Aj=A,=A,=...=A,=0. This trivial solution corresponds to the case when 
the beam does not vibrate. A nontrivial solution is obtained by equating to 
zero the determinant of the coefficients of the constants A;, This yields an 


° It is assumed that the elastic foundation beyond the beam ends performs harmonic motion of f Tequency w, 
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equation of order eee in the unknown »*, whose solution gives all the 


natural frequencies w, corresponding to the vibrational modes (5.1 1). 
The vibration frequency w, of arigidbeam, givenby (5.9), is a particular 
case, This solution is also applicable to the natural vibrations of a beam 
on simple supports. In this case, the first term (i- 0) in (5.1 1) and the 
corresponding terms in (5.16) are discarded, Since in practice only the I | | 
lowest frequencies are of interest, it is sufficient in the general case of a 
beam lying freely on the foundation to take only the first two or three terms 
in (5.11). The low frequencies are therefore obtained from a quadratic or 
cubic equation. 
It was assumed in the above examples that the beam vibrates symme- 
trically with respect to the sectionx=0, In the general case, due to the 
orthogonality of the symmetrical and antisymmetrical modes of vibration, 
the problem can be divided into two independent parts corresponding 
respectively to the symmetrical and to the antisymmetrical modes. The 
frequencies corresponding to the antisymmetrical modes can be determined a ll 
by the same method as described above. 


3 


Let a beam with free ends be subjected to the action of a momentary 
impulse of intensity p(x} per unit length. 
The initial conditions are; 


V(x, 0) =0, 
av tx, 0) x) {5.17} 
a ede oe 


From (5.11) and the first condition (5.17), the beam deflections are 
approximately given by: 


V(x, t) = 5 A,cos $* sinwt, (5.18) 
imo 
where the vibration frequency w, is determined from (5.16). I I I 
The second condition (5.17) yields: 
M_S 
ee = 2 Aw; cos $ . (5.19) 


The coefficients A, are determined by expanding the function 2 io ina 


series of cos FF (j =0, 1,3, 5,...). Multiplying in turn both sides of (5.19) by 


cus ‘SE (i =0, 1,3, 5,...} and integrating the resulting expressions from x= 0 
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to = , we obtain: 


7 ma 
Aaito + ¥ Ato (1)? = 1A pea a, 
i=) o 


Apion + Ayo, = mi P(a)cos 3 as, 
(5,20) 


A=1 t 
4 vT *. 
pw Aotde (~ 1) ay Antin = =; \ p(x) cos "5% dx 
i} 


(= 1, 3, 5, 7.6.,A), 


from which all coefficients A; in (5.18) can be found. 
After the beam deflections have been determined in the form (5.18), the 
bending moments and shearing forces corresponding to i> 1 can be calculated », 
by means of (4.10). The forces and moments corresponding to rigid -body 
motion of the beam (the first term in (5.18}) are determined by the reactions 
of the elastic foundation which can be found from (5.4) and (5.5) when A, is 
known. The bending moments and shearing forces of the beam can then be 
calculated by the usual methods. 


§ 6. DIFFERENTIAL EQUATION OF VIBRATIONS OF A PLATE 
RESTING ON AN ELASTIC SINGLE-LAYER FOUNDATION E-E KI 


During bending vibrations, a plate resting on an elastic foundation can 
be considered as being in static equilibrium, the plate elements being acted 
upon by inertia forces {(- my x) in addition to a distributed load p’(x, gy, !) 


The differential equation of plate vibrations can thus be obtained from {1.2) 


of Chapter III in the form: A 
aN 
Dytytwx, ¥, 1) = pt (x,y, Q— mm SAGO (6.1) , 
where m, = mass per unit plate area; p*(r, y, #) = distributed load, consisting | I | 
of given forces p(x, y, 1) per unit area and of reactions qt, y, t) of elastic 
foundation: 
PP. ¥. N= ple, ¥, H—Gls, y, ft) {6.2} 


The inertia of the elastic foundation must be taken into account when 
caiculating the reactions q(x, y, ). 
To determine the latter, we cut out from the elastic foundation an 
elementary column of cross section dx =1, dy 1 and consider its equilibrium 
conditions, applying Lagrange's principle of virtual displacements (cf. = hl! 
section 6 of Chapter I), 
Assume that no horizontal displacements occur in the elastic foundation, 
and that the z-distribution of the vertical displacements is given by a single 
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function 4(z} *: 


vix.4z H=9, 


wix.y, 2, = wx, y, t) $ (2). 


u(x, y, 2, )=0, 
(6.3) 


Taking into account the inertia of the elastic foundation, the generalized 
equilibrium conditions of the elementary column are: 


o ax F) 


Hu a # 
Fi bae—{ od de+ | Tit bde— (iy SoC HO oraz aie. ys t}=0, (6.4) 
Q 0 


oe 


where q(x, y, 4)= load applied to unit area of elastic ~foundation surface, 


wa  z_ _ 
My = i = Mass per unit volume of elastic foundation, to = specific weight 
of soil, g* gravitational acceleration, and H = thickness of compressible 
layer, 
By substituting in (6.4) the values of the normal and shearing stresses of 
the elastic foundation a,, t%,, try (determined from (6.2) of Chapter I), we 
obtain after some transformations: 
— Avtw(x, wD + kw (x, yt) + my SUEY Loe y, 4, (6.5) E-E EI 
where 
E # 
= 4 3 
toy \¢ (2).dz, 
0 
E wf 
(= rates \P de (6.6) 


af 


Mg = in | $* (2) da. ; I I | 


The partial differential equation (6.5) describes the vibrations of the 
elastic foundation, due to a load ¢(x, y,t). This equation can be considered 
together with (6.1), since the plate deflections are equal to the vertical 
displacements of the surface of the elastic foundation beneath the plate, and 
since the load q(x, gy, 2} on the foundation equals the reactions of the elastic 
foundation on the plate. 

Eliminating ¢(x, y. #) between (6.1) and (6.5), we obtain: 


PIVIw — 2rtVty + stew + me Ee a £ (6.7) 


* The function q (2) is selected in such a way that y (0) m4. 
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where: 


iH 
E. , 
f= 5 app ye eds 


aul 
t E, 
fo marae \H) dz, (6.8) 
# 
mt = Mitre (1 4 te 48 (2) dz) 


Here, D = flexural rigidity of plate, ¥ and 7 = specific weights of plate 
material and of soil respectively, A= plate thickness, g = gravitational 
acceleration, and: 

£ Ys 


y= 
iv ; 
5 


E,= 7 (6.9) 


i--, 


In the case of free vibrations, when no external load p(r, y, t) acts, (6.7) 


reduces to: 


V0 — Qty + sty = — m* Se, (6.10) 


§7. APPROXIMATIVE ANALYSIS OF AN INFINITE PLATE 
IN THE CASE OF CONCENTRATED IMPACT* 


Consider an infinite plate resting on an elastic single-layer foundation 
(Figure 146), Let the concentrated force P(i), shown in Figure 147 as a 
function of i, be applied suddenly at some point of the plate, inducing a 


vibrational motion of the plate, The problem is to determine the stresses 
and strains of the plate during impact (0<¢<+) and during the ensuing free 


vibrations of the plate (<< t < ex). 


[7 


FIGURE 147, 


FIGURE 146, 


We introduce a system of polar coordinates. Let the origin be at the 


point of application of the force, Obviously, the plate deflections will depend 


* The calculation given in this section was performed by E,1, Silkin at the Institute of Mechanics of the 
USSR Academy of Sciences. 
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only on the space coordinate p and on the time zs, i.e,: 
w= wip, ft). 


The fundamental equation describing the free vibrations of the plate is: 


VeVew — 2r°Viw + sty = — me Oe, (7.1) | | | 
or 


where 


ew 4 2a 
Vp =a t+ ' 
ee bia (7.2) 
Vives oe aot wots 2. 
i i ee a ae) 
= “ = 
1. Solution of the fundamental differential equation 
We present the solution of the homogeneous equation corresponding to 
(7.1) in the form: 
wip, t) = W (pe) T (2), (7.3) 
where W (p) = function of p only, and T(#) = function of ¢ only, 
Substitution of (7.3) in (7.1) yields: > E 7 I E 
Vive — 20 | mPTe + gtP 
ep a (7.4) 
Since the two sides of (7.4) are functions of different variables, each of 
them must be equal to the same constant in order that the equation be 
satisfied in the general case: 
VV — 25971" mr 4 tT 
— =e e, (7.5) I I { 
where = parameter to be determined. 
It follows from (7,5) that: 
me*T? + (t+ xT = 0, (7.6) 
VE — 20 — MY = 0. {7,7) 
Putting : + =o, (7.8) 
(7.6) then becomes: a | 
T* +°T =0, (7,9) 
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whose solution is: 


T = D,sinw! + D, cos wt, (7.10) 
where D, and D, = integration constants. , 
Equation (7.7) determines the mode of the free vibrations of the plate, 
We assume a solution of the form: | | | 


VI a AW. (7,11) 


Substitution of (7.11) in (7.7) yields: 
n?— 277 —M = 0, 
whence: 
n=AtV Ae (7.12) oa 


It is seen from (7.11) and (7.12) that the fourth-order differential equation 
(7.7) is equivalent to the two second-order differentia} equations: 


vW4VFER_YyW x0, os 
Vw —(Vrp 4 = 0. : 
These two equations can be reduced to the same form: ‘“EF-E KE 
+t Sivas. (7,14) 


by putting in the first 
x= Vr + h4— 7? 
and in the second 
snip V VRFh+e, 
Equations (7.13) are thus reduced to two zero-order Bessel €quations of 
a rea) and an imaginary argument respectively. ; 
Considering again the variable p, the solution of {7.7) can be represented 
as Bessel functions of the first and second kinds of a real and an imaginery ; 
arguments *: 


W = Ade (o VVAFM—A) + AVe(o VV 2 Or) + 
+ Ado (oe VV REM +A) + AK (VV EM LP), (7.15) 


where J, and Y,= Bessel functions of a real argument, of the first and \ 

second kind respectively; /, and K,* Bessel functions, of an imaginary 

argument, of the first and second kind respectively (modified Besse} functions); NY 

A, Ax, Ay, Ay * integration constants. C_ = 
By (7.3), (7.10), and (7,15), the general solution of (7.1) is: 


wip, ) = [D, sinw!l + Dy cos wt) [Ato + Ay + Aso + AcKole (7.16) 


* In section 2 of Chapter [V the solution of a similar equation was presented in a different form. See also 
section 7 of Chapter I and section 6 of Chapter V. 
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2. Determining the integration constants from the initial 
and boundary conditions 


To determine the six integration constants in (7.16) it is necessary to 
consider the initial and boundary conditions for the Plate. Physical 


considerations impose the following boundary conditions on the function 

wip, ft): [ | 
at p—0: W =f. 00; {7.17) 

at poo: wd. 


Since for p=0 the functions Y, and X, tend to infinity, while for p—+ oo 
the function /, tends to infinity (Figures 28, 148, and 149), we must have: 


A,= A,= A, = 0, (7,18) 
Let no deflections occur before impact: 
ati=0: w= 0. (7.19) 


Hence, D,=0, and (7.16) reduces to: 


wie, )=Csinot-4 (pYVrtu—A), (7,20) 


where C is aconstant, Todetermine its value, let the striking body of mass 


M have a velocity V, at the instant of impact(¢=0) If the rigidity of the plate I = I ; EB 
is small, we can write: 


: ow 
at {=0 and »p=0: ar = Vo: (7.21) 


z TI 


FIGURE 148, FIGURE 149, 


This equation states that the velocities of the striking body and the plate 


are equal at the point and time of impact. = - = 
Since 
a = Co cos wf -J, (VYF + 7) 
and 
490) = 1, 
237 


_ 


TILITIIIITrTiriifgitty 


we can rewrite {7.21) as follows: 


Co = Vor 


c=%, (7.22) | IT | 


Substitution of (7.22) in (7,20) yields: 


wi, ) =Bsinwt.J.(oV V+). (7.23) 


In the case of a massive plate, the coefficient C can be found by equating 
the momentums of the striking body and the plate at the time of impact: 


whence: 


P¥o _ P : 
“Fo = op Cocos wot-Jo(0)[ 4. 
+] = 6h!hCUm = 
4 PemCwcos ot Jo (pV VENA) pde| + (7.24) 
Katy 
+2 2amCw cos wt -Jg(P Vr M18 )p dp ii 
Lt) 
where m= mass per unit area of plate and elastic foundation, determined 
from the last expression (6,8): 
A ¢ = 
mm m°D am T+ 48 (2) ae; (7.25) HT-F-5E 
a 


and py, Ps ....#e = roots of the function: 


LleVVr =i), 


plotted in Figure 149, 
The absolute value of the integrals has to be taken in (7.24). The 
summation in the last term is extended over all half-waves of the function: “ I I [ 


J (eV V+?) * 


which lie inside the zone of motion of the plate, i,e., that part of the plate 
which acquires avelocity atthe time of impact. The boundaries of this zone 
can be determined experimentally. Assume as a first approximation that 
the influence of the impact extends only over a distance corresponding to 
the first half-wave of J,. We then obtain for <0: 


SP me oe + BCom | elo VA+H—r) dp. (7.26) 


The integral is equal to: 


w rf = : ae 
{lV TRAM) em area) ele = arate 


a ® 
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or, since the first root of Jy(x) is ti = 2.4048 and 4, (y,) = 0.5191, 


(ols(oV VRE Mri) gp — —_120 


ae ee 
Substituting this value in (7.26), we obtain: I | | 


PYG(V AP Fh 
 w [PC eM — rt) 4+ 2,5nmg] (7.27) 


Substitution of (7.27) in (7,20) then yields: 


2) PVo(¥ 8+ KE — 28) ; 
by »[P (Wet + At rh) 4 2 Sama] sinat-Jo(p varie). (7-28) ee ; 
3. Obtaining the parameter a determining 
the vibration frequency of the plate 
The parameter ) appearing in (7,23) and (7,28) is related to the vibration 
frequency w of the plate by (7.8), and is determined by considering the 
equilibrium condition of a cylindrical element cut out of the plate near the - | EK 
point of impact (Figure 150}. ; EK . : 
FIGURE 159. 
Neglecting the foundation reactions and inertia, the equilibrium condition : 
of this element is approximately given by: 
2eRQ ao, (7.29) 
where R = radius of cut-out element and Q * shearing force acting along its 
edge: 
6 iw , 1 ow 
=—Ds(t Ta): (7,30) 
= lm = 
Introducing the coordinate R, defined by: 
R= pV¥rene or (7.31) 
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we can rewrite (7.30) as follows: 


C= — DY FEN — "(Fe — Se + he), (7.32) 
Substitution of (7.20) yields: | | I 
Q=— DIVER — a Csinat [4r(R)— Lay (R)+ bet (R)}. (7.33) 


Since: 


Wierd dee Rady don ey, 


(7.33) can be rewritten as follows: 
Q=—DV E+ N4C sin wt -J,(R). (7.34) a er | 


The function J,(R) has been plotted in Figure 151. It is seen that (7.34) 
is not valid atp=0. We therefore exclude the zone inside the radius R = 1.8 
from our consideration. [For R = 1,8], we then obtain: 


= — 0,582 DWV 4 + 4 — rh C sin wt. {7.35} 


Substituting (7.35) and (7,20) in (7.29), and taking (7.8) and (6.8) into 


account, we obtain: - I I E 


(VArte a rye _ P (st + AS) 


3 
19.8 [gh + 4a | ¥* (2) ae} 17-86) 
6 


After \« has been determined from (7.36), the frequency of the plate 
vibrations during the impact can be calculated by (7.8). 


4. Free plate vibrations I I I 


At the instant at which the impact ends (¢ =+) the plate has already 
acquired finite displacements and velocities, and it continues thereafter 
to vibrate freely, The displacement and velocity at the beginning of the 
free vibrations are, by (7,20): 


w= Csiner/,, 
(7,37) 


= = Cwcos wr-/,, 


Taking into account the boundary conditions at the origin of coordinates 
and at infinity, the solution of (7.1) is: 


w(p, f} = [D, sine" (f — +) + Dy cosw"(t —2)] Ay J," = 
= [Cy sin w* (¢ — +) + Cy cos w (f — J," (7.38) 
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where w” is the frequency of the free vibrations, and ° determines the 
argument of the function /,°, The constants C, and C, are found from the 
initial conditions. Putting #=+ in (7.38), we obtain: 


a= Crh (7 39) 
= “ELI 
FIGURE 151, 
ee ee] 
Solving (7.37) and (7.39) for C, and C, yields: 
« / 
q= c= esa ‘ 
7.40 
Cy=Csin or, ( ) 
o 
where C is given by (7,22) in the case of a flexible plate, and by (7.27) in 7 & > E ° | 
the case of a massive plate. 
Substitution of (7.40) in (7.38) yields: 
we.t)= [ cos wt sin w* (t — 2) + sin wt cos * (f —)} dy. (7.41) 


We obtain the parameter » from (7.1), assuming its solution to be of the 


form: 
viw = ow, {7.42) 1 I I 
where a has to be determined. 


Substitution of (7.42) in (7.1) yields: 


ao — Qrtaw + sty x — m' Se (7.43) 


inserting into this (7.41), we obtain: 


oF — 2rte + st = m'w"?, (7.44) 
where w’ is to be considered as a function of ¢, whose extremurn is givenby: 


dao* 
yee 0 (7,45) 
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or 


This condition is fulfilled for: 


a= rf, 


Substitution of this value of o in (7.44) yields: 


oe” = — {7.46} 


where, as before: 


" 
m* = Thm = [#4 ae )dz] 5. 


§ 8. PLATE WITH SIMPLE SUPPORTS ALONG THE EDGES 


2 


Let the deflections of a freely vibrating plate with simple supports, 
resting on an elastic foundation (Figure 152) be given by: 


w(x, yt) = w(x, y) T(t). {B.1} 


FIGURE 152, 


The differential equation describing the shape of the deformed plate 
surface is, as before: 


Vigtw — 2rgtw + (st — mw) w = 0, (8.2) 
whose solution can be represented as follows: 
& oo A 
wing=S > An cos S* cos “EH (8.3) 


f 
i=-lami 
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Each term of this series satisfies the boundary conditions at the plate 
edges [when j and ” are odd]: 


6 9 
ate=+tyz: w=y, oe 


{ 
at yet: w=, 38 = O- | I | 


We determine the natural frequencies » by substituting (8.3) in (8.2), 


multiplying the result by cos us cos SE {j and kk are arbitrary integers), and 


integrating over the plate surface: 


a 
158 alt +S em see meh 
ben ami (8.4) a -= 


x cos cos “£4 cos = cos aH dx dy = 0. 


Equation (8.4) defines the work done by all generalized forces acting on 
plate and elastic foundation over the virtual displacements of the plate. 
Because of the orthogonality of the trigonometric functions, ali integrals 
for which i+j and n4+hA are equal to zero, and (8.4) reduces to: 


a (Ca ee 


x cost #5 cos* OY dx dy = 0. 


(8.5) 


In order that the solution be nontrivial, we must have: 


whence: 


The entire frequency spectrum is obtained by assigning in turn different 
integral values to iandn, The principal vibration modes corresponding to 
these frequencies are: 

¥ 


Win = Ain cos cos SY. {8,7} 


2 —=- = — 


The coefficients A, are determined from the initial conditions of the 
problem, Let a momentary impulse of intensity s{x,y) per unit area act on 
the plate, Since there are no displacements at t=0, the deflection function 
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can be written: 


“a © 
w(t, 9, f= Am cos S* cos 28 sin Win ty 
F r) 7 {8.8} 
mm] rime, 
whence: | | | 
kad tnx ax nN 
=> > Ara WinCOS = COS + cos Wnt. (8.9) 
im] tm 


The initial velocity at ¢ = 0 is: De 


ow Ses inx ary pi(xy) . 
().a.- 3 > Ara ®jp COS C08 Se se (8.10) - = —, 
= 


We multiply (8.10) by cos F cos me and integrate the result over the 


plate surface. Because of the orthogonality of the trigonometric functions 
this yields: 


oa iia ; { ta ta 
Ain ©in { {cost cost 2 ae dy = z { Jp y) cos ~*~ cos ary dx dy, x x Z 
AIA —bA it 
whence; 
“a is \, 
4 Bx, y) cos 2% cog PRY 4, ay ‘*, 
Af ne) 6 f (8.11) 
oe aS ory | i 
Thus, finally: N\ 


*¢ ‘ ERE og BY ay dy I | I 
S { P(x, y) cos 7 ' 
dp =i inx | amy (8.12) 


4 2 F 
w(x, y, £) =n lb > ) x COS == cos T SIN win b. 
dwt nm] 


Substituting (8,12) in (1.8) of Chapter III, we obtain the values of the 
bending moments and shearing forces appearing in the plate due to the 
momentary impulse p(x, y). 


§ 9. VIBRATIONS OF A PLATE WITH FREE EDGES 
1 


The natural frequencies of a Plate resting freely on an elastic foundation 
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{Figure 153) are determined by separating the variables in (6.10): 


TT’ +o°T =0, (9.1) 
DVT *w — 2t0%w + (k — mo*) w = 0, (9.2) 
The shape of the deformed surface of the plate can be represented in | 
the following form: 
mn 
wm (x, Y) se > > Can Pmn (x, 9). (9.3) 
eS 


where mn (*,¥) = linearly independent functions, selected in advance accord- 
ing to the geometrical] boundary conditions, and Cy, * constant coefficients. 
For the functions 9m. we shall choose trigonometric functions together with 
linear terms corresponding to rigid-body displacements of the plate: a et 


FIGURE 153, 


The frequencies corresponding to the vibrational modes (9.3) are 
determined from the equilibrium conditions, applying Lagrange's principle 
of virtual displacements. For this we calculate the work done by all 


external and internal forces acting on the plate over any virtual displace- 
ment, in the same way as in section 12 of Chapter III. Substitution of (9.3) I I I 


in (9.2) then yields the following system of algebraic equations: 
D DCm { [Dv 9? ome — 2p mn +e — M0) pal Gur de dy + 
14 


+ $(Qme (8) + 2 (9) pm ds}} = 0 
(i= 1,2,3,..., 5 Rm 1,2,3,....7), 


(9,4) 


The terms under the double integral sign in (9.4) represent the work 
done by the internal forces acting in the plate, the reactions of the elastic 
foundation, andthe inertia forces arising in the plate and the elastic founda- 
tion. The contour integral represents the work done by the shearing forces 
acting on the plate edges. The first term determines the work done by 
Kirchhoff's reduced additional shearing forces (cf. (1.9) of Chapter LID), 
which appear at the plate edges as a result of the approximate fulfilment 
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of the static-equilibrium conditions by the functions ¢(x,9). The second 

term represents the work done by the reactions, distributed over the 

plate edges, determined by the deformations of the elastic foundation 

beyond the plate edges. Using (10.8) and (10.9) of Chapter III, and taking 

into account the work done by the inertia forces acting on the elastic ; 
foundation beyond the piate edges (cf. for instance (5.5) and (5.14)), we obtain: | | | 


Qe = 26[(a — my rer + GE) — A (22) | (9.8) 


Qyo = 28 [(« ~m, im) te, + Ga Yen a ()) 


where the subscripts { and 6 correspond to the longitudinal (x = +6) and 

lateral (y =-+/) edges respectively. 
Equations (9.4) holds true even when the postulation of a foundation 

modulus is acceptable; in this case the terms containing Q¢ and ¢ should be 

discarded, the characteristic 4 being taken as foundation modulus. ee ee: 
Equations (9,4) can be represented in the following form: 


$00. ov Goa + 8g, 101g +f oe +6 ma Carn = 0, 
Bio. 90 Cog + S40. Cig + + S10, mn Cma == 0. 


8%, 00 Goo + Sem, 1oCig +. Sik. mn Oma = 0, (9.6) 


Smn. 00 Cop + Ema, 19 Cao + + ++ + 8mn, on Coa = 0, E E ' E 
where: 
844, ma = {§ [Dg VT? mn — 29% Dan + (kK — Mo) Pn lie dxdy + 
+ $ £Qmn (S) +- Q* (s)} pie (s) ds. (9.7) 


Integration in (9.7) is extended over the entire surface and the entire 
contour of the plate respectively. These integrals represent the virtual 


work done by the forces corresponding to one state of the system over the ” 
displacements corresponding to another state, Hence, by the reciprocity 
theorem: 


(8:e, mn = Sinn, ix) 


and the matrix of (9.6) will be symmetrical. 
System (9,6) will have a nontrivial solution if its determinant vanishes: 


boo, oo bo0 10 Soo. mn 
Bho, oo b15, to 8y0,mn = 0. (9 8) es 7 
Sma. 90 Sinn. we ban, mn 
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Expansion of (9.8) leads to an equation of (m+n)-th degree ino, whose 
solution will give ail the m+n frequencies corresponding to the vibrational 
modes (9,3). The natural vibrations of the plate are thus: 


w(t, 9, f) = SS Con Grn (8 4) SiN mn! — Gra (9.9) 
toe 


where ¢ma = constant determining the phase shift, 

If the shape of the deformed surface of the plate is described by trigono- 
metric functions, their orthogonality enables the general problem of the 
motion of a plate on an elastic foundation to be divided into four independent 
problems corresponding to the symmetrical and antisymmetrical vibrations 
relative to the x and y axes respectively, Each of these problems will now 
be treated separately. 


2 
In the case of symmetrical vibrations, {9.3} becnmes: 
m a 
w(x, y) =Cot DF Emo cos = + DiC cos SE + 
t 1 


mon (9.10) 
+ 2 2 Caw cos cos Se 


(mt ae $,3,6,..,,(2@—1)). . I @  f : E 


This means that: 


Poo = 1, me = cos™, 


on = cos “*E , Grn = cos = cos TE ad 
where m and n = odd integers. 
Substitution of (9.11) in (9.7) yields all the coefficients in (9.6). For 
example, when four terms({m =I, r= 1), corresponding to the four possible 
modes of plate vibration shown, are taken in (9.10), the matrix of the § 
algebraic equations is given in Table 18. This matrix is symmetrical. It 
is formed by calculating 10 dimensionless coefficiente, using the following 


symbols: 
ry o 
a= Pri f=; 
D= En 
=Ta— 
# 
E> “ 
&= $'! (z) dz, 
= j (9.12) 
EB oF 
t= ayy lvoe, a 
* 


_ #H 
My = Mo | $3 (2) dz, 
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Here ! and 6 = length and width of the Plate respectively, p= Mexural 
rigidity of plate, m= reduced mass of elastic foundation, & and 7 = 
generalized characteristics of elastic foundation, 4% = ¢(t) = function 
representing distribution of displacements over thickness of elastic 
foundation. 

By equating to zero the determinant of this matrix we obtain an algebraic ; 
equation of the fourth degree in wo’, from which the natural frequencies of | | | 
the plate, corresponding to the four assumed modes, can be obtained, 

If the plate is considered to be perfectly rigid, all terms except the first 
in (9.10) vanish, From Table 18, we obtain for this case: 


2 
P+ apt B— (r+ M4 Bus 9 


or 


k 1+ +8) moo 
™ mm, itp 9.13) 
a Shae 


og = 


3 
In the case of antisymmetrical vibrationg, (9.3) becomes: 


a) for vibrations s ymmetrical with respect to the x axis and antisym - E E 
metrical with respect to the y axis: ; E = ‘ 


La LJ 
w(%, #) =» Coo 4S Conn sin BE + FD) Con cos BY + 
: 1 


+3 Cm sin 7 cos MY (9.14) 


au 
(m = 2,4,6,...in = 1,3,5,...) 


b) for vibrations symmetrical with respect to the y axis and antisym- : 
metrical with respect to the x axis: I 


w(x. y) = Cy, 4445 Cm cos 5 Con sin ae 4. 
1 rs 


(9.15) 
FZ BCny 005 ME sin BE 
(m= 1,3,5,...; a= 2,4,6,...); 


¢) for vibrations antisymmetrical with respect to both axes: 


m 
(8) = Con TY + BS Co sin rt 


+25) Con sin 2 + Can sin = sin Se (9.16) 
ry 2 4 


(n,m = 2, 4,6,8,...), 
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The coefficients in (9.6) are again obtained from (9.7), 

Considering only the first four terms in (9.14), (9.15), and (9.16), we 
can represent (9.6) for the cages a, b, and c, by the matrices given in 
Tables 19, 20, and 21 respectively, where a, p, k, D, and m,, are given, 
as before, by (9.12), Equating to zero the determinants of these matrices, 


we obtain equations of the fourth degree in w* which yield four natural 
frequencies for each case considered. 


Taking only the first (linear) terms in (9,14) and (9,15), we find from 
Tables 19 and 20 the frequencies of a rigid plate: 


in the case of vibrations antisymmetrical with respect to the y axis 


B 2 
attaltts)+ a 
Me 44 Me SHB 

ite ab 


Yigg = 


(9.17) 


in the case of vibrations antisymmetrical with respect to the x axis See eee Eee 


1 & 
ea +t aa(st 8)+ ape (9.18) 
™ 14 Sty TB 


ty 


The first approximation in the case of vibrations antisymmetrical with 
respect to both axes (Table 21) is: 


288 (1 — 1 4 
, Bat Hp Ott + B+ Se tt + 3% 
M, ay +a 

1+ Sy 2+ 


(9.19) 


§ 10. BUCKLING OF A RECTANGULAR PLATE RESTING 
ON AN ELASTIC SINGLE-LAYER FOUNDATION AND 


COMPRESSED IN ONE DIRECTION 4 I I 
Consider a rectangular plate resting on an elastic single-layer foundation 


and loaded by axial compressive forces N (*) per unit width (Figure 154). 
The differential equation of the deflections of this plate is: 


Dyty hw —~ 2tytw + hw — NO), (10.1) 


where D = flexural rigidity of the plate, and & and ¢ = generalized character - 
istics of the elastic foundation. The compressive forces are considered 
positive in (10.1). 


We represent the plate deflections by the finite series es = 


wix,y)= > We (y) x (x) (10.2) 


hey 
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and assume as before {cf, section 2 of Chapter III) that the functions ys (x) 
are known; the functions W,(y) are considered as unknowns. We can then 
write (10.1) as follows: [cf. (2.25) of Chapter ILI]: 


a n a 
>> an Wy — >, 12 (01a + pid} — Mia) Wat >» (Cir + 5%) Wa = 0 


fmt a=} amt (10.3) : 
= 1,2,3,...,m). 


FIGURE 154. 


The coefficients at, bra, Cor Pres Ste in (10.3) depend on the selected system E i f . i 
of functions ya{x) and on the values of the elastic constants of plate and 
foundation: [cf. (2.26) of Chapter III}: 


aa = ID (xe ye dx, 


: (10,4) 
bs = tla Xe dx + Fq (de rel 


se =hUlae cede + EA xa ride + tae xall} J I I 


The magnitudes V,, which depend on the compressive load N(x), are: 
Na = {WN (x) 1) x0 dx. (10.5) 


If the external] load is uniformly distributed, i.e., if N(«)=const, equation 
(10,3) can be written in the form: 


x ai WyI¥ >y [2 (6% + ye) = 7 | Ws sb > (Cik + s?a) W, = 0, (10.6) 
1 


kel te] 
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where P = total compressive load and # = plate width, 

By assigning to i Successively all values from 1 to 2 we obtain from 
(10.6) or (10.3) a complete system of ordinary homogeneous differential 
equations in the unknown functions Wey) (& = 1,2...., 2). With the functions 
Xe (x}(k = 1, 2,..., a} known, these equations can be solved up to a parameter p 
(Nin the general case), representing the unknown critical force. By adding | 
to (10.6) the homogeneous boundary conditions at y = +Y, for the functions 
W.(y), we obtain, from the conditions of the existence of nontrivial solutions 
an infinite set of values for P. Since the System (10.6) has a symmetrical 
structure, the eigenvalues will always be real in the homogeneous boundary - 
value problem considered. 

The best way to solve ordinary differential equations with constant 
coefficients is Kryloy's method, which was developed for the case of small 
vibrations of systems with many degrees of freedom, 

If {>>h, the solution of (10.6) can be represented in the form: 


, 


Wetyy=Cysin’ (k= 1,2,3,..., a), (10.7) 


where the C, = constants, and } = length of the sine half-wave corresponding 
to buckling in the y direction. 

Substituting (10.7) in (10,6) and equating to zero the determinant of the 
equations obtained (the ¢, being considered as unknowns), we obtain a 
characteristic equation of order a in P, whose roots will be real. Since 
two unknowns, the force P and the half-wave length, are interrelated by 


the characteristic equation for finite values ofn, these unknowns have to be | ' E 
found from condition: x. s 


In practice it is sufficient to take only the first terms of (10,3), Buckling 
in the direction of the plate width is in this case characterized by the 
function y{x), and the differential equation becomes: 


AW’ + (N,,— 2B) W" 4+ CW =0, (10.8) 
where W = W (y) = unknown generalized deflection; and: 4 { I 
A= DSy*dr, 


B= Df fetae—u x's} +! (ytat + tix, 
Cm Diytde sk {(ytde 4% fade +7 ity |, 
Nya SN (x) x dx. 


(10.9) 


For (i <¢) we can represent the solution of (10.8) in the form (10.7). We 
obtain: 


A(q)'— (i — 28) Gy +c=0. (10.10) 


It can be seen fram (10.10) that the generalized compressive force Nu 
is a function of }, To determine the minimum (critical) value of a,,, we 
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differentiate (10.10) with respect to ) and equate the result to zero, We 


obtain: 
‘4 — 
ranyfA. (10.11) 
The critical value of W,, is then: [ I I 
Ny = 2(B+ VAC), (10,12) 


If N(x)=const , we can rewrite (10.12) as follows: 


Pw M(B 4+ VAC), (10.13) 
where P = total compressive load, | 
Introducing the generalized geometrical characteristics: 
re (10.14) 


we can represent (10.11) and (10,13) in the following form: 


ket Pag Rts, (10.15) 


where f = area of plate cross section, 4 = plate thickness, and / = plate a 7 i | 
length, If the plate length { is of the order of the width #, but less than the 
wave length ). obtained from (10.11), then / has to be taken as wave length, 
and the critical compressive force is then determined from (10,10). If 


: >> art , we put a2 £ and 4 in (10.10); the lower value obtained for 
N,, is the critical one. 


§ 11. BUCKLING OF A NARROW PLATE RESTING ON .. 
AN ELASTIC SINGLE-LAYER FOUNDATION 


Equations (10.3) are easiest to solve when the plate cross section can be 
considered as undeformable, This assumption is justified for sufficiently 
long plates with free edges (Figure 154), or withone edge simply supported 
(Figure 156}, and also in many other cases when an elementary transverse 
strip of width dy, cut out from the plate, can be deformed (Figure 155), In 
this case we choose as functions yx (x) the displacements of the strip 
considered as a combination of rigid links. 


We shall now consider some examples. = - 2 = 
1. Rectangular plate simply supported along a longitudinal edge 


Consider a rectangular plate of uniform thickness 4, loaded by a centrally 
applied compressive force P = Nb (Figure 156), Rigid-body rotation of the 
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plate about the supported edge is taken as the virtual displacement depending 
on the x coordinate: 


X=* 


This problem is described by (10.8), where 


A=DE, 


B= Db(1— 4) + F(1 +m) 


Abe 4 4 (11.1) 
Ny= ; 
so that (10.8) becomes: 
- 6 i . ave ae 
wv 4 al) — B+ S)lw +5[!+ a(it+ g)]¥ =0. (11.2) os i a 
FIGURE 155, FIGURE 156. 
Let the lateral plate edges y=0 and y=! be simply supported. The | I 
solution of (11.1) can then be represented in the form: 
Ww Csin¥. (11.3) 


Plates having undeformable cross sections can only buckle in the form 
of one half-wave, so that 2 in (10.7) is always equal to the plate length !, 

Substituting (11.3) in (11.2) and dividing by Csin “¢ , which is different 
from zero, we obtain: 


F-[b-HO-w B+ Sb Sia =o === 
whence: 
Per = mam + ace + 20 (t+ Fa) +S [1+ 3(1+ wl) ana) 
257 
EE XE 


~ 


‘ 


\ 


TITITQTEPELLQirriririy 


where J = = moment of inertia of the plate cross section. 


For w=, the first term of (11.4) is identical with the expression for the 

critical Euler load. The second term is due to the increase in the critical 

force, caused by the fastening of the longitudinal edge of the plate. The 

last terms of (11.4) takes into account the supporting effect of the elastic 

foundation, | | | 
Hf the plate lies on a foundation for which a foundation modulus can be 

postulated, the terms containing ¢ and a in (11,4) (determined by the shear - 

ing strains of the elastic foundation) should be discarded. We then obtain: 


wt ES BEL , eeit 
Pe Raa=w thew tT (11.5) 


where & = foundation modulus. 


2. Rectangular plate with free longitudinal edges 


Consider a rectangular plate loaded by axial forces whose transverse 
distribution is linear (Figure 157). These forces can be reduced to a 
centrally applied compressive force P (considered positive) and a bending 
moment M acting in the plane of the plate. We assumed that the plate 
consists of longitudinal strips of different thickness and that in the general 
case it has no longitudinal axis of symmetry. 


LIT TTT ETT TTT =" 


FIGURE 157, FIGURE 158. 


The virtual displacements of a transverse strip, cut out from the plate, 
are taken as the translatory displacement y,= | and the rotation Y2=x about 
an axis passing through the centroid of the plate cross section (Figure 158). 

The plate deflections are then: 


w(x, w= yt Ways = Y, +W yx, (11 .6) 


where W, and W, = generalized deflections, The functions W,, which has the 
dimension of length, corresponds to the cylindrical bending of the plate in 
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the longitudinal direction; the dimensionless function W, defines the angle 

of rotation about the axis through the centroid of the cross section. It is 

thus assumed that both flexural and torsional buckling of the plate is possible. 
In the case considered (10,3) takes the form: 


ayy +a,W;" + [Mn 2b tai Wy + [Vy — 
20a + pied) We + (Cae + 8h) Wa + (Cra + Sin) Ws = 0, (11.7) 
igh Wy” + ag Wy’ + IN — 2 (ba + 7) + Wes — 


—2(be2 + pao) We + (en + S31) Wi + (Ces + She) We = 0, 


where by {10.4}, 


‘mts —*m 
an = ¥ Danbm a2 TD. ae 
dee = J Dan x (Kner — tots + Xnsite + Bad, 


by = Oy: = 0, by = by DnOm. 
Cy, = Chg = Cy, = 0, 


h=o+ 5), h=ra-ad(i+4), 
pte = 10] kel + cree) 7 ai ted |. 
s=t(l+ 5).  se=api—ch(1+ 3). 
tow Ro| > (cf + cl — eyeg) + (d+ a) + a : 


(11.8) ‘ 


The summation in these expressions is extended over al} the longitudinal 
strips. 

Here Daas = flexural rigidity; 6 = overall width of the plate; 
& and ¢= compression and shear characteristics of elastic foundation 
respectively. 

According to (10.5) we have; 


Nu = (Nidyide, I I I 


Ny { N (x)yaxs dx, (11.8) 
Nes = | N(x) xbae. 
We can write: 
V(x) = nlx) a, {11,10} 
where the normal stresses N(x) are given by: eos = 
nae tee. (11.21) 
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Here F = the area, andJ/, = jatar, the moment of inertia of the plate cross 
section; M-= Pe,, where e, = eccentricity of applied force P. 
Substituting (11.10) and (11,11) in (11.9), with Yi = | and y=: x, we obtain: 


Ny = lahde= P, 
Nag = | nxhdx= M, (11,12) 
Nyy [rather = St 5 


where 


J=|xtdF, dF = haz. (11.13) 
Substitution of (11.8) and (11,12) in (11.7) yields finally: 


a4 (P — 28) + sh, + ag lY + (M — 26s) Ws + 
+ sus = 0, 

an WY + (M— 26h) Wi + $0 + ani” + Sal 
+ [FP + oe — 2G t sho] Ms + shir = 0. 


Severa] examples will be given to illustrate the procedure adopted. 


3, Rectangular plate of uniform section 


If a rectangular plate of uniform thickness 4 has free longitudinal edges 
and is loaded by a centrally applied compressive force Pp (F igure 159), 
(11.8) and (11.12) reduce to: 


£/ 
a, = Db= —, Thy = Oy, w Oy = Cy, | Cy, = Cy, = 0, 


1—p** 
EdD Es 
“x= Dp= Tam: i as , 
rl 10 
eh=0(1+ 5), phesh=0, = (i+ 3), (11.15) 


ao* 6 
sak(l+5), ol + $+ ah), 
Nu=P, Nie0, Ney = Pet PO 


System (11.14) can in this case be separated into two independent 
equations: 


OW" + (P — 26h) Wi + SW, = 0, (11.16) 
corresponding to flexural buckling, 


+ . 
and anW i" + [PE — 2b + hd] 3 + sh, = 0 (11.17) 


+ 


corresponding to torsional buckling. 
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Let the lateral plate edges be simply supported, 


Substituting Wi=Cisin, Wy =C,sin™ (11.28) 


in (11.16) and (11.17), we obtain the following expressions for the critical 


forces: : | | 
bit 


£ixt i 
Pea may t Uo(1 + 3) 4 es +3). (11,19) 
_. _Esnt 24Es 3 * 
Pa waaay t pen + 20O(1 + atee I+ 5+ on 5 (11.20) 


FIGURE 159, FIGURE 160. 


It can be seen that in the case considered, the smaller critical force is 
given by (11.19), which corresponds to flexural buckling; in other words, 
torsional buckling is impossible in the symmetrical case. Let a moment 
M act on the same plate (Figure 160), The coefficients will have the values 
given by (11,15), except for V4. Here: 4 | I 
Nip = 0, Nyy = M, Noo MP. (11,21) 
For a symmetrical plate: 


j= (x aF = 
so that M4,=0, Hence, the system of equations (11.14) reduces to: 


OW — 26W, + shy + MI, = 0, (11.22) ae 
MW +aW3" —2 (bu + hs) Pet sf, = 0, , 


When the lateral edges are simply supported, the solution of (11 .22) can 
again be presented in the form (11.18). 
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Substitution of (11.18) in (11,22) yields the following expression for the 
critical moment: 


Mm (au + oes + sh 5) [ae + 2 (be 4 an) rT se . (11,23) 


In this case, mixed flexural-torsional buckling takes places. 


§ 12, BUCKLING OF A PRESTRESSED PLATE 
RESTING ON AN ELASTIC FOUNDATION 


1 


Consider a prestressed rectangular plate, compressed by a reinforce- 
ment rod lying in the longitudinal section «=e. (Figure 161). The rod is 
extended by a force R=n,A4F, where AF = cross-sectional area of bar. 

The normat-stress diagram for the plate cross section ¥= const is shown 
in Figure 161, With the exception of the vicinity of the rod, the normal- 
stress distribution is given by; 


R Rey 
m=sty* (12.1) 


where R = tensile force acting on the reinforcement rod, 


: all Xp-r 


FIGURE 161, 


The state of stress thus corresponds to a balanced (in static equilibrium) 
system of forces, i,e.: 
, + 4 
(nixydF = P=0, Jn(x)xdF me M = 0. (12,2) 
o 
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If we assume that the plate cross section is not deformed, the solution 
will be given as before by (11.14), Those coefficients which do not depend 
on the compressive load are for a plate of uniform thickness determined 
by (11.15). 
The coefficients which depend on the external load are obtained from 
(11.9), where the integrals are to be understood as Stieltjes integrals. The 
integration yieids; I | | 


Na = fate) dF = [mdF— ny AF = 0, 
Ny = fa@)edF= | nixdF — ny AFe, =0, 


(12,3) 
Nay = fatyxtdF = a + “Sc? _ Ret, 
where 


Jy (x'dF, Jy=) dF, aF = hdx. wT - = 
Substitution of (11.15) and (12.3) in (11.7) yields: 


any. — wi s1¥,=0, 


e 2.4 
ayy” + (Naz — 2 (ban + p%)) W3+ 0, =0, ’ 


where for a plate of uniform thickness: 
Nu = R(iy—et). (12,5) 


The first equation (12.4) is independent of the load and therefore: 
W,=0, 


Buckling of the plate is thus determined by the second equation (12,4), 
in which W, appears. Since the generalized displacement W, represents a 
rotation, torsional buckling will take place. It follows that no flexural I | | 
buckling occurs in a prestreased plate. 
Assuming that the lateral edges of the plate are simply supported, the 
solution of the second equation (12.4) has the form: 


W.=Csin™. (12.6) 


Substitution of (12.6) in the second equation (12.4) gives the following 
value for the critical force: 


Rec = a one + 20m toe) + oS], (12.7) a ee es 
1 Zz 


where azz, bss, pre, Sz are given by (11.15), 
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Consider a prestressed plate of uniform thickness, subjected to a 
compressive load applied at an eccentricity ¢, (Figure 162). 
The differential equations of buckling in this general case, which is a 


combination of the two previous ones, are: | | | 
ay, WY + (P— 2pti) Wi+ shit PepWs = 0, 
Pep) + anWs" +[(P + R) ip — Re —2(bm + phe) + (12.8) SS 
+ Sas = 0. 


In the particular case when the external load is applied centrally (e, = 0), 
the system of equations (12,8) can be separated into two independent equa- 
tions, corresponding to flexural and to torsional buckling respectively. 


a 
In all the above examples it was assumed that the plate is simply ; ' 
supported at the lateral edges y—Q and y=/. With other methods of support : 
(built-in edges, free edges, etc.), the critical force is determined from 


the general integral of the corresponding homogeneous differential equation 
satisfying the boundary conditions. This yields a system of homogeneous 
algebraic equations in the integration constants, since the boundary condi- 
tions are also homogeneous in buckling problems. Equating to zero the 
determinant of this system (considering only the nontrivial solution) we 
obtain a transcendental equation in the parameter characterizing the 
compressive load. This equation has an infinite number of roots, the 
smallest of which determines the critical value of the compressive forces, 
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Chapter VII 


METHOD OF INITIAL FUNCTIONS. APPLICATION OF THE 
METHOD TO THE THEORY OF THICK PLATES AND 
TO THE THEORY OF ELASTIC FOUNDATIONS 


§ 1. GENERAL SOLUTION OF THE THREE-DIMENSIONAL 
PROBLEM OF THE THEORY OF ELASTICITY 


1 


The general problem of the equilibrium of a solid isotropic elastic body 
undergoing small deformations is described in cartesian coordinates by the 
differential equations: 


ri] , as 

Et Bet Gitano, E-EE 
a, a o,, 7 
tet etl =, (1.1) 


“nalts 8), 

oe = ald OE + (+ ¥)1, 

vim Salt +e, 

dig toe =6(% 42), (1.2) : 

anes 2) iT 


Ter = Tas = G(% +H), 


Where 6,, 9%,..., ty. tr = COMponents of the streas tensor; u, v7, = components 
of displacement vector of point considered; a, 6,¢ = components of vector 

‘ pt IE Bs 
of the body force per unit volume at this point; G = Wt modulus of 


¥; 


elasticity in shear; v= Poisson's ratio*. 


* Equations (1.2) were already given in section 6 of Chapter lL. The magnitudes Introduced there were 
different, being the elastic constams &, and w of a three-dimensional body (the elastic foundation), defined 
by (6.3) of Chaprer [. 
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As already mentioned earlier, two methods of solving the general 
probiem are used in the theory of elasticity, namely the method of displace- 
ments and the method of stresses, The first method, in which the basic 
functions are the displacements u=u(x, y.2, v=v(x, y, 2), w=wls, yz), Was 
used in the preceding chapters when considering the strains in the elastic | | | 
foundation in the two-dimensional and three-dimensional cases. In the 
second method the basic functions are the stresses. «, = 9, (x, Ys Teeves 
Tre = Tee (a, ye, z), 

In addition, it is also possible to apply a mixed method, as will be done 
by us in the solution of the general three-dimensional problem of the theory 
of elasticity. 

Let the basic unknown functions be the displacements u = u{x, y, 2), 
veo(x,y, 2), w= ws, y,2) and the stresses x,,, t., 2. The components u, o,w 
of the displacement vector will be considered positive if they coincide with 
the positive directions of the coordinate axes x, y,z. 

Similarly, the components +¢,,, ty, 9, Of the stress vector acting on an 
elementary surface, whose outer normal is directed along the z axis, 
will be considered positive if they coincide with the positive directions of 
the x.¥.2 axes respectively. To simplify the notation, the displacements 
u,v,w will be replaced henceforth by the magnitudes: 


U=Gu, V=Go, W=Guw, (1.3) 


also called displacements,  f -I-s£T 
The unknown stresses will be denoted: 


tee =X, w= YY, a, Z. (4) 


Eliminating between (1.1) and (1.2) the stresses o,, 0, t= tj: we obtain 
the system of six fundamental equations of the mixed method, Substituting 
(1.3) and (£.4), these equations can be presented in the form: 


ov i—2 
a Tosa? ay) Peay 
4 ax oY (1.5) 
ay tty ay pay 2 ov vy 02 
“=e la tiara? 


ox {+v ov av 2 ow va 
J-rs- 5 


az i— vOx oy dy* iv a0 


The remaining stresses are: 2 ae = 
2 av, fav, aw 
= Toa [0-9 Z+ (a + S)). 
2 av aw , wv 
=U —9 Sr + (+ B)], {1.6) 


ty = Ta = Bt ae 
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From (1.5) and the boundary conditions, the six unknown geometrical and 
statical magnitudes characterizing the states of strain and stress can be 
obtained. 


I I I 
The mixed method of representing the general equations of equilibrium 
of an isotropic elastic body can also be applied to dynamical problems of 
the theory of elasticity. The unknown functions U,V, W, X,Y, Z depend in this 
case on the variables z, y,z,f;in (1,5), the expressions for the inertia forces 


ot 
of 


at 


ey m OW 
ya -— SMF: (1.7) 


pepe m 
G ES oF 


have to be added, 


§ 2. SOLVING THE EQUATIONS OF THE THEORY OF 
ELASTICITY BY THE METHOD OF INITIAL FUNCTIONS 


1 


Consider two planes in the body: the plane z=Oand a plane z=const, 
parallel to it. The part of the body included between these planes represents 
a layer of thickness z—const. When z is fixed the unknowns in (1.5) depend 
only on x andy, Thus, the magnitudes U,V, W,X,¥,Z determine the dis- ‘ I a IE : E 
placement and stress vectors at any point (x,y) of the fixed plane z=const. 
The magnitudes Uy, Vo, Wo, Xs. Yo, Zy corresponding to z=0, will henceforth 
be called geometrical and statical initial functions. 
The positive directions of displacements and stresses for points of the 
lower plane z= const and of the upper plane z= 0 are shown in Figure 163 
(the z axis is directed downward), 


2a 


F4 
FIGURE 163, 


For any plane z= const, the vector components are positive if they act 
along the positive directions of the coordinate axes, The same rule is algo = = _ 
applied to the components U,,¥,,W.. The components X,, Y,, Z, are positive 
when their directions are opposed to those of the positive coordinates 
axes, 
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2 


We assume a general solution of (1.5) in the form of Maclaurin series 
in z: 


adare()+ $ + | | 


VaVo+2(S),+-a(gr), + ae (2.1) 
Za tte), +H (Fe) to 


The following symbols will be used for the partial derivatives of any function 


F w F (x, 9,2)! 
. = 
eer, opp ase — 
ox ' ty Fs aU" 
ar air oF 
Sr avr, Slap, 2 _ pep 
ax * & ‘Ges , 
; . (2.2) 
OF = a, Or = #2 OF =r 
pee: Gree Geek, 
in general: 
Haitap E-f sE 
Bkayaee = OPM P. 


These symbols are those used in the so-called symbolic method, which 
makes possible the application of the methods of linear algebra to differen- 
tiation and transformation of equations. 

We can then rewrite (1,5) as follows: 


t= —aW + X, “ 
V=—paV+y, 1 I I 
We — 5 fal + pv) + A ™ 2, 
= (1 — v) 
rZ = —aX —pY —c, (2.3) 


rv = —jAlapy — (ov + 2 pv) — pz, 
X= — fe lapy — (eV + 2a) —p* azo. 


The body forces ¢,%,c will henceforth be assumed to vanish. 
Multiplying (2.3) by +, and eliminating the terms containing rl/,rV,...,rX , 
we obtain the second derivatives with respect to z of the unknown functions: 


-_y¥ i 
AU = — Get + su— 4 apv—pt 22, 
: 2—y+ 


Vm — pho — Grp + atv — pati az, (2.4) 


¥ ft i 
OW = Ott PW — gay eX— sq ae, 
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AZ = > (at + Bal + > (at + BY) BV + > (a4 PZ, 


i-v 


ny = het py py — it 


AXe A at + paw — (Fae? + pr) X— 


apX — (F=" pr + a} ¥, (2.4) \ 


apY. 


~ [ I F 


The third derivatives with respect to z are obtained by multiplying (2.4) 
by 7 and eliminating the terms containing rl/,rV,...,7X with the aid of (2.3), 
Higher derivatives are obtained in the same way. 


3 


Equations (2.3) and (2.4) are true for any values of the independent 
variables x,y,z. Puttingz=0, we obtain the partial derivatives in the : == = 
right-hand sides of (2.1). Grouping together the differential operations 
performed on the same functions ( &%, V,...,X») we obtain the unknown 
functions U,V,...,X, expressed through the initial functions Uy, V,,...,X, and 
their partial derivatives. 
These formulas can be written in the form 


U = Ly + LoyVo +... + LuxXo, 
V = Lyla + Loy +... 4+ LyxXo, 


seer ay (2.5) E-E E 


X= Lyol/y + LuvVo +... + ExxXo, 


where Luyy, Loyv,..., xx = linear differential operators with respect to the 
initial functions Up (x, 9}, Vo(x,9),....Xo(x,y), depending on z and containing 
partial derivatives with respect to x andy forz=0. These operators can 
be represented as follows: 


* (2 — ” 4(3— 
Luu = Lax = 1— Fo at pty Po) ata? + 


24(1—yv) 
z Fook © Reed ” : 
+ ET = eae CO aT I I I 


Ea z 
Lov = Lyx = ray 8 + Tay t- 


Fi 
~ ROG ay yb +... 
Low = Lex = —az4+ eat jta— mn oe fat 


7 (4—4) 


+ Reo y Te + woe 
2 zi 
bye = hLwx = — py et Rey tt — 


(2.6) 


Fa z : 
—WiSy Tt OTe eT: = = — 


Fad 2 
Luy = Lyx = — gq =r) 8 — etry tap — 
27 
— Rate C+... 
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27 (3 — 2y) 


bux =2— Ray et imi het 
+ it orate sia? + 
ly = by = Fa nfoget! its ea 
cme rr 
bn = bey I~ BBEB RSet BO 
ee pt ap Amie + 
Lyw = Lay = —'e + Zot pB— oy 8 + 


2(4—V) ag 
+ Bay TP 


gt 
byz = bey = — 5b + aq 


z ze 
— Mio wy TP + HTT 1? — 


23 — 2v) z(2— v) 
by = 2 ay Peet eT + 


a "(5 —2 ae 
+ igre — if ae ¥) Eid dgt 4. 


THOR A —v) ~ $0457 


(i+) (249) 
Si—y Te ii — yy V+ 


27(3+ 9) 
+ moa) qe... 


ait) ULM 93g (2.6) E-E-E 


erey 27 (3+) 
~TMOG—=y B+ wna —y t? = 


Lyy = Lyz = — pa + 


A thy z*(1 4+ y) 
Low = Lez= 1+ Sian Ra—yt t 


zw(2 +) 
+aqey to: 
_ ett — 2y¥) zu + 2(1 + 2v)} 
Lwz = toy  sd-y! ~ Moos th 


(1+) ¢ , 
~ 36407 — yy FT 
zt w 
Liu = Lxw = 517% — si ai — vt 4g day Vt - . 

bay = hy = By =) B+ maa TP 

7 4 Pa ee 6 eae ee #4, 
Lw=— sq Dav t+paKat ~ maa Ut: 
1 273 
Ly = Ly =—20t*" +3 af + area 77228 ~~ 


T+y 
fap + So ee 


#40 
~ ROT — 


saat gigi ba -— oo 
2 zt t a 
— Bay UP — eT + ay TE + 
2z* 2 
bry = — Hat aft + pe tat + eB 


2 t_ 3 ans x waty 2 sys 
~ BTS OO gag TPT aap + saw 
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The symbols 13, 74,...,4™ denote two-dimensional harmonic, biharmonic, 


and 7-harmonic differential operators in the x,y plane. 
These operators are related to the single-term operators: 


ne i pt = ad 


oe P= ae 
as follows: 
Peat Bhs (ts BL. a+ By, 
4 


Considering the differential operators 


a, #7, B, B?, @B, 7%, 74)... 


in the right-hand sides of (2.6} as algebraic magnitudes, i.e, performing 
on them the operations of addition, subtraction, multiplication, and division, 
we can represent the operators Luy, Luy, Lyw,.. -Lxy, Lxx in (2.5) in closed 


form as trigonometric functions of the argument 7z=2z V cm + = : 


Using the series developments of the trigonometric functions: 


: Cid et gi 9 
aac Aas Min ie | ee i ok Me (ie oe (ea 
14; 29% o 
7 (sing — g cos ¢) = + +--+... 
i. » 3qt 
Zz (sing +gcos ¢) = 9 —_* y+ See 


a 
+ (psing + 2008) = [~= + cs a a , 
t 5 7 ey 
F (Bsing— cos g) = p— $F 4 2H Set ces 


where we write p= 7z, we can represent the series (2.6) in the form: 


3, 
Lax = Lyy = 008 ¥2— st sin 72, 


1_afe 


Lyx = Lyy = Goa sin yz, 
Lzx = Lug = -shy a (0 — 2) sin yz + 42005 72), 
bux = Luz = ~ aS sine, 
lLyy= 1 ap... 
vx = Lyy = — ld=0 7e (sin yz — yz cos 72), 
1 i a, 
lux = vy sing FAIR y 7 (in 2 — zz c08 72), 
bLxy = byu = ~ ray sin, 
1s a t pt. 
Lyy = Luy = £98 12 — Fy BN 2. 


lLy=Ly= —~a=at (C1 — 2y) sin yz + 42 ¢08 x2}, 
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bey = £yz = — moat sin yz, 
4 : 
baz = Ley = Woy [{! — 2v} sin yz — 42 c08 yz], 


lyz = Lew = moa [¢l — 2y) sin yz — yz 008 42], 


lz: = Lew = — rm 1 {sin yz — yz cos 72), I | | 


1 1 + 
Lwz = W177 ({3 ~- 4v) sin yz — 42.008 yz), 5) 


Lyw = Lay = ayz sin 712, 


i--y 
lyg oly = pay Presin yz, 
Liaw = — Tea tsin x2 — 72005 72), 


Lxy = Ly = — 


“8 (vsin yz + 4z0c0s 7z), 


i-—v 


* = = pla 
biyy = — sin 12 — pF osin 12 + JZC0S 72), 

to Serer 
bay = — © singe + © (singe + 42008 72). 


We have thus two forms of representing the differential operators 
Luu, Luv....,£xx: a purely differential form given by the infinite series (2.6), \ 
and an integral-differential form, given by the transcendental equations 
(2.7), which contain operators of the form: 


TH+ PAS + Ge)” Peete EI, 


a = (a8 + BA, 


where, as before; 


ry ie Ch 
% + P= oat oa: 


5 I I I 
Using (2.5) and (2,6) to express U(x,y,2), Vix.y, 2),...,X (x, y, 2) through 
U,(%. 9) Vo (x,y). ....Xy(x, ¥) and their partial derivatives, as well as through z , 


we obtain by means of (1.6) the remaining stresses a,, 4, andy, = 1, , acting 
on surfaces parallel to the z axis; 


0, = Ay, + AyV y+ vie FAXXy, 
oy = Byt!, + Bye t+... 4+ BxXo, (2.8) 
tay = Tye = Cully + Cen +... + OxXo, 
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where Ay = — = = (20? + Pa + aia (30+ B*)yPa— 


— goa Oot + Bet. 
Ay Bop St 4 Yat +68 + a x 
SMA VAP BB gE (Btu vetlyB+..., | | I 
A = — (et BY + ge at + Bt 


7 
— ay C8 + Bt + pee lat + BYR 


¥ 
Ar= a5 


—v¥ 


2 
— FT HM + at + By + Ra x 
x {(24- Wat + #IY — aga lO + vat + Bt. 


z Fad 
Ay = Taha =v) {(l + vat + vp*] 6 + 120 (i —¥ x 


t 2) a 2 zt 3 a tha , iy a = 
* AA + at + BB — ay (B+ yet B+... 
Ay = ESM a— Ey Bet + 2—w Bat 
+ ay (4 at + OB Pe 
— gaacy Ye + O—wRye—..., 
By = oa het + +B t ai x 
x fat + (2+) Ba sept — bat 8 Byte +..., E % E ; E 
By = 758 (0 + B98 + a (a + 30 (2.9) 
z 
~ BOT ay (+ ABB +... 
Bw = — (ra? + BY + ae Oat + By? — 
— aay (8 + OPT + gaa OE 4B y*—. 
Be = SH yh + + 08 + ; 
+ ag he + + DPT — im X I I I 
xf + (3+ YB +... 
By = FE p— B12 yat + B—w BB + 
+ mmrryl@—Yet + 49 pt 
— pH 2 — Ya + ENP +... 
Bem poe agteg t+ 0PM afi * 
x fa? + (2+ WBN Ta — ee ft + tute... ae Sa. 
CoB Slat + Bi + oe Gott Bp 


aed es +B) B+ uti 
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iat os 


Cy sam F(a? +3 Pate (at +3 = BY) 7 — 


-_ files Fairlane sia 


2(1- a 
Bay 1 — aay frag + 


Cy = — za + 


4 Pay) (2.9) 


OT yj TAB. 
C= 2? E ad t ‘ 
i gay B+ Tat @B — ray V0 + 3s 
Cy = za— 2 OSes it tT *)ya— 
— xin at + f i yiat.. 
ee tee 
— ao (Fae + PP +... 


Cx = 28 — $2 


Using (2.7) we can represent these operators in the following closed form: 


Ay = Toy COS Tz — ao =) sin yz, 
(a? + 2vB3) za? 
Ay = — ta sin yz — -— 00s 72, 
= zeepB 
A 7ai—y sinyz, 
Az -_ Tr a? sin v2, 


—__f _ ay; za%B 
Ay = ex (v ar) sinyz t+iq—an =yp Fh OOS 42, 
t 13 
Ay = Tay GOS 12 + wa [e- y— Hr] sinzz, 
zapt 


B f—w4y sin 12, 
_ __ 2+ Ar. zp 
ete ty 
— 28 epee 
tT TO—9 eds (2.10) 


—-TW 6" sin yz, 


By = a) Ld Br] singz trq 005 72, 
By = aaa i fy) singe + a <2P 008 72, 
Cu= Boos yz — =e sin 72, 

Ce= -_7Sta — 2v)sinyz + 42005 yz}, 

Cy = cos y2 ~ FAP singe, 


. i er 

Cy= cm sin yz =i a SF (sin y2— 2.008 42), 
apz ; 

Cz = ~ Fey SN 12 


, 4 ; 
Cx = £ sin yz —a (sin yz — 72 c0s 72). 


These expressions could also have been obtained directly from (1.5), 
(2.5), and (2.7), 
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§ 3. BASIC PROPERTIES OF THE LINEAR TRANSFORMATION 
MATRICES IN THE METHOD OF INITIAL FUNCTIONS 


1 
Equations (2.5) represent a genera} solution of the three -dimensional 
problem of the theory of elasticity. When the operators Luu, Luy,..-,Lxx are 


defined either by the infinite series (2,6) or by the transcendental equations 
(2.7), we obtain a one-to-one correspondence between the six initial functions 
Ug (x, yb. Vo {X, 4)... Xo(x, ¥}, Corresponding to points of the plane z=0 , and the 
six unknown functions U (x, y), V(x, y)...-,X (x, ¥) corresponding to points of any 
fixed plane z=const, 

Equations (2,5) thus represent the general law of transformation of the 
initia] into the unknown functions. An identical transformation corresponds 
to a unit matrix whose principal diagonal consists of unit elements, al} other 
elements being zero. This property follows also from {2,7). 


TABLE 22 


The transformation of the initia) into the unknown functions is called 
direct transformation. The set of 36 operators Luz, Luy,...,d<x forms the 
matrix of this direct linear transformation, given in Tables 22 and 23, If 
ULV,...,X are considered as given and U,, Vs,....X,as unknown in (2,5), we 
obtain the inverse transformation, In this case the problem reduces to 
integrating a system of six compatible partial] differential equations of an 
infinitely high order in the Limit. 

This seemingly complex problem is solved very simply by taking into 
consideration the physical meaning of the method of initial functions. Taking 
any plane z=const as initial, the functions U.V,...,X as given (transformable), 
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and the functions U,.V,,..., X, as unknown (transformed), we assign a 
negative value to the coordinate z in (2.5). Taking into account that the 
operators Lyy, Luv,...,Lxx are even functions of 2 and thus retain their sign, 
while the remaining operators Luw. Luy,...,Lxy , are odd functions of z and 
change sign, we obtain: 


Us = Ly + LuyV — Lye W + Ly2Z — LyyY — Ly xX, | | | 
Vo = Ly + LywyV — Lye W + Ly2Z — LyyY — LyX, 

Wo = — Ley — Lew +LowW — Le zZ+Ley¥ +L 2X, 

Zo = Lal + Li —LzwW + Lze2 — LivY —LayX, (3.1) 
Vo = — Lyy — Ly + LywW — Ly2Z + Lyy¥ + LyxX, 

Xo = — Ley — LyyV + Lyw — byxzZ — Lyy¥ +LxxX. 


2 


Substitution in (2,5) of the functions >», V,.-..,X_ defined by (3.1), 
transforms the former into identities. It follows that transformations (2.5) 
and (3.1) are orthogonal. This Property, observed in problems concerning 
thin-walled bars and shells, and known from Kryiov's method of initial 
parameters in the analysis of beams on elastic foundations, is expressed 
mathematically as follows: the sum of the products of the corresponding 
elements in a line of the direct transformation (2.5} and in a column of the 
inverse transformation (3.1) equals unity, provided line and column have 
the same ordinal number. ; E i E ae E 

The determinant formed by the operators in transformations (2.5) or 
(3,1) is equal to unity. This property, just as the property of orthogonality 
of transformations (2.5) and (3.1), is strictly fulfilled in the limit, when the 


operators Luv, Luv, veae bxx are defined by (2.7). \ 
TABLE 23 
1 i a as af FZ singz— \ 
MES MSY MOF —H*% [oy [LF x fe x ft . 
uv ats abe x (1 29 x wy Ta—3P pa as Ca : 
x paings > sin yz Xsin 72 +42 00842] x sin q2 |x (slnyz— yreosys a a F I | 
; rea Tae 
(cd - rs x pz lage — FTX 
apz cosy? — x7 x FT — ay -—ta—o7 x I* 
v Fwy 1 Sales x 14 — 2) x ¢ Haat x salsin ys — 
x sing2-+Tr003 ya] 


— 1860872) 


i @ J 6 1 
PUG ™ | OWT begs reste ay * 
x [(1—2y) sin gz —] x f(1 — 20) x es _ x ((3 — dvpainyz —| 
= 4z005 Te] x singz— q2c0872] 2 (1 — vene-re) — 72 cos ye] 
z qo sine: qiite sinye =y * 
X (72008-72—sinz2) 


vr 


=o See —D any ee ee 
ad—-v)7 Tes 
4 f () 
x {vain 72 + - ay x 
+ TECOS TE ying yrcon zz} 
= Bi - 
X @' 
iy T x 
[x (simyz-+ T200872)) 
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In addition to the properties listed, the operators in transformation (2.5) 
obey the following law: 


Lyg=Lxy, Luy = Lyx,ete. (3.2) 
Hence, the matrices (2.5) and (3.1) are symmetrical with respect to the 


secondary diagonal. 

The equality of the operators lyy and Zyy, and of the operators Lyy and 
Lyx symmetrical to them, is due to the isotropy of the elastic body with 
respect to the z axis. Thus: 


Lyy = Liy, Lz Lee, Ley = Lxz, Lyy = Lavy | (3.3) 
Lyy = bxx, Lyy = Lyx, Low = Lax, Loz = Lwx, Luv = Lyx. i 


§ 4, GENERAL METHOD OF REDUCING THE THREE- 
DIMENSIONAL PROBLEM OF THE THEORY OF 
ELASTICITY TO A TWO-DIMENSIONAL PROBLEM 


The six initial two-dimensional functions U,(x, 9), Vo(x, y),.++,Xolx, #) are 
obtained by integrating (1.5) by the method of expanding the unknown func- 
tions in powers ofz. The initial functions are determined by the boundary 
conditions for z= 0 and z=A=const or, in the general case, for z=A(x, y). 

These functions are determined at each of these planes. The boundary . 

conditions may be purely statical, purely geometrical, or mixed. I = a KE 
inthe case of atatical boundary conditions, three components of the stress 

vector are given at the boundary surface, The unknown functions are in this 

ease the components Uy (x, ¥), Volx, ¥) Welz. x) of the displacement vector of 

the plane 2 =0. A system of three differential equations for these functions 

is obtained from the statical boundsy conditions at z= A(x, y). 

In the case of purely geometrical conditions, the displacement components 
are given, the stress components X,(x, 9), Yo(x. 4). 2n(x, y) being unknown. 

A system of three linear differential equations for these three unknown 
functions is obtained from the geometrical boundary conditions at z= A(x, y). : 

In the mixed problem, the boundary conditions at z=0 are given partly 
in displacements and partiy in stresses. Three conditions altogether are 
given for each point of the plane z=0, Three differential equations for the 
remaining three unknown functions are obtained from the three conditions 
at z= A(x, gy). 

Expanding, according to the general method of initial functions, the 
boundary conditions for z«0 and zwA(s, y), we can always reduce the three- 
dimensional problem of the theory of elasticity to a two-dimensional problem 
described by a syatem of three linear differential equations in three unknown 
initial functions of x and y *. 

These equations will have variable coefficients in the case of an elastic 
layer of variable thickness 4=A(z, yg). If the thickness is constant, the 
coefficients will also be constant. 

The order of the differential equations depends on the number of terms 
retained in (2.6), 

* A-similar method, chough formulated differently, waa proposed by A.N. Lur’e /56/, 
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The boundary conditions for z=0 and z=Alx, y) are satisfied exactly 
during the reduction of the three -dimensional to a two-dimensional problem. 
The boundary conditions at the lateral cylindrical surface are satisfied when 
integrating the differential equations of the two-dimensional problem, These 
conditions are satisfied up to the terms of (2.6) which have been discarded. 
If in {2.6) we use only terms linear in z for the displacements, up to z* 
for the shearing stresses X and Y, and the first terms in 2’ for the normal | | | 
stress 2, we obtain a solution which satisfies the boundary conditions on 
the lateral surface only in Saint-Venant's sense. 
We arrive in this case at the general moment theory of thick plates, 
independent of Kirchhoff and Love's hypothesis. If terms of higher order 
are retained in (2.6), a more accurate theory of thick plates is obtained. 
In this case there appears on the lateral surface, in addition to the axial 
forces and moments considered in problems of plane stress and bending of 
a plate, also an equilibrium system of stresses, which can be reduced to 
generalized forces of the same nature as bimoments. 
It is thus possible to develop by the method of initial functions a general . = mer 
bimoment theory of thick plates and shells, independent of Kirchoff and 
Love's hypothesis, by means of which the boundary -value problem can be 
solved with the required accuracy. 


§ 5. THICK PLATE SUBJECTED TO A LOAD SYMMETRICAL 
WITH RESPECT TO ITS MIDDLE PLANE *S 


1 


Let a piate of uniform thickness 24 be subjected to surface loads (normal 
and shearing forces in the general cage) acting at the planes z= +h, sym- 
metrically with respect to the middle plane of the plate (Figure 164}. 


We use the middle plane of the plate as reference plane, The z axis is 
directed downward, the x axis to the right, andthe y axis insuch way that the 
coordinate system xyz is right-handed, Due to symmetry, there will be no 
vertical displacements and shearing stresses inthe middle plane of the plate; the 
three functions Wo, Xo, Y. will therefore vanish. The unknown functions will 
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be the horizontal displacements U,(x, y) and¥, (x, y), and the normal stress 
Zo(%, W). 
Inserting W,=X,=Y,=0 into (2.5) yields: 


U = Ley Uy + Lup Vo + Luz Zo, = . 
Ve Lyu u, + Lyy Vo + Lyz Za 
W xm Ley lly t+ Lev Vo + Linz Zy. (5,1) 


Z=Lyzy Uy + Lay Vo + Lez Zo, 
Y = Lyy Uy + Lyy Vo + Lyz Zo, 
X= Lyyp a+ Luv Vo + bez Zy. 


The unknown functions U(x, y), Vo(t, y). Zo(x, y) are found by solving the 
system of three differential equations, obtained from (5,1) by equating the 
stress components X,Y,Z for z=h to the given functions Zp, (x,y), Ya(x. 9), 


Xn{x, ¥) t 
= =f = 
Ley (AyUe + Lay (Ve + Liz (4) Zy = Zp. 
Lyu (fh) Uo + Lyy (A) Vo + Lyz (A) Zo = Ya, (5.2) 
Lxu (h) Uy + Lv (Vo + Laz th) Zy = Xn, 
where Lzyu(h), Lzy (A),...,£x2(h) = differential operators determined from (2.6) 


for z=h . When Xa, Ys, Za are known, (5.2) forms a system of compatible 
partial differential equations in x and y. 


2 


The equilibrium of a plate subjected only to a normal load Za(x, ¥), 
symmetrical with respect to the middle plane, will now be considered in 
more detail. The last two equations (5.2) are in this case homogeneous 
(X_=¥Y, =0) and will be satisfied if we introduce the function F = F (x, y) 
satisfying the equations: 


Us= (Luv Lyz — Lyv Luz F, e 
Vo = —(Lau Lyz — Lye Lz F, (5,3) 


Z= (Lxulyy —Lyu Lava Fy 


where the differential operators in parentheses are formed by the rules of 
symbolic differentiation for z=A. Substituting (5.3) in the first equation 
(5.2) we obtain: 


lbze (Lxv Lyz — Lyv Lxz) — Ley (Lay byz — Lyy bxz) + 


+ Lez(Lsu by — Lye Lav) F = Ze, (5.4) 


where the differential operator in brackets is determined approximately by 
(2,6) and exactly by (2.7}, when z=4A is substituted. 

The order of this equation depends on the number of terms taken in (2,6), 
which in turn depends on the relative thickness of the plate and the required 
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accuracy of the solution. If for a plate of medium thickness only the first 
terms are taken in (2,6), we obtain the approximate theory of the equilibrium 
of a symmetrically loaded plate. 
To obtain the exact theory, the exact values of the differential operators 
determined from (2.7) for z= should be substituted in (5.4). In this case, 
we obtain for F a transcendental equation in which the arguments of the 
trigonometric functions contain partial derivatives of F with respect tox : | [ 
and y. This equation can be written in the form: 


Y sin qh (sin yA cos 7h + yh] F = Zp. (5.5) 


f—v 


Furthermore: 


i ‘ 
U= ene — 2v} sin yk — yh cos yA] F, 
Vy = PRET (1 — 25) sin gh —qh cos 1h] F, (5.6) \ 


Zy = THOU (singh + 7h cos 1h) F. 
The order of (5.5) can be reduced by writing: 


sin yA 
o=t="F, (5.7) 


Equations (5.5) and (5.6) then become: 


a [18+ at)o=2,, (5.8) 


U.= F(a — 2508 —heos zh |®, 


Vi= $[a ~ 2) SE — pcos rh ]®, (5.9) 
Zy = x (sinh + qh cos zh} @. 


of their argument, the transcendental equation (5.8) becomes an ordinary 


If the trigonometric functions in (5.8) and (5,9) are expanded in powers 4 | I 
differential equation: Writing again y*=a'+f*=V* , we obtain: 


[2avs — Sevigts _Uvvev,. Jo = Za. (5.10) 


Expressions (5.9) can then be written as follows: 


Ug a ahf—v+ 1S pry 2 Es ype 4 Jo, 
Vo = pa[—v+ Piao EE vey ,..]o, (5.11) 
Zymh [2-2 ar08 4 BVT... ] VD, 


Equations (5.8) or (5.10) describe exactly the states of strain and stress 
of a symmetrically loaded thick plate. After the function ® has been 
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determined from these equations and the boundary conditions on the lateral 
surface of the plate, the initial functions U,, Vo, 2, can be obtained from 
(5.11), while the displacements U, V, W and the stresses Z, ¥Y, X are found 
from (5.1), The remaining stresses 9%, Oy, ty are then determined from 


(2.8), 
An approximate solution is obtained by taking a finite number of terms | | 
in (5.10) and (5.11) or, which is the same, in (2,6). Thus, retaining only 


the first two terms in (5.10), we obtain: 
VIVID — FVD = ap Zn. (5.12) 
The unknown initial functions are in this case: 
on oD 
Us = — whe, Vor — we, 2, = 2A0*D, (5.13) 


If the load acting on the plate is axisymmetrical, an ordinary differential ae eo 
equation in polar coordinates is obtained in both the exact and the approxi- ; 
mate solution, 


§ 6. THICK PLATE SUBJECTED TO A LOAD ANTISYMMETRICAL 
WITH RESPECT TO THE MIDDLE PLANE 


r-rn 
If a plate of thickness 2h is subjected to a load consisting of normal and 

shearing stresses (Figure 165), applied antisymmetrically with respect to 

the middie plane z=0 at the boundary planes z=-++4, the horizontal dis- 

placements and the normal stress at the middle plane will be equal to zero, 


Taking z=0 as reference plane, and putting in (2.5) U,=V,=Z,=0, we 
obtain: 


Ueeluw Wyt+LuyYotLoxXs, Z wb rwWotLzyYo+LexXo, 3 
Velyw WotlyyYotLyxX,, Y =tre¥et inet brat] {6.1} I f 


W = Lew Wo+ LeyYotLexXy, X= Lyw Wet LayYothxxX,, 


M 


kg 


FIGURE 165, 
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The unknown initial functions are in this case the displacement 
W, = Wo(x, y) and the stresses X,= Xy(x,y) and Yyo= Vox, y). 

The following system of three differential equations is obtained for these 
three unknown functions from the statical boundary conditions: 


Law Wot LxxXo+ LavYo= Xm 
Lyw Wo t+ LyxXo ther Yor Ya, (6.2) 


Law Wot Lzx Xo + LzrYo = Za, 


where z=hf has to be substituted in the operators Lxw, Lxx,..., Lz. 

If only a vertical load Z, = 2Z,{x, y} acts on the plate, the first two equations 
(6.2) will be homogeneous. These equations can be satisfied by introducing 
a function F= F{x, y) which satisfies the equations: 


= (Lyx Lyy — Lyx Lx F, a 
Xp =—(LawL yw — Lywlxy)aF, (6.3) 
Yo = (Lao Lyx — Lyo Lxahe F 


(The subscript A indicates that the differential operators in parentheses are 


determined for z= 4}. 
Substitution of (6.3) in the third equation (6,2) yields: 


{Lew (Lx Lyy— Lyx Lxv)— Lix (Lue Lyy —Lyw Lxy) + (6 4) 
+ Ly (bxo Lyx — Lyw Lxw)\n F = Le. : 


2 
The order of (6.3) and (6,4) depends on the required degree of accuracy. 


Expanding the differential operators in (6.3) according to (2.6) and 
substituting z=A yields: 


(2) #B—y 
v.=[1— z= Ae cm he ieee 
%=(-4, SP 4+ aa 7 vivI—. ..]aF, {6.5} } | I 
y,-[-{ tr viv, . |BF, 


where, in accordance with the symbolic notation used: 
Vast, aF=S, Pras. (6.6) 
The following differential equation is obtained for the function F: 


2 2h 
‘<4 huaa aw vv. (6.2) 


—getoy OV + UVF = mai 
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3 


The fundamental equation of the problem considered is (6.7), which 
determines the function fF = Fix, gy}. The order of this equation depends on 
the required degree of accuracy. 


To obtain an approximate solution, we retain only the first terms in (6.5) 
and (6.7), obtaining: 


Woe PF, Xye— he, Yoo — yt wtk 
3(t—) . (6.8) 
VIVE = SE 2, 
Writing, in accordance with (1,3): 
£ ‘ 
Vo= rap _ ene 


where w=wi(x, y) = actual vertical displacement of the points of the middle 
plane, and eliminating F(x, y) from (6.8), we obtain: 


Ent ow En ow 
Mom ama ars Yom — aaa ay (6.9) 
VVIw = OP a. ‘. 
Equations (6.9) and (6.8) correspond to the moment theory of the bending | - i 


of plates which is a particular case of the general bimoment theory which is 
independent of Kirchhoff and Love's hypothesis. The moment theory holds 
true for sufficiently thin plates and distributed antisymmetrical loads. if 
the thickness of the plate is not small in relation to its other dimensions, 
and if the plate is subjected to local (concentrated) loads, the more general 
bimoment theory corresponding to (6.7) has to be applied. When the plate 
is of medium thickness, the first two or three terms (depending on the 
problem and the required accuracy) in (6.7) will be sufficient. The funda- 


mental function F = F(x, y) is invariant with respect to coordinate trans - j 
mations, ; 
The exact transcendental form of (6.4) and (6.7) is: 


aL yh — sin yh cos yh] F = 2,, (6.10) 


fav 


while (6.5) takes the form: 


Vo= {cos 1A —g7teysin ah] F, 


A 


(6,11) 
Yo= — Put sin hr, Xq = — {2 sin hr. 
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§ 7. DEFORMATION OF AN ELASTIC FOUNDATION, DUE 
TO A LOAD APPLIED TO ITS SURFACE 


1 
Consider an elastic layer of finite thickness H , lying on an incompressible 
base and subjected to normal and shearing surface forces Za, Xn, Yu 


(Figure 166). It will be assumed that at the plane of contact of this layer 
with the subsoil, the shearing stresses X and Y, and the vertical displace- 
ments W vanish. This means that the elastic layer can slide freely along 
the contact surface, as shown schematically in Figure 166. 

Taking the plane of contact as reference plane, we again obtain expres- 
sions (5.1} for the displacements and stresses of the elastic layer. The 
problem considered is thus identical with the problem of a thick plate 
subjected to a symmetrical load, 

In the genera! case, when surface forces Zy4, Xy, Yr are present, the 
system of differentia) equations determining the solution is written in form 
(5.2), In the absence of shearing loads (Xx=Yx, =}, we obtain again: 


(Lze (LavLyz— Ly bxz) — Lay (Lau bez — Lyy Lxz) + (7.1) 
+ Lez(hLyu ly = Ly Lav) )n F = — Zu 


or 
[2ave— Seg + zoey ae | a (7.2) 


Retaining only the first terms in (7.2), we obtain the differential equation 
of the approximate theory of an elastic foundation of finite thickness H: 


4 *  @ 
VIVID — 3 VID + ie Zu = 0, Vim or tai: {7.3} 


The foundation model described by (7,3) corresponds in its behavior 
better to the elastic layer than the single-layer model considered before, =: = 
since both vertical and horizontal displacements are taken into account. 
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Let the elastic layer, subjected to surface loads Zy, Xn, Yn, be fixed 
rigidly along the reference plane z= 0 (Figure 167). Inthis case, the three ini- 
tial functions VU, V,, W’, will be equal to zero, The unknown functions will be 


the normal and shearing stresses Zu YuXs. | | | 
We obtain from (2.5): 


v= Luz 2g + Luy ¥ot Lox Xu 

V = Lyz2y + Lyy Yo -b Lyx Xo, 

W= Lwzly+ LwyYo + LexXs, (7.4) 
Z=bryz 2,4 Lzy Yo+ Lz Xo , 
¥ = LyzZy+ Lyy Y,+ Lyx Xe 

K = Lyz Zot Lev Vo + LxxX,q 


The functions 2, (x, y), Y4(x, vy), Xq(x, y) are determined from the boundary 
conditions at z=: 


Lyz (H)2, + Lyy (H)Y¥ y+ Lyx (H)X, = Vy, 
Lxz (H)Zy + Lxv (H)Y, + Lax (4) X= Xn. 


(7.5) 


Lez (H) 2, + Ley (H)Y, + Lex (H)X, = —Zy, |! 


atl Trl 


This system of three partial differential equations in x and y represents 
the solving system of the problem considered, 


in the particular case when only normal surface forces Zn act on the 


elastic layer (Xy = Yn =), we introduce the function F = F (x, y) Satisfying the 
equations: 


Yo —(Lyzlbyx —Lyz Luxe F, 
Mo= (Laz Lyy —Lyz Lyy)y F. 


Zo m= (Lev Lyx —Lyy Lxy)u F, 
(7.6) 


Substitution of (7.6) in (7.5) transforme the last two equations (7.5) into 
identities, and the first one into: 


Laz (Lav Lyx —~ Lyy Lx) — Lay (Lye Lox — Lyz Lxx) + (7.7) 
+ Lzx (Lxz Lyy — Lyz Lyy)ly F = = Zy, 
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This equation describes the states of stress and strain of a foundation 
rigidly fixed along the plane z=0. The order of this equation depends on 
the number of terms taken in (2.6). Substitution in (7.7) of the exact values 
of the differential operators, given by formulas (2.7) forz=H, yields: 


a = 
[ante 1 costal t= sine] P= Zn (7.8) | | J 


while (7.6) becomes: 


£4= cosy | y sin gH — cos THIF, 


¥o= foe ‘oh Diether (7.9) 
X= po ({] — 2v) sinyH — 7H cos+H| F. 


§ 8. CONTACT BETWEEN A PLATE AND 
AN ELASTIC FOUNDATION 


Consider a plate subjected to a distributed load p(x, y) and resting on 
an elastic foundation representing a compressible layer of finite thickness 
H (Figure 168). 
The plane along which the elastic foundation rests on the underlying 
subsoil is taken as reference plane, We assume that the displacements at I - I : : | 
z=0 vanish: ¥,=V¥,=W,=0, The states of stress and strain of the elastic 


foundation are then given by (7.4). 


FIGURE 168. FIGURE 169, 


The functions Z,, ¥,, X, are determined from the boundary conditions at 
z=H. Assuming that there is no friction or adhesion between plate and 


elastic foundation, we obtain: 


Xy = ¥u = 0, {8.1) 


The differential equation of bending of the plate on the elastic foundation 
is: 


DVtVwlx, Y= P(X. W— Gtk. ¥). {8.2) 
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where p(x, y} = given distributed load, ¢(x, y) = reactions of elastic foundation, 
According to our assumptions, the plate deflections wx, y) equal the 
vertical displacements of the elastic -foundation surface wr (x, ¥) = Wnix, y). 
it follows that Wy = Gw (the positive directions of the deflections and dis ~ 
placements are shown in Figure 169). Furthermore, the reactions q(x, y) 


represent a surface load Zy (x, y) with respect to the elastic foundation. In I | | 
accordance with the convention adopted for the signs, the normal stresses 
at the surface of the elastic foundation are: 


Znit, P= —FVVWa le, —ple, y). (8.3) 


Substitution of (7.4) in (8.1) and (8.3) yields: 


Lzz (A) Za + Loy (H) Yo Lex (A) Xo = 
— 2 908 (Luz (H) 25+ Lwy (H)Vo+Lwx (A)X,]~-p, 


Lyz (H) Zo + Lyy (A) Vo + Lyx (H) Xp =0, 
Lxz (H) 2) + Lev (H) Vo + Lxx (H) X= 0, 


(8.4) 


or 


[Lee(Ht) +3 vthws (H)] 25 +{Ler(t) +2 tL wy (H)|¥o+ 


+ [Lex () +3 aLex (H] Xo = <p, (8.5) E_-EOE 
Lyz(H) Zo + Lyy (A) Yo + Lyx (H) Xy = 0, 
Lx2(A) Zo + LavHy Yo + Lax (4) X, = 0. 


The differentia| operators Lez(H), Lywz{H), ..., Lyx if) are defined by 
(2.6) or (2.7) for z=H, 


Introducing the function F (x. y) satisfying (7.6), system (8.5) is reduced 
to the single equation: 


[(Lez + = r'Lwz} (Laylyx — LeyLax) — I [ I 
_- ( Luy + 2 r‘Lev) (LezLyx — Lygl xx) + (8.6) 


+ (Lex + 3 y'Lex) (Lazkry—LrabadnF = —p. 


This is the exact equation of bending of a plate resting on an elastic 
foundation considered as an isotropic layer of finite thickness H. Appro- 
ximate solutions are obtained by taking a finite number of terms in (2,6), 


the order of (8.6) depending on this number, i,e., on the accuracy required 
of the solution, 


§ 9. THEORY OF PLATES AND SHELLS OF VARIABLE 
THICKNESS, SUBJECTED TO ARBITRARY SURFACE LOADS 


Consider the general equilibrium problem of a Plate of variable thickness 
k= A(x, yy. This problem has considerable practical importance in the 
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design of shaliow shell-type roofings of variable thickness, having plane 
upper surfaces {Figure 170). 


FIGURE 170, 


Choosing such a surface as reference plane {z:= 0) and considering the 
surface load acting on it to be given, we obtain the stress components 
Xo Yo: Zp in (2.5} as known functions of x andy. The unknown initial 
functions in this region are the three displacements 


= “a = 
Us= Ugh wh Vo= Vols,» Wo= We, 
Hence, the displacements 
=U(x,y 2), V=aVay 2 W=W ix, yw 2} 
and the stresses 
X= Xix, y, 2), Y=Vy%2), 2=Z(x y, 2), 
= a, (x, y 2), a, = oy (x, y 2). Vey = tay (x, ¥. 2) I ae Eq I 


at any point x,y,z are determined except for the three unknown initial 

functions U,(x, 9), Vo(x, #). Wels, 9). Substituting z=A(x, y) in the general 

solution, we obtain the three components of the displacement vector and 

the six different components of the stress tensor for the points of the 

surface #= A(x. y) forming the lower surface of the plate or shell. At 

z=hi(x, y), the stresses X.Y, Z,{0,, %, ty) must bein equilibrium with the 

given surface load applied to the lower surface 4=h(x, y). : 
Denoting by X,, Y,, Z, the components of thia given surface load in a 

the fixed cartesian reference frame x, y, z, the equilibrium conditions of 4 I I 

an elementary tetrahedron, whose inclined surface forms part of the 

boundary surface h=A(x, y}, can be represented in the following form: 


X, = 4,008 {v, x) + try cos(v, yy) + Xcos(y, 2) (Ky, 2), (9.1) 
where 
cos {¥, x)= 
v( (=) +(3) 
cs (¥, n=3 (9.2) = = = 


Vee (Bret 
Vena 


= cosines of angles between outer normal to element of surface h = A{xy), 
and coordinate axes x, y, z respectively. 
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For 4 = h(x, y) the statical boundary conditions are given by (9.1), which 
after insertion of (9.2) become: 


TR BR eth): 
Ox. y 
‘7 
ax, oy 


When the initial functions X,, Y», Z, are known we obtain, by substituting 
in (9.3) the stress values given by (2.5) and (2,.8}, a system of three linear 
partial differential equations with variable coefficients, for the unknown 
functions U(x, y), Vole, 9), Wolx, ¥). The order of these equations depends 
on the number of terms retained in (2.6), ee 
We shall consider in detail the moment theory of plates and shells of 
variable thickness h = A(x, y), assuming that the displacement W is constant : 
over the shell thickness {i.e., does not depend on z), and that the displace- Ba 
ments & and y vary linearly, Furthermore, the law of variation of the 
shearing stresses X and Y is given by a parabola of the second degree inZ, 
and of the normal stress 7, by a cubic parabola [the stresses GxrGy, ands, 
vary linearly]. The following approximations then obtained from (2.5) and 


(2.8): 
U = Uy — 284 oY, Vir Vo—2 °F? + 2, Wao, E-E-.HE 
- 2 FU, | FU ite mw 
Aires To or + apat)— pte ZS “he 


2—v s'X, ot aX, i oy, 
2th at — Ta — Ia eee + 
1 oF v az, 
+ BE et + Xe 


Ty v7 ox? 


eS egos 2 ay | Ie 
Va — ty? grey (rs Bt Ht) 
z-—y ("re zt oY, 1 HX, 


~ day a — > Se tay Seat t 
+75 nor See +Vote Se I I I 
~* a + FE) + et a 
+ pay 178 (Se 4 ee F 
= a(S 4 Ee oA 


2—4 aX v ave * 
tite tis tee 


(9.4) 


r] ViZ,y + 


a= 4 /, ve, ae 2 are , awe ~ 
= TW a + ap) —Tae2 (Gat + SH) + * 


—v*¥ 


¥ Xe 2—, 3aY, ¥ N 
tI ti ay te 


ae , ale or, 3X0 | a¥e ‘ 
Lt a —=— =. eam — 
we a toe ~ Aira + t(G + Se). 
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Ht is easily seen that the stresses given by (9.4) satisfy (1.1). Substitution 
of these values in (9,3) yields a system of differential equations for 
determining the unknown functions Ug{x, 9). Vols, y). Wa (x, y). 

Equations (9.3) and (9.4) describe the general moment theory of a plate 
or shell of variable thickness A= A(x, y), This theory, based on more 
general assumptions than Kirchhoff and Love's hypothesis that linear 
elements remain normal to the middle surface, makes it possible to I | | 
determine the stresses and strains of a plate or shell for an arbitrary 
law of variation of its thickness, i.e., for any shape of the lower surface 
h=h(x, y)ot the shell. Equations (9.3) must be supplemented by the 
corresponding boundary conditions, given for the unknown functions Uy. Vor 
W, in accordance with the model adopted. 

The exact solution of this boundary-value problem for plates of variable 
thickness f= A(x, y) is very difficult and can hardly be carried out by the 
methods available at present. Bubnov and Galerkin's variational method is 
the best existing method for the approximate integration of equations with 
variable coefficients. 


§ 10. GENERAL SOLUTION OF THE TWO-DIMENSIONAL 
PROBLEM OF THE THEORY OF ELASTICITY 


It was shown above that the solution by the method of initial functions of 
the general three-dimensional problem of the theory of elasticity reduces ; 
to determining the six initial functions U,, V,. Wy. X,.YoZ,. Since the two- E-F EE 
dimensiona} problem is a particular case of the genera) three -dimensional 
problem, four initial functions wili be sufficient to determine the states of 
stress and strain of the body, these being the displacements u,(x), v(x} and 
the stresses x, (x), o9(x) at y= 0 (Figure 171). This can be proved by taking 
the displacements u(x, y), v(x, y) and the stresses +,,(x, y), oy{x, y) as 
unknowns, and representing them as infinite series in powers of y. 


FIGURE 171, 


In the two-dimensional case the equilibrium equations (1.1) of an elastic 
isotropic body become, when no volume forces act: 


Bett = b+ SB Ho. (10.1) 
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The relationships between stresses and displacements for the case of 
plane strain are: 


a6 
1 = get 9 B48, 
26 . 8 
sym gl 9 aoe), 0.0.2 


¥ 
afc = (a 
eae o(5 +8) FIT 
where \ 


= 2£ : 
G= TT: 2 
Introducing the symbols: 
U= Gu, V = Guy, 
X= ty, Sy: (10.3) a a aie 
Go a 
ax 7a, oy ae Py 


we can rewrite (10.1) and (10.2) in the form: 


¥ i—zZ ,. 
cms adler Ti (10.4) 
$Y = —aX, ; I + | ; E 
8X = — ay AU - ay, 
whence 
9 = Toye Il — wall + vpV). (10.5) 


Expanding, as in (2.1), the unknown magnitudes in Maclaurin series of 
powers of Y, we obtain the following solution of system (10.4): 


U= Lyyly + LuV, + Luy¥,+ LuxXo, I f | 


Vi= Lyyy + LyyVat LuvYo+ LyxXy, 


Y = LyU, + LivV, + LivY, + LyaXe (10.6) 
X= Lyull, + Lav, -+ Lxy¥ + LaxX,y, 
where duc, Lur. ..., dxy, Lxx are, ag before, the linear differential 


operators on the initial functions U, (x). V,(x), Yo(x), Xo(x); these operators, 

which are functions of y and contain derivatives with respect to x , can be 

represented either by infinite series (Table 24) or in transcendental form 

(Table 25). The bottom lines of Tables 24 and 25 give the operators obtained -—— ll 
from (10,5) entering in the expression fora, : 


ax. = AW, + AyV, + Av¥ 4 + AxXo. al 0.7) 
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he 44— BOG = 
+0 Home _ oa &— Woz -_ = 
ere arr ae ~ef aad 
— go AT VOtt — pp &— U5 (*\— 1) 02 
one Pr atod * Li dare” canis e 
= =_— — Aa— — —_— —_ 
toa aaa are aie ~e Rope tee a Tey, 


x 
ee ee oe = 
AD me XA 
A 
Aq — XA = 
ioahe Get te + ofa 7 
—wS—9, Coz —waV9 4p 4—$_ 2a 
“A ez — aha OF Hel oh 
er ee eee 
er eee ee 
ses {+ — voguos _ ee (4— 1) o9}oz 
+o eer mas ~ To —$) sf —vou_ .&%—py 
— vo Ga ats ce ee + yp h— Poze ae oor ior a a 
is = i — eh of @-—pt ._aa 
+ LENE 440, ebay ee iy_ nan ~ 0 favs +h — = Any bees (—ae ' Z 


a = 2 a 


- ‘x ‘ “ re Rae 


$e TIAVL 
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TABLE 25 


1 
Lux = _ sin ay — 


i 1 
4-H aX 
X {sin ay — ay cos ay) 


aren ay 


L ela sm Oy Each i 
te 2 y Mh ay — by = Ty vy = Fa —va te — 


Lyy -=Lyy 


2 


¥ : j y 
~ FT cs a = Si ay + cos ay — Fim OO8 ay 


a 
ty bw--7a x 


lyy = Ty sin ay v Lyy - byy 
7 {30 ay — ay cos ay) 
a i i = 
igi x 
ae tay Lyy =Lyy byy > Lyy 
~ (sin ay : ay cus ay) 
¥ ga 
Ay = — 7x Ay = Try cos ay ~ Ax ™ Ti yy OS eH + 
yat Ped ya $—N 
— Fay Sinay x (sin ay -F ya cox ay} ~FiP—yein ay | Fy sinay 


a-F 8 
Equations (10.2) through (10.5) and Tables 24, 25 correspond to the case 
of plane strain. The corresponding expressions for plane stress are 
obtained from them by replacing the modulus of elasticity £ and Poisson's 
E (| + 2) 
d+ * 
Table 25 yields the matrix of linear transformation of the functions: U, (x) 
o(x). Vox), Xo(x) into the functions U(x, o.Vix, W, YO, yb, X (x, y) for the 
case of plane stress, given in Table 26, 
Equations (10,6) represent the law of transformation of the initial into : I I 


ratio . by and Thy respectively, Performing this substitution in 


the unknown functions and give the general solution of the two-dimensional] 
problem of the theory of elasticity. These equations are symmetrical with 
respect to the secondary diagonal: 


Luy = Ly, Luv = Lyx, Lyy = bv, Lup = bye, 


Ly = Lyy, Lye = Lyy. 


The initial functions Uy. Vs, Ys», X,, which in (10.6) constitute four 
arbitrary functions obtained by integrating (10,4), are determined by the 
boundary conditions at y= 0 and y--4 = consi. Two functions can be pre- 
scribed for every plane y= const. 

Since two initial functions are always known from the beginning, the 
solution of the two-dimensional problem reduces to the determination of 
two initial functions from the boundary conditions for y=h. These boundary 
conditions yield a system of two ordinary differential equations, which, in 
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the general case, are of infinitely high order, When the problem is solved 
by approximation, the order of these equations depends on the number of 
terms retained in Table 24, 


TABLE 26 


Lyy = cos ay — 


i 
at re { 
Luv =— ZI —Msinay th} t. ysinay 
+ (1 +4) ay cos ay] 


t+y. 
— TS ay sinay 


itv : 
ly = 3 aesinay + 


i 
yy = Zit —y} sin ag — 
— (+ ¥) ay cos ay) 


Lyy = Lux 


+ cos ay 


Ew=(1+v ex 
¥ (ay cos ay — sin ay) 


Lyy = (1 +») ay sinay 


Lyyp=—(U+¥ax 
x (sin ay + ay cos ay) 


Ly =Ly Exx = Ly 


Ay = veos ay — 


Ay=(l+v)a x Ay = —(1+%9ax 


4 
Ay = rid + ¥) ay cos ag + 
x (2 cos ay — ay sin ay) x (sin ay 4- ay cos ay) 


+ (3+ v)sin ay} 


4 
- tay sin gy 


§ 11. BENDING OF A THICK PLATE IN THE CASE OF 
PLANE STRAIN. APPROXIMATE SOLUTION 


Consider the bending of a thick plate in the case of plane strain 
{Figure 172). Let the external load consist only of normal forces p(x} 
disposed antisymmetrically with respect to the middle surface y=0. 


FLGURE 172. 
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Taking y=0 as reference plane, we obtain: 


Uy=V,=0, (11.1) 
so that (10.6) reduces to; 
U = Low + LuxXo, [ | | 
Vi= LyyVo t+ LyxXo, 
Y = LyyVo + LyxXp, (11.2) 


X= LywVo + LaxXo. 


From the boundary conditions for y=h, namely: Y,;= p(x), X,=—0, 


we obtain: 
Lyy (A) Vo + Lyx (A) Xo = p, 
Luv (h) Vo + Lux (ht) Xo = 0. (11.3) ae ee 
We introduce the function F satisfying the equation: 
Exx(A)F=Vo, Lav (A) F =~ Xq (11.4) 


Substitution of these expressions transforms the second equation (11.3) into 
an identity, while the first becomes: 


(Livbxx— LyxLavF = p. (21.5) E 4 I E 


The solution is obtained by rewriting (11.5) either as ordinary differential 
equation, in which case the operators are given in Table 24, or as trans- 
cendentai equation, Table 25 being used instead. The second method is 
more convenient, since transition from the transcendental integral - 
differential to the ordinary form is easy. 

Substitution in (11.5) of the value given in Table 25 yields. 


jay lah sinahcos ah] F = p, (11.6) 
while (11.4) becomes: 4 i I 
t ; "i 
V, = | cos 24— ———  zhsinzh| F, 
2(i—v {11,7) 
Xye— xAsinah: F. 


t—v 


Expanding the trigonometric functions in (11.6) and (11,7) in power series, 
we obtain: 


ant Mog. okt : 
pte fiat fie — Peat + 1. ]Fap {21.8} = ou _ 
- eer 3—¥ — at tgs 
Vom [ts ete arety Met Sapte ett | (11,9) 
h i ho is 
Xe=—G = [I + *+ ag @ MU sag .|F. 
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Equation (11.6) or (11.8) represents the exact solution of the problem se 
considered, To obtain approximate solutions, we retain in (11.8) only a 
finite number of terms. Thus, if only the first term is used, (11.8) and 7S 
(11.9) reduce to: 
2 
Tae =e, (11.10) | | ; 
V,=F, I 
Wey (ALE) 
Xy a aed T=¥ Fe, f 


Thus, in a first approximation, F equals V,, i.e., the vertical displace- 
ments of the middle surface of the plate, while (11.10) becomes the ordinary 
equation of the bending of a beam in the case of plane strain. The first 
approximation thus yields the elementary solution corresponding to the = lh -_ 
hypothesis of plane sections. The matrix of the initial functions or, which 
is the same, of (11,2), is in this case given by Table 27. 


TABLE 27 
[* [s 
IF 
. 
uf —y¥et - 
i 
7 ae EEE 
, | Pa = 
: | -Tiry | ia 
i y 
x | Eo | 1 
iy " ~ 4 a? i 
It is seen that the horizontal displacements vary linearly with y; the I | I 
vertical displacements are constant; the laws of variation of the normal 


stresses «,=Y and the shearing stresses ty =X , arerespectively parabolas 
of the third and second degree, 
Substitution of (11,11) in Table 27 yields: 


Us—W, v=¥,, 

U—w¥=£ar—yyyy’, | (11.12) 

(1—y) X = (yA, | oo oe 
) 


(l—veo, = — 29, 
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The function V, is determined from (11.10) and the boundary conditions 
attheplateedges x=+/, Twoconditions canbe formulated at each edge, in 
agreement with (11.12) and (11.10). For a free edge, not under load, this 
solution makes it possible to eliminate the stresses only in the sense of 
Saint-Venant, i.e., by equating to zero the moment and the shearing force 
V3 =0, Vv; = 0). 


In a second approximation we obtain from (11,8) and (11.9): I | ) 
5 
FV 5 FIVS — SY pt—vy, (11.23) 
2-—v 
Va= F— 5 aire, 
. ore : (11,14) 
Kom pal + gar’. 
We assume that the vertical displacements are constant: 
np oh = 
V=¥,. (11.15) 


Substituting (11.14) and (11.1) in Table 24, and retaining (in accordance 
with the order of (11.13)) in the expression obtained for i/, the terms 
containing F’ and F”, in the expression for y, the terms containing F'Y and 
FY, in the expression for X, the terms containing F” and FY, and in the 
expression for «,, the terms containing F* and FI’, we can represent the 
unknown displacements and stresses of the plate in the form: 
= . 2—¥ wv ia ; | - | , i 
Yano + ayel et esa P, 
(HWY = 5 (8h*— yt) FIV 2 (5q6— yty Pvt, 


ii (11.26) 


(iv) X = (yt — Ah PrP LE pv, 


(Uv) 9, = — Qy Fr + 2 ys Pv, 


The first terms in (11,16) are identical with (11.12}, The additiona} 


terms take into account the deviation from the hypothesis of plane sections. 
The general integral of (11.13) is: ’ 


Fat Cet Cet tect eshYir sg cco eg, 411.17) 
k & 


where G = particular integral of (11.13), depending on external load, and 
Cy....C, = constants, 


To determine the six integration constants we require three boundary 
conditions at each lateral edge of the plate. For built-in edges (V=0, U = 0), 
we obtain from (11.14), (11.15), and (11.16}: 


{11.18} 
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If a membrane, rigid in its plane but flexible in bending, is placed at the 
edge (/=0, o, = 0), the boundary conditions will be: 


F=0, Fr=0, FIV=Y., (11.19) 


Finally, for a free edge not under load (0, = 0, t= 0), the boundary . 
conditions will be: | | I 


Fr=0, FY =0, 


t 
{ [wa er eM pe] ay = 0. (11.20) 


The plate can therefore be analyzed in a second approximation for any 
boundary conditions at the lateral edges r= +/. After determining the 
integration constants from these conditions, and then the function F from 
(11.17), we can find the displacements and stresses in the plate from (11.16). a =o / 
This procedure is applicable to thick plates, for which the deviation from 
the hypothesis of plane sections is considerable. If in (11.16) Poisson's 


ratio v is replaced by TT » we obtain the equation of bending of a high beam 


{beam -wall) for the case of plane stress. 
Higher -order approximations for greater accuracy can be obtained by 
increasing the number of terms retained in the expansions. This, however, 

increases the order of the differential equations and makes their solution 

more laborious, The second approximation is quite satisfactory in practice. _ E ! E : E 
In this section we have considered only the bending of a thick plate for 

arbitrary boundary conditions at ite lateral edges x= +1, showing how this 

problem can be solved by approximations, The same procedure is possible 

in many other problems of plane stress or strain involving massive struc - 

tures (see sections 5, 6, 7, and 8). In all these cases the fundamental 

solution is obtained from the boundary conditions at the longitudinal edges 

of the plate; an approximate solution is then obtained by retaining a number 

of terms depending on the accuracy required. 


§ 12, USE OF TRIGONOMETRIC SERIES IN THE SOLUTION I I I 
OF THE TWO-DIMENSIONAL PROBLEM* 


1 


We shall now consider problems of the theory of rectangular plates whose 
boundary conditions can be expressed with the aid of trigonometric series, 
Let the plate edges x= 0 and x =/ (Figure 173) be rigidly connected to thin 


* This and the following sections are based in part on V.V. Viasov's Candidate's Thesis, Metod fachal‘nykh 
funktsii v ploskoi zadache teorii uprugosti (The Method of Initial Functions in the Two-dimensional Problem 
of the Theory of Elasticity), 1958, and on his papers /13, 14/, 
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membranes perfectly rigid with respect to displacements in their plane, but 
freely displaceable out of their plane, These boundary conditions are 
formulated as follows: 


atx Gandy -/: VF oe, =O, (12.1) 


lt follows from (12,1) and (10.2}, (10,2) that 7 | | 


Ue =S fralyreosaer, Yixu) = F faaly)sinagy, 
Amy 


tm) 


V(x, y= 3 fin(y)sinaax, X(z,y)= bY fun (y) COS aax, (12.2) 


fiey amy 
a . 
(y= ¥ fealy}sinayx, 
Amy 
where a, = 7: / = plate length in x direction, 


Equations (12.2) represent Filon's solution, If, on the other hand, U and 
\ are expressed by sine series, and V,Y, and «, by cosine series, we 
obtain Ribiére's solution Satisfying the boundary conditions: 


at «=Qandx«=1!: U=X «=, (12.3) 


We shall use (12,2), assuming all the initial functions U,V,.X,, andy, 
to be known for y=0, being represented by trigonometric series with 


constant coefficients: . Y f . I : E 


wo ao 
Uy = 3 Un COS Gnx, Y¥, = >> Yn SiN AX, 

Awl) Asx] 

oo on (12,4) 
Vo= ¥ onsinayx, Xg= Di xn 0s anx, 

Cre | A=} 


The states of stress and strain of the plate can be expressed through the 
initial functions which Satisfy (12,1), by substituting (12.4) in the general “ 
integrals of displacements and stresses, written in the form of Table 25. 
For example, the first term in the expression for U becomes: ; 


(cos nY —37y L i aay Sinan dL, (x) == 
be) ait 2m 
of (tae) 1 {@,u) i 
= Duy > ae + say Gm $F J COS tak = 


=>) un (chany+ Wo Gay sh &n¥ ) COS gx, 


fis] 
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The same procedure is applied to the other terms in Table 25 
obtain: 


We 


~ 
Ve; 4 r 2 {itn [« t—v)chatay-r Fong shang = 


— Ft — 2¥)shony + Gay Chany] —~ + Yay Shan y + 


1 oS [Hn et 
Vasey [flenychaw (1 — 2v) sha,g]+ 


n | 3-4 
+ On Ja — ch say — $ any sh any | + mo [ a ’ sha, y— 


—ychany] ++ $Faysh en y} sinanx, 


= = - 
wes {uaaty shany + Unita (Sh ey —o%qychany) + 
ae . (12,5) 
+ yaf(l —Wehany — 5 any sh aqu] + 71 1 2y)sh aay + 


+ Oy ch any I} SIN Oy X, 


X= rm > {dn (sh any + any ch any) —vnery sh ony 
fmt 
+ F(t — 2¥) shay — aay chany]-+ 


E-H-E 
+ Xn [a —v*Wchagy + Fou sh ant/]} cos XX, 


@ 
D} {— Una (20h Gay + tay Sh any) + 
nem | 


t 
“= 


+ Outen (SH tay + Only Ch aay) + Ya (¥ch aay + 


at Gay Sha, y) ad > [(3—2y} sh anytenych anyl} sing, x. 


These zeneral expressions are valid for any boundary conditions at the 
longitudit.al plate edges y=0 andy=h. 


Replacing Poisson's ratio v by ee we obtain the general solution for 
plane stress under boundary conditions (12.1), 


FIGURE 173, 
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Similar expressions can be obtained when the boundary conditions are 
given by (12,3). 
Several examples will now be considered: 


. 


2 


Let a plane punch be pressed into a rectangular plate {Figure 173) at the 
boundary plane y=A. It will be assumed that the normal plate displacements 
under the punch are known functions of x, being zero at the other boundary 
Plane of the plate {y= 0}, and that the shearing stresses X vanish at y=0 
andy=hA. Hence, by (12.2): 


at y=A: V (z) = > b, Sinan x, 


The following boundary conditions are therefore obtained: 


at y =x Vo = X= 0; 
(12.6) 
@ 
aty=h V= Di, sina. X=0, 


The initial functions U, and Y, are determined from the boundary condi- 
tions aty=A, Putting in (12.5) », = %,= 0 in accordance with (12.6), and 
substituting the expressions for V and X at y=h in these boundary conditions, 
we obtain for each term of the series the following two equations with two 
unknowns 4g, and y,: 


2 [Ba ch By» — (1 — 2) sh Bal a + CG SHB, —ch Pa) Ya = 


= 401 —yv5,, 
2 Ba (sh Ba ++ Bn Ch Pa) ten + AI(1 —2v) sh By — Bach Pal fe = 0, 


where fp, = Mii - 


After the unknowns ua, #n have been determined from these é€quations, 
we can rewrite (12.5) as follows: 


Um — 5 “ase ot fic — 09) sh Bn — Bach Bal ch Bary + Bosh Pa (ashpan)}, 


ve3 


sana {121 —v) sh Bs + By ch Batshp, — Bash Pn (nch Bea), 

Y= 2 aoa { {sh Bn + Pach Ba) ch Bay —B, sh By x (ash Bea), a 
a 4 cos 

Xe 3 eT fot bs sh Bam —shBa nah Perl) 


c= 3 PEEP {eh Be —Pach Ba) ch Bon + Bash Pr(nsh Pa mh 


I 
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where 4 = 4, C= = = dimensionless coordinates, and 4, =({] —»)sh?8,. 
The magnitude (1—v), which depends on Poisson's ratio, enters in the 
expressions for the stresses Y,X,9, only as a factor which can be written 
before the summation sign. If we assume that at y=0 andy =4 the displace- 
ments U and not the stresses X vanish, more complex expressions will be 
obtained for the stresses and displacements, and Poisson's ratio will not - 
appear before the summation sign, In the case of boundary conditions of the | | | 
mixed type (12.6) we thus obtain a peculiar generalization of M. Lévy's 
theorem for rectangular plates. 


3 


Consider as second example a double-layer plate subjected to a vertical load. 


ao 
p=) Pr SiN Gy X. z=. -_ 
Amy 2 


We denote the elastic characteristics and thicknesses of the upper and lower 
layers by G,,%,4, and G, ¥,A respectively, Thedirectionsof the coordinate 
axes are shown in Figure 173, It will be assumed that the upper layer 
behaves like a thin plate. The following boundary conditions will be assumed 
for the lower layer: 


at y=0: Vo=X,=0; | 


(12.8) i { - I. 


at yo: X=0, FO 4+V=—p, 


where D = flexural rigidity of plate. 

The last condition (12.8) expresses the fact that since the upper layer 
behaves like a thin plate, the load transmitted tothe lower layer is de- 
termined from the equations of cylindrica] bending of a plate. The coeffi- 
cients u, and y, in (12.4) are found from (12.8). 

We then obtain; 


Um — 3 Map fp, ch, —(1— 2) ahBrich Ban — iS I f | 
—~ Be Sh Bn (sh Bn}, 

Ve — Base {20 —v)sh Ba +8 chBa) sh Bon — 
— Pash Bn (ch Ba}, 

alia 3 “2 rt sh Ba “+ Bn Ch Ba) ch Bay — (42.9) 
— Pash Pa (ash Pr mp} 

x=3 2ePa Oe Pet {ch Ba sh Pu — sh a (nch a}, /_ -_— = om 


owl 


ous — 3 PZ te fan Ba — Pach Ba) ch ar + 
+ Bash Pn (sh Banh, 


302 


ETIPEPPPrrriririril 


where 
1 (G—vw) BD os oe 
Ba = Ba + sh 2By + Gap Bash Bre {12,10) 
I 
A solution in trigonometric series can also be obtained by proceeding I | 


from the fundamental differential equation of the problem instead of from 
(12.2) and (12.4). This will be illustrated by the above example of the 
bending of a thick plate, 


The fundamental] equation for F is in this case [ef. (11.6)): 
jay [eh — sin eh cos ah} F = pix), (22,11) 
For simplicity, only the case of a load symmetrical with respect to the 
gy axis will be considered, ; =z ~lUSUhm 


The origin of coordinates is placed at the center oftheplate. Weassume 
a solution of (12.11) for the boundary conditions (12.1) in the form: 


Fx DS AgcosF (n= 1,3,5,...,(2—1)). (12.12) 
t 


We expand p(x) in a cosine series: 


Pix) = 3 pacosS% (n= 1,3,5,...,(2m— 1), (12,13) 


where; 


in 
Pa = + { p(x)cos "dex. 


Substitution of (12.12) and (12,13) in (12,11) yields: I | I 


ia 
4(1 —v} § p(x) cos a,x dx 
0 


A, = ——_——_*~._____ {12.14) 
sd ag 1 ‘ 
7. {yh— ganda, 4 
where 
= + (n = 1,3,5,...,(2m—1)). 
= = = 
From (11.7) and {12,12} we now obtain: 
on @ 
Vo= 3 Aa[chinht pat sh dah | cos zx, | 
nw {12.15) 
xX, ae) fe oth Sh Ap Sim dp. | 
303 


TEIIIETITiIgiriiiriicgiy 


1aa@ 
Substitution of (12.5) in Table 25 yields: 


@ 
Um AyD Aattt — 2v) ch hah sh bay — 
— dah sh Agi sh dat + hay ch kat ch hay] Sin hax, 


a 
Ves = 2 Al 2(J —y}ch hq ch hag—Aay ch Ayhsh ray + | | | 
+ Anft sh halt ch Any] COS 2.x, 


~ a ’ 
¥ = 3) Pee tagtesh day sh Aglt + ch gl Sh ay — (12,16)* 

amy 

— day Ch Ag ch hay) C05 bax, 

S AgAS ; 
X= by Ty I9 Shay ch dah — Ach hay Sh Ag} Sin d,2, 

ami 

<1 Age 
a, = Fy po ish hay ch Mh + day ch day ch dy Ah — = -= = 


— dni sh dng sh by A] cos Ayx. 


5 


We shall now give the exact solution in trigonometric series for a plate 
subjected to a load symmetrical with respect to both x and y axes (Figure 174). 
The solving equation is in this case: 


t—¥+ 


a fah + | F =— pt), (12.17) 


where 


a=3° 


We assume a solution in the form: 


F=Q AncosS* (ne 1,3,5,...,(2m—1)). (12,18) ] I I 
nm 


Expanding p(x) in a series of cos > » we obtain: 


1" 
4(1—v)f (x) cosdye dx 
0 


EY ‘ (12.19) 
Thal + —g 


where = - = = 


Meme (nw 1, 3,5,..,,(2m— 1). 


* {The hyperbolic functions used in this section should apparently be trigonometric functions. } 
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Furthermore: 
4 ~« 
Uy = Ta— > B, sin kax, 
ttm) 
1 7 
Y= at Part Dd Caos hax, 
a=] 
where 


By = An((1 — 29) sh ah — daft ch haf], 
Ca = Anka {sh Agt + Aah ch dyft]. 


FIGURE 174, 


The stresses and displacements of the plate are: 


@ 


f 
Ti» py (Bach kay+ 
+ Andny Sh dg Sh Aggy) Sin Ayx, 


mm 
ry 
Vo DH An -& shh, Ash aAgy— To chh,f sh day 
a= 


U=x=— 


a 
+ oy shd,ftch ray] COS A,X, 


()—¥ = 5 (Ady sh bof sh bay — Ca ch Any} COS hax, 


am] 


(l—y)X = J) Adds (ch det hy y—y sh bah ch day)Sin And, 


nm] 
(L—vo, = SF Agha (Sh anf ch Any + daft Ch Ant ch ky — 


Am) 


— Ray Sh Apft Sh hq ¥) COS Ay x. 


305 


{12.20} 


{12.21} 


(12.22) 


TTITITEPIITIIIririiEgit 


§ 13. EXACT SOLUTION FOR A RECTANGULAR STRIP WITH 
ARBITRARY BOUNDARY CONDITIONS AT THE LONGITUDINAL 
EDGES AND HOMOGENEOUS BOUNDARY CONDITIONS 

AT THE LATERAL EDGES 


going plane strain were given for the case where the boundary conditions 
at the lateral edges can be expressed with the aid of trigonometric series, 
This section will deal with the problem of finding exact solutions for a 
rectangular strip with arbitrary boundary conditions at x=0 and x=! 
(Figure 175), and homogeneous boundary conditions at y=mO andy=h. 

We first assume homogeneous boundary conditions of the mixed type, 
i.e., for y=0 and y=z : 


In the preceding section, exact solutions for rectangular plates under - | | | 


“=o, =0, (13.1) 
This means that at the lateral edges y=0 and g=h the strip is held ;, a a 


by membranes rigid in their plane and flexible out of it. The initial functions 
u, and Y, vanish in this case, 


FIGURE 275, 


Inserting into {13.1} the values of the operators given in Table 26, we 
obtain a system of two differential equations of infinitely high order in the 
two unknown initial functions V, and xX,;: 


—I(l —»)sinas + (1 + Yah cos ah) Vo + 


1{3—y.. 
++ a sinah + (1 + w)hcosah | X, = 0, (13,2) I I I 
20+ va (ah cos ak — sin ah) Vy, — 


—((l—wsinad + (1 + wahcos ah] X, = 0, 


We introduce a function F(x) Satisfying the equations: 


ER Se FP 
Vo= —(7F7sin ah + ah cos ah) F, (13.3) 
Xo = — 2a (ah cos ah— sinah) F. 
The second equation (13.2) is then transformed into an identity, while the c_ea = = 
first becomes: 
(sin?ah) F = 0, (13.4) 
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We assume a solution in the form: 


F = Ces, (13.5) 


Substitution of (13.5) in (13.4) leads to a transcendental equation in &: 


sin® kh = 0, (13.6) I | I 


whose roots are: 


where n = positive integer. 
The general solution of (13.4) is thus: 


F =D) AnchRax + Ba SW Rax + Cox ch Rax+ Dyx sh ox, (13.7} = = ool 


amg 


where A,, Ba, Ca,D, = arbitrary constants, 
Substituting (13.7) in (13.3), we find the initial functions V, and X,. 
Introducing these values into Table 26, we obtain the stresses and displace- 
ments of the plate when the boundary conditions are given by {13,1}, For 
practical calculations it is more convenient to substitute first (13.3) in 
Table 26, simplify the results, and then use (13.7). We obtain: 
09 E ead IT. I 
U = (1h lenAnch hot + haBa sh hak + 
aerk 


+ [- = shk,x + Rax ch bat |Cn + 


4: [- : = chk,x + kx sh hor] Da} sin Rag. 


v= Sch {enAn Shak + RaBa chad + 


wml 
+ (pivch hax + hax sh bax )Ca + 
+ Fs sh &ax + Raxch nx) Dal COS Rat, I f I 


co (13.8) 
¥ =—2 Dd) (— 1)" Balt RaAn{ Sh&ax + RaBr ch kar + 


Awl 
s (Qch hax + Bax sh Bax) Ca + 
+ (2Sh Rax + ax ch Rn x) Da} sin Rng, 


X =2D (— thn {kaAn ch kar + RaBe Sh hyx + 


+ (sh knx + RX Ch XR} CA + 
4- (ch Rak + Rex Sh RyX) Dy} 00s Ray, = lum = 


Gy = 2 dy (— IM)" hah {Ra AnSh Bat + &nBach bax + 
Ah 


4b ByXCn Sh Ra X + Rak Dn ch bax } Sin Ray. 
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The elementary solution in polynomials, corresponding to the zero roots 
of (13,6), no longer appears in the general solution (13.8) which thus re- 
presents incomplete expressions for the displacements and stresses, This 
elementary solution cannot be obtained in a general form by introducing the 
function F, since V, and X, are expressed through F by differentiations in 
which part of the solution in polynomials drops out, 
In order to find the elementary solution, we replace the trigonometric | I 
functions in (13.2) by their expansions in infinite series, Taking only the 
first terms, we obtain a system of two first-order differential equations in 
the unknown functions V, and X,: 


—WVe+Xyo=0, aX,=0. (13.9) 


It follows from {13.9) that: 
Xo = Ay, Vo = Age + By. (13.10) 


Substitution of (13.10) in (10.6) {using Table 26 and taking account of 
(13.1)), yields: 


UmY=3,=9, Va Anx+B, X= Ay. (13,11) 


This result corresponds to pure shear of the plate. The constant 8, 
determines the rigid-body displacement of the Plate in the y direction, 

Adding together (13.8) and (13.11), we obtain a general solution for the : 
displacements and stresses of the strip. To each value of x there corre - , ) - I . E 
spond distinct states of stress and strain, The infinite set of these states 
forms the exact solution of the problem for boundary conditions (13,1). All 
individual solutions are orthogonal, 

The solution obtained contains 4n+2 constants which have to be deter- 
mined from the boundary conditions at x=Qandx=/, Two boundary 
conditions can be formulated for each edge, Expanding the statical or 
Series in the interval (0, 4) in accordance with (13.8) and (13,11), and 


equating the resulting expressions to the known corresponding displacements 


and stresses at x=0 and x =1, we obtain for any Ax a system of four r 
algebraic equations in the unknown constants An, Ba, €, and D,. When these 


constants are determined the problem is completely solved, 

It is often advisable to introduce other constants having a clearer physical 
meaning. Taking x=0 as base plane of the strip, and assuming as before 
that boundary conditions (13.1) are fulfilled at ye and y=4, we obtain as 
initial functions: 


U=UOy, VeVO,y), X= X(0,y), 0, = 45 (0, y), 


which, as follows from (13.8) and (13,11), must Satisfy the following 
relationships: en = 
Lad wo 
Ur = >) ut sin kay, V* aw >) vt cos tay, 
i - (13.2) 
X = J xcoskay, ot = Di ossin bay 
Ang 
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Here u), of, x4, 4, are the Fourier coefficients of the trigonometric series 
for the initial functions. In order to express A, 8, Cx and D, throught them 
we set x=0 in (13.8) and (13.11}, and equate the results obtained to the 
corresponding expressions (13.12). We obtain: 


uy = (— 18h (keAn A=” Dy), 
Ue = (— 1h (Ba + 7E—G), (13.13) I I 


Ki (— I)" Uhh (tpn + Da), 
o* = (— 1)" 2&hB,,, 
By=v, Ay =x). {23.14} 


It follows from (13.13) that: 


7 S +. ‘. my x, = = = 
An = (—1) ~ (+ aFhE) 
B, = (— 1)" 
aa 
. (13.15) 
i+v/, %n 
Com(— I aE (4, — =) 
ai+y Xa . 
Dy = (— 1 (GE — 2us) 
Substitution of (13.14) and (t3,15) in (13.8) and (13,11) yields the following 7 I I 
general expressions for the stresses and displacements: 
y= 3 a “} vp ax ch fx — (1) sh ax] + uf (ch Rae — LE gx sh Bax ) + 
Am) 
ce ity xshkyx 4- n[3=y sh kax — (1+ v) xch hax } sin Ray, 
Ve u tag {oe (ch eax + 44 + eax sh by) — 
nx) 
x _ 
inten ingpsina ie x 1 f | 
% shkpx + (1+ yeh hax |— Te ops shar} cos kay, 
y= > {-« +) UfRy (2 ch kax + haxsh hax) + (1+ 9} eka (Sh kax + &yx ch kat) — (13,16) 


_ =a. (3 + v)shkax + Ul +p RarchAar}+ on (vch Rat + LE ka ch byx)} sin kat, 


wo 
Xaxt+ S a + v) 0" fn (sh Rax + one, (I + vuthtxsh eax + 


fimg 


+x, os bens +L” bax shkyx + 3 + (Cl —vshkyx— (1 +i Ane ch bax} } 605 bad, 
en Pa + v) ut bux sh bax + (I+ v) ten (Sh hat — Rost ch hax) + 


fe {(1—v)sh kx + (1 + vp&axchk,x} + 9° (— EY fen Sh bent +ch heex)h sin Ray. 
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We can thus determine the stresses and strains of a strip in the case of 
plane stress with arbitrary statical, geometrical, or mixed boundary 
conditions at x=0 and x=/. The solution by trigonometric series (13,16) 
is a generalization of Filon's solution, 
We could also have obtained (13.16) in a simpler way by direct substitution 
of (13,12) in Table 26, rewritten in terms of the variable x, 
The method used to obtain (13.16) from (13.8) is a generalization of I I I 
Cauchy and Krylov's method of initial parameters, 


§14, OTHER HOMOGENEOUS BOUNDARY CONDITIONS OF 
THE MIXED TYPE AT THE LATERAL STRIP EDGES 


Consider now a different kind of homogeneous boundary conditions of the 
mixed type (Figure 176). It will be assumed that at y=Qand yah: 


V=ty, = 0, (14.1) 
We obtain in this case: 
Vy = Xo = 0. 


By satisfying the boundary conditions at y =A we obtain, [using Table 26], 
a system of two differential equations of infinitely high order in the unknown 


initial functions yY, and Y,: ex I 2 I ; E 


I(t —v)sinak —{f + vy) xkcos ak} Uy = 
+3[6- YB Ot) heosah|¥y = 0, | 
—2(L+ Wa(sineh~ shcosak)U, + 
+ i{l — »)sinah —(1 + vyahcosah| ¥y = 0. 


(14,2) 


We introduce a function F (x) Satisfying the equations: 


Uy = ($= sinah — zhcos ah )F, | (14.3) 
Vo = 2a (sin ah + ah cos xh) F, : 


This transforms the second equation (14,2) into an identity. The first 
equation is again reduced to (13.4}, 

Since (13.1) and (14.1) have the same solving equations, the considerations 
of the preceding section apply also to this problem. As a result, we again 
obtain (13.7) for the solving function F. 


FIGURE 176 
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To determine the general integrals for the displacements and stresses, 
we have, as before, tofind anelementary solution in polynomials, proceeding 
from the system: 


—~ Qvally + (1 —¥) Vo = 0, 
2(1 + val’, + va, =0, } (14.4) 


obtained from (14,2) by retaining only the first terms, I [ | 
We obtain from {14,4}: 


Us = +5 Bot + Ap, Yo = vBy. (14.5) 


Substitution of this in (10.6) [using Table 26, and taking account of (14.1)} 
yields: 


Uats But Ay Y= 0 = By. (14.6) a ee 


Expressions (14.6) represent an elementary solution corresponding to 
a uniformly distributed load o,=6,, The constant A, does not affect the 
states of stress and strain of the plate but determines rigid-body displace- 
ment of the strip in the « direction, 

Expressions (14.5), (14.3), (13.7), and (10.6) yield: 


Um At AS” Bye — S (= yeh [bash hare + EET 


n=eL 


+ Rach baxBy + (72> ch hint + Bax sh bax Cn + 


+4 Ge sh kqX + bax CHRAX \Da] 60S Rn, 


V = >) (— yh fla ch taxa + fn sh baXBy + 


F = sh hax + nx ch Bat |& = 


+ Paes ch hax + hax sh hax | Dr} sin kay, , 
oe % 
Y = vBo +25) (— 1)" Roh each &exAn + &q Sh bak Ba + (14.7) I I | 
ami 


+ (35h kar + Raxch bax} Cy + 
+ (3ch px +- yx sh hyx) Dal COS Ray, 


“oo 
X= 2D) (— What [Rn Sh ax An + ha ch ax Be + 


+ (2chkax + &ax sh &nx} Cy ++ 
+ (2sh Rak + kax ch kyx) D J sin kay, 
~ 
as 9, = Bo —2 >) (— l)*eah [en ch RaxAn + hy Sh hatBa + = - = = 
fw] 
+ (she x + kaxch k,x}C, + 
+ (ch &ax + Ryx shi ax) Dal cos Ray. 
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As in the preceding section, the general solution (14.7) represents an 
infinite set of distinct orthogonal states, Any boundary conditions for x = 9 
and x=/ can be satisfied by a suitable choice of the constants Ag, Ba, An, Ba, 
Co, Da (n=1, 2,...,00) . Wecan also in this case introduce constants 
having a clearer physical meaning by taking x=0 as base plane, and the 
magnitudes U(.y)=U",VO,y=V, X(0,y) =X", 94(0,y)— 07 as initial | | | 


functions, 


It follows from (14.7) that when the boundary conditions are given by 
(14.1), we can write: 


a oo 
U'= 3 urcoskay, X= > x) sin kny, 
ane nat (14.8) 
~ ao 
v= > of sin kay, c= 2 O° COS Raff. 
Ami 


Aad 


Inserting x=0 into (14.7) and equating the results to the corresponding 
equations (14.8), we obtain: 


on tty. 3+ on 
An = —(— 1p SEY [a+ cat nat 
a Atv . ¥ . 
Bea —(— I 3 [at pat |. 
Com (— Ip F* (Ge + us), {14.9} 


Drm irsist( at), ee 
Ag = 4. By = 33. 


Substitution of (14.9) in (14.7) then yields expressions similar to (13.16) 


for the displacements and stresses expressed through the initial functions 
(24.8): 


mw 
Unu,+ ZY eret 3) fut (chee—tb” & xshter) 4 T I I 
A=x| 7 


+ FA(t — sh kx — (1+ ¥) hax ch hax] — 


—1* x, X 8h hax + 
; es {14,10) 
+5 [—9 PRE 1 sen cont, 


V = 3) FEC — vp sh hax + (149) hax ch yx] 4 


Amy 
+v, (ch kenx + trp xshkgx) + 


- &, 


+ 7Ae shk,x + (1 + v)xch hex } + 


+ it of tsh kax } sin Ray, 
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2D 
V = vo 3 {+ vet ba (sh hax + bach hax) + 
Ami 
+ Ul + vo" Rn (2cl Rax 4 Rix shkax) + 
+ “EIB 4-0) sh Rox + (1 +9) bax ch kya] + 


+ ( veh kax ++ + ~ ax sh kx} COS Ray, | | | 


- 
A= S {0 + pute xsh bor + (1+ ¥) U5 Bn (Sli Ba + 
fae) 


14, 
+ Rx CHR x) 4-x° (ch hax Raxsh Rax )— (14.10) 


=f (U —y)sheex—(1 + Whaxeh Ayr) | sin Ray. 


3, oh + 5 {ar + us Ra (sh hax — kaxch hax) — 
et . = = 
—(Il+y) Uf REx shh Raa 2 CL —vish&ax + 
Ct Wakes ch &yx] + 
+o, ( chkyx — "ht, sh k,x)} COS Ray. 


Equations (13,16) and (14,10) represent general solutions in trigonometric 
series of the two-dimensional problem of the theory of elasticity. They are 
generalizations of Filon's and Ribiére's solutions, since the latter do not : E . I E 
actually contain general integrals for the displacements, while (13.16) and 
(14,10) determine both the states of stress and strain in the strip. It is thus 
possible to obtain a solution for problems (13.1) and (14.1) not only when the 
boundary conditions for x=0 and x=! are statical, but also if they are 
geometrical or of the mixed type. 
These examples do not exhaust the problems of the theory of rectangular 
thin plates which can be solved by the exact methods of mathematical analysis, 
Similar exact solutions can be obtained for homogeneous statica] boundary 
conditions at the longitudinal edges of the strip (see /15/) or other types of 
boundary conditions, From these homogeneous solutions it is easy to obtain I | I 
relatively simple approximations for rectangular thin plates undergoing 4 
plane strain, with arbitrary boundary conditions on all four sides of the 
plate. The same procedure can be applied in the presence of body forces 
and temperature stresses, 


§ 15. THREE- AND TWO-DIMENSIONAL PROBLEMS OF 
THE THEORY OF THICK MULTILAYER PLATES 


1 luz = 


Consider a thick plate consisting of several horizontal layers having 
different elastic characteristics (Figure 177). Let 4” be the total thickness 
of the plate, and An, vn, Gn, be respectively the thickness and elastic 
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constants of the m-th layer. The coordinate axes are directed as shown in 
Figure 177, It wilt be assumed that the displacement and stress vectors 
vary continuously at the contact plane oftwo layers. 


Mee | 
(NT eee a 
ar 


FIGORE 177. 


The unknown magnitudes: . ee | 


uy v, @, Sy, tes Ty: 1 


will be denoted as follows: 


a(x, 4,2)=U,, v(ey,2)=U, w(t, yz) = Uy, 


O2(%, 9,2) = Uy, tlt, YZ) = Ug, tye (x,y, 2) = Uy, {15.1) 
The initial functions uo, v6, wo, Zp, Xo, Yo then become: : E - IZ. E 
Uy (x, 9) =U%, tot, ¥) = uy ty (x, y) = vs, ] 
Zo(x,9) =U, Xoleyy=UP  Vy(x,y) =U. | (15.2) 
When no body forces are present, we can rewrite (2,5} as follows: 
6 
Up=D Laut (i= 1,2,...,6) (15.3) 
kewl ] | { 
Substituting v=», G=G,,2z<h4, we determine the displacements and 


stresses in the first layer. These expressions contain only three of the 

six initial functions (15.2), since three of the latter are already known from 
the boundary conditions atz=0. To determine the unknown magnitudes of 
the second layer we first obtain the displacements and stresses at the 
contact plane of the first and second layers atz=4,, which form the initial 
functions for the second layer. Then, substituting in(15.3) v= vy, G=G,, and 
the expressions for the initial functions of the second tayer, we determine 
tne displacements and stresses in the second layer: 


a 
Y =2 Li,{2yUt (= 1,2,..., 8), (15.4) 
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where: 


Li@= DLP Ly) <2 < hy), (15.5) 


i=l 


We denote by Lh) and LM (z) respectively, the operators £y in (25.3) i | | 
corresponding to the first layer at z=”, and to the second layer at any 
arbitrary value of 7: 


LY (8) = Lie. Gist), (18.8) 
LIP (2) = hii On, Gay 2) a Sz Ay). ° 
The matrix fZ,,{z)] is thus the product of the matrix | £@ (2) and the matrix 
iL (ad, and is therefore a function of the three initial functions corre - 
sponding to z=0. Similarly, the matrix 1L,, (z)j for the displacements and 
Stresses in the m-th layer of the plate is the product of the matrices: 


[LR AME = 1,%,...,0— and Jest (2) Ama <2 < im). 


Determining in this way the displacements and stresses at the bottom 
z= of the plate, and inserting the boundary conditions for this plane, we 
obtain the system of differential equations of the three-dimensional problem 
considered, from which the three unknown initial functions can be obtained, 
and thus the states of strain and stress of the multilayer plate determined. E - I E 


2 


Consider the case of plane strain of a multilayer plate (Figure 178), 
We introduce the following symbols: 


ui g=U, vole, ye =U,, 


l 
(XW Uy ty Yee Ug, 04 (x, gy) = Uy, | (15.7) 
Hy (x) a vi. Up (x) = UR. 


: . (15.8) I | I 
¥oQ) = U5, Xo (x) = UP. 


We can then rewrite (10.6) as follows: 


4 
i= VlalmUe = 1, 2,3, 4). (15.9) 


bet 


The displacements and stresses in the m-th layer of the plate are: 


4 
Uis DS LiatyUe = 1, 2,3, 4), (15,10) 
eat 
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where the matrix 23. (4)" fs the product of the matrices: 


veut 


PPh Gale mand Ly] lina SH <8). 


and contains only two of the four initial functions, The other two initial 
functions are determined directly from the boundary conditions at y=U. 
Inserting (15,9) into the boundary conditions at y=/ yields a system of I | | 
two ordinary differential equations of infinitely high order with constant 
coefficients whose solution determines the two remaining initial functions. 
We shall consider now in more detail problems with boundary conditions 
for the longitudinal plate edges x=0 and x=/. Let the initial functions be 
represented by the following series with constant coefficients: 


oO oO 
Y= Valisina x, Up= ~ Ltn COS BAX, 
n=l a=0 
(15.11) 
«oO fea} 
uy =V ton COS OX, uy = >» Un sin 2,4, - = = 
ne a=! 
where 
ax 
r= —. 


i 


The boundary conditions at the plate edges ,=0 and x=/ are: 


Uj=Wy=0 Wary =0). (15.12) “E-ITE 


i 


FIGURE 178 FIGURE 179, 


These conditions are satisfied for each span of a multispan plate resting 
on an infinite number of identical and equidistant supports and subjected to 
a load symmetrical with respect to the ends of each span (Figure 179). 

As already mentioned (see section 12), the representation of the initial 
functions in the form (15.11) corresponds to Ribiére's solution. Inter - 
changing the sines and cosines yields Filon's solution which corresponds to 
the following boundary conditions: 


U,=Uy=0. (15,13) 
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Substituting (15.11) in (15.9) and inserting the values of the operators Ly 
given in Table 25, we obtain: 
co) 
= ° { # 
U; =2 ui [ch ony + Bit tay shang) + Tis x 


o 
x (1-29) sh any + any ch aay} + ea ysn ony + z | | 


iv 


ae mes - = Sh ony + ychatay |} sin Crk, 


u8, (1 — 2v) 
Uy = t= Ter, ¥+ 


5 uw 
+ 5) fray I(1 — 2v) sh any — aay Ch ony) + 
emg 


° 1 oS 
+ bs [ehay — 5g aay shang] + gen x 


3— 4 ce 
x( z, sh any —y ch agy)— pa — y sh cay} cOstgx, 


% og 
Uy = ude 5) {Paty shay + 


i-* 
anal 
u3,d 
+ [An (Sh ony — aay ch ony) + 


{15.14) 
+ ub, (chang — rey sh nlf) — 


F-F-5 


Hn 
ey eees) [(1— 2) shay + any ch tay }} cos ant, 


r- -) oa 2G 
Yw=5> {pits on sh any + aay ch any) + poly shay — 
tm) 


0 


— Fy I-20) shagy — any ch any) + 


+ Uta] ch aay ++ roy aysh any}} Sin aax, 


o i] 0G ks 
Us= + D [AS ea (echany + ony sh aay) + | Nf { 
fim] 


ufc 
+ pS te (Shony + Ord Ch aay) + 


0 
aa 


u 1 
+ ed ee + F Anish ogy) + 
a 


+ as (3 — 2v) sh any + ony ch ony} COS aqX. 


Putting y=v,, G=G,, we obtain from these expressions the stresses and 


strains in the first layer of the Plate. The coefficients uw, (i 21, 2, 3, 4) — = = 
represent unknown magnitudes determined from the boundary conditions at Xe 
ye 0 and y= he ‘ ; 
Substituting (15,12) in (15.10), we obtain the displacements and stresses * 
in the m-th layer. These can also be determined by a different and simpler “ 
\ 
\ 
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procedure. Each term of any series (15.11) is orthogonal in the interval 
(0. to all other terms of the same series. Expressions (15.14) can 
therefore be considered as an infinite set of independent and orthogonal 
states of stress and strain. The displacements and stresses in the m -th 


layer are therefore, in accordance with (15.14): 
(15,15) I | | 


a 
Un = Sh ala” (y) thn @=1,2,...,5), 


twl 
where the matrix jai™*(y)| is the product of the matrices: 
fait, @, AN) G=1,2,...,m—L) and fal? (vm, Gm yt 


Consider as example the equilibrium of a double-layer plate subjected 
to a vertical uniformly distributed load p, acting on the upper surface of the 
plate (Figure 179), We denote by 2 the width of the plate supports, and by 
! the distance between the support centers; the coordinates are directed 


as shown. 
It will be assumed that due to the external load only normal stresses U,, 
distributed uniformly over the plate width, arise in the supports. ‘Thus, 


for y=, the stresses U,are constant = (-$2) at the supports and zero 


between them. 
The boundary conditions at the upper plane g=—0 are: 


U=uj——p, Ut=0. 


The normal load acting on the lower plane of the plate can be represented 
as a Fourier series in the interval (0, i); 


a2 
Use A= —p(l+ Sl = sinapecos an). (15.16) 
netae ” 
The first term of this series corresponds to the load Uy(f4y)=—p. The : 
combined action of this load and the load %,.<—p causes a uniform com - 


pression of the plate. The loads represented by the remaining terms of the 
series are statically equivalent to zero in the interval (0, 2). 
Substituting (15.15) and (15.16) in the boundary conditions for y=’, we 


obtain: 
GA yO fay 0 ae — 2p SID &al, 
ay yn Ty My ca, {15,17} 
ay ag, + ous, = 0, 
where: ~ 7 
P 4 
alg” = FF af? (ve, Ga, ha) a (4, Gre hy). M8:18) 
jal 
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Diagram of é2 Diagram of 4, 
0.2572 


2.8659 3.0369 asp = ObSap 
FIGURE 180, 


All the unknown coefficients uf, and uf, (n= 2, 4, 6,...} can be obtained 
from (15.17), It is then possible to determine the stresses and strains in 
the plate. 


The normal stresses U,= o, and U, «a, in the middle section x= ai of 


the span are given in Figure 180. The plate considered has the following 
dimensions and elastic characteristics; 


h=m=st G=100G, y=4=0.3, 


Two curves have been Plotted in each graph: the full line represents the 
sum of three terms of series (15.16), while the broken line represents two 
terms of the series, It is seen from the diagrams that the normal stress ; E ss I E 
+, has a discontinuity at the contact plane of the layers. 

It was assumed that there are no relative displacements between the 
points of the lower and the upper layer at the contact Plane. We shall now 
assume that the contact plane is perfectly smooth, so that the shearing 
Stresses U,=+,, vanish there, The displacements U,=4 are discontinuous 
while the displacements UY, =v and normal stresses U,=o, are continuous 
across this plane, 

Representing the initial function of the lower layer by the series: 


Uf (x) = $ uf, Sin aax, (15.19) I | I 
Amt. 6, ¢ 


we obtain from the boundary conditions: 


an (4, Gy, Ay) uf, + aft! (a, Gy. Ay) gy = 0, 


Oa ue + aS tbe + aft (4, Os, Aad ule = —- 22 sin ase, (15.20) 


an ue, + ag” ut, + a (%, Gy, 4g) Hy baal 0, 


where the coefficients al” are determined by (15.18), 

The first and third equations (15.20) state that i, vanishes at the contact 
plane of the layers and at the bottom of the plate, The second equation 
expresses the equilibrium condition with respect to U, at the plate bottom. 
These equations are sufficient for determining the stresses and strains in 
the plate, 
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The stresses U,=0, and U,=>, in the middle section of the plate have 
been plotted in Figure 181, The dimensions and elastic characteristics are 
the same as in the preceding example. The diagrams represent the sums 
of two terms of (15,16), The distributions of the normal stresses over the 
middie section are practically linear. The stresses o, have a discontinuity 


at the contact plane of the layers. i | I 


3. 


A solution by trigonometric series is also possible in the three-dimen- 
sional problem, provided one of the following conditions is fulfilled at the 
longitudinal edges of the plate: 1) the shearing stresses in, and the displace- 
ments normal to, the boundary plane vanish or, 2) the normal stresses in, 
and the tangential displacements of, the boundary plane vanish in the two- 
dimensional problem. The boundary conditions of the first kind correspond 
to (15.12}, and those of the second kind, to (15.13). 


Diagram of & Diagram of dy 


a2itp 0.6589 
FIGURE 181. 


When boundary conditions of the first type obtain on all sides of the plate 
(x=0,x=a0, y=0, y=), the initial functions can be represented in the form: 


im CUS By COS Bry, I Nf { 


Ufam COS ZnX Si0 Pn, (15.21) 


&e 


ram SUN nk COSBmy, UE me 


& 
1 
Me iMs 
bie ime 
i 
be pbs 


“a 
Ugim COS Gn SiT1 By, UZ = 5} 


ss 
i 


i 


ime }? 


i 


o 
ham COS Onx COS Bmy, UZ =D) DS) tba Sif and COS Amis 


S 
Nl 
Me 
ime? 


2 
N 
° 
e 
3 
‘ 
- 


where 


If boundary conditions of the second type are fulfilled on all sides, it is 
necessary to interchange sines and cosines in (15.21). If conditions of the 
first type are fulfilled on two opposite sides, and conditions of the second 
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type on the remaining sides, the trigonometric functions of one argument 
are unchanged, while in those of the other sines and cosines have to be 
interchanged. 

In the three-dimensional case, the stresses and strains in a multilayer 
plate are determined in the same way as in the two-dimensional case, The 
unknown coefficients in (15.21) are found from the boundary conditions at 
z=0 and z=A, | | | 

The stresses and strains in a plate, corresponding to (15,21} can be 
represented as follows, Consider an [infinite) multilayer plate supported 
by a large number of rows of columns (Figure 182) arranged in two ortho- 
gonal directions, The distances between the centers of adjacent columns 
are uniform, being a in one direction and 6 in the other. 


rains 


\y 
WY 


The planes passing through the centers of the columns in the direction 
of the rows form two families of orthogonal planes of symmetry. If an 
external load, symmetrical with respect to a)l these planes, acts on the 
plate, all plate elements which form rectangular plates supported on four 
adjacent columns, will be under the same conditions, Boundary conditions 
of the first type will be fulfilled on all sides of each plate; the initial 
functions determining the stresses and strains in the plate are then given 
by (15.21). If the load acting on the plate is antisymmetrical with reapect 
to all planes of both families, boundary conditions of the second type will 
be fulfilled on all sides of each plate element; the initial functions are then 
obtained from (15.21) by interchanging the sines and cosines. If, finally, 
the load acting on the plate is symmetrical with respect to all planes of one 
family and antisymmetrical with respect to the other, the problem will be 
of the mixed type: the functions of one argument in (15.21} remain unchanged 
while sines and cosines are interchanged in the functions of the other 
argument. The general case of a continuous plate subjected to an arbitrary 
external toad can be considered as a combination of the above-mentioned 
symmetrical and antisymmetrical loads. 
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§ 16. ELASTIC MULTILAYER FOUNDATION 


The above theory of thick multilayer plates can also be applied to 
determine the stresses and strains appearing in an elastic multilayer 
foundation when an external load is applied to its surface (Figure 183). 


FIGURE 183, 


The displacements and stresses in the first layer, which is in a state of 


plane strain, can be represented in the form: = at a 
| o 
Ur= ZY (Aa (ys a) fel, @) wh (a) + Bu (y, 2) ge (x, a) uf (4) da (18.1) 
a=] =. 
(@=1,2,. oo OD, 
where f,(x, «) =sinex fori= 1,4; fe(x, @) =cosex , fori = 2, 3,53 g(x, a) = cosax for 
f= 1,43 g(x, a) = sinax for i= 2, 3,5; the functions Aw are those entering in 
(15.14): ; I I K 
ay sh ay _ 4 3— 4y - 
Ay = chey+ oF As = aa a * shay — ychay) 


etc.; the functions 8, are determined from expressions similar to (15.14) 
but corresponding to a different representation of the initial functions 
(Filon's form). 

When the displacements and stresses across the contact planes of the 
layers are continuous, the stresses and displacements in the m-th layer of 


an infinite plate are: 
4 @ 4 
Uj = 2 { [Anfiut + Bag? } da, (16.2) 
het Se 


where the matrices JA} and |8%§ are the products of the matrices: 


| ARG, Ap %, G)I and | Ate" (2, Y, Ym Gn)] , 
[Bi («, A; »;, G,) fand] BY” (a, y, vn. Gm)] a oe | 


G=12,..4,m—1) han SYS he). 


respectively, 
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The unknown functions u? and uw have to be found from the boundary 
conditions at y= 0 and y=r. 

Consider as example an infinite elastic foundation, on a bounded region 
of which acts an external load (Figure 183), It will be assumed that this 
foundation lies on a rigid subsoil, and that there is no friction between the 
foundation and the subsoil. In this case the vertical displacements U, and 
the shearing stresses U, vanish for y=0, 80 that in (16.2) we must put: I | | 
w= uy mupmuy= 0 . To determine the unknown functions 1%, ut, u% uM, we 
shall use the statical boundary conditions for y=A. Let only a normal 
distributed load p(x}, differing from zero in the interval a,<x<a,, act at 
y=h (Figure 183), We represent p(x) as a Fourier integral: 


P(x) me j da p(X) cos a (h— x) da. (16.3) 
Equating the expressions for the stresses U/, and U,, obtained from (16.2) = = = 


for y=h, to the boundary value (16.3) and to zero respectively, we obtain: 


ay 
D Anteh) uf =— 4 paycosara, Y Au(ehyuf = 0; 


feng a $=i,3 


4, (16,4} 
XD Bulaiuf =— Zi paysinarcd; YF By (ak) uf =0. 
sala a, tm, 9 
Having found #9 and u% (f= 1, 3), from (16.4) we determine the stresses I - I E 


and strains in the plate from (16,2), The expressions for the displacements 
and stresses cannot be obtained in finite form, since the integrals (16.2) 
cannot be expressed in elementary functions and must be evaluated numeri- 
eally, 

The three-dimensional equilibrium problem of a multilayer foundation 
extending to infinity in two directions can be similarly treated. We proceed 
in this case from the sum of the four different representations of the initial 
functions, One representation is (15,21), while the others are obtained 


from (15,21) by suitably interchanging sines and cosines. In order to satisfy 
the boundary conditions for z= it is necessary to use a double Fourier " 
integral, 
m= td = 
323 
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TABLE 1 


Function @z)eshzcos yz , where s = ay | | | 

0 v 

: 14995, 
aes .09979 
0.15 0.44923 
0.20 OL19809 
0.25 0. 24624 
0°20 1) 29349 
6.35 U. 39961 
0.40 0.36445 a | 
0.45 0,45098 
0.50 046922 
0.55 0, 50875 
0.00 0, 54606. 
0.65 mpegs 
0.70 0.61295 
0.75 0.64198 
0180 0.66769 
0'85 88972 
0.90 0, 70278 
0.95 0.72149 
1,00 0.73052 
1.05 0, 73445 
1,40 er : 
4.15 72S 
1,26 0.21445 I od rf E 
4,25 0,69070 
1.30 0.66262 
1.35 F 0,62669 
1.40 ‘i 0.58237 
1.45 . 0.52911 
1.50 5 0.46633 
1.55 : 039343 
1.60 ‘ 0.31008 
1.65 ft. 4), 21486 
1,70 i, 0.40791 
1.75 1. —.01472 
1,80 1,8 —).14470 
1.85 1. —t), 29171 
1.90 1. —0.45946 
1.95 4. —0.63066 
2.00 1, —U, 82402 
2,05 1. —1,.09427 
2.40 2 1.26210 
215 2. —1, 50822 
2.20 2. 1.77339 
2.25 2: 2. U5R20 
2.20 2. — 2.36147 
2.35 2. — 2.68966 
2 40 1. = 03738 
2.45 4. — 4.40766 
2.50 1. ~—3, 80055 
2.55 1. —4§ 24874 
2,60 1. —4, 65659 
2.65 t. —5.12050 
2.70 7.13793 1, 5) —5, 60801 
2.75 7.49855, 1. 6.12180 
2.80 7.87293 1.36 —6.65902 EE = = 
2.85 8.26730 452 7.22108 
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2.90 8.68123 
2.95 9.141516 
3.00 9.57047 
3.05 1004774 
3,40 10. $4843 
3.15 41 ,07336 
3.20 11.62428 
3.25 12,20160 
3.50 | 12. 80738 
3.35 13. 44242 
3.40 1410859 
3.45 14, 806t5 
3.50 15. 59965 
3.55 16.30772 
3.80 17.11336 
3,85 17.95784 
3.70 1884359 
3.75 19.77199 
3.80 20, 74572 
3.85 21, 76625 
3.90 22 83704 
3.95 23.95877 
4.00 25. 13965 
4.05 26 38305 
4.10 27, G204 
4.15 29.01701 
4.20 3043847 
4.25 34.92756 
4.3% 3348928 
4 35 35,12924 
4.40 36. 84079 
4.45 38. 63817 
4,50 40. $2296 
4.53% 42.49703 
4.60 : 

4.65 

4.70 

4,18 

4.80 

4.85 

4,90 

4.95 

5.CO 

5.05 

5.10 

6.15 

5.20 

5.25 

5.30 

5.45 

$.40 

5. 

5, 

5. 

5. 


ERSRSRSSByzsesyee 


? 


POD HD SH HHH HH nen in wen wien 
RSE2EER 


a 
3 


7.57796 
7.91621 
B, 26845 
8.63418 
9.01490 
9.41081 
9, 82242 
10, 25015 
10. 69479 
11.15675 
11.03661 
$2. 13509 
12.5246 
13. 18962 
13.74719 


1 14, 32540 


ee 


1492543 
15.54752 
18. 19250 
18. 86075 
97.55015 
18, 27058 
19,01316 


19.7877 


5.84188} 3.61784] 1.00168 
6.03314) 3.62995; 0.91124 
6.22721] 3.63007| 0.7 

6.42342] 3.62000) 0.48225 
6.6283] 3.59763! 0.23028 
6.8606) 3.56177) —0.04892 
7.02326; 3.51414] —0.35758 
7.22537 | «3.44427 | ~0.69761 
7.42810; 3.35983 | —1.07t12 
7.36047) 3.25599; —1.48060 
7.83242] 9.13135} —1.92814 
8.09268 2.98386 | —2.41663 
B.23112] 2.81175 | —2.4872 
8.42657 | = 2,.8t284 | —3. 52684 
8.61848/ 2.38479 | —4.15446 
8.80552] 2.12563 | —4.83434 
8.98715 | 1.83256 | —3.57003 
9.16184] 1.50314 | -6.36465 
9.92974] 4.13417 | —7. 22214 
9.48736 | 0.72313 | —8.14585 


9.63323 


¢ 0.28665 
0.76774 


0.23881 


~—15, 31967 
—16, 82954 


—28 08394 
—30 .87966|-—59 


5.24943 
4.34973 


0.51314 |—7 
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|—33.87499}—63.64207 |_77.52 
37 08234 —B8. 07066 |_4 7348; 
2.13954 |—a6.0081 

44. 18195|—77 .66282' 90. 61251! 79. 60781|—47 55714 

: ‘ —95. 27670 
|—52.28761 |—88. 30426 1-100. 0917%—84 .41582|\—45.57649 

AA 4015, 25478] 84. 71498144 . 12640 

140, 16516 —88 898401 — 4233904 


—$.36645 
—6.5250 


—4.01547) —6.17010 
—4, 51876) —6.76203 


—f, O86] —9 46811 
—7 . 59685] —10. 23253 
— 8.33604) —11 03513 
—9,12047}—11, 8728 
—9.95143}—12, 74411 


—6. 76704 |—10_.83103]—1.3. 65499 


—7. 53249 


11. 76030) —14 60255) 


—8.35155|— 12, 74163|—15. 58680} 


—9. 22679 


—13. 77574 |—18 60721 


10, 16123/—14 96516/—47, 66339 
11.1576t |—16.01044/—18. 75430 
12. .21873}-—17, 21375]—19 87902 


13, 34785 
14. 546809 
15.82244) 


—25.21 
—27.1002 


145.4194 


—18. 47581 |—21 03608. 
—1#. 79852 |—-22 22414 
—24 18216 |—23, 41778 


—9.14015 |17 17414] 22, 62890]—24 68542 
—10, 20878 |—18.60674|-24, 13866]—25. 05965 
—11.35670 |—20.12331}—.25. 71341 |—27. 24925 
~~12 .58750|—21 .72760)—27 35201 | —28 55926 
—13, 90873!—23 42279 —29 .056+3/ —20.87351 
—30 82539 | —31 . 20590 


B—64 36824 |-~47 , 60653 
+ 47333 | _69 , 54706] 66. 92416|—48. 23565 
44716 |—73 , 46043] 69 48834|—48 50219 
282) —72 .4B22|—48 , $8808 


—74. 50685|—48 47244 
—77,11912|—48. 13808 


om 82 04919} 46, 71222 


—90), 96486]—40, 16833) 


120, 76017}-169. 55661 |- 161 ,96643/-100, 506t6| —5.62168 
129, 5490}-179.177291_ 168 , 22260-4003 —1, 38896 
138 678A ~ 1BY.21598|-174 53559199 9.13135 


254. 44719 -300.40710} 230, 46689]_68 30226] 119. 20428 
: 9688-J15 64004) 236. 36844] -62. 11387 | 137. 09078 
3253.49078)— 284. 975A 330. 617871241. 42258) -53.76003 | 155.815721 30: 
K aks, 54 1214-346 942961 246. 7842344 47143 | 176. 24394 
322. 27248 362 945221 254 1742133. 90086 | 197. 60087 


—11, 82927 
—12.§7552 
13, 33901 
—14.11966 
—14.91552 
—15, 72362 
—16.54197 
1736725 


—27.81B14 
—27 67885 
—27 , 38829 
—26, 93962 
—26, 31484 
—25 50014 
24. 47719 
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TASLE 2 


Function ®, (z) = chez cos 7z, where z= an 


1 
z 


o 
0. 1.00100 | 1.00088 4.00075 $.00017 ue 
O10 tonste | 100384 4.00320 1.00082 = 
045 1.00848 | 1.00844 | 1/00720 4.00209 
0.20 4.01681 | 1.01500 | 401273 400359 
0.25 1.02625 | 1.02334 | 4.01982 1.00540 
0.30 4.03782 | 1.03360 | 1.02845 9.00747 
0°35 4.05050 | 1.04568 | 4.03857 4.00966 
0.40 1.06726 | 1,05952 105009 41,08177 
0.45 1.08515 | 4.07515 | 406301 4.01373 
0.50 4.10816 | 1.09257 | {107727 1.01537 
0°§5 4.12726 | *.11469 41,09277 1, 1644 
0.80 1.45149 | 1.13253 | 4110048 1,01679 
0,65 1.17782 1.15497 1.42727 1.01610 
Ae tee | tae | 14g tin 
0.75 : F 441 4. a 
0.80 1.20054 | 1.23185 | 1.18629 4.00850 E E ¥ 
085 1.20049 | 1.26043 | 120748 0.99805 - 
0:90 4.34123 | 1.20043 | 4120918 0.98814 
0.95 t. 4,32167 1,25126 0.97528 
1:00 4.42127 | 1.35418 1.27356 0.95519 
1108 1.46440 | 1.39180 | 429428 0.93940 
1,10 4.50059 | 1.42245 1,348t4 0.91600 
4,45 1.55681 | 1.45800 | 4!39998 88698 
t'20 1.60692 | 1.49444 {.36127 0.85342 
4/25 1.65724 | 1.53143 | 1°3g174 081423 
1.30 1.71039 | 4, 4.40184 0.76895 
1.35 1.76545 | 1.60604 | 4.41922 0-71760 
4.40 1.82237 | 4.64509 | 4.43564 1.65778 
4.45 4.88106 | 4.68323 | 1145012 0.9072 
1.50 1.94154 1.72109 4.46228 0.51520 
1.58 2.00266 | 4.75278 | 4147177 0° 43050 
1.00 2.06738 | 1.79574 1.47822 0.33615 
4.65 2.13259 41.B3175 1.48119 0, 23142 
t.70 2.19022 | 4.86663 | 448026 0711537 
1.75 2.26707 1.90002 1.4748) —0.01245 
1,80 2.33592 | 4.93163 |) 4.46464 0.15283 
1.85 2.40633 1.96105 4.44804 -0, 
1.90 2.47731 | 1.98802 | 4.42798 0.49451 
1.95 2.54892 | 2.4203 4.39887 —O.65872 
2.00 2.62946 | 2.03272 4.36327 —O. 85477 
3.05 2.60362 | 2.04957 | 4.31969 —1 06913 
2.10 2.76016 | 2.06208 4.26744 — 1.20953 
2.45 2.89855 | 2.06970 | 4 1.54974 
2.20 2.91044 | 2.07200 | 4.43966 —1,B1248 
2.25 2.98160 | 2.08814 1.05050 — 2.50445 
2.30 3.05465 | 2.05765 0.95526 —2 44147 
2.35 3.12027 | 2.03969 | 084700 = 2.739 
a . Ma ee 0.72474 —3 08801 
2.45 1.97850 0.58741 —U. 45879 - 
2 50 331327 | 1.93363 | 0.43380 — 3185212 se 
2.55 3.37486 1.87801 0.26279 —4, 26847 
2.60 3.42661 1.81074 O.0TSH —4, 70825 
2.85 3.47701 | t.73065 |—0.13656 ~5.17188 
2.70 3.52247 | 1.83676 |~v.36755 | —2.34525 AS —5.65980 
2.75 3.56225 | 1.52778 |—0'62135 | —2.72363 : —6, 17205 
2.80 3.59555 1.32019 | 0.89047 | —3.43150 : —6. 70006 
2.85 3.62168 | 4.25998 /—1.20335 | —3-se964 ‘64709 | —7_27050 
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see Ler ee el Pe x 


—13.97270) —16.63464| —17.39593 
1488737) —17.68978)—18.22415 
~-16.09206| —18, 77986) —19 .05244 
—17.22481] —19.90335| —19.87783 
—18-49626! —20.84664j —20 .69539 
~-19.89351] —22, 24639} —21 50063 
—214.20135) —23,46251|—22, 28832 i: Ce J =z 
—22,04746) —24, 70567) -~23 05922 
—24, 15856) —25, 97289) —23. 78846 
—25.73036; —27 26153] —24 48803 
—27 36852) —28.56850| —25. 14599 
—29.07209F —29,83992] —25.75306 
—30.84071] —34.22141] —26.14225 
—-32.6753t| —32. 55825] —26 .78225 


2.90 8,73395 | 7.62392 5.87735 3.6 —1.53490{ ~4.03988| —6.2075a! —7.85677 
2,95 9.16523 | 7.95970 606628 3.64889 3 168 —1,89562) —4.54358; —@.79918) —8.46720 
00 4.61804 | 3. 6.25810 9.64812 5.08268} —7.42379| —9.10487 
3,05 | 10.09286 | 3.67300 6. 45230 9.63628 —$.65827/ —8.08225| —9-75992 
3.40 10.59134 | 9.05157 $. 84877 3.61226) —6.27244| —B.77497| —10 44120 
345] 1.41410 | 9.44543 6.84114 3.54787 —6, —9,50295) —11 14426 
3.20 | 11,66298 | 9.85512 7 04664 3.52282 —7.82215| —10.26660) —11.86R66 
3.25 | 12.23845 1410. 28102 7.24713 3-45404 8.36114] —11-06636/ —12.61339 
3,30 | 12.84227 | 10. 72392 7 44833 3.36898 —9. 14592) —11.96262|— 13-3755 
3.495 + 13.47556 | 11.18426 7 64928, 3.26401 —~9.97597| —12.77553/ —14- 15447 
3.60 | 14.14006 | 41, 66257 7 .BA989 3.01361 —-10.85519) ~-13,68545| —14.94879 
fe 8.04889 —11.78403; —14.63202|—15.75525 
Bu - —12.76488) —415.61524|—16.57216 


Gttecaiv 
at *e 


RESRBRSREBBAEE 


—27°11262 


13 —29,10972] —34,88377| —34.25622|-27.19385 

4 3119586] —36 53787} —-35..22798) 27. 50393 

35 —-33/99873! —38.56495| —36.54902|—27. 72331 

0 —35.74425| —40.85418] —37,84981| —27. 83514 

45 —38.14558| —42.80389} —39°¢2572| 27. 82570 

e —40.60591| —45.01232| —40 34086] ~27. 68368 

Md —43.36920] —47.27606| —at '56493|—~27.39444 

bed —46. 16886] —49.59446| —42"2945|—26.94506 EK -H I 

—49.09825] —51.96047| —43.79007 | —26.31965 4 

70 5215940] —54.37302| —44 79618 |—25.£0435 \ 

1 —55 .35688| —56.82665| —45.71527/|—24.48085 N 

80 —58 69229 —59.'31568| —46.53374!—23, 29438 

a : —62.16867| —64.8::397| —47.23746]—21. 74530 \ 
—51.719t0| —65.78787) —64 37641] —47.81111|—19.. 99856 

i —55.47889| —69.58404] —66.9:°88| —48.31108|—~17.98965 


a 
3 
3 
3 
3 
3 
3 
4. 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
5. 
5.05 
a. 
> 
hb. 
3 
f. 
5. 
fe 
§. 
Ht 
§. 
5, | 
fe 
4.70 | 
fi. 
fi, 
5, 
fy 
6 
6 
&. 
4. 
6. 
6, 
b, 
6. 
6, 
6, 
6, 
§ 
6, 


—H9.49465) —48.50859|—15 64448 
—T2.08414) —48. 59207 |—12. 99799 


—74.42258 
—77.52439 


—59. 45246 
—63. 64730 


0 —68.07572| —81.74089| —74.60239] —48.47601 |—10.05297 
45 ~72.74439] —88 40097} —77, 12490] —48.13932] —6.86642 
20 : —90.41803] —79.61266] —47.sen03] —2.9:1489 
ra —95.28105| —g2.94771| —46.71480) 1.29152 


—84 42003} —45,57876} $. 76784 
—86.70939) —44.12764} 19.7865: 
—$8.90203) —42,39377| 16,28256 
—90 .96822| —40.16782| 22.27769 
—$2.91108) —37.60121| 27.57979 
—94.87071 | —34.59745| 35.86160 
—96-27717| —31,14003] 43-50350 
—07-65817] —27,.17860| 52.45814 
—98. 30368 / — 2.68429} 60.6080 
—99-68114| --17.61842| 7.10924 
—100. 26170] —11.94539, 8.27839 
—100- 50782) —5.62177/ $1 .13242 
—10 28970 1.38898 | 10269858 


—12, 75919 
—14.73709 | —83.88201 
—17.60923 | —M). 39443 
— 20-7446 | —97 -31680 
—24.42851 |-104. 87954 
—27 .B1142 11247794 


cs 
_ 
ao 
~ 
= 
o 
ir] 
at 
o 
an 
= 
Ral 
Nn 


RBRERSRSES 


oo 
a 
_ 
> 
* 
~— 
z 
wn 
a 
=~ 
~ 
4 
uw 
= 


1 151.66325 |69.52556 
458.92900 [7431937 
166 48499 }73. 09368 
174.41745 |74,86061 
1482. 72458 |76,60990 
}191.44568 |78.33241 
200), $2042 |80.92277 
240.,.04462 |81.67021 
220.01596 |83.27077 | —85,. 466: "oT 
230.7436 184,92843] —94.01548 |-2% 286 45176 
241 38866 |86.28648 |—102.96777 |—2h1 4625] — 300. 49874 
253.11772 (87. 77983)- 112.8290) |—268, 16668] 215, 65198 
264.75357 5 ‘ ‘ 97725 

27761152 | 90.26295| 434. 44401 |-~303. 41245) 
1 290.95946 | 9118137] 146 .24010|—322. 27367 


R38 


~_— 
wasas 


—B81 08703; 87.61647 | 222 188465 
—75.72858| 103.0660 | 241.57928 
—69-30725| 419 .29996 | 260.68616 
—62.11614| 137 09580 | 281. 22363 
—53.77037/ 155.8464 | 301.8519 
—44.47161]  178.24467 | 324.00846 
—33-91000] 197 60130 | 346.11653 


—251- $7514 


Baeseescse 


—362 94656 
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TABLE 3 


Function 0 {z) = ch zsin yz, where 2 = 34 
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sin »§.Both beam ends simply supported (case 1) 
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TABLE I2 
Kinematic and force factors for a citeular plate 
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0.50 
0.55 : 
6.60 6.5024 0 0495 
0.65 0.5028 “0.0512 
0.70 0 S095 0.0522 
0.75 0-5042 —o.n527 
0.80 0° 5050 —-0-0524 
0.85 0-5058 0-514 
0.90 0- 5065 —0.-1496 
0,95 05074 —0.0470 
1.00 0.5082 —0,0435 
p= 49° 
0.00 1.0000 | 0.00001 o.on00 | 0.0000 | —0.1392! 0.9908 | 0.0686 | 0.4954 0. 60-0000 
0.05 1-0000 | 0.0006 | 9.9035 | 0-0248 10.1386] 6.9905 }—0.0695 | 0-4054 | —0. 9240 —0-0068 
@.10 1.0003 | —0.0024 | _ pogg | 90-0495 | —0.1368] 0.9910 | 0.0690 | 9.4953 | —0.0480] —0. 0128 = = ] 
0.418 1.0007 | —0.0056 | —9.g402 | 90-0743 | —0.1338 F 0.9918 | —0.0682 | 90-4955 | —/NN722 | —0.0205 
0.20 t.0013 |—0.0099} 9.0434 | ©-u991 | —0.1296] 0.9940 |—0.0672 | 0.4958 | —9 1963 | —N.n272 
0.25 1,0021 ]—0,0155] —9 0785 | 0-4241 | ~0.1242] 0.90646 |—0-0658 | 0.4962 | —u.9208 | —0.0437 
0.30 1.028 | —0.0223] 9.0198 | 0.1491 | 0.4176] 6.9964 | —6.0042 | o.4066 | —0, 1449 | —0.0338 
0.35 1.0038 | —0. —0.0218 | 9.1740 |] —0.1079f @.9985 | —0.0822 | 0.4972 | —0.1693 | —0. 0488 
0.40 1.0049 | —0.0997 | 9.940 | 0.1982 #—0.4006] 1.0009 |—0.0600 7 60-4977 | —0:1945 | —0.0515 
0.45 1.0061 —0.0258 | 0.2245 | -~-0-0902| 1.0036 |--0.0574 | 0.4985 | —0.2186 | —0. n5u8 
0.50 1.0073 | —0.0622 | 9.0273 | 09-2496 | —0-0787 | 1.0068 |—0.0545 | o.4993 | —0-2434 } —o. 0618 
0.55 4.0087 | —G.0753 | 9.0983 | 0.2752 |—0-0856 | 1.0088 | ~0.0513 | 0.5001 | 0.2684 | —0. aG62 
0.60 1.0100 | 0, 0896 | 9, 0287 {| 0-3006 |—0.0519 |] 1.0133 | -0,0479 | O-s01D | —0.2937 |] —0. 0704 
0,65 1.0112 1—0.10% | _o.o2R6 | 0-3263 |—0, 0366] 1.0169 | —0.0440 60-5020 | —0.3492 | —0.0737 
0.70 1.0125 |—0.1213 | a qo79 | 0-3552 | 06,0200 | 2.0207 | -~0.0400 | 0-sA2g | —0°3447 | —0.0787 
0.75 | 1.0138 |—0,1406 | 9.9967 | 0.3781 |—070020 | 1.0245 |—0-0355 | 0.5040 [ —0.3707 | —0.0790 
0.90 1.0169 |—0.1802 |~9.0246 | 0-4042 0.0171 | 1-0285 |—o.03n8 | 0.5051 |—0.3968 | —0.0805 
0.85 | 1.0180 |—0.1810|—0-0219 | 04308 | 0:0376| 1.0326 |_0.0257 | 0.5063 | 0.4231 | 0-484 E . I E 
0.90 1.0168 |—0 2032 | 0.9182 | 0.4568 0.05 1.0367 | 0.0202 | 0.5074 | --0.4498 | —0 0815 
0.95 1.0174 (—0,.2266 |~o.0140 | 0.4835 0. 1.0407 | 6.0145 | 0.5087 | —0, 4757 | —0-UAOg 
1.00 1.0178 |—0.2515 |.0.0085 | 0.5100 0.1070 | 4.0447 |_0o. 0: 8008 1-0. 5038 | —0.0795 
em 50° 
0.00 41,0000 9.0000] 0,0000 | 90-0000 |—0.1736 | o.9a48 ]—0.0868 | 0.4924 0.0000 | 0.0000 
0.05 1.0001 | ~-0.0006 | 0.0043 | 0.0245 | 0.1730 | 0.9850 |—0-0867 | 0.4924 | ~0.0233 | —0. 008s 
0.40 1.0004 | —0.0024 | —0.0087 | 0.0491 |—0.1743 | 90,9956 |—0.0862 | 0-4926 | —U. 0489 | —0.0170 
0.45 4.0010 | —0.0055 | —0.0120 | 0.0738 | —0,4683 | G-as66 |—0-0855 | 6.4929 | —0.0705 | 0 0255 
0,20 1.0017 | —0.0008 | —0,04168 | 0.0986 | —0'4643 0.9881 |—0-0345 | 64932 | —0 Ub4{ | —0. 0338 
0.25 41,0026 | 0.1454 | —0.0208 | 0.1233 | 0.1588 | 0.9829 |—0-0831 | 0-4937 | 0.4178 | —0. 0418 
0.30 1.0038 |—0.0222 | —0.0248 | 0.1485 |—0,1524 | O-g922 |—0-0815 | 0-4943 | —0: 1419 | —~0.05U2 
0.35 1,9051 }—0.0302 | —0.0278 } 0.4734 | 0.41448 | 09994 |—0.0796 | 0-4950 0. 1658 | -0,0575 
6.40 1.0066 | —0.0395 | —u.0309 | 0.1939 | 0.4358 | O-g9g9 |—0.0774 | 6.4957 | —G. 1899 1 —O.N64s 
0.45 1.0082 | —0.0501 | —0,0336 | 0.2241 |—0.91258 ] 4.0014 }—0-0749 | 0.4966 | 0.2164 | —0.0719 
0,50 1.0090 | —0.U619 | —G.0360 | 0.2494 | =0.9144 | 1.0052 |—-0.0721 | 0.4976 | —0.2386 | - 0.0783 
0.55 1.0118 |--0.0749 | —0,0379 | 0.2748 |—0.1019 | 1.0093 |—0.0690 | 0.4987 | —0.2633 | —p.0849 
0.80 1.0137 | —0.0893 | —0,0392 | 0.3004 |—0.ngat | 1.0138 |]—0.0655 | 0.4999 | —0. 2883 | —0.11907 
0.65 4.0457 | —0.1049 | —0.0309 | 0.3262 | 0.0790 | 1.0184 |—0.0618 | 0.5010 | —0. 3125 | 0.0960 
0.70 1,0377 | —0.1218 | —0.0404 | 0.3521 | 0.0567 | 41,0228 |—0.0577 | 0.5024 | —o.3391 | —0. 4908 
0.75 1.0497 | —0.1404 f 0.0402 | 0.3784 |~0.0901 | 4.0285 |—0O 0.5087 | —0.3645 | —0. 1090 
0.00 1.0217 | —0.1596 | —0.0389 | 0.4047 |—0-0203 | £.0338 |—0.0487 | 0.5052 | 0.39.1 | —0. 1071 
0.85 1.0236 | —0.1805 | —0.0971 | 0.4306 1.0303 {|—0.0437 [ 0.5066 | —0.4176 | —0.1143 
0.90 1,0264 | 0.2027 | —0,0345 | 0.4572 1.0450 |—-0.0385 | 0.5082 | uv. 4443 | —0.1435 
0.95 1 —0.2203 | —0.0314 4843 10507 |—0.0328 | 0.5099 | —0.4714 | —0-1147 
1.00 1.0285 |1—0.2544 | —0.0267 | 0.5944 1.0865 (—0-0268 | 0.5116 | —v.4990 | 0-415 
ge= ate 
0.00 0.0000 eos = 
0,05 OL 
0.10 2 
0,15 
0.20 
0.25 
0.30 
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0.35 

0.40 

0.45 

0.50 

0.55 

0.6 

0-65 

0.70 

U.75 

0.80 

0,85 

0.90 

0.95 

1.00 

0.00 1.0000 | 0.0000 0-000 
0.05 1,004 | 0.0006 |—0.0060 
0.10 1.06 0.0024 [—0.0120 
ONS 41,0013 0,0054 | —0.0179 
0.20 1.0024 | 0.0153 {—0.0238 
0.25 1.0038 | 0.0207 | 0.0293 
1.30 1.0053 | 0.0218 |~v.0448 
0.35 1.0072 | 0.0208 | —0.u0399 
0.40 1, 0094 0.0400 | —0.0449 
0.45 1.0117 9.0694 | —0.0494 
0.50 1.0442 0,0610 | —0.0536 
U.55 1,0169 0742 § —0.0572 
0.60 1.0199 0.0892 | —0.0606 
0,65 4.0229 +1038 | 0.0633 
0.70 1,0262 | 0.1206 | --0.0854 
0.75 1.0294 1387) | —0,0670 
0.80 1.0328 F 04€82 | —u.0680 
0.85 1,0382 ] 0.1790 |—0.0674 
0.90 1,0395 0.2011 | —09.0677 
0,95 4. D429 0.2247 | —0-0663 
tH 1.0477 0.2496 | 0.0640 
0.00 1, 006K) 0.0000 0.0000 
0.08 1.0002 7 4.0006 | —O-0069 
9.410 1.0007 11.0024 |—0.0138 
0.15 1.0015 0.0054 | —0.0205 
0.20 | 1.0027 | 0.0008 | —0!0273 
0.25 1.0043 0.0150 | —0.03936 
0.30 1.006 9.0216 | -—0.0399 
0.35 | 1.0082 | 0/0295 | 0.0459 
v.40 1.0107 0,008 | —0,05t7 
0,45 1.0134 | 0.0490 { --0.0872 
0.50 1.0164 | 0.06086 | —0. 0822 
G.55 1.0196 | 0.0735 | —0. 0669 
0.80 | 1.0213 | 0.0876 | _o.0n2 
0.85 1.0267 | 0.1030 | 0.0749 
0.70 1.0805 f 0,197 | ~9o.0790 
0.75 1.0344 | 0.1378 | 0.0804 
ogo «| ot. 0.1571 | 0.0824 
0.85 | 1-0627 | 0.1778 | 9.0837 
0.90 | 1-0488 | 611998 | 6.0843 
0.95 1.0511 @,2234 | 0.0840 
#.00 | 1.0553 | 0.2482 | 0.0829 
0.00 1.0000 

0.05 1.0002 

0,10 1.0008 

O45 4.0017 

0.2 1.0034 

0.25 1.0048 

0.30 1.0063 

0.35 4.0003 


= 52" 


—~0.0110 
P= 
—O.2756 
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0.40 —0,8173 
0.45 —0, 1312 
0.50 —O. 1448 
0.58 —0. 1584 
0.60 0.1712 
0.65 —0.1 
0-70 —0, 1962 
0.75 —t. 2061 
0.80 —0,.2195 
0,85 —. 2504 
0.90 —0). 2407 
0.95 0.2506 
£.00 2507 

9 = 55° 
0.00 1.0000 | 0.0000 | 0.0000] 0.0000 | —0,2420] 0.9397 |—0.4710 | 0.4698 0.0006 | 0.0000 
0.05 1,0002 |—0.0006 |—0.0085 | 0.0234 | —0.3415/ 0.9401 |—0.4709 | 0.4699 | 06-0194 | —O.0160 = = Lael 
0.40 1.008 |—0,0023 | 0.0170] 0.0470 | —0.3401] 0.9412 [| ~-0-1705 | 0.4702 | —0-0383 | —0_ 0421 
0.15 1.0019 |—0.0053 | —0.0255 | 9.0706 | —0.3376 | 0.9433 f—0.4e99 | 0.4707 | 0.0586 | —U. 0484 
0.20 1.0034 |—0.000% | —0.0339 | 0.0042 | —0.3344 | 0.9461 | 0.1691 | 0.4714 | —0.0770 | —0.0841 
0.25 1.0053 f—.0147 | —0,0420] 6.1181 | —0.3300 | 0.9496 | 0.4680 | 0.4723 |] —0-0985 | —0 0798 
0.30 1.0076 |—0.0212 |—0.05h00 | 0.1420 | —0.32471 0.9539 |~0.41667 | 0.4732 | —0.1164 | —0.7955 
0.35 1.0103 |—0.0289 | —0.0577 | 0.1662 | —0.3183] 0.9592 |~0.4682 | 0.4747 | —O.47906 | —0.4114 
0,40 1.0134 |—0.0378 | 0.0654] 0.1905 | —0.3140 | 0.9651 {0.4894 | 9-4762 | ~0.4568 | —074285 
0,45 1.0168 |~0.0480 (0.0725 | 0.2151 | —0.2026 | 0.9719 |—0.1613 | 0.4779 [—O-4773 | —Ol 9418 
0.50 1.0206 [—0.059:s | —0,0795 ] 0.2407 | —0.2933 | 0.9794 |—O.1590 7 9.4797 | —O.1981 | —0.4578 
0.55 1.0247 |—0.0720 | —0.0860 | 0.2651 | —0.2827 | ¥.9875 | 0.1563 | 0.4818 |—0. 2197 | —-0.1714 
0,60 1.0292 |—0.0859 | —0.0920] 0.2004 | —0.2713 | 0.9065 |~0.1535 | 0.4841 |—0.2414 | —O "1858 
0.65 0340 |—.1090 | —0,0077] 0.3462 | 0.2537 | 1.0061 |—0.1508 | 0.4866 | --0.2637 | —o! 2000 
0.70 | 1.0390 |—0.1175 |—0.1020 | 0.3424 | 0.2440 | 1.0165 ]-0.4471 | 0.4892 |—O 285 | 0.2136 
0,75 1.0442 |—@.1353 [0.1075 | 6.3690 | —0.2300 | 1'0275 |—0.1434 | 0.4990 |—0-3100 | —0-2968 : . 
o.a0 | 4.0497 |—0.4544 | 0.1115 | 0.3060 | 0.2138 | 1/0302 |—o.439s | 0/4930 |—o.3330 | 0 pa02 E-F.E 
9.85 | 1.0554 10.1749 | 0.1150 | 0.4234 |—0.1065 | 110516 |—0,1353 | 0.4981 |—0.3585 | —0. 2508 
0,90 1.0612 /—0.1967 |—0,.1174 | 0.4513 |—0.1781 | £.0845 |—0,4308 | 0.5015 |—0.3838 | —0. 2e49 
0.95 1.0671 | —0.2200 | 0.1232 | 0.4826 | —0.1582 | 4.0780 |-—0.1281 | 4.5050 0.4110 | —0, 2814 
1.00 11,0732 1—0.2447 }—0,1203 1 0.5087 | 0.1380 | 4.0922 |o.4210 | 0.5087 |_o —0. 2876 

9 = 56° 


0.40) 1.0447 |—0.0974 |—(1-0724 | 0.41882 | —0.3472 | 0.9548 [—0. 1800 | u 4705) —11.1475 | —0,1976 
0.45 1.0185 |—U.0473 |—0 0806 | 0.2125 | 0.3904 | 0.9724 —0,1781 | 0.4726 | 0.1870 | —0.1540 
0.8) 1.0227 |—0.0587 | —0.0884 | 0.2372 | 0.3306 | 0.9702 |—0,1760 | 0.4743 {01859 |_9o. 1704 
0.55 41,0273 |—0.0714 |—0.0959 | 0.2622 | —~o0,a9207 ] 0.9791 1—0,1735 | oO 4766 | —0.2073 | —0,1B67 
0,80 1,0323 |—0.0848 |—0,1030 | (1.2875 | —0,3000 0.9889 |—i.1709 | 0.4791 |—U.2280 | —0, 2007 
0,85 1.0375 [—0.0908 |—0.1097 | 0.3191 | 0.2070 | 1/0005 —~—0,1680 | 0.4818 |—0,2404 30.2185 
0.70 41,0428 j-—0-t162 7—-0.1159 | 0.4392 |—~0,9849 | 1.0108 |—0O"t547 0.4847 |--0,.2713 | —0.2340 
U,75 9.0491 |—1-41358 10.1285 | 0.3658 |—0.2708 | 41-0928 f—0,1613 | u 4877) ]—0.2958 | —0.2492 
0.84} 1.1052 [—O4527 |—0.6268 | 0.3928 | 0.2555 | 1.0356 |—0.1576 | 0.4910 [—o.3170 —9, 2640 
0.65 1.0617 |—0-17492 |—0-6444 | 0.4204 | 0.2391 | 1.0592 |—0.1537 | 0.4945 fo 3408 | —0, 2784 
0-90 1.0682 |—0.41947 |—0-4352 | 0.4482 |—0,2215 | 1.0635 ]—u.9494 0.4981 |—0.3653 | —0, 2926 
9.95 | 40754 |~0.2179 | 0.1385 | 0.4768 | 0.2025 | 1.0884 |{—0-1449 | O:501¢ |—0-2908 | _a!3062 \ 
4.00 1 4.0820 J—0. 2424 10-1409 | 0.5060 1-0-1823 | 1.0942 T—0.4400 | 075089 !—0.4155 | Col ate9 
= 57° 
- = = 

0.00 0 0000 
0.05 —0, 0186 
0.40 : —0,0373 
eg é aorta 
0-26 € -0, 
OS 0-4596 —O.0928 
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: 0.9302 0.1413 
0.35 0.9362 —0,1296 
0.40 : 011878 
0.43 —031698 
0.50 ~-01838 
0.53 —O, 2016 
0.60 0.2491 
0.65 —f, 2365 
0.70 0.2528 
0-75 —0. 2707 
0.80 012873 
0.83 013037 
0.90 0.3197 
0.95 13353 
1.00 | {L0908 0.3508 

wn se? , ¢ fg = 
0.00 | 1.0000 | 0.9000 | 0.0000 | 0.0000 |—0.4284 | 0.8988 | 0.2192] 0.4494 | 0.0000) 0.0000 
0,05 | £.0003 |—0.0006 {—O-0110 | 0.0225 |—0:4:80 | 4.8993 | —0.2181 | 0.4495 | —0.0953 | 00197 
0.10 | t.0010 |—-0.0022 |—0.0219 | 0.0449 |—0-4:69 | 0.9007 | 0.2188] 0.4499 | —0. 0309 | 00395 
H.15 | 1.0025 | —0,0050 | 0.0928 | 0.0876 {0.42349 | 0.9032 | ~012183] 0.4503 | 0.0463 |—0 0592 
0.20 | 1.044 | —0.0090 |~0.0435 | 9.9903 |—0.4223 | olan? | 0.2477] 014514 | Lo'a62s | —o“07R9 
0:25 | 1.0068 | —0.o14a | —0.0542 | olatat [0.4287 | o!9141 | —0/2408] 0/4545 | —o‘0778 |—o!ooRe 
0.20 | 1.0008 | 0.0203 | —a.0i48 | a-4261 | 0.4245 | 0.4165 | —0.2158| 074538 | —0'0939 | 0.2180 
0135 | 41-0133 |—0.0277 | 0.0751 | 0.4594 {0.4194 | 0/9220 | —0.2145 | 014554 | —0/1303 | 0 4375 
0.40 | 1.0473 | 0.0382 | 1.082 | 0.1820 |—0.4134 | 09302 | 0.2130 | 014873 | —0°4270 |_—o'ss70 
0.45 | 1.0218 |—0.0400 | 0.0951 | 0.2067 | 0.4066 | 0.926 | 0/2133} 0.4394 | ~0, 1441 | m0. 4763 
0.59 | 1.0268 | ~-0.057C | 0.1047 | 0.2308 | 0.3960 | 9/9478 | 0/2004 0.4857 | 0 4615 [0 fase 
.55 | 4.03:2 | 0.0601 | 0.1141 | 0.2554 | —0.2904 | 0/9581 | —o72074| 0.4843 | 0/1798 | 0/0439 
0.e0 | 1.0382 | —0-082¢ } 0.1265 | 0:28n2 |—0.3810 | 0/9693 ] —0.205t | 0:4670 | 0 4978 | 0.2387 : 
0.65 | 1.0456 | 0.0971 |—0.1346 | 0.3055 |—0.3206 | 0/9814 | 0.2025] 0/4701. | —0'2170 | 20.2595 E 3 rf ; E 
0.76 | 1.0514 |—0.1130]—0.1398 | 0:33¢4 |—0.3503 | 0.9945 | ~0/1998| 0.4736 | —0.2712 
0:75 | 1.0585 |—0.1303 | 0/1476 | 0:3577 |—0.3470 | 4-0085 | 0.1968 | 0.4769 | 0 —0. 2898 
Ol! | 1.006 |—0.1488 |—0-1549 | 0 —0,2336 | 10235 | —0:1936 | 0.4807 | 072778 | 0.3082 
6:85 { 1.074t | 0.1687 |—0.1617 | 0.4120 |—0.3192 | 420392 |—0;1902 | 9.4847 | —o/:996 | 0.3762 
0,90 | #.0823 |—0-1901 |--0.t679 | 0.4400 |—0.3037 | 4/0561 |—o/4864 | 0.4889 |—o'a:z4 | 0.3440 
0:95 | 1.0008 |—0.2t27 |—0.1734 | 0.4687 |—0.2870 | 4/0737 {0.1825 | 0.4034 | 0.3485 | 0.3007 
1.00 | 1.0908 |—~0.2369 |—0.1784 | o.4986 |-0.2601 | 4.0922 }_011783 | 0.4981 | 0.3698 | 0.3790 

= 50° 
0.00 1, 0000 0.0000 | 0-00007 06-0000 F—0.4695 | 0 saz | —0.2947] 0.4414 .1600 [ 0.0000 
0.05 | 1.0002 |—o.0005 | 0.0117} 0.0221 ]—0.4892 | 0'8834 | —0.2346 | 0.4445 | —o.ot40 |_o none 
0.40 | 1.0011 |—0'0022 |-~0.0235 | 0.0441 |—0.4681 | 0-ea50 | 0/2344 | 0'4419. | 0 0.0644 
0.15 | 1.0026 |—0;0050 {—0.0351 | 0.0664 | —0.4864 | 0:8874 | —012319 | 014426 | —0.o421 |—oeaes 
0.20 | 1.0050 |~-0:0088 | 0.0466 | 0.0887 | 0.4839 | 0.8912 | 0.2333 | 0.4438 | —o. 0564 | —o onoo 
0.25 | 1.0073 f—0,0140 | —0.0582 | 0.1112 | 0.4607 | 0.8958 | 0.2925 | 0.4446 | —0<0709 |—o. 4035 
0.30 f 1.0107 |—0.02N0 | ~-0.0895 | 9.1338 |--0.4568 | 0.9015 | —0:2318 | 0.4461 | —0-0856 |—o joer 
0.35 | 1.0883 | 0.0272 | 0.9807 | 0.1567 |—0,4572 | 0.9083 | —0.2306 | 0.4477 |—o-1006 |—o tees 
0.40 | 1.0186 |—0.0356 | -0.0017 | 0-1799 | 0.4467 | o:eter | —0-2200| 0.4497 | —0‘4t58 | ao fete 
0.43 | 1.0234 (0.0452 |—90.1026 | 0.2024 |—0.4406 | 0.9248 | —012276 | oc45t9 | —ol43ts |—o dong 
0.50 | 1.0288 |—1),0580 | —0-4128 | 0.2272 |—0.4336 | 0.9946 | —0:2258 | 0.4543 | 011478 |o'anes 
0.55 1.0355 |—0.n690 | —0.1232] 0.2514 |~0 0.9455 | —O,2240 | 0.4571 | 0.1641 |..0.2268 
0.60 | 1.0411 |—O.na11 | 0.1331 | 0.2761 |—0'4172 | 0.9573 | —0:2219 | 0.4600 | --0-1813 | o's 
0.65 | 4.0481 |—0/0955 | 0.1427 | 0.3011 |—0.4076 | 0.9202 | —0.2195 | 0:4633 | 0 4900 |—o' sere 
0.20 | 1.0584 |—0.1412 | —0-1549 | 013268 |—0:3973 | 0.9840 | —-0:2170 | 0.4687 | —o'2179 |p sere 
0.75 | 1.0832 |—9.4282 | —0-1608 | 0:3528 | — 0.9989 | —0.2143 | 0.4704 "2381 $—9.3075 
0.80 | 1-0715 |—0. 1466 | 0.1691 | 0.3706 |—0.3798 | 4.0147 | —0.2193 | 0.4784 | o‘2e5— [mo 3076 
0.85 | 1.9801 j~-0. 182 | 0.1760] 0.4069 }—0.3603 | 1.0317 | —0.20a2| 0.4787 |—o‘o705 |To” 
0,90 | 1.0893 |—0.1873 | 0.1843 | 0.4349 |—o.3460 | 1.0695 | —o-andg | 0.4832 | —a'g078 1-0 seen 
0.95 | 1.0286 |—0.2097 | 0.1910] 0.4636 {0.3306 | 1.0683 |—0:2012 | 0.4879 |—n‘S197 [0 ens 
4.00 1.1083 |—0.2336 | —0.1972 | 0.4929 |—0-3140 | 1.0881 | —0.1973 | 0.4929 | 9/3497 (_o 4056 
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0.25 
0.36 
0.35 —0.0757 
0.40 BRS 
0.45 6.0974 
0.50 6.1082 
0.55 —0. 1190 
0.60 —6.1298 
0.65 0.1405 
0.70 —0.1893 
0.75 —0,1621 
0.60 0.1728 
0.85 =O. 1835 
0.90 —O, 1941 
0.95 =-0.2047 
1.00 —0-2153 
7 mm 
om ti? ee 
9.00 | 1.0000 | 0.0000 | 0.0000 | 0.0000 | 0.5299 | 0.8480 0.2649] 0.4240 ] 0,0n00/ @.0000 
0.05 | 1.0003 |—o.0005 | 0,012] 0.0218 | 0: Sane | 0.84680 | 0/2648 | 0.42441 | —0.ntoa | 0/0295 
0.10 | 1.0013 |0.0021 | —0,0285 | 0.0425 | —0.$288 | 0.8502 | —0-2K66| 0-4246 | 0.0220] —o1ug4a 
0.15 1.0030 |—0,0048 | —0,0396 | 0.0838 }—~0.5274 | 0.8831 | 0.2643] 6.4253 | 0.0331 | 0.0674 
0.20 | 1.0053 |—0.0085 | 0.0528 | 0.0852 |—0,5255 | 0.8570 | —0. 2638 | 0.4262 | —0.0443 | ~0.0899 
0.25 | 1.0083 /—0.0132 | 0.0658] 0.1069 | 0.5230 | 0.8620 | 0.2632} 0.4275 | —0.0858 | —0 9126 
0.30 | 1.0119 |—6,0192 | —0.0788 | 6.1287 | 0.5199 | 0.8892 |—0.2625| 0.4200 | 0.0675 | 0.1380 
0.35 | 4.0161 |~1-0262 | —0,0095] 0.1508 | 0.5163 | 0.8755 |—0. 2606 | 0.4 —0,0794 | —0.1576 
0.40 | 1.0210 |—0.0343 | —0. 1042 | 011732 | 0.5120 | 0.8840 }—0.2604| 0.4330 | 00997 | 0/4802 
0.45 | 1.0265 |—0.0435 | —G.1167 | 0.1989 | 0.5071 | 0.8938 |—0,2503 | 0.4354 | 0.4043 | —0 2008 
0.50 f 1.0327 |—0,0539 | 0.1290] 0.2170 | -0.5015 | 0.9043 |—0.2579 | 0.4390 | —0.4174 | —02204 
0.55 | 1.03985 |—O.0654 | —0.14t0 | 0.2425 | 0.4954 | 0.9161 |—0.2565 | 0.4490 | —a:1309 | a “2482 
0.60 | 1.0468 |—0.0781 | —0.1520 | 0.2665 | —a.48@5 | 0.9292 |—0:2548 | 0.44462 | —0. 1450 | 0.2108 K-E EK 
0.65 | 1.0547 |--0.0021 | 0.1644 | 0.2010 |—0.480a | 0:9423 |—0.2520| 0.4477 | 0.1597 | —0. 29:37 
0.70 | 1.0633 {0.1073 | 0.175? | 0.31641 | 0.4725 | 0. —0,.2509 | 0.4516 | —0, 1750} —0.3165 
0.75 | 1.0722 |—0. 1236 | 0.1865 | 0.3618 | 0.4034 | 0.9749 | ~0.2488 | 0.4557 | —0‘ 4940 | _o “3493 
0.90 | 1.0819 |—0. 1414 | 0.1972 | 0.3681 | 0.4525 | 0.9926 | 0.2453 | 0.4600 | 0;2077 | 0 3621 
0.85 | 1.0919 |—0.1605 | 0.2073 | 0.3080 |—0.4425 | 1.0112 | 1.2499 | 0: 4647 | 0.2962 | 0.3851 
0.00 | £.1026 | 0, 1809 | 1.2170 4227 10-608 | 1.0311 |—0.2414 | 0.4697 | —n. 2425 | —0.4081 
0.95 | 1.1138 | 0.2027 | 0.2260 | 9.4511 | 0.4182 | 4.0821 | -0.2382 | 0.4749 | 0.2617 | 0 4400 
1.00 1 1-4252 19.2260 | 0.2349 | 0.4805 | 0.40465 | 4.0742 A 0.4805 | 0.2920 | 0.4539 
9 = 62" 
0.00 | 1.0000 | 0.0000 | 0,0000 | 6.0000 10.5892 | 0.8290 {0.2796 | 0.4145 | 0.00001 9.0000 
0.05 | 1.0003 |—0,0005 | —0.0132 | 0.0207 |—0.5590 | 0. —0,2795 | 0.4146 | —~0.0094 | 0.0232 
0,10 | 1.0013 |—0,0020 | ~0.0285 | 0.0415 | —O. 0.8313 §—0.2794 | 0.4151 | ~0.0188 | 0.0464 
0.18 | 1.0000 |—0.0046 | —0.0306 | 0.0624 |—0.8571 | 0.8342 |~0.2791 | 0.4158 [—o. —0. 0695 
0.7 1,0053 |—0.0083 | —0,0527 | 0.0834 |—0. 5555 | 0.6383 2787 | 0.4108 | —O.0g8n | —0,0928 
0.25 1.0083 |—0.0929 | 0.0658 | 0.1065 {0.5833 [| 0.8435 | —0. 9782 0.4181 | —0.0477 | —0, 1164 
0.30 | 1-49 |_o.M9e7 | —0.0788 | 0.1259 | —0. 0.8499 | —0.2775 | 0.4197 | 6.0578 | —0° 1304 
0.35 | 4-0181 |_0.0296 | 0.0016 | 0.1476 }—0.5475 | 0.8574 10.2768 | 0.4216 | ~0.n8s2 | 0.1899 
0.4 | 2.0211 |9.0336 | —0. 1043 | 6.1695 | —0.543g | 0.8682 )—0.2758 | 0.4238 | —0.0788 | —0. 1882 
0.45 | 1.0286 |_0.0426 | —0.1160 | 0.1918 | 0.5396 | 0.8760 |—0.2748 | 0.4262 | —o cage | —0.2n08 
0,50 f 1.0327 |—0.0527 | —0.1363 | 0.2844 |—0.5348 | 0.8879 |—0.2738 | 0.4200 | 0.40139 | —0 2484 
0.55 1.0395 (0.0840 | —0.1415 | 0.2376 |—0.5205 | 0.8994 |~0.2724 | 0.4290 | 0.1933 | —0 2571 
1,60 1.0468 [0.0765 |} 0.1595 | 0.2812 |—0.5235 | 0.9125 |~0.270¢ 0.4255 |—0.42h7 | —-0, 2800 
0.65 | 1.0549 |_o.0902 |~0.1653 | 0. —0.5169 | 0.9275 (0.2693 | 0.439t | 0, 1387 | —0. 3047 
0.70 1.0834 |9.1950 | —0,1768 | 0-2103 | 0.5006 | 0.9434 |—0.2676 1 0.4430 |—0! 4524 | 0.3287 
0.75 | 1.0725 J_0,1212 | 0.1881 j 0.3354 | —0.S0t7 | 0.9004 |—0.2857 | 0.4473 | —0' 1067 | 0.3528 
0,80 | 1.0822 |_o, 1385 | 0.1680 | 0.3615 | 0.4091 | 0.9785 |—0.2837 | 0.4518 | 0/1917 | 0.3770 
0,85 | 1.0024 }o. 1572 | 0.2004 | 6.3881 | —0,4835 | 0.9984 | 0.2815 | 0.4567 |~0: 4976 | ~0. 4013 
0.90 | 1.1031 |_0.1774 | —0.2105 | 0.4155 | 0.4732 | 1.0166 |—0.2590 | 0.4618 | 0.2163 | 6.4258 
0.95 | 1.1143 |9.1987 | 0.2293 | 0.4439 |—6.4624 | £-0408 | 0.2565 | 0.4672 | 0.2318 | 0.4201 
1.00 + 1.1261 19.9216 | —0-2387 | 0.4729 |—o,4500 | 1.0037 |—0.2538 | o-4729 | 0.4748 
| en | = 
0.00 fF 41,0000 
0,05 | 4.0004 
0.10 | 1.0014 
0.15 | 1.0083 
0.20 | 1.0050 
0.25 1.0002 
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SUBJECT INDEX 


Assumption of equality to zero of 
transverse elongations, 3 

Beam, infinite, 59, 81 

-, finite, 31, 92 

-, long, 133 

—, rigid, 65, 81, 89, 133, 228 

—, short, 133 

Bending, axisymmetrical, 162 

-, cylindrical, 129 

-, of abeam, 3 

—, of a thick plate, 294, 303 

—, of a narcow plate, 3 

Bessel functions, 166 

Betti theorem, 106 

Bimoment, 278 

Bottom of a cylindrical reservoir, 208 

Boundary condition, geometrical, 277 

—-, kinematic, 216 

—-—, mixed, 216, 277 

Bubnov-galerkin method, 138, 152, 290 

Buckling, flexural, 260 

—, torsional, 260 

Characteristic numbets, 217 

— of elastic, 9, 26, 49, 50 

—of a beam, elastic, 49, 75 

— of a foundation, generalized, 96 

-of a plate, generalized, 96 

— of a single-layer foundation, 96 

Components of displacement vector, 265 

—of intensity vector, 265 

— of stress tensor, 265 

Concentrated reactions, 71, 74 

Contact plane, 284, 319 

Deflection, generalized, 48, 98, 107 

—of a beam, 64 

Deformation of a shell, 186, 189, 190 

— —with bending, 187, 190 

Differential operators, biharmonic, 271 

—-, harmonic, 271 

—-—, polyharmonic, 271 

Discrete-continuous system, 15 

Displacement, 2, 30, 265 


—, dynamic, 226 

-, generalized, 2,3, 30, 48 

—, longitudinal, 2 

— ofashell, 187 

—-, normal, 185 

Elastic foundation, double-layer, 27 

— layer of finite thickness, 284 

——of uniform thickness, 277 

——of variable thickness, 277 

—line, 226 

Equation, binarmonic, 190 

-, characteristic, of a homogeneous 
boundary value problem, 216 

—, geometrical, of a shell, 186 

—of a spherical shell, 188 

— of a beam bending, 47 

— of bending of a circular plate, 161 

——of thin plates, 95, 97, 

Equilibrium conditions, 5, 31, 138 

—~, generalized, 48, 99, 103 

—-—, variational, 142 

Factors, kinematic, 55, 58 

Factors, static, 55, 58 

Fictitious reactions, 140, 144 

Flexibility index of beam, 79, 

——of plate, 146 

Force, critical, 255, 256, 258, 261 

-, — Euler, 258 

—, external, 5 

—, fictitious, 104, 199 

—, generalized, 8, 27 

—, —, compressive, 256 

—= — internal, 107 

— —, shearing, 8, 23, 49, 60, 66, 97,107 

— inertia, 228, 232, 267 

—, internal, 6 

— surface, 10 

Forces and moments, annular (peripheral), 
162 

—— generalized, 53 

—-—ina shell, 186 

—, internal normal, § 
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= shearing, 5 

Foundation, elastic double-layer, 25, 89 

-, — multilayer, 322 

—, ~single-layer, 95 

—, ~three-dimensional, 39 

—modulus, 15, 64 

— with two characteristics, 34 

Fourier coefficients, 309 

Frequency of free vibrations of a plate, 
241, 244 

—of natural vibrations of a beam, 109 

— of vibrations, 216, 220, 231 

Function, hyperbolic-trigonometric, 172 

~ of bending of a beam on an elastic 
foundation, 50 

Functions, eigen, 217, 220 

-—, initial, 290 

— of beam bending, 52 

—— vibrations, 109 

— of natural vibrations, 216 

—of transverse distribution of the 
displacements, 2, 4, 15 

—, trigonometric, 112 

Fundamental system of functions, 110 

Gauss curvature, 184 

Gorbunov-Posadoy method, 73, 81 

Hankel functions, 166 

—-—, modified, 194 

Hypothesis, foundation modulus, 15 

Hypothesis, Kirchoff-Love, 283 

Influence coefficient, 53 

— functions, 54, 58 

Initial parameters, 53, 55, 57, 75, 123 

Integral-differential form of operators, 
272, 295 

Laplace operator, 95 

Laplacian, 36, 162 

Length, characteristic, 75 

Levy problem, 98 

Load, 56 

—, antisymmetrical, 3, 68, 113, 123, 155 

Loading, antisymmetrical, 68 

—, symmetrical, 65 

Maclaurin series, 268 

Matrix of direct transformation, 54, 275 


—, transformation, 54 

—, unitary, 53 

Method, mixed, 266 

—of Cauchy-Krylor, 310 

— of displacements, 2, 211, 265 

— of forces, 212 

—of foundation modulus, 64, 207 

—of fundamental functions, 116 

— of initial functions, 267 

—— parameters, 52, 75, 119 

— of krylov, 7, 255 

—of strains, 211 

— of stresses, 266 

— of trigonometric series, 320 

-, symbolic, 268 

Model of elastic foundation, multilayer, 13 
——-, plane, generalized, 10, 13 

——— with two characteristics, 13, 34 
———-— foundation moduli, 15 

— of Winkler-Fuchs, 15 

Modulus of elasticity, 2 

Moment, bending, 60, 97, 137 

—, generalized, 187 

—of inertia, 258, 260 

—, torsional (torque), 97 

Momentary impulse, 222, 224, 231 
Naviertheorem, 98 

Number of degrees of freedom, 5, 31 
Orthogonality of eigenfunctions, 217 
Plate, circular, 161, 163, 168, 181, 182 
—, finite, 178 

—, infinite, 176 
— multilayer, 319, 321 
—, multispan, 316 
—, tectangular, 117, 256, 260, 298, 30) 
—, rigid, 169 

-—, thick, 157 

— undergoing plane stress, 301 

Poisson ratio, 2 

Problem, axisymmetrical, 175 

~, temperature, 40 

—, three-dimensional, 265 

—, two-dimensional, 1, 290 

—, Viasov, 98 

Principle of virtual displacements, 8 


356 


TTTITITIiritl 


Properties of a foundation, 15, 34 

Punch, annular, 173 

—, circular, 169 

—, symmetrical, 69 

Reaction, uniform, 67, 74 

Rectangular strip, 306 

Reduced half-length of beam, 80 

Reduction of three-dimensional to two- 
dimensional problem, 277 

— of two-dimensional to one-dimen- 
sional problem, 98, 99 

Rigidity of a cylindrical plate, 138 

Shell, cylindrical, 212, 222 

~, spherical shallow, 184 

Slope, 199 

Solution, Filon, 310, 313, 316 

~—, Filonenko-Borodich, 15 

— Ribiere, 299, 313, 316 

—, Sadovskii, 69 

— Wieghardt, 15 

State of plane stress of a shell, 196 

—of strain, 5, 9 

—of stress, 9 

—-— plane, 49, 293 

Stieljes integral, 7, 33 

Strain, bending, 186 

—, compression, 187 

~, plane, 9 

—, temperature, 40 

—, transverse, 5 

— shearing, 1, 196 

Stresses, 3] 

—, normal, 1, 5, 30 

— shearing, 5, 30, 107 


Stresses, thermal (temperature), 41 
Theory of plates, 
approximate, 280 
——, bimoment, 278, 283 
——, exact, 280 


—-, moment, 283 
Thomas function, 204 


Torsion of a natrow plate, 129 
Transformation, direct, 275 
— inverse, 275 


Two-dimensional problem of the theory of 


elasticity, 5 
Vibration, simple harmonic, 215 
Vibrations, antisymmetrical, 248, 253 
free, 240 
of a beam, 213, 215, 229 
—, forced, 225 
of an elastic beam, 229 
of a foundation, 213 
of a plate, 232 
of a rigid beam, 227 
symmetrical, 247 
Vertical displacements of the foundation 
surface, 14 
Vietes theorem, 165 
Wtephardt solution, 15 
Winkler hypothesis, 15 
Winkler- Zimmerman hypothesis, 97 
—-—model, 13 
Work forces, 5, 32 
—of internal forces, 100, 142 
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The classical engineering theory of bending due.to Bernoulli and Euler serves as a cornerstone for structural 
analysis and design. Limitations of this theory, however, become apparent in flexural wave propagation studies; 
it predicts infinite phase velocity as the wavelength becomes shorter. This theoretical deficiency is corrected by 
Timoshenko theory which accounts for transverse shear deformation. A thorough study of exact elasticity 
solutions reveals that there are two additional effects that are the same order as transverse shear in bending 
behavior. A new theory accounting for them is presented, along with several applications. The new equations are 

i no more complicated than those of Timoshenko-type theery, yel they yield solutions which are exact or in- 


distinguishable from exaci in the examples studied. 


Introduction 


HE classical engineering theory of bending due to 
Bernoulli and Euler dates back to 1705 and precedes the 
theory of elasticity by over 100 years.’ It has long been 
recognized as a convenient approximation for slender beams 
and serves as a cornerstone for structural analysis and design. 
Extensions due to Kirchhoff and Love expand the scope of 
this first approximation theory to plates and shells. 
Limitations of Bernoulli-Euler theory become apparent in 
studying the propagation of elastic flexural waves of short 
wavelength, It predicts infinite phase velocity for harmonic 


waves as the wavelength becomes shorter. This result is, of - 


course, physically absurd. This theoretical deficiency is 
corrected by the theory proposed by Timoshenko.? In 
Timoshenko theory, the influence of transverse shear 
deformations are accounted for, which results in a finite limit 
for phase velocity. 

There have been a number of attempts to improve upon 
Timoshenko theory. Most of them are founded on the 
original Timoshenko assumptions,? which are that cross 
sections remain plane after bending and that shear of cross 
sections relative to one another is permitted to occur. The 
differences in various proposed equations are due primarily to 
the selection of the transverse shear contribution to the 
response according to different ad hoc criteria. An historical 
sketch of the development of engineering bending theory and 
a discussion of attempts at refinement appear in Ref. 3. The 
emergence of laminated, fiber reinforced advanced composite 
materials for structural applications and their unusual 
properties provides the motivation for the present work. 

Use of fiber reinforced resin matrix composite materials in 
aerospace vehicles is increasing. This is primarily due to their 
superior mechanical properties and the ease with which they 
can be tailored to a specific application. The directional 
nature of their properties, however, poses unique challenges 
for the analyst. Consider, for example, a single layer or 
lamina made of a composite material. The extensional 
modulus along the direction of fibers is usually very large 
relative to the extensional moduli in the lateral directions and 
the shear moduli, This is a marked departure from con- 
ventional isotropic materials. Consequently, the relative 
importance of physical effects is influenced by the directional 
nature of properties and their relative magnitude. Transverse 
shear deformations, for example, are much more pronounced 
for composite structures, 
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This work has two primary objectives. The first is to 
delineate some features of bending behavior in a way which is 
new and informative. An analysis of bending behavior is 


described which utilizes an exact solution from the theory of 


elasticity for isotropic materials, A unique feature is the use of 
tracer constants in order to track the contributions due to 
various physical effects throughout the course of the analysis. 
With the aid of insight from this analysis, the second ob- 
jective, the basis of a new engineering theory, is achieved. The . 
new theory is applied to elementary static applications for 
beam-type structures which illustrate its use and permit 
comparisons with exact solutions to establish its validity. 

The scope of this work is restricted to static, planar bending 
situations. In its present form, the theory applies to beams 
with thin rectangular cross sections which respond to planar 
bending in plane stress or to infinitely wide plates which 
respond in plane strain (cylindrical bending). All equations 
will be written for plane stress and treated as exact, although 


’ plane stress is an approximate state that is valid for thin cross 


sections.* The planar bending restriction is not intrinsic to the 


‘subjects being considered. This context is simply a basic step 


to take prior to confronting the additional complexities of 
fully three-dimensional behavior. Both isotropic and or- 
thotropic materials are considered. Beams of orthotropic 
material are the simplest type of structures where composite 
material behavior can be studied. 


Preliminary Analysis 
Introductory Remarks ; 
As a first, important step in an analysis of bending 
behavior, @ plane stress elasticity solution for a simply 
supported beam under uniformly distributed loading is. 


‘studied. It is possible to identify the individual contributions 


due to various factors affecting beam response. An 
assessment of their relative importance, therefore, can be 


_ made. 


zw 


Fig. 1 Uniformly loaded simply supported beam and coordinate 
system. 
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Problem Definition and Solution 

The two-dimensional elasticity solution for a simply 
supported beam under uniformly distributed loading is given 
in the text by Timoshenko and Goodier.‘ It is valid for very 
thin rectangular beams in the plane stress form. For infinitely 
wide plates, the same solution remains valid if a trans- 
formation of elastic constants for plane strain is employed. 

The beam and coordinate system are shown in Fig. 1. The 
length of the beam is 2f and the depth is 2¢.. The width of the 
beam is taken as unity for convenience. The beam is bent by a 
uniformly distributed load of intensity. g applied to its upper 
surface. The midspan of the beam centroidal axis is chosen as 
the origin for the coordinate axes x and z, z= +c and z= —¢ 
correspand to the bottom and top surfaces of the beam. The 
notation and convention are shown. 

For the stresses, the usual convention and notation are 
followed: o,,. is the axial stress, o,, the transverse normal 
stress, and ¢,, the transverse shear stress. They are given by 
the following expressions. 


ae q 223 -20°z 1 

Ox 9p E~2") a a 5 ) © 
g (2 2ce3 

me [| — — — 2 

ae H(t 3 ) @) 

Og = — (cha? )x (3) 


These stresses satisfy all the governing differential equations 
and the stress boundary conditions on the upper and lower 
surfaces. On the ends x= +f, the stress boundary conditions 
are satisfied in an overall Saint Venant sense. / is the second 
moment of the cross-sectional area and is 2c7/3 for the 
rectangular section under consideration. 

As an aid in this analysis, three tracer constants, «,, a,, 
and a,, are introduced. They are defined and used so as to 
facilitate keeping track of three distinct contributions to the 
response. The first term of Eq. (1) corresponds to the bending 
stress given by classical Bernoulli-Euler theory. The un- 
derlined term is a stress contribution which will be called the 
“nonclassical axial stress.’’ It produces no resultant force or 
moment and is, therefore, a self-equilibrating stress. a, is the 
tracer constant associated with this contribution. If a, =1, 
this contribution is fully accounted for. If @,=0 in the 
following, however, it is ignored and the Bernoulli-Euler axial. 
stress distribution is recovered. For example, the axial stress is 
written using this convention in the form — 


= 7 (pay? 4 (2 32 ) 
Ory opt x JEG a, 37 50% (la) 
a, and «, are defined analogously and are associated with 
contributions due to ¢,, and o,,, respectively. 

The displacement components # and w are shown in Fig. 1. 
Expressions for them can be obtained by using Hooke’s law 
and the strain displacement relations. The following bound- 
ary conditions at the ends x= + fand x= — fare imposed: 


w(£0) =w(~€0) =0 (4) 


They represent support conditions applied at the beam axis. 
Also, from the symmetry requirement 


u(0,0) =0 6) 


These conditions are sufficient to prevent rigid body motion. 
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In Eq. {7}, w(x,0) is the vertical deflection of the beam cen- 
troidal axis due to bending. It is given by the equation 


ne ae aed ree ) | 
“(3+ ¥)Jer] ‘ 
where 


“264 [ine] 


dis the deflection at the midspan of the beam. 


Analysis of Beam Response 

The major differences between the classical Bernoulli-Euler 
theory and the elasticity solution can be clearly identified in 
Eq. (9). The bracketed term represents the correction to the 
former due to the presence of contributions identified by the 
tracer constants a,, «,, and a,. Note that the contributions 
due to all three effects—transverse shear, nonclassical axial 
stress, and transverse normal strain—are of the same order of 
magnitude. A static version of Timoshenko’s theory? includes 
only the terms associated with «,. 

The corrections shown in Eq. (9) were known to earlier 
authors.>6 However, they did not differentiate among the. 
various contributions. This differentiation provides the key 
ingredient for the establishment of a rational engineering 
theory. Goodier? suspected that the other-influences beside 
transverse shear were important, but offered no means of 
estimating them quantitatively and no concrete examples of 
their contribution to beam response. The approach adopted 
here makes the matter transparent and settles the issue for this 
example. 


Conclusions ; 

On the basis of the foregoing analysis, the following 
conclusions are reached. 

1) A Timoshenko-type transverse shear theory does not 
contain the necessary physical ingredients to treat problems 
with distributed loadings. 

2) Transverse shear, nonclassical axial stress, and trans- 
verse normal strain make contributions to the response that 
are of the same order of magnitude. A theory that is pur- 
ported to be more accurate or complete than classical theory- 
must, therefore, correctly account for ail of these influences. 


Foundations of a New Theory 
Objectives 
An engineering theory is one in which assumptions or 
approximations are introduced in order to simplify the 
governing equations or facilitate their solution, Hopefully, 
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x,u,N 


Fig. 2 Sign convention, 


only a little accuracy is sacrificed for a considerable reduction 
in computational labor, The intent is to encompass the heart 


of the problem under consideration. The primary objective of ‘ 


this work is the development of a foundation for such a 
theory for bending that is consistent, reliable, and simple to 
use. Furthermore, it must account for the three effects that 
were clearly identified previously: transverse shear strain, 
nonclassical axial stress, and transverse normal strain, 

The standard of comparison for results that is used herein is 
the plane stress solution to the equations of elasticity theory 
for the problem in question, 

A second objective is to obtain stress estimates that are 
improvements over those provided by classical bending 
theory. This must be accomplished if the influence of non- 
classical axial stress is to be properly accounted for. 


Statically Equivalent Stresses 

Equilibrium of a beam element is governed by overall 
equations containing resultant axial force, shear force, and 
bending moment, The sign convention and notation for these 
appear in Fig. 2. The equilibrium equations are 


; N= (10) 
Q.+q=0 (1) 
M,~Q=0 (12) 


The force and moment resultants are defined in terms of 
stresses as 


N={" o,dz 7 (13) 
Q= \ o,,dz (14) 
Ms I 0, ZZ (15) 


In the preceding, a rectangular cross section of unit width is 
assumed as before. 
According to classical theory, the stresses are 


Oy, = (N/A) + (MZ/D) (16) 
c= (Q/20) (c? 2?) (17) 
rs Cee ened 

045 (= c+ 5c’) (18) 
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A is the cross-sectional area, which is 2c for the rectangular 
cross section under consideration. These stresses are statically 
equivalent to the applied loads and satisfy the stress equations. 
of equilibrium. In addition, Eqs. (13-15) are satisfied, as are 
appropriate stress conditions at z=c and z= —¢. 

The stresses, just given, although not exact, serve as a  fiest 
approximation, They will be used subsequently to develop 


approximations for the displacement components. 


Kinematics 


Classical Bernoulli-Euler theory is based upon a kinematic 
assumption that is equivalent to ignoring, and hence setting to 
zero, transverse normal strain and transverse shéar strain. 
Timoshenko-type shear deformation theories account for 
transverse shear strain but still do not permit transverse 
normal strain. On the basis of the previous analysis of the 
simply supported beam example, it appears necessary to 
completely abandon the Bernoulli-Euler kinematic assump- 
tion. In order to obtain some simplification from the com- 
plete elasticity equations, however, an assumption that 
facilitates the analysis is required. 

The central assumption that replaces the Bernoulli-Euler 
hypothesis in the present development is that the statically 
equivalent stresses in Eqs. (16-18} can be used to estimate the 
transverse normal strain and transverse shear strain. Note 
that this is an assumption regarding stresses. It is not a 
kinematic assumption. This is in sharp contrast to classical 
and Timoshenko-type shear deformation theories. 

The development will be carried out for orthotropic 
materials with principle material directions corresponding to 
axes of the beam. The appropriate form of Hooke’s law for 
plane stress (beams of thin rectangular cross section) is 


ox = (2/E 1) (6. -¥ 3%) (19) 
ie v 

= -— (20) 

2 E3; By, me 


Exes €or Yx¢ are the axial strain, transverse normal strain, and 
transverse shear strain, respectively. E,, and E;, are elastic 
moduli associated with the x and z directions. »,; is Poisson’s 
ratio and G,, the transverse shear modulus. In addition, the 
strain components are related to the displacement components 
by the following strain displacement relations. 

Uy =Ey3 W = E223 uth =Vq “ (22) 
Equations (16), (18), (20), and (22) permit the transverse 
normal strain to be bicnaes as 


NM: 
w 2-72 (— 4-2) 4 Qs 


2 Zc!) 23) 
A 1)” 2E,I os (23) 


Integration of this equation results in the following expression 
for the lateral displacement component w: 


wow(x)- 22 (MMP), Ox (Z cz? +202) 


E,,\A 21) 2E,,1\12 2 


(24) 


W(x) is the lateral deflection of the beam axis (z= 0), which is 
an unknown function to be determined, 

The axial component of displacement u can be estimated as 
follows, Equations (17), (21), and (22) permit w, to be ex- 
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pressed as 
Q- P43 
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On (x e2 2 ) 
2E,,f\l 213° 
This expression is integrated to yield 
es Q 
U Wit = 
u= U(x) 2 nee 6 20,1 
_ Que (z = ee) I 2 
2,6 6 13°" ) (26) 


U(x) is the axial deflection of the beam axis, which is an 
unknown function tobe determined. 

The static displacement field is completely described by 
Eqs. (24) and (26). This approximate displacement field was 
determined by estimating precisely the strains that are ignored 
in classical theory. U and W, the axis displacement com- 
ponents, emerge as natural kinematic variables. If »,;-—-0 and 
£3, in Eqs. (24) and (26), a transverse shear theory is 
obtained that includes the effects of cross section warping. If, 
in addition, G,,—-, then the classical Bernoulli-Euler 
kinematic assumption is recovered. 

Considerable simplification is achieved if the underlined 
terms in Eqs. (24) and (26) are neglected, These terms are 
associated with higher derivatives of the shear force Q than 
the remaining terms. This simplification is adopted here. Its 
full implication will be discussed in a future paper. The ac- 
curacy of this approximation is related to how rapidly the 
applied load g varies with x. 


’ 


Refined Axial Stress Distribution 

The axial stress ¢,. is the largest and most important stress 
component, An accurate knowledge of it is often all that is 
needed in a practical application. A refined estimate that 
improves Eq. (16) is central, therefore, to the improvements 
that are sought. 

Equations (18), (19}, and (26) can be utilized to produce a 
refined axial siress expression. 


: 7 Lari 2 
Oy HE ty HP 139, FE yy [u. ~Z2W yt E 720 G 
uv 


+ Baile 5) tv (Feet eo) om 


In the preceding, contributions due to the underlined terms in 
Eq. (26) are not included. Notice that the stress distribution 
throughout the thickness is not linear as in the classical ap- 
proximation Eq. (16). 

Relationships for the axial force and bending moment are 
obtained by using Eqs. (13), (15), and (27). The results are 


tue 


N=({E,,U,+ 
= ak 4 2 
M=-EyIW yy +(4 k, + "3 )erg, (29) 


The parameter &, is (E,,/2G,,;—v,;); it is unity for an 
isotropic material. Equations (28) and (29) permit Eq. (27) to 


Q A (28) | 
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be rewritten as 


The underlined term is the nonclassical axial stress con- 
tribution, which is the desired refinement. 


Sammary 

The governing equations for the new theory can be sum- 
marized now. They encompass four categories. Overall beam- 
type equations consist of the equilibrium Eqs. (10-12) and the 
constitutive Eqs. (28) and (29). In addition, two sets of 
equations provide the distributions of stresses and 
displacements throughout the structure. The first set for 
stresses consists of Eqs. (27a), (17), and (18). The second for 
displacements is composed of Eqs. (24) and (26) with the 
underlined terms omitted. . 

The preceding collection of equations requires the 
specification of boundary conditions. A virtual work 
development based upon U and W as displacements to be 
varied yields the classical boundary conditions as options. 
Thus, N or U, Q or W, and M or W , must be specified at the 
ends of the beam. 

It is often convenient to introduce an intermediate 
kinematic variable that is related to rotation of the beam cross 
section. Three commonly used variables are considered next, 
The first is the rotation of the cross section at the beam axis 
>). 


Qe? 
-W 
26,,f °° 7 


$, =u, (%,0) = (30) 


Another is the rotation-related variable ¢,, which is defined 
by the following equation: 


1 


ll yeas clay a <1) ) 
6:25 wede= -W.4 ag (Gi+g_)e . en 


This variable naturaily arises in Reissner’s development of 
plate bending theory? based upon the complementary energy 
principle. 

The third is the mean rotation of the cross section o;. 


i ¢ i 
b=] ue, 02m 57 luQe) — u(x,~c)] 


- 2 13 
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In a Timoshenko-type theory, since « is linear in z, all of the 
preceding definitions are equivalent. Equation (30) is the 
actual definition used in the original. paper.? These variables 
permit different models for simulating clamped end con- 
ditions to be defined. 


Discussion 
- The development of the equations requires no ad hoc 
kinematic assumptions or use of a variational principle. The 
central assumption is that the transverse normal and shear 
strain components can be estimated from classical stresses. 
The equations have the following properties: 

1) Stress and displacement distributions throughout the 
structure are found in terms of the response variables 
associated with the axis. 
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2) Nonclassical axial stress and cross section warping ef- 
fects, transverse shear strain and transverse normal strain are 
all accounted for in a rational manner. 

3) The equations can be shown to yield exact results for the 
case of uniformly distributed lateral loading. 

4) For nonuniform loading, some of the equations are 
approximate: the stresses are not exactly in equilibrium and 
the stresses and displacements are not exactly compatible. 

5) The equations are as simple to apply as static 
Timoshenko-type shear deformation theories. 

Items i-3 and 5 are strong points in favor of the néw 
equations. Item 4 imposes some limitations on the validity of 
the theory, which will be thoroughly discussed in a future 
paper, but it is responsible for the simplicity that is achieved. 
The level of stress approximation which results is analogous 
to that suggested by Seewald® for isotropic materials. 

In the process of solving a particular bending problem, the 
only apparent difference from application of a static 
Timoshenko-type shear deformation theory is the value for 
the coefficient of the Q , term in Eq. (29). As the applications 
will demonstrate, this seemingly minor difference, together 
with the use of Eqs. (24), (26), and (27a), produces sub- 
stantially improved results. 


Applications 
Introductory Remarks 


In order to illustrate the theory, three elementary ap- 
plications for uniform beams subjected to uniformly 
distributed loading applied to the upper surface, analogous to 
the situation shown in Fig. 1, wiil be presented. One special 
case of a linearly varying load is studied to illustrate a par- 
ticular point. Comparisons are made with the exact solution, 
classical Bernoulli-Euler theory and the original static 
Timoshenko theory? in each case. 

Solutions are derived for orthotropic beams, and 
corresponding results for isotropic beams are obtained by 
specialization. Poisson’s ratio is taken to be 0.3 throughout. 
For orthotropic beams, E,,/G,, is taken to be 30; this is a 
typical value for a modern graphite/epoxy composite 
material. 

In presenting results, appropriate response variables are 
nondimensionalized with respect to the corresponding values 
obtained from Bernoulli-Euler theory. This practice permits 
easy recognition of departures from classical theory 
predictions. 

Response can be separated into bending and stretching. 
Stretching is governed by Eqs. (10) and (28), bending by Eqs. 
(11), (12), and (29). The bending problem involving 4, Q, 


‘and W must be solved first. N and U, stretching variables, are 


determined secondarily, For the present purposes, only the 
bending portion of the response is discussed. 


Simply Supported Beam 

The exact solution. for a simply supported (SS) isotropic 
beam was presented earlier, The precise boundary conditions 
that have been imposed at the ends are 


SS: M=0, W=0 (33) 


Such a beam is shown in Fig. 1, It is a statically determinate 
structure, so the moment and shear distributions are known. 

The response of the beam is defined if. the axis lateral 
deflection W(x) is found. For this type of end restraint, W can 
be expressed as 


x4 K 
= §-— 2 att em — Hey2 
Was ail (e* =) +5 Hex| (34) 
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In Eq. (34) the constant K is 


K 
K=% (a, ~2,3) -a, + (35) 


5 


The tracer constants introduced earlier are utilized to identify 
the origin of the various contributions to X. 5 is the maximum 
or midspan deflection, which is 


ae R HY" 
rT el (+) (36) 


£=2fis the total length of the beam and Hf =2c the depth of 
the cross section. 

The solution by the present theory corresponds to 
a, =a, =a, =1 in Eq. (35); it is exact for this problem. If X is 
set to zero in Eqs. (34) and (36), then the Bernouili-Euler 
result is obtained. If a, =a, =0 and a,=1 in Eq. (35), the 
static Timoshenko theory prediction is recovered. 
Timoshenko theory overestimates the deflection (un- 
derestimates stiffness) for this case. 


Cantilever Beam 

For a cantilever beam, it is convenient to take the origin of 
coordinates, x=0, at the free end. v=Z corresponds to the 
clamped end. Unlike the more elementary theories, the 
present theory does not suggest a unique, simple model for a 
clamped or fixed end. Three rotation variables were in- 
troduced earlier in Eqs. (30-32), Three clamping models, 
based upon these variables, wil! be discussed. 

All results can be cast in a common format. The three 
clamping models are denoted Cl, C2, and C3. They 
correspond to the foliowing conditions: 


Cl: W=0, —$, =0 (37) 
C2: W=0, $,=0 (38) 
C3: W=0, $;=0 (39) 


These models do not eliminate cross section warping, but they 
permit solutions by elementary means. The cantilever beam is 
statically determinate with M/ and Q vanishing at the free end. 
At the fixed end, one of the definitions of clamping just given 
must be imposed. The rotation variables can be expressed in 
the common form 


ix KBs gs. Wee (40) 
The constants K,-K; are 

K;=3 oe (41) 

Ei=3 [a gt -& (Ge -»;)} 

Keto Be 8e (Et —n,)] 


The lateral deflection can be conveniently expressed as. 
follows: 


KEP xt 
Ww=6. Ses Med es 
2 MG GPK MCL et SF, 


i=1,2,3 (44) 
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Fig.3 Central moment ratio for a clamped isotropic beam. 


The constants 6, (i=1,2,3) are the beam tip deflections; they 
are found from - 


ce oy 
$= 2 eh Ne 
oe 7 lft CRRA) | 


The constant KX is defined in Eq. (35). 

The present theory solutions correspond to setting all the 
tracer constants to unity; they are exact for the end conditions 
imposed. The designation Cl, C2, and C3 has been chosen to 
correspond to the order of increasing stiffness of the end 
restraint. Differences in response due to the definition of 
clamping imposed are minor in this case. 

If K; and K are set to zero in the preceding equations, the 
Bernoulli-Euler results are obtained. This approximation 
overestimates stiffness. The Timoshenko theory results (a, = 1 
and a, =a, =0), interestingly enough, overestimate stiffness 
in this case. , 

Bernoulli-Euler theory tends to always overestimate stiff- 
ness. Timoshenko theory, however, in light of the results 
presented here, may either provide an overestimate or un- 
derestimate of stiffness, depending upon the problem under 
consideration. 

A related problem is a cantilever beam subjected to a 
linearly varying distributed load that varies from zero at the 
free end to g at the fixed end. The exact solution is given in 
Ref. 4. For anisotropic beam with C1 restraint at the fixed 
end, the tip deflection is 


i=1,2,3 (45) 


~ 30ET 


~“ (+9) (+)} (46) 


H 
{1+ 5 [2g + Sarg + 5a, (+9) 


If the present theory is used, the underlined term is not ob- 


tained. For L/H>2, this term is negligible, For practical 
purposes, therefore, the present theory results are in- 
distinguishable from the exact ones. 


Clamped Beam 

Unlike the previous examples, the clamped bes is 
‘statically indeterminate. Three solutions corresponding to the 
three clamping models have been determined. They may be 
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Fig.4 Central moment ratio for a clamped orthotropic beam. 


expressed in a common form, It is convenient to place the 
origin of coordinates at midspan and use the semilength £, The 
bending moment distribution is 


M= (q/2)(@—x?) —M, (47) 
M,, is the end fixing moment, which is positive if it tends to 


reduce the end rotation due to the uniform load. 
-The expression for the lateral axis deflection is 


=e 7193" - Pte 


~)+ at Me) te )] 


(48) 


The redundant end fixing moment is different for each 
clamping model. [t can be written in the common form — 


M,= ce = [143(= Yux-K)|; i=1,2,3 (49) 


The occurrence of different end moment values is due to the 
statically indeterminate nature of the structure. The present 
theory yields the exact solutions to this problem for each form 
of clamping. 

A central moment ratio as a function of beam slenderness is 
plotted in Figs. 3 and 4 for isotropic and orthotropic 
materials, respectively. The notation B-E refers to the value 
from Bernoulli-Euler theory. Bernoulli-Euler and 
Timoshenko theories give identical predictions. The present 
theory, however, which agrees with the exact solutions, 
predicts behavior that differs for each clamping model. 
Departures from classical theory are much greater for beams 
made of the typical orthotropic material. This-is because the 
transverse shear stiffness to extensional stiffness ratio is low 
for this material, which accentuates the nonclassical effects. 

It is apparent that predictions for shorter beams, the class 
of structures for which improved predictions are the most 
needed, are sensitive to the precise conditions used to model 
restraint. Consequently, care must be devoted to matching 
mathematical descriptions of boundary restraint with’ 
practical end restraint achieved in tests: or structural 
assemblies. The clamped end condition is an extreme example 
as cross section warping cannot be fully eliminated by 
elementary means. ° 
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Concluding Remarks 


A systematic analysis employing tracer constants has been 
presented which adds quantitative proof to the earlier 
statements of Goodier. There are two additional effects, 
transverse normal strain and nonclassical axial stress, in 
addition to transverse shear strain, which must be included in 
a refined bending theory, New equations for planar bending 
are developed which 1) inciude all the essential physical ef- 
fects, 2) provide predictions which are exact or in- 
distinguishable from exact solutions for a variety of exam- 
ples, 3) provide information which is not discernible by other 


- engineering theories, and 4) are as simple to apply as static 


Timoshenko-type theory. 

Further consideration must be given to the modeling of 
boundary conditions which restrain local cross section 
warping. This will be the subject of a forthcoming paper. 
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TECHNICAL THEORY OF BEAMS 
WITH NORMAL STRAIN 


By Mohammed H. Baluch,' Abul K. Azad,’ M. ASCE, 
and Mohamed A. Khidir? 


INTRODUCTION 


_A theory which takes into account the influence of transverse normal 
strain on the bending of isotropic and nonisotropic plates was formu- 
lated recently and applied to plates in cylindrical bending (1) in addition 
to studying the classical wave propagation problem in such plates (5). 

The work presented in this paper includes an extension and applica- 
tion of the refined theory to isotropic beams. The features of this work 
include: (1) Establishment of the fact that the refined theory, when ap- 
plied to beams, is of fourth order in bending and second order in a plane 
problem, yielding a combined sixth order problem; and (2) the nature 
of the boundary conditions. The boundary conditions are specified in 
the exact sense and in the average sense, both in terms of stress re- 
sultants and displacement resultants. 


GOVERNING Equations 


The equations may be deduced from the plate equations as given in 
Ref. 5 by initially assuming a parabolic variation for the shear stress 1,, 
and then using equilibrium to obtain a cubic variation for the transverse 
normal stress o, subject to the boundary conditions o,(x,+h/2) = 0; 
o,(x, -h/2) = —p. Consequently, an expression for the transverse normal 
strain ¢, is obtained by using Hooke’s constitutive equation, together with 
a linear approximation for the normal stress o,(= 12 M,z/h*). Inte- 
grating the expression for €, for transverse displacement 


BADE) cote aah oi xterd ied (1) 


dps) P|, ax? r 224| 6yM, 
w(x,z) = ——— |] 2z-~-—+-~|- 
4E ho # EP 


is obtained; in which w, is the transverse displacement of the surface z 
= 0; M, = moment per unit width; E = modulus of elasticity; v = Pois- 
son's ratio; and # = beam depth. Further, using strain-displacement re- 
lation for y,,, the displacement along the beam axis becomes 
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in which u, is the u displacement of the surface z = 0; Q, = shear per 
unit width; G = shear modulus. Using the cubic variation for o, and Eq. 
2 for displacement 4 in the stress-strain relation describing e, , an expres- 
sion for o, is obtained as 


dw, 1 dQrz (2) i 4 es 2 
pe By ag Se a(S) eee ee 
zs ax? 2G dx :| h aEdx?|” oh | Bw 


2v d°M. Edu, vp (#) (2) 
signe 97 | eran eae Pees el a ad dee 
Eb dx? dx 4 h h . 


Using Eq. 3 in the definitions for the stress resultants M, = Se 0,24Z; 
N, = fae o,dz yields 


db, 6y¥ 
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dx S&S Ndx R dx 


and S = 5Eh/[12(1 + v)]; N = 1,120E/39h; R = 10Ek/3v; I = h°/12. Also 
required are the equilibrium equations dQ./dx + p = 0; dM,/dx = Q,; 
and dN, /dx = 0. 


Bounpary Conditions 


An interpretation for the term 9, is first given. The line of reasoning 
used is basically that originally given by Green (3) for a Reissner plate 
model. Defining the average rotation of a section x = constant by ,, 
one equates the work of the resultant couple displacing through the av- 
erage rotation to the work of the corresponding stress o, due to dis- 
placement u, ie. 


+h/2 
| gb 2 Mice i050 6a Ce a AWE EES Moke enews (7) 


—hf2 


The stress expression to be used for o, in Eq. 7 is the linear expression 
used as input stress in the iteration that yields displacement u as given 
by Eq. 2. On substitution of appropriate expressions into Eq. 7, with 
subsequent integration, yields for p, the same expression as that given 
a 6, in Eq. 6. Thus, $, is the rotation of any vertical element of the 
eam, 
Consequently, if a beam has a fixed support at x = L, the boundary 
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conditions would be w,(L) = 0; $,(L) = 0. If the beam is simply sup- 
ported at x = L, the boundary conditions would be w,(L) = 0; M,(L) = 
0. Also, the stretch effect has increased the order of the system by two, 
as indicated by substitution of Eq. 5 into the equilibrium equation dN,/ 
dx = 0, The boundary conditions on u, are u,(L) = 0 if the edge x = L 
is fixed and N,(L) = 0 if the edge x = L is free. 

An alternative boundary condition may be derived in terms of a dis- 
placement resultant function. Introducing an average transverse dis- 
placement w and equating work 


hid 
| TWAS = QD? srmnad rine oie 8 eRe hee RO UNG Dee enewaeaia seen (8) 
-h/2 
yields for @ the expression 
M, 
o=w, + - i ssi aie nti carp ees Sata (9) 


It is noted that while the transverse shear modifies the rotation of the 
bending theory from —dw,/dx to —dw,/dx + Q./S, the transverse nor- 
mal strain modifies the displacement from w, to w, + p/N — M,/R [yield- 
ing a rotation —-d/dx (w, + p/N —- M,/R) + Q,./S as given by Eg. 6]. 


APPLICATION 


Substituting the known beam moment function (Fig. 1) into Eq. 4 and 
integrating yields” 
Abe oe 

EI’ 4. 6 5Eh 
Substituting Eq. 10 into Eq. 6 and integrating with respect to x, together 
with the boundary conditions w,(0) = 0 and w,(L) = 0, yields 


: 


© bs opin pha CEG 
YET, (x? — 2Ex° + DY) + Eh (X—D) veer eees (11) 
in which R = R + S/SR. For the stretch of the middle surface, on suc- 
cessive integration of the second order equation on u,, together with 
boundary conditions of free stretch at the two ends and u,(L/2) = 0, one 
obtains, u(x,c} = 4, = vp/2E(x — L/2), which is identical to the exact 
solution as given in Eq. 4. 


w= p5(L-9R+p 
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FIG. 1.—Simply Supported Beam 
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TABLE 1.—Vaiues of w,£I/pL* (v = 0,3) 


Present theory 
Eq. 12 
(4) 


Shear deformation 
theory | 
{5} 


Exact Present theary 
solution Eq. 17 


(2) (3) 


0.0130393 0.0130393 0.0130394 0.0130411 
0.0133176 0.0133176 0.0133174 0.0133458 
0.0142083 0,0142083 0.0142037 0.0143208 
0.0156926 0.0156926 0,0156692 0,0159458 
0.0177708 0.0177708 0.0176965 0,0182208 


0,0204426 0.0204426 0.0202613 0,0211458 


In the shear deformation theory, 1, is identically zero at all points of 
the beam. 

The substitution of various functions and their derivatives in Eq. 3 
yields for the flexural stress at x = L/2; 0, = p z/h [3/2(L/h)* — 3/5] + 
4p(z/hy which is identical to the exact expression given in Eq. 4. 

The alternate formulation for the case studied is made in terms of the 
boundary condition on the displacement resultant @. The boundary con- 
ditions to be satisfied in this case are w{o) = w(L) = 0 and lead to 


L 4 94+1 eo” 30° Si 
wx = *) = ple Ee + (AS) (7) = 3 (7) | orate (12) 
2) Er | 384 960 /\L/ 13,440 \L 


Table 1 shows a comparison of w, at midspan as given by Egs. 11 and 
12, the exact theory and the shear deformation. theory (2), The table in- 
dicates that the point boundary condition (Eq, 11) yields results identical 
to the exact solution, inasmuch as the elasticity boundary condition on 
w is in a point sense. However, results from Eq. 12, although a correc- 
tion over the shear deformation theory, are not identical to the exact 
solution inasmuch as an average (but consistent) displacement boundary 
condition has been used rather than the displacement of a specific point. 


CONCLUSIONS 


The results for the case presented indicate a verification of the refined 
theory developed and interpreted in this work. Differences due to use 
of point boundary conditions as compared to resultant boundary con- 
ditions have also been addressed. 
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NONLINEAR ANALYSIS OF LOOSELY 
CLAMPED PLATES 


By Robert Schmidt,’ M. ASCE 


INTRODUCTION 


One of the few analytical methods available for the analysis of flexure 
of plates with moderately large deflections is the so-called perturbation 
method (1,3,5-11,13), the main feature of which is the representation of 
a dependent variable as a power series in a constant (perturbation) pa- 
rameter. In the geometrically nonlinear theory of plates, the central de- 
flection (3,5-7,10,13), edge rotation (9}, load (11), and (1 — v), where v 
is Poisson’s ratio, (8) have been used in the role of the perturbation pa- 
rameter. The asymptotic solutions in (6,7,10,13) have indicated that (1 
— v’) is a suitable parameter for loosely clamped circular plates with fi- 
nite axisymmetric deflections. Herein, in order to demonstrate the utility 
of this new parameter, an analysis of a uniformly loaded circular plate 
with movable clamped edge is carried out. Furthermore, deviating trom 
the usual practice of obtaining the necessary linearized equations from 
the nonlinear differential equations, the derivations make use of the en- 
ergy integrals. 


Equations 


With the dimensionless independent variable s = r/a, the potential 
energy integral V can be written as (12) 
1 2 
Ve «| {p | 67 + is + 288 | + K[a’se? - (1 - v)(2utu’ + auG?)] 
0 $ 
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Introduction 


Recently Bickford [1] used Hamilton's principle to derive a consistent, higher 
order theory of the elastodynamics of beams based upon the kinematic and stress 
assumptions previously used by Levinson [2] for beams of rectangular cross sec- 
tion. In [2] the usual beam equations of motion [3] were used to obtain a 
higher order beam theory. This latter theory provided a fourth order system of 
differential equations not too unlike the equations of Timoshenko beam theory 
with the difference being that in the new theory the shear stress boundary con- 
ditions on the lateral surfaces of the beam were satisfied. Bickford's 
consistent theory is a sixth order system of differential equations requiring 
the specification, provided by the variational formulation, of three boundary 
conditions at each end of the beam. A vectorial formulation of Bickford's 
theory is achieved in [1] by defining a posteriori, a“... higher order moment 
resultant" but, as Bickford himself notes, "It remains to be seen whether or 
not there can be developed a rational method for constructing the vectorial 
equations without knowing, a priori, the variational equations." This latter 
point is of no consequence since the validity of the variational equations is 
unquestioned. 


It would seem that Bickford's work has relegated the earlier work of the pre- 
sent writer to the status of an intellectual artifact in the history of applied 
mechanics whose importance is limited to providing the motivation for the work 
of Bickford; from a certain theoretical point of view this is clearly so. What 
is vexatious, however, is that Bickford's theory, in the two elastostatic and 
one elastodynamic problems which he considers, provides inferior results in two 
cases and essentially the same results in the remaining case when compared to 
the results given by the present writer's theory, exact elasticity solutions 
being available for purposes of comparison in all three of the examples con- 
sidered. Bickford [2] makes comparisons only with Timoshenko beam theory and 
the theory of elasticity and one of the Latter comparisons is erroneous. 


It is the purpose of this paper, therefore, to bring to the attention of the 
applied mechanics community the observation that a theoretically superior beam 
theory does not, in three often used comparison examples, always provide better 
or even equally good, results when compared with a supposedly inferior theory. 
This question is considered in the discussion at the end of this paper. 
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The Various Theories 


Bickford's (variationally) consistent beam theory is based upon the kinematic 
assumptions, previously used in [2], that 

s 4 2° 4 z 

u(x,2,t) = 201 - 3 F2) &- Aq 

and (1) 


w(x,2,t) w(x,t) 


a 


where u and w are displacement components in the x and z directions respec- 
tively. w(x,t)} represents the rotation, at the neutral surface, of a cross- 
section of the beam; the compatable quantity in Timoshenko beam theory is an 
averaged rotation of the cross-section [4]. u and w as given lead, upon use 

of the strain-displacement relations and Hooke's law, to the vanishing of 

the shear stress at z = +t } where h is the depth of the beam of narrow, rec-— 
tangular cross-section whose width convenientiy may be taken as unity. Further- 
more, Bickford assumed the beam ta be in a one-dimensional state of stress as 


was also done in [2]. 


By making use of the above assumptions and Hamilton's Principle, Bickford 
obtained the following consistent boundary value problem for the linear 
elastodynamics of a beam of rectangular cross-section. The equations of 


motion are 


ay tw") + 2 [B(16 w" - 68y")] = = [y(16 wt - 689)1 

and (2) 
By et gt) es [ateet S16) bie ae Ga ewe pa 
ae eh ax7 : = PAW Fram bY PAxs 


and the boundary conditions given by Bickford are 

2 
2- [yGw" - 169)} sw} = 0, 
et o 


aw? + y) - 2 [BGw" ~ 164") 


Q 


B(t6y' - S5w")dw' | = (3) 
{ 


l 
i=) 


and 
0 


i] 


g 
B(l6w" - 68y") dp] 
oO 


where p is the density of the beam and p({x,t) is the transverse loading acting 


on the beam of length &. Furthermore, 


_ o¢) tO) 8AG 
( )" = ASC ( De imag > ae 
ax at 15 (4) 
3 
ee ee A=h, seae 


~ 42 
with E and G being the elastic and shear modulii of the beam's material respec- 
tively. 
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The above theory, of sixth order in x, is the one provided by the calculus of 
variations which is consistent with the kinematic assumptions (1). 


The work of Levinson [2] done earlier, was based upon the kinematic assump- 
tions (1) and the usual notions of transverse shear force Q and bending 


moment M. These are related by the beam equations of motion [3] 


Q' = pAw - p 
and (5) 
M'-Q=s f, viizaa. 


The analysis [2] led to the following boundary value problem for the linear 


elastodynamics of a beam of narrow rectangular cross-section. 


SAG y + wt) + E> [ET - 4y")] = ZoTGt - 49) 


and (6) 


5% [acy + w')] = paid - pert) 


are the governing differential equations while the boundary conditions to be 


satisfied at each end of the beam are 


Qe Zacy +w') or w specified 
and (7) 
M = SEI(4y" - w") or » specified. 


The approximate theory represented by equations (6) and (7), which is of the 
fourth order in x, clearly is different from Bickford's approximate theory 
given in equations (2) and (3). Furthermore, the former theory cannot be ob- 
tained from Bickford's theory by an approximation procedure of any sort. Note, 
however, that the former theory, equations (6) and (7), is mathematically 
well-posed. From an energy viewpoint, i.e. being consistent with Hamilton's 
principle, Bickford's theory is to be preferred. We note that Bickford was 
able, a posteriori, to provide a vectorial, i.e. dynamic equilibrium, deriva- 


tion by introducing a "...higher order moment resultant" 


2 
M =- af 2 OyydA = a (Sw" = 164°) (8) 


and manipulating the stress equations of motion of the plane mechanics of a 
continuous media in less than obvious ways. In fact, Bickford himself noted 
that "It remains to be seen whether or not there can be developed a rational 
method for constructing the vactorial equations without knowing, a priori, 
the variational equations." 
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Since some comparisons with the results of the now classical Timoshenko beam 
theory will be made Later in this paper, it is appropriate to give the equa- 
tions of that theory here for reference purposes. They are, in the notation 


used in this paper, 


K2aG(p + w') - a (EIy') = - ply 
and (9) 


K22[AG(y + w')] = pal ~ p(x,t) 


while the appropriate boundary conditions are 


Q = k7aG(y + w’) or w specified 
and {10) 
M = EIv' or ) specified 


at each end of the beam. «* is the so-called Timoshenko shear coefficient 
and » here represents an averaged rotation of a beam cross-section; this 

jatter matter is discussed in some detail in (4). 6? Note that the mathe- 
Matical structure of the boundary value problem given by equations (9) and 


(10) is the same as that of the one given by equations (6) and (7). 


We now proceed to compare the predictions of the various approximate theories 
with those of the linear theory of elasticity for several particular problems. 
These comparisons will lead to an unexpected conundrum which will be examined 


in later discussion. 


Some Examples and Comparisons 


We now give some results for three standard problems, all used for illustra- 
tive purposes by Bickford, as given by (a) Bickford's theory, (b) the theory 
given in [2], and (c) Timoshenko beam theory. These results are then com- 
pared with those provided by the classical, linear theory of elasticity; 
Bickford did not provide all of these comparisons. The problems considered 
are the elastostatic ones for the end loaded cantilever and the uniformly 
loaded, simply supported beam while the third one is the elastodynamic prob- 
lem for the first family of flexural frequencies of simply supported beams 


(or its travelling wave equivalent). 


(1) The theory given in [2] primarily was devised so as to have a beam theory 
which included shear deflection and rotatory inertia effects but did not 
require, as does Timoshenko beam theory, an adscitious shear coefficient, 
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1. The End Loaded Cantilever 


For our purposes it is sufficient to give the expressions for w(x) provided 
by the various beam theories as well as w({x,0) from the theory of elasticity. 
The loaded end of the beam is taken to be at x = 0 and the beam is fixed at 
x 2while -h/2sz<h/2. wy, we, We ,w, , and W are the deflections 
given by Bickford's theory, Levinson's theory, Timoshenko's theory, linear 
elasticity for the case of plane stress, and Bernoulli~Euler (or technical) 
beam theory, dplggantas 


x _ sinh AL ~ sinh Ax 


bs a +e ws vey es ALRcoshr’k ) GY 

where 
_ 420 (2) 

. (1 + wh rer 
and , ‘ 

= PR” x x 

ween Go + 2). (13) 

wt aewed a-%, (14) 

= ..1 ps! hy” x. 

“ =wteE 1 +wm (-3) >» (15) 
and - 

we(x,0) =W+Tee Ut hy’ - <) from [5]. (16) 


It already is apparent from this problem that Bickford's (variationaily)} con- 
gistent beam theory [1] provides a result for the beam deflection which is 
inferior, when compared to the one given by the linear theory of elasticity, 
to the prediction of the theory given in [2]. In fact, for this example the 
latter theory gives the exact deflection curve for the neutral eurface. In- 
deed, for the deflection of the loaded end, Bickford provides an approxima- 
tion which is very slightly inferior to the one given by Timoshenko beam 


theory 13) due to the hyperbolic term which at x = 0 becomes 
(i + v) hb 420 (lity) -v 
BIE GD tmnt ey GQ * Se Gy <1 un 


for realistic values of h/£. 


(2) Unfortunately [1] has a number of typographical errors so that as given 
there is not quite right. 

(3) We use x? = 5/6 throughout this paper although, for the rectangular beam, 
work of Cowper [4] suggests that x* = 10(1+v)/(12+11v); for v = 0.3 this 
provides x* = 0.850. 
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2. The Uniformly Loaded, Simply Supported Beam 


In this case we only present the various predictions for the central deflec- 


tion of the beam which occupies the interval O< x <% 


4 2 2 4 

wi - 0+ 7 Ph a+ w® - satw © 1 (18) 
where now 

4 

7 = a, Pol, (19) 

we =F +e Pe ee yey (20) 

w(x) = We (x) ; (21) 
and 4 2 

weG.0)= F + Pak 4A trom (51. (22) 


For this problem all of the bean peck ise overestimate the "shear correction" 


term. For v = 0.3 the order (h/2)” term is about 9.5% too large and eg (h/2) 
(L4+v)? cB) 

2100 

which is negligibly small for meaningful values of h/% , i.e. much less than 


term of Bickford's theory will decrease this overestimate by 


1% of the "shear correction" term. 


We note that Bickford erroneously claims that the order (h/2%)* term in his 
result is the same as the corresponding term in the elasticity solution [5] 
whereas, in fact, it is exactly the same as the approximate order (h/25* term 
provided by the beam theories of Timoshenko and the present writer. Conse- 
quently, all of the beam theories incorporating the deflection due to shear 
(and rotatory inertia in the dynamic case) provide virtually identical re- 


sults. 


Finally, we come to the third example. 


3. The Natural Frequencies of Simply Supported Beams 


This example may be viewed either in terms of standing flexural waves (natural 
frequencies) of a beam of length % or of travelling flexural waves (phase 
velocities). We confine our discussion of this problem to the lower branch 
of the flexural frequency curve since all of the beam theories provide con- 
parable, and not especially good, approximations to the known elasticity 
results for the upper branch of the frequency curve; this has been noted by 
Bickford. 


HIGHER ORDER BEAM THEORY 7 


Since, as observed in [2], the equations for flexural waves in beams are 
identical for Timoshenko beam theory and the present writer's theory provided 
that x* = 5/6 we only need comment on the results given in [1] and by Cowper 
in [6] for Bickford's and Timoshenko's beam theories respectively. In both 
of those papers it is noted that Timoshenko beam theory (and, consequently, 
the theory of the present writer) provides an excellent approximation to the 
results of the linear theory of elasticity for the lower branch of the flexu- 
ral frequency curve. Bickford notes, however, that while his beam theory 
provides a comparable approximation for low frequencies it provides a de- 
cidedly inferior approximation for high frequencies. In fact, Bickford's 
theory provides a lower branch of the frequency curve which is asymptotically 
incorrect for high frequencies whereas Timoshenko beam theory (and, therefore, 


the theory of the present writer) is asymptotically correct. 


We have, then, another example for which Bickford'’s (variationally) consist~ 
ent higher order beam theory provides results inferior to those given by the 
lower order, but consistent, theory of Timoshenko and the (variationally) in- 


consistent higher order theory of the present writer. 
Discussion 


In this paper we have reviewed the beam theories of Bickford [1] and the 
present writer [2] as well as the now classical Timoshenko beam theory and 
have noted that in the fundamental sense of (variational) consistency Bick- 
ford's theory is the superior one of the more recent theories mentioned. 
However, in the three examples of (1) the end loaded cantilever, (2) the 
uniformly loaded, simply supported beam, and (3) the natural frequencies 
of a simply supported beam, common test cases for all of which plane stress 


linear elasticity solutions exist, unexpected results were encountered. 


In the first example the (variationaily) inconsistent theory given in [2] 
provided the exact deflection curve of the neutral axis given by the linear 
theory of elasticity and, in fact, the exact stress field. On the other 

hand, the theory of Bickford predicted an approximate centerline deflection 
which is very slightly inferior to the one given by Timoshenko beam theory, 
that theory giving a "shear correction” term whicl®is 20% too small. For 

the second example all three beam theories being compared provided essentially 
the same, good approximation to the elasticity result. In this case Bick- 
ford's theory provided a result for the "shear correction" term which was a 


fraction of a percent better than the result given by the other two theories 
due to an additional term having no counterpart in the elasticity solution. 
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Finally, in the third example, one of elastedynamics, Timoshenko beam theory 
and the theory of the present writer provided the same excellent approximation 
to the elasticity predictions for che Lower branch of the frequency curve for 
a simply supported beam while Bickford’s theory provided a good approximation 
only at low frequencies and that theory even was asymptotically incorrect at 


high frequencies. 


We are left, then, with the vexatious situation that Bickford’s (variational- 
ly) consistent beam theory is, for certain common examples, inferior to or, 
at best, equivalent to both the (variationally) inconsistent theory of the 
present writer [2] and to Timoshenko beam theory. This goes against our 
intuitive belief that (variationally) consistent approximate theories are 
best. The explanation would seem to be that whereas (variationally} consist~ 
ent approximate theories provide the best approximations to the functionals 
(energies) of a problem they may not provide the best approximations to quan- 
tities of more direct interest such as deflections, frequencies, etc. It 
then may become necessary to evaluate the worth of an appreximate theory by its 
performance over a spectrum of criteria rather than the single criterion of 
(variational) consistency. Perhaps it is too early yet to relegate the theory 
of the present writer [2] to the status of an artifact in the history of 
applied mechanics. This view would be consistent with the views expressed 

in recent work of Irritier [8] and Bert [9] concerning the plate theory ex- 


tension [10,11,12} of the beam theory given in [2]. 


Recently, Reddy [13] was motivated by that plate theory [10] to derive a 
(variationally) consistent plate theory analogous to Bickford’s beam theory. 
It will be of interest to compare the actual performance, in particular cases, 


of Reddy's plate theory and the one given in [10]. 
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Comments by Michael D. Kotsovos and Authors 


MICHAEL D. KOTSOVOST 


1 would like to congratulate the authors 
for an interesting and comprehensive de- 
sign proposal. In general terms, T share 
their view with regard to the significant 
contribution that the use of strut-and-tie 
madels may have towards the develop- 
ment of a unified design concept for 
structural concrete. However, I believe 
that only models which provide a realistic 
description of structural behavior may 
lead to efficient design procedures. 

The authors, on the other hand, appear 
to hold the view that it is sufficient for 
design purposes to use the theory of elas- 
ticity (adapted, if necessary, to conform 
with practical considerations) as a guide 
for developing strut-and-tie models which 
wilt provide an internal structural system 
sutiable for modeling any type of concrete 
structure. They consider that a structure 
under increasing load will adapt itself to 
the assumed internal structural system and 
that such a system can easily lead to an 
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understanding of structural behavior. 

The basis of their argument appears to 
lie on the widely accepted view that the 
truss analogy provides a rational tool for 
the design of reinforced concrete beams in 
flexure, shear and torsion. Their paper, 
therefore, describes an attempt to gen- 
eralize the truss analogy in order to apply 
it in the form of strut-and-tie models to 
other structural members. 

However, the truss analogy does not 
appear to provide, in general, a realistic 
description of the causes of the observed 
behavior of structural concrete. There has 
been recent published experimental evi- 
dence which indicates that a reinforced 
concrete beam subjected to combined 
flexure and shear does not have to behave 
as a truss in order to attain its flexural 
capacity.2* This is clearly indicated in 
Figs. A and B which show that, in contrast 
with predictions based on the truss anal- 
ogy, the unconventionally reinforced con- 
crete beams D, in Fig. C, and C and D, in 
Fig. D, exhibit strength and deformational 
characteristics similar to those of Beams B 
(also shown in Figs. C and D) which are 
reinforced in compliance with the truss 
model. 
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Fig. A. Load deflection curves of beams with a/d = 1.5. 
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Fig. D. Design details of beams with a/d = 3.3. 
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It could be argued, however, that al- 
though the unconventionally reinforced 
concrete beams could not have behaved as 
trusses, the above results cannot disprove 
the view that Beams B (which were de- 
signed in compliance with the truss anal- 


Lateral Load {KN} 


ogy) behaved as such. The truss analogy 
forms the basis of current code provisions 
for shear design and it is generally ex- 
pected that compliance with these provi- 
sions always leads to safe design solu- 
tions. And yet, there is published ex- 
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Fig. E. Relation between shear capacity and amount of transverse reinforcement. 
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' perimental evidence which indicates that 
this is not always the case.2%5° 

Fig. E indicates that code provisions for 
earthquake resistant design® predict a 
linear increase in shear capacity with in- 
creasing percentage of transverse rein- 
forcement, from a lower level representing 
the contribution of concrete to shear re- 
sistance, to a ‘‘plateau’’ corresponding to 
‘crushing’ of the concrete struts of the 
truss model. The figure also includes ex- 
perimental values obtained from tests on 
structural walls?93° and clearly indicates 
that, for certain percentages of tensile 
reinforcement, the code provisions over- 
estimate considerably the wall capacity for 
the upper range of values of the percent- 
age of transverse reinforcement. It may 
also be interesting to note in the figure that 


the experimental results correlate very 
closely with results obtained by finite ele- 
ment analysis.” 

The above results shed doubt on the va- 
lidity of current concepts with regard to 
not only the ability of the truss analogy to 
realistically represent structural behavior, 
but also the view that a structure under 
increasing load wiil respond in the way 
prescribed by the physical model used to 
design it. Designing in compliance with the 
truss analogy appears to lead to over- 
reinforced {in the transverse direction) 
structural members in which the presence 
of excess steel is likely to give rise to high 
secondary stresses within concrete for 
compatibility of deformation purposes. 
The development of such stresses in criti- 
cal regions may be the cause of **prema- 


Flange 


Pep 


Fig. F. Effect of web reinforcement on the strength and deformational 
| characteristics of structural walls. Note that pn, p,, and p, denote 
| percentages of vertical flange, and vertical and horizontal web 


reinforcement, respectively. 
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ture’ failure similar to that exhibited by 
the walls with a high percentage of trans- 
verse reinforcement discussed above. 

The amount of transverse reinforce- 
nent, assessed on the basis of current 
code provisions, appears to be excessive 
even for the case where the use of the 
iruss analogy yields safe design solutions. 
This is clearly indicated in Fig. F which 
shows that a reduction of the amount of 
web reinforcement by more than 60 per- 
cent has virtually no effect on the 
deformational and strength characteristics 
of the structural wall with geometry and 
tension reinforcement as indicated also in 
Fig. F.* Similar results have also been 
obtained from tests on both reinforced and 
prestressed concrete beams subjected to 
combined flexure and shear during an on- 
going research program concerned with 
the development of design methods. 

it may be concluded from the above that 
structural concrete should not be ex- 
pected, in general, to behave in the way it 
is modeled to behave. It would appear 
that the main reason for this lies in the fact 
that modeling is usually based on con- 
cepts which do not give full consideration 


to important aspects of concrete behavior. 
For example, the theory of elasticity, pro- 
posed by the authors as a basis for the 
development of strut-and-tie models, can- 
not provide any detailed information with 
regard to the strength and deformation 
characteristics of concrete at the material 
level. Despite the vast amount of such in- 
formation produced to date, only recently 
attempts have started to use it in de- 
sign 3437 

] believe, therefore, that design methods 
have reached the stage where no im- 
provement is any more possible without 
attempting to implement in design infor- 
mation on the properties of concrete as a 
material. Such an attempt has already 
begun and led to the introduction of con- 
cepts which appear to provide a realistic 
description of the causes of the observed 
behavior of structural concrete.2**" These 
concepts are currently discussed in CEB 
Task Group 24 and research work* is in 
progress which explores possibilities of 
using them as a basis for the development 
of physical models which may be 
employed in design in a way similar to that 
stipulated by the authors. 
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AUTHORS’ CLOSURE by 
JORG SCHLAICH, KURT SCHAFER 
and MATTIAS JENNEWEIN* 


We wish to express our appreciation to 
Professor Kotsovos for preparing his 


- comments and also we wish to thank the 


numerous other colleagues who have ver- 
bally commented on our paper. We, 
therefore, take it as an indication of con- 
sent that there were no further written dis- 
cussions. 

Unfortunately, Professor Kotsovos’ 
contribution does not really discuss the 


_ method given in our paper. He presents 


some interesting test results and compares 
them with a code. From his comparison, 
he directly concludes that certain code 
rules are not adequate and safe. Inadver- 
tently, this conclusion is transferred to the 
method presented in the paper instead of 
comparing results derived by the method 
with the tests. But the assumption that 
codes for beams and in particular those for 
shear walls are in agreement with the 
method is not true. 

Furthermore, in defense of the codes it 
must also be stated that no test results we 
know of, including those cited in the dis- 
cussion, have disproved a code, which is 
based on the truss model when applied to a 
B-region (with linear strain distribution). 
But applying regular truss models and cor- 
responding code rules to O-regions (with 
nontinear strain distribution) conflicts with 
one of the basic principles of the method 
(see Section 2 of our paper). In D-regions 
individual modeling is required. Inade- 
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quate applications of the truss model were 
in fact the starting point for expanding it to 
a more general method. 

Some comments on individual para- 
graphs of the discussion may support what 
is said above: 

Beams D in Figs. C and D are not con- 
ventionally reinforced with stirrups in the 
shear span and therefore the regular truss 
model or corresponding code rules do not 
apply. A code which gives safe results for 
given requirements such as distributed 
stirrup reinforcement should not be 
blamed for showing wrong results if these 
requirements are not fulfilled. 

The more flexible strut-and-tie method, 
as contrasted with the rigid truss model, is 
capable of dealing with such irregularities 
as well. If the truss model is adjusted to 
the chosen reinforcement, the tested 
beams’ capacity can be explained. A 
model shows — in contrast to a thought- 
less application of a code formula — that 
shear forces can, for example, be trans- 
ferred by an inclined strut over a consider- 
able length of a beam without any 
stirrups, 

Furthermore, a second load path with 
concrete ties contributes to the shear 
capacity as shown for B-regions in Fig. 30 
of our paper. However, the load bearing 
capacity depends also on the nodes joining 
the struts and the chords: compatibility 
stresses may cause a shear crack to pene- 
trate into a node and separate there the 
chords from the web (see Fig. 34). The 
importance of a minimum stirrup rein- 
forcement to prevent such separation is 
outlined on page 115 of the paper. The stir- 
rups in the node region explain the differ- 
ence between failure loads of Beams A 
and D, 
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Fig. G. Crack pattern of Specimen S2. 


Professor Kotsovos derives from com- 
parison of test results and code provisions 
that the truss analogy gives unsafe results. 
First of all it must be stated, that the test 
panels?®3*-33 mentioned in the discussion 


are D-regions for which the standard truss 
model normally does not apply. So it is 
wrong to argue on this basis. We investi- 
gated the three square panels® using the 
method described in our paper. The pre- 
dicted failure loads are not beyond 84 per- 
cent of the measured ultimate load for 
Panel $1 and 90 percent for Panels S2 and 
S3. Hence, all predictions according to the 
strut-and-tie method are safe, contrary to 
Professor Kotsovos’ implication. A num- 
erical analysis for Panel S2 will be given 
here as an example. 

Fig. G shows the crack pattern of the 
test specimen and Fig. H gives an op- 
timized, yet simple strut-and-tie-model. 
{Other models, especially the standard 
truss model, give more conservative pre- 
dictions.) The nodes are not critical 
(smeared nodes in the panel). From the 
geometry of the model and the capacity of 
the ties T,,, and T,,, the ultimate load F, 
and all the strut and tie forces can be 
analyzed consecutively from simple 


Fig. H. Strut-and-tie model and dimensions of Specimen $2. 
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equilibrium conditions, followed by a 
check of their capacity: 


T, = Ty = Sy * Agy = 57,4 KNécm? # 5,5 cm? 
= 316 kN 

T, = Toy = 57,4 + 6,0 = 344 KN 

C, = Tay tan 41° = 299KN 


F,= C, + (1, + 826 KN) tan 32,5° = 836 kN 
C, = Ty + 826 KN = LIJOKN = Cy 

Cou = 0,8 f Ags = 0,8 «36400 + 0,1 + 0,4 = 
1165 kN 

C, = 1000 KN ~ Cyy = 0,8 + 36400 + 0,1 + 
0,35 = 1027 kN 

C, = 424 KN < Cyy = 0,8 36400+ 0,1 «0,2 
= 582 kN 


The predicted load F, = 836 kN corre- 
sponds to 90 percent of the measured ulti- 
mate load F, = 928 KN. The two structures 


compared in Fig. F of the discussion carry 
the shear force by two load paths similar 
to those drawn in Fig. H: A direct strut C, 
and the strut-tie combination C,, T,, C,. 
No horizontal reinforcement beyond the 
minimum reinforcement is necessary for 
the direct strut. If the struts are strong 
enough, the behavior of the beam is con- 
trolled by the chord reinforcement and 
vertical reinforcement and not much dif- 
ference can be expected in their behavior 
if these reinforcements are the same as 
given in Fig. F. 

The authors believe that this discussion 
supports their view that strut-and-tie mod- 
els (correctly applied) provide a rational 
and practical tool for the design of rein- 
forced and prestressed concrete beams 
and that experimental evidence supports 
their view. It also shows that code rules 
may be misinterpreted if their basis is not 
clearly defined. 
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The finite element equations for a variationally consistent higher order beam theory are 
presented for the static and dynamic behavior of rectangular beams. The higher order 
theory correctly accounts for the stress-free conditions on the upper and lower surfaces 
of the beam while retaining the parabolic shear strain distribution. The need for a shear 
correction coefficient is therefore eliminated. Fuil integration of the shear stiffness terms 
is shown to result in the recovery of the Kirchhoff constraint for thin beams without 
introducing spurious locking constraints. The accuracy of this formulation is demonstrated 
by using several numerical examples for the cases of small and large displacements. For 
a hinged~hinged beam, the linear thickness-shear mode frequency can be matched with 
the Timoshenko frequency to yield a shear coefficient of 0-824. Matching the bending 
frequencies between the two theories indicates a shear coefficient for the Timoshenko 
theory that changes with mode number and sienderness ratio. The influence of in-plane 
inertia and slenderness ratio on the non-linear frequency is examined for beams with a 
number of different support conditions. 


1. INTRODUCTION 


Historically, investigations of problems in beam bending have been limited to the elemen- 
tary Bernoulli-Euler theory and the shear deformation theory of Timoshenko [1, 2]. The 
primary deficiency of Timoshenko’s theory is the presence of the shear correction 
coefficient k, which is introduced to correct the contradictory shear stress distribution 
over the cross-section of the beam. Recently, Levinson [3] and Bickford [4] considered 
a shear deformation theory for rectangular beams that correctly accounts for the stress-free 
boundary conditions on the upper and lower surfaces of the beam while retaining the 
parabolic distribution of the transverse shear strain. This was accomplished by expanding 
the axial displacement of a point on the beam cross-section as a cubic function of the 
beam thickness co-ordinate. Expansion of the displacement components in terms of the 
thickness co-ordinate had been proposed for shells by Basset [5], Hildebrand, Reissner 
and Thomas [6] and Hencky [7]. Although a cubic displacement field was used to derive 
strains, Levinson employed the equations of equilibrium of the first-order shear deforma- 
tion theory. The cubic displacement field of Levinson was used by Reddy to develop a 
variationally consistent higher order plate theory [8, 9]. 
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Complicated problems in beam bending are frequently solved by using approximate 
numerical techniques such as the finite element method. The element equations for the 
Bernoulli-Euier and Timoshenko theories are well established [10-12]. The objectives of 
this paper are to present a higher order beam finite element for the static and dynamic 
behavior of rectangular beams obtained by using the variationally consistent higher order 
theory of Reddy (8, 9, 13], and to determine the numerical accuracy of this formulation. 
The effect of the order of integration for this element is briefly discussed, and several 
numerical examples are presented. 


2. GOVERNING EQUATIONS 
The displacement field for the higher order theory can be written for a beam of height 
h as (see the papers by Levinson [3] and Reddy [8]) 
wy = u(x, + 2[U(x, 1) -3(2/h)Y(p+aw/ax)], wy = 0, uy = w(x, 1), (1) 
where x and z are the axial and thickness co-ordinates of the beam, u and w are the 
axial and transverse displacements of the beam centerline, and & represents the rotation 
of a normal to the axis of the beam. 
The von Karman strains are included in the subsequent derivation to account for the 
possibility of moderately large deflections and rotations. The non-zero strain components 
are given by (see references [9, 13]) 


ae alt, [2e-2(2) (2-28) ] 42 (2) 
rex Lax 3\h/ \ax ax? 2\ax/’ 


a 2 
cx=2en=(¥+5") (1-45). 


Hamilton’s principle (see reference [13]) is used to obtain the equations of motion for 
the displacement field given by equation (1). This can be expressed as 


(Ppa? fb ck rk 
= -{ || | | (a, 8e,+ 0,5€,4) dx dy az| ar+ | | gq dw dx dt 
0 -h/2 #@ 0 Go #0 


t L t hf2 6 L 
+ | foudx ar+\s | | | | plu? + a2} dx dy dz dt, (3) 
0 


0 #0 0 #-h/2 JO 


(2) 


where 5 and L are the width and length of the beam, q and f are the distributed transverse 
and axial loads acting on the beam, and #, =4u,/dt The one-dimensional stress-strain 
relations are 

o,=Ee,, o,= Gea, (4) 


where E is the Young’s modulus and G is the shear modulus of the beam material. 
Performing the integration over the area of cross-section of the beam, and letting J = bh’/12 
and A= bh gives the variational form of the equations of motion as 


' bt 2 2 
o Jo ax 2\ax 


ax ax 2 ax ax ax 


a ay &w\a 7 FY 
Ppa ay _ 16 | (2+) 2, (28, 22") 22 
ax ax 105 ax ax°) ax ax ax” f} ax 


EI {aw =) (= <r) ‘ ( a) ( %n) 
+—|—+— }{ —+—> } + &GA(v+—}) { 8y+— 
21 (2 ax?} \ ax ax? eta Ph naar? 


HIGHER ORDER BEAM FINITE ELEMENT 3il 


-q5w-fou} dx dt 


+f Aiisut [ei-2S Ld Ps 
Pe deleted bea ee 


Taw 6 déw 
Ne | eA Ow aed 5) 
[2 ax 105 i|* ran | 3 


Integrating the appropriate terms in equation (5) by parts and collecting the coefficients 
of du, Sw and Sy gives the equations of motion: 


a au 1 faw\? Pu 
— AE} —+~| — +f=A rr 6a 
7 E : *) I} fe Aesp ” 
a awfau 1 BG *\ v E ot) +4 
— % jon — -#EI— 
2 face ax [a +i(’ 3( wm) 3G (v ax ax? sere ~ 165 
vwoiaf, aw , “| 
= pA 1 jospl —> 6b 
pA Ae Ax nf Tg, 10504 |» (6b) 
a ow ee, 
en 2| wer ~_ EIS “+ | +o (v+2) = -EI—, vn +o a {6¢) 
The appropriate boundary conditions are as follows: 
natural boundary conditions: essential boundary 
conditions: 
AE[du/ax+}aw/ax)*] u 


awfau 1 f/aw\? ( 2x) 
ww | —+—[ —— +2 +— 
ee - ‘( “) BOALY ax 


aw “ 1 #w 16 | 
-+-I—= —-—- [tae 16 oe 
EI Ts + WEL — Ol lot aPax 105 ar? . 
aw ow ow 
HEI a WEI — 
ous Pw 
iosEI——103EI w. (7) 


The displacement field given in equations (2) correctly accounts for the parabolic 
distribution of the transverse shear strain and the stress free conditions on the upper and 
lower surfaces of the beam. Therefore, there is no need for the shear correction coefficient 
in the present theory. One disadvantage of using the higher order displacement field when 
compared to the Timoshenko theory is the presence of the higher order derivative of the 
transverse deflection, which requires the development of a C'-element (see reference [10]). 


3. FINITE ELEMENT MODEL 


The variational statement in equation (5) requires that the transverse displacement w 
be twice differentiable and C'-continuous, whereas the axial displacement wu and rotation 
% must be only once differentiable and C°-continuous. The generalized displacements u, 
w and y are approximated by using the following interpolation (see reference [10]): 


WR D=E MONG), HyN=E YONG), w= E 4042. 
(8) 
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Here N; are the Lagrange interpolation functions and @, are the Hermite interpolation 
functions. In the present discussion, linear interpolation functions are used for u and 
s(n =2) and the Hermite cubic interpolation functions are used for w({m = 4). This implies 
that (see reference [10]) 
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4, = Wi, 4; = 6, cai (dw/dx)|.-.,, A, =W2, 4, == (dw/dx)|rox ys (9) 
where (x,., %+,} are the global nodal co-ordinates of the eth element. Substitution of 


equation (8) into equation (5) yields the element equation 


[K }{4}+[M]4} ={F}, (10) 


where [K] is the element stiffness matrix, [M] is the element mass matrix, {F} is the 
total force vector and {4} is the vector of nodal values, {4} ={u, 4, 42 , uv. 4; Ay %}. 
The explicit entries of these matrices are given in the Appendix. 


4. CONSISTENCY OF THE THEORY 


The performance of the Timoshenko beam element is improved if the stiffness terms 
due to shear are evaluated by using reduced integration. This helps to prevent the locking 
that occurs when the beam is thin [11, 12]. In this section, the effects of integration are 
examined for the higher order element. For the static, linear (small displacement) case, 
the axial displacements are uncoupled from the transverse displacement and rotation 
components. The strain energy expression can be written for the static case as 


L dw dy 4 dy dw ] 
= 4 Gow 1 dy 4 dy 
zs I I fie(i-4 (+82) t2kz dx (2) (Fea) }aaax a) 


When using the interpolations specified above, the exactly integrated element matrices 
are given by (see the Appendix) 


30 -30 -15L -I1SL 0 0 
—-30 30 ISL 15L 0 0 
feaeal- Kilt Ko 2Eh [rise ISL 10> SE? BL? -8L? 
[K*\{K»] CKi]+(K:]= 7955 |_isp 1st SE? 1022-82281? 
0 0 SL? =8L? 34k? -34L? 
0 0 -8L? 8£? -34L? 341? 
-2/L -12/L  -0-1 01 -05 -0-5 
“1-2/L 1:2/L O11 0-1 0-5 0-5 
8GA | -0-1 O1 2L/15 -L/30 -L/12 -L/12 (12) 
15 | -0-1 0-1 -L/30 2£/30 L/12 —-L/12]° 
-0-5 0-5 -L/12 L/12 L/3 L/6 
—0-5 05 -L/12 -L/12  L/6 L/3 


where [K,] represents the bending stiffness matrix and [K,] represents the shear stiffness 
matrix. Here L denotes the element length. As the beam becomes thin, the elementary 
bending theory should be recovered from the higher order theory by enforcing the 
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Kirchhoff constraint For the Timoshenko element, reduced integration is required to 
recover the Kirchhoff constraint while eliminating the spurious constraints that arise if 
full integration is used [12]. 

For the higher order beam element, full integration should be used in evaluating the 
stifiness terms due to shear. This may be verified by noting that as the coefficient GAL?/ EI 
becomes large, the shear related terms corresponding to the matrix [ K;] act as constraints 
{12]. For the matrix [ K,] given in equation (12), there are three constraints corresponding 
to {K,] being of rank three. Enforcing these constraints is equivalent to letting the strain 
energy due to shear, Ug, approach zero as the beam becomes thin. Hence, in the limit, 


L 2 2 
be 1 on pe dw o 
Uo= | [ [so( 4 =) (v+) dA dx =0. (13) 


(y+aw/ax) =0 for all x in [0, L). (14) 
This can be written for a given element as 


d 
¥,N,+b.N2+ Weelto ew oon, 9, 5% ot: 


This implies that 


=0, (15) 


dx dx”? dx ax 
or 
x x —6x 6x? 4x 3x? 6x 6x? 
(1 =) +H: (F)+™ (+S) +6 (142-3) 6, (SS) 
3x’? 2x 
+@,(—= +=) =0. 16 
" ( Pp e) we) 
Since this is true for any x, equation (16) implies that 
=, 02 = 2, (w, — W2)/ L=(0,+ @,)/2. (17) 


These equations represent the Kirchhoff constraints and correspond to the three constraints 
of the matrix [K,]. This demonstrates that, in contrast to the Timoshenko element, so 
spurious constraints arise from the fully integrated shear stiffness matrix. The element 
equations given in equation (12) should therefore yield accurate numerical values for 
thin and thick beams. In a similar vein, Phan and Reddy [14] reported that the order of 
integration had little effect on the numerical results for a plate element of this type. 


5. DISCUSSION OF NUMERICAL RESULTS 


5.1. STATIC ANALYSIS 

Several example problems are considered to demonstrate the accuracy of the finite 
element mode! based on the higher order theory. The linear cases of a cantilevered beam 
under an end load p and a simply supported beam under a uniform load q are considered 
first. The exact solutions [4] for the maximum displacements for these two cases, when 
using the higher order theory, are given by 


oA pL’ ipl’ (ty ( 1 420 
ai ph ipke , 7 , 
wes ers ey tt”) Ema Ab) eh 2k (18) 
and 
sr “ 2 2ffh 
ve 394 BT 24 EL w(I+v)(—) ~as(1+v) rane (19) 


where the subscript E denotes an exact solution ue the superscripts c and ss represent 
the cantilevered and simply supported beam solutions, respectively. These problems have 
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been solved for several values of A and L, with b=1, E = 29000, vy =0-3, p= 100-0 and 
q = 10-0. The results are given in Table 1 for a varying number, N, of uniform elements. 
The finite element results are in excellent agreement with the exact solutions for both cases. 

Although the results obtained by using the higher order beam element given in Table 
1 represent both thick and thin beam geometries, a direct comparison with the C°- 
continuous Timoshenko beam element is useful to show the effects of integration order 
as discussed earlier. A tip-loaded (p = 1-0) cantilevered beam with the properties b = t-0, 
E =2-6, y=0-3, L=4, and h =0-554256 is considered as an example. The shear correction 
coefficient was taken as 0-85 for the Timoshenko element. The tip deflections for the 
Timoshenko element are shown in Table 2 as obtained by using exact (wy_) and reduced 
(yp) integration, along with results from the exactly integrated higher order beam element 
(Wuoe). The values for the Timoshenko element are taken from the paper by Prathap 
and Bhashyam [12]. Also shown in Table 2 are the exact solutions for the two theories, 
which are given by 


wr = (pL3/3EI)+3EI/ KGAL’) (20) 


for the Timoshenko theory and by equation (18) for the higher order theory. The higher 
order beam element gives exceilent results when full integration is used. The Timoshenko 
element requires reduced integration in order to obtain acceptable results. 


TABLE 1 


Linear solution for cantilevered and simply supported beams; maximum displacemenis for 
(a) cantilevered and (6) simply supported beams 


(a) 
Maximum Finite element soiution 
Length Height displacement SS eee, 
(L) (A) (eq. (18)) N=2 N=4 N=8 N= 16 
160 12 32-838 30-838 32-368 32-742 32-823 
80 4-1585 3-9234 4-1105 4-1506 4°4567 
40 0- 54668 0-52266 0:54249 0-54540 0-54588 
12 0-024518 0-023551 0-023741 0-023874 0-023931 
160 1 56 498-0 52 968-0 55616-0 56 278-0 $6 444-0 
80 7062-9 6621-8 6952-9 7035:6 7056-3 
40 883-19 828-15 869-53 879-87 882-44 
12 23-964 22-513 23-627 23-897 23-953 
(b) 
Maximum Finite element solution 
Length Height displacement mr , 
(L) (A) (eq. (19}) N=2 N=4 N=8 N = 16 
160 12 20-721 19:779 20:529 20-691 20-717 
80 1-3488 1:3011 1-3415 1-3478 1-3486 
40 0:097712 0096033 0-097481 0-097676 0:097703 
12 0-0022204 0:0022234 0-0022206 0-0022204 0-0022204 
160 1 35 314-0 33 549-0 34 873-0 35 205-0 35 287-0 
80 2207-8 20977 2180-4 2201°1 2206°3 
40 138-15 131-31 136-49 137-77 138-08 


12 1-1366 1-0860 1-1267 1-1351 1-1364 
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TABLE 2 


Comparison of displacements calcuated by using 
Timoshenko and higher order beam elements 


N Wre(FEM) = wWra(FEM) ~— wuoe( FEM) 

2 111-6 550-6 $$3-3 

3 202-9 570-7 573-1 

4 284-2 577-7 579-9 

5 349-0 581-0 582-9 

6 398-4 582:8 584-4 

7 435-6 584-2 585-3 

8 463-5 584-6 585-8 

9 485-0 585-2 586-1 
Exact 586-8 586-9 


As a final example for the static case, we consider the moderately large deflection of 
a cantilevered beam (L = 10, kh = b=1, E = 12 000, vy =0-3) under a uniformly distributed 
load Q. The full equations must now be solved iteratively to account for the non-linear 
(dw/dx) terms in the stiffness matrix. Direct iteration was used in the present case. The 
loading was applied in 16 equal increments with an error tolerance of 0-001 being used. 
The non-dimensionalized tip displacement W/ D is plotted against the non-dimensional- 
ized load parameter K = QD*/ EI! in Figure 1, where D represents the deformed length 
of the beam. The results are compared with two solutions obtained by using a displacement 
and mixed updated Lagrangian formulation of the plane elasticity equations [15]. The 
agreement among the formulations is very good. 


5.2, LINEAR VIBRATIONS 


Of the numerous authors who have studied the linear and non-linear vibrations of 
beams [16-42], nearly all have used the Euler-Bernoulli or Timoshenko theories. Several 


S 
9 ' 23 4 56 6 7 6 # WH 
Load porameter, ” 
Figure 1. Non-dimensionalized tip displacement for uniformly loaded cantilever beam. ——, Beam theory; 


vanes , elasticity solution; - - -, mixed elasticity solution; — - —, linear solution. 
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exceptions exist, including the works of Krishna Murty (26, 27] and Levinson [3], who 
presented results for the linear vibrations of rectangular beams using higher order theories 
similar to but substantially different from the theory considered in this paper. Most of 
the finite element models developed for Timoshenko beams possess a two node-two 
degree of freedom structure based on the requirements of the variational principle for 
the Timoshenko displacement field [23-25]. A Timoshenko element with a higher-order 
approximation was developed by Thomas and Abbas [24], but the C'-continuity implied 
by this element was not required from variational considerations. An advantage of the 
higher order theory is the appearance of the primary variables u, w, dw/dx and w as a 
natural consequence of the variational principle used to obtain the governing equations. 

Estimates for the shear correction used in Timoshenko’s theory range from 0-822 to 
0-870 for beams with rectangular cross-section [43-47]. These are based upon both static 
and dynamic considerations. Most recent investigations of Timoshenko beam vibrations 
have used either k = 5/6 (see reverences [39, 49]) or k= 0-85 (see references [42, 48, 50]). 
Without exception, the shear coefficient in these works is assumed to be constant. Several 
authors have commented that the shear coefficient should change with mode number 
[44, 45] because of the change in the shear stress distribution at higher frequencies [51]. 
Although a second advantage of the higher order theory is the accurate modeling of the 
parabolic shear stress distribution, this assumption is valid only for static problems and 
dynamic problems with long wavelength - low frequency deformation fields. At higher 
frequencies, this is a very poor approximation and the resulting frequencies computed 
by the higher order theory reflect this deficiency [4]. These considerations should not 
apply to the discussion of non-linear vibrations, where the fundamental mode shape is 
the quantity of interest. 

The next two sections contain several numerican examples of rectangular beam vibration 
results obtained by using the higher order shear deformation theory. The Poisson ratio 
is taken to be 0-3 in all examples. Exact (linear) frequencies have been computed for a 
hinged-hinged beam. The structure of the resulting eigenvalue problem is identical to 
that obtained when using the Timoshenko theory, thus providing opportunities for a 
number of worthwhile comparisons. The finite element mode! of the equations of motion 
for the higher order theory has been used to compute the linear and non-linear frequencies 
for beams with a variety of support conditions. The effects of in-plane inertia and 
slenderness ratio of non-linear frequency are examined. Results are compared with existing 
solutions whenever possible. 

Natural vibrations of a hinged-hinged beam can be obtained by beginning with the 
following representation of the displacement field: 


w= A, sin (n7x/L) sin wi, & = Ay cos (nax/ L) sin wt. (21) 
Here L and w are the length and natural frequency of the beam, respectively. Substitution 
of equations (21) into equations (6b, c) and neglecting the non-linear terms leads to 
[K]{A}— @*[M {A} = {0}, (22) 
where 
K,,=$GA(na/LY +h El (na/Ly, Kn =&GA+ REI (nn/ Ly)’, 
K,2= Ky, = sGA( na/L)— ios EL ( nt/ Ly, 
M,,=pAtxpl(nn/L)’, M,2= M2, = spl (nw/ L), M2. =Sl. (23) 
The corresponding entries for the Timoshenko theory are given by 
K,,=KGA(n7/L)Y,  Ky=KGA+EI(na/LY, = Ky.= Ky, = KGA(na/L) 
M,, = pA, M,2= M2, =9, M22 = pl. (24) 
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The exact solution for the circular frequency of the thickness-shear mode (n =0) for 
thin rectangular bars can be written as [52] 


w =V(27/12)(G/ pr) = V0-8225(G/pr), (25) 


where r is the radius of gyration. 
The corresponding value given by the higher order theory is 


w = 18 & (G/ pr) = V0-8235(G/ pr). (26) 


The higher order theory gives the thickness-shear mode frequency to within 0-07 percent, 
an accuracy not achieved by the Timoshenko theory unless k is specified to be near 
0-8225. In fact, this strategy was used by Mindlin and Deresiewicz [45] and Goodman 
and Sutherland [44] to obtain the value of k of 0-822 for rectangular cross-sections. Using 
this value in a comparison of Timoshenko and higher order beams with 6 = h = p = E = 1-0, 
v=0-3 and L=4-0 yields excellent agreement (within 0-06 percent) between the two 
theories for the thickness-shear mode and the remaining second spectrum frequencies. 
However, this value does not consistently yield the best results for either vibration or 
static bending problems, as indicated from the differing values of kK obtained for these 
cases by earlier workers [43-47]. 

A plane stress elasticity solution for the fundamental frequency of a hinged-hinged 
beam was given by Cowper [47] as the lowest root of the equation 


2(1—v)oB tan h(a) =[(ah/2L)+ a LQBL/ wh) — v] tan h(B) (27) 
where 
a =(ah/2LyY—(+v)pw*h?/2E,  — B? =(ah/2L)-(1-v?)pw7h2/4E. (28) 


For the hinged-hinged beam considered, the non-dimensional frequency given by equation 
(27) is 9-0143, compared to the Euler-Bernoulli value of 9-8696. The higher order theory 
gives a value of 8-9922, with the Timoshenko theory yielding values of 8-9832 (k = 0-822), 
8-9912 (k =5/6) and 9-0136 (k =0-867). For this mode, the assumed value of k clearly 
makes little difference in the results for the bending frequency. However, as indicated by 
equation (26), the error in the thickness-shear mode frequency is proportional to Vk. 
The higher order theory yields acceptable results for both frequency spectra without 
having to use a shear coefficient based on the relative importance of the flexural and 
thickness-shear motions. 

The Timoshenko and higher order theories give comparable bending frequencies for 
a variety of slenderness ratios when k is taken at 5/6. If these frequencies are to be 
matched more closely, however, there is a small but noticeable increase in the value of 
k. This behavior is shown in Figure 2 for three different slenderness ratios. The bending 
frequencies from the two theories have been matched to four significant figures. As the 
beam becomes thick, the value of k used in the Timoshenko theory increases with mode 
number. Regardless of slenderness ratio, the best value of k used to match the fundamental 
frequency is near 5/6. Although the change in x is significant, the changes in frequency 
induced by maintaining a constant shear correction coefficient for the higher modes in 
Figure 2 are minimal. For example, the difference in frequency for mode 5 of L/ p = 13-856 
is only 1-23 percent if k is kept constant at 5/6. If k is taken as 0-863 as shown in Figure 
2, the difference is within 0-02 percent. Again, we note that the parabolic shear distribution 
is only valid for lower frequencies. The work of Prescott indicates that the parabolic 
shear stress distribution for a beam of rectangular cross-section does not begin to change 
until the wavelength is approximately equal to the depth of the beam [51]. The modes 
represented in this figure fall within these Simits. 
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Shear coefficient, # 


Mode number 


Figure 2. Variation of shear coefficient with mode number for hinged-hinged beam. ——, L/p = 13-856; 
---, Lip =27- 13; - +> , L/p = 110-85. 


It is informative to consider the solution of the equations of Levinson’s theory [3] for 
the hinged-hinged beam. The equations of motion are (being the same as those of the 
Reissner-Mindlin theory, except that the resultants are computed by using the displace- 
ment in equation (1)) 


3 ax ax ar? 
2 aw) 1 9 fw ye Ot] i o (* . 
ee (v+ 4 "5 ox [er ax? ha ax] ae \ax 4 -~ 
Substitution of equations (21) into equations (29) yields 
2 
2 Lidl 2 bidad A 0 
14 ( =“) 3G =) {4-1 i p a {41 
3 2 =a 1 4 : 
sw) 


(30) 


Note that the coefficient matrices in Levinson’s theory are unsymmetric because the 
equations of motion are not derived by using the virtual work statements (see references 
[8, 9]}. The shear correction coefficient for n = 0 is k = 5/6=0-8333 as opposed to 0-8225 
(exact) and 0-8235 (present higher order theory). In any case, the frequencies obtained 
by equation (30) are not nearly as good as those obtained in the present theory. 


5.3. NON-LINEAR VIBRATIONS 


The problems considered in this section are assumed to be governed by the assumptions 
of moderately large bending theory, in which the axial force generated by the stretching 
of the neutral axis is accounted for by including the non-linear (von K4rmén) strain 
components in the expression for the strain energy. A number of authors have provided 
solutions for this class of problem using continuum [32-36] and finite element approaches 
{20, 21, 28-31, 37-42]. Several of these investigations have included the effects of shear 
deformation according to the Timoshenko theory [20, 21, 39, 42). This section contains 
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results from the solution of equation (5) for the non-linear frequencies obtained by using 
the finite element model described by equation (10). The effects of shear deformation 
and rotary inertia are accounted for and no simplifications are made regarding the behavior 
of the non-linear stretching force. Results of numerical examples are presented to demon- 
strate the effects of longitudinal inertia and slenderness ratio for beams with different 
support conditions. 

We first consider several linear vibration examples to assess the accuracy of the finite 
element model given by equation (10). For thin beams, the Euler-Bernoulli behavior 
should be recovered from the higher-order theory yielding the corresponding thin beam 
frequencies [53]. Table 3 shows the convergence of the higher order clement for a very 
thin beam with a variety of support conditions. Also shown are the values obtained for 
Euler-Bernoulli beam elements. The results for the higher order beam converge to the 
exact thin beam solutions, although not as rapidly as do the results for the Euler-Bernoulli 
beam elements. The frequencies are within 2 and 0-5 percent for the 8 and 16 element 
idealizations, respectively. 


TABLE 3 
Convergence of higher order beam elements for thin beam frequencies 


Number of elements: 4 8 16 Exact 
Support conditions:  “@yor en “@nor es “@nor  @ee~ [53] 
Hinged-hinged 9-9356 99-8698  9-8822 98696  9-8768  9-8696 9:8696 
Clamped-clamped 23-128  22°375 =. 22-556 = 22-373, 22-419 22-373 22-373 
Clamped-hinged 16-613 15-428 15-697 15-419 15-486 = 15-418 15-418 
Clamped-free 3-5601 3-516) 35266 3:5161 3:-5197 3-5160 3-5160 


The non-linear algebraic equations given in equation (10) evaluated at the point of 
reversal of motion have been solved by using the direct iteration technique used in 
reference [38]. Following Woinowsky-Krieger [32], the frequency of vibration for the 
in-plane displacement u will be twice that of the transverse displacement frequency w. 
Hence the relation i =—2w’u is introduced into the appropriate mass matrix entries 
when the in-plane inertia is to be taken into account. If the in-plane inertia is neglected, 
the terms in the mass matrix correspond to the case in which u displacmeents are set 
equal to zero. 

The non-linear frequencies have been computed for a number of values of (a/p) for 
hinged-hinged, clamped-clamped and hinged-hinged beams, where a is the amplitude 
and p is the radius of gyration. The amplitude a is measured at mid-span for these beams. 
The converged frequencies are expressed as the ratio (@y,/w,)*, where @, is the linear 
frequency obtained at the first iteration. Convergence is assumed to be met when the 
non-linear frequency and normalized eigenvector have satisfied the following convergence 
norms [41, 54]: 


4r(j) 1 8 |4r(j 
Jele=Max, [%2/ yey, = § |, 

_fi & [Ars ie _{da, 
teton {2 5 eT pen= |. 


Here |le||.. is the maximum norm, ||¢||, is the modified absolute norm, || «||, is the modified 
Euclidean norm, |le||, is the frequency norm, 4r,(j) is the change in the ith eigenvector 
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TABLE 4 


Convergence of (wn./w,)° for a thin hinged -hinged beam 


(a/p) 


Prk eeeurricd 
nAdsaAds 


Number of elements 


4 


1-0399 
1-:2489 
1:3596 
1-9938 
2-5507 


TABLE 5 


16 


1-0396 
1-2465 
1-53537 
1-984i 
2°3385 


Exact 
[32] 


1-0400 
1-2500 
1-5625 
2-0000 
2°5625 


Non-linear frequencies of a hinged-hinged beam 


L/ p = 13-856 L/p=27-713 
u=0 i= -2w uy u=0 i = —2w7u 
Present [42] Present [42] Present (42) Present [42] 
1-00287 1-00278 1-00281 1-00277 1-00257 1-00250 1-00256 1-00249 
101148 =1-01117 1-01124 =: 101105} =1-010291-01000 += 1-01023 = 1-00998 
1:04593 1-04469 1-:04494 1-04412 1-04115 1-04003 1-04091 1°03991 
1-10330 1°10589 %-10097 1:09942 1-09262 1-09009 1-09205 1-08980 
1°18362 = 1:17887 = 4-17923s:1:17666 116461 = 1-16019 —-11-16353—-1-15964 
1:28686 1:27955 1-27948 1-27586 1:25723 1-25003  1-25542 = 1-24940 
1-64478 1-62854 1-62473  1-61839 =1-57835 =: 1-56269 =: 1157362 =: 1-56043 
2-14550 = 2-11719 =2°10026 §9=—- 209478 =2:02769 §=— 200027 «201710 =: 199549 
2:78825 2-74542 2-69961 2°70223 2:60493 2-56303 2-58427 2-55219 
3°57361 3-50099 3-41251 3-43368 3-31011 3-25088 3-27355 3-23187 
4:50072 4-43412 4:22079 4:27866 4-14347 4-06309 4-08435  4-03499 
5°57054 _— §:10121 — §-10388 500470 5-01183 4-95729 
WeExact = 89922 Wreu => 8-9946 WExan = 9-§206 Wrem = 9-6251 
L/ p = 55-426 L/p = 110-85 
u=0 i = —2w7u ux i= —-2w*4 

—_—_$__—_—<— SSS Exact 
Present [42] Present [42} Present [42} Present [42] [32] 
1-00250 1-00243 1-00249 1-00243 1-00248 1-00241 1-00247 1-00241  1-0025 
1:00998 1-00972 1-00997 1-00971 1-00990 1-00964 1-00990 1-00964 1-0100 
1-03994 1-03887 1-03987 1-03884 1-03961 1-03858 1-03959 1-03857 1-0400 
1-08988 1-08747 1-08973 1-08739 1-08914 1-08681 1-08911 1-08679  1-0900 
115975 1°15552 1-15948 1-15517 1-15844 14-15435 1-15837 1-15431 — 1-1600 
1:24953 1-24302 1-24908 1-24278 1-24749 1-24119 1:24738 1:24313 11-2500 
1-56143 1-54642 1-56019 1-54578 1-55685 4-54235 1-55655 1-54219 11-5625 
1-99737 1-97183 199507 1-97042 1-98931 1-96452 1-98863 1-96417 2-0000 
2:55783 2:51880 2-55255 2-51616 2:54530 2-50739 2-54398 2-50671  2-5625 
324249 3-18524 3-23324 3-18045 3-22450 3-16909 3-22219 3-16789 3-2500 
4-05149 3-97465 4-03642 3-96684 4-02583 3-95464 4-02207 3-95269  4-0625 
4-98362 4-88489 4-96050 4-87288 4:95159 4-85904 4-94533 4-85603 5-0000 


exer =9°8081 een =9-8137 


exact = 978533 
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component for iteration j, N is the total number of degrees of freedom, and 4A,, is the 
change in the eigenvalue A, calculated during iteration j. In all examples, eight uniform 
elements were used with a tolerance limit of 0-001 for each of the convergence norms. 

A convergence study was performed for the non-linear vibration of a hinged-hinged 
beam as described by using higher order elements for several (a/p} ratios. Table 4 shows 
the ratios (wy, /@,)? computed by the finite element discretizations of 4, 8 and 16 uniform 
elements. These are compared with the exact solutions given by Woinowsky- Krieger [32]. 
The converged values are slightly below the exact values, with the difference increasing 
as (a/p) increases. However, most values are well within 1 percent for the 8 and 16 
element models. 

The computed values of (wx,/@.)’ for the hinged-hinged beam are shown in Table 
5. The results are compared with those given by Sarma and Varadan [42], who used linear 
Timoshenko elements with a shear coefficient of 0-85 and the same direct iteration 
technique used in this study. There is good agreement between the results of these two 
theories with the higher order theory giving, in general, slightly larger values than those 
given by the Timoshenko model. The influence of in-plane inertia is also slightly larger 
for the higher order model. For most cases this softening effect is fairly small but it does 
increase with amplitude. As the slenderness ratio (L/p) is increased, the beams should 
behave according to the E@ler)Bernoulli theory. The corresponding values of (@y./w,)° 
for ti =0 may be compared accordingly with the continuum solution [32] which is shown 
in the table. Also shown are the exact and computed linear frequencies expressed in 
non-dimensional form. 

Results for the clamped-clamped and clamped-hinged beams are given in Tables 6 
and 7. The continuum solutions for the Euler-Bernoulli beam are included in the tables 
[32, 34, 42] as are the linear higher order and Timoshenko frequencies [42]. The general 
trends for these beams are the same as for the hinged-hinged beam in that the effect of 
in-plane inertia is smal! for most cases but becomes larger as the slenderness ratio decreases 
and the amplitude increases. The convergence criteria were not met for higher amplitudes 
of the clamped-hinged beam when in-plane inertia was accounted for. The thin beam 
results for L/p = 110-85 are in good agreement with the continuum solutions. 


6. SUMMARY 


A finite element model for the static and dynamic response of rectangular beams using 
a higher order shear deformation theory has been presented. The theory correctly accounts 
for the parabolic shear distribution across the beam cross-section and satisfies the stress 
free conditions on the upper and lower surfaces of the beam. The theory therefore needs 
no shear correction coefficient. Geometric non-linearity is accounted for using the von 
K4rman strain components. Unlike the minimum ordered Timoshenko beam element, 
the shear stiffness terms of the minimum order higher order element does not require 
reduced integration to obtain acceptable results. The exact integration of these terms 
results in the recovery of the Kirchhoff constraint in the case of thin beams without 
introducing spurious locking constraints. 

Examples have been presented for static and dynamic cases. Comparisons have been 
made with results from elasticity solutions and the Timoshenko beam theory. In general, 
the agreement is good. Results for the linear vibration of a simply supported,beam indicate 
that the shear correction coefficient used in the Timoshenko theory must increase with 
mode number if the bending frequencies are to be matched with those from the higher 
order theory. However, a constant value for k of 27/t2 yields excellent agreement between 
the second spectra frequencies. For higher modes, the higher order theory provides a 
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poor approximation to the true shear stress distribution which changes from parabolic 
to a distribution with maxima near the upper and lower surfaces and a minimum at the 
neutral axis. For static and low frequency deformation fields, the higher order theory 
may yield more accurate and more consistent results than the Timoshenko theory because 
it does not require a shear coefficient that is frequently problem dependent. 
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APPENDIX 


The finite element equations (10) may be written as 
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THEORY 
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SUMMARY 


Plate finite elements based on the generalized third-order theory of Reddy and the first-order shear 
deformation theory are analysed and compared on the basis of thick and thin plate modelling behaviour, 
distortion sensitivity, overall accuracy, reliability and efficiency. In particular, several four-noded Reddy- 
type elements and the nine-noded Lagrangian and heterosis (Mindlin-type} plate elements are analysed to 
assess their behaviour in bending, vibration and stability of isotropic and laminated composite plates. A 
four-noded Reddy-type element ts identified which is free of all spurious stiffness and zero energy modes, 
computationally efficient, and suitable for use in any general-purpose finite element program. 


1. INTRODUCTION 


A great deal of effort has been spent on developing accurate and efficient plate finite elements 
based on the first-order shear deformation theory, often known as the Mindlin plate theory,! with 
only limited success. It is universally agreed that isoparametric, displacement-based plate finite 
elements of the first-order shear deformation plate theory are among the simplest available in 
terms of formulation, implementation and application to various plate structures. Unfortunately, 
the accuracy of the low-order elements of this type (i.e. those with nine or fewer nodes) is less than 
satisfactory when the span-to-thickness ratio of the elements is large. Under such circumstances, 
the shearing strains are required to vanish, and the plate elements based on the first-order theory 
become excessively stiff, yielding displacements that are too small compared to the true solution. 
This type of behaviour, known as shear locking, has plagued shear deformable elements since 
their inception (see Zienkiewicz et al.? and Pawsey and Clough’). 

It should be emphasized, though, that even relatively thick elements may be required to model 
a state of zero (or very small) transverse shearing strain. While cases of pure bending are seldom 
encountered in real structures, there certainly may be regions within a structure where the values 
of the transverse shearing strains (or other strain components) change from positive to negative, 
or vice versa, requiring that the strain components be very small. In order for an element to be 
reliabie for ali applications, it must be able to accommodate these vanishing strain components 
while maintaining an accurate representation of the non-vanishing components. In fact, shear 
locking is due to the inability of shear deformable elements to accurately model the curvatures 
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within an element under a state of zero transverse shearing strain. This argument may be 
modified and extended to account for membrane locking in curved elements, as well as the poor 
behaviour of all elements which contain multi-strain fields (e.g. plane stress and plane strain 
elements). 

The various means employed to alleviate shear locking in plate elements include reduced 
integration, mixed formulations, hybrid formulations, assumed strain techniques and discrete 
Kirchhoff methods, to name only a few. Of the large number of new displacement-based elements 
in the literature, only a few have been reasonably successful,* ° and there is still much room for 
improvement in terms of accuracy, ease of implementation and computational efficiency. 

After many unsuccessful attempts to develop a general plate element, it became clear to many 
researchers that a better understanding of locking phenomena and the effects of reduced 
integration was necessary in order to give guidelines for the development of new elements and to 
allow a more complete analysis of existing elements. To demonstrate why shear deformable plate 
elements become overly stiff, early investigators presented a penalty formulation of the equations 
of plate bending.’ As will be shown in the next section, as the span-to-thickness ratio of a plate 
tends towards infinity (or a large number), a constraint condition is imposed which requires the 
product of the shear stiffness matrix and the displacement vector to be zero. Therefore, in order to 
obtain a non-trivial solution, it was concluded that the shear stiffness matrix must be singular. 
These observations led to explanations of locking behaviour based upon measures of singularity 
of the shear stiffness matrix,® the number of independent shear constraints imposed on an element 
in the thin plate limit” '® and other criteria. However, the exact cause of the poor behaviour of 
shear deformable elements in thin plate or beam applications was identified by Prathap and 
Bhashyam,'! who demonstrated that locking is a function of the type of constraints that arise 
when an element is very thin. These investigators developed a method of identifying the actual 
constraints that arise under full or reduced integration, and, by deriving the constraints in terms 
of the nodal degrees of freedom, were able to classify them as being either proper Kirchhoff 
constraints that enforce a condition of zero transverse shearing strain or spurious constraints that 
cause locking. Prathap and his co-workers have also contributed significantly to the understand- 
ing of locking, field-consistency and stress oscillations in finite element models of beams, plates 
and shells.® +2: +3 

Recently, the present authors presented a new analytical technique for identifying the exact 
form of the shear constraints that are imposed on an element when its side-to-thickness ratio is 
very large.'* The technique yields results that are equivalent to those obtained by Prathap and 
Bhashyam'! for Timoshenko beam elements, but the new method is much simpler both in 
concept and in application to two-dimensional elements, especially when high orders of inter- 
polation and/or Gaussian quadrature are employed. By applying the technique to several 
popular Mindiin plate elements, it was shown that, if the form of the shear constraints in an 
element is known, the performance of that element when used to model thin structures can be 
determined a priori. Furthermore, by studying the form of the constraints, a more complete 
understanding of the locking behaviour of plate elements was gained, resulting in new insights 
and definitive conclusions regarding the origin of locking phenomena and the effects of reduced 
integration.** 

In the present study, the improved technique for identifying shear constraints has been applied 
to plate elements based on a generalized form of the third-order theory of plate bending presented 
by Reddy.'> Third-order shear deformation plate theories and their associated plate finite 
elements have been much maligned in the past owing to the misconception that their formulation 
and implementation are overly complicated and that their use is unjustifiably expensive. In order 
to clear up this misconception, it is demonstrated through numerous numerical examples that 
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selected elements based upon third-order plate theories not only are comparable, and in some 
cases superior, to the best Mindlin-type elements in terms of accuracy, but also are extremely 
efficient in terms of computational cost. 


2. A GENERALIZED THIRD-ORDER THEORY OF PLATE BENDING 


The analysis of plate structures entails two important aspects: the selection of an appropriate 
plate theory, and the implementation of a suitable numerical model to solve the governing 
differential equations of the theory. It is well known by now that the classical theory of thin plates 
introduced by Kirchhoff!® is inadequate for modelling laminated composite plates, even if the 
plate is fairly thin. The Kirchhoff assumptions amount to treating plates as being infinitely rigid in 
the transverse direction, with all of the transverse normal and shearing effects being neglected. As 
a result, this theory underestimates deflections and overestimates natural frequencies and 
buckling loads. Since laminated composite materials are often very flexible in transverse shear, 
the transverse shearing strains and stresses must be taken into account if an accurate representa- 
tion of the behaviour of the plate is to be achieved. 

Numerous plate theories which include transverse shear deformations are presented in the 
literature, but the one most commonly used is the first-order shear deformation theory.’ In this 
theory, the in-plane displacements are expanded up to the first term in the thickness co-ordinate, 
and the rotations of normals to the mid-surface are assumed to be independent of the transverse 
deflection. This theory yields a constant value of transverse shearing strain through the thickness 
of the plate, and thus requires shear correction factors in order to ensure the proper amount of 
transverse shear energy (i.e. equivalent to a parabolic distribution of shearing strain through the 
thickness). 

Reddy’s third-order plate theory'**? allows for a quadratic distribution of transverse shearing 
strain through the thickness of the plate by assuming a cubic expansion of the in-plane 
displacements in the thickness co-ordinate. The form of the assumed displacement functions is 
simplified by enforcing traction-free boundary conditions at the top and bottom surfaces of the 
plate. No shear correction factors are needed, because a correct representation of the transverse 
shearing strain is given. The first- and third-order plate theories contain the same number of 
dependent variables, but the variationally consistent form of Reddy’s theory involves additional 
high-order stress resultants and material stiffness coefficients compared to the first-order theory. 

Various other theories which utilize assumed displacement fields either the same or similar to 
that in Reddy’s theory!* have been presented in the literature. While several authors have claimed 
that these theories are in some way new, Reddy!> has demonstrated that all third-order 
displacement expansions which satisfy traction-free boundary conditions on the top and bottom 
surfaces of the plate are in fact the same. The displacement field for these theories can be written in 
a general form as (from Reddy!*): 


bw® 4fz\7]}. 
Seine gg eae (eae 
uw=ue—z Ax +f (3) |é 
aw® 4f/z\7]~ 
ait gO ee weed) (pes 
ve Zz By +f (3) ja (1) 


w= w? 


where u°, v° and w® are the displacements of the mid-surface of the plate in the x, y and z 
directions, respectively. The different forms of the displacement field are obtained by making the 
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appropriate change of variables for the generalized rotations ¢, and d,- For example, the 
rotation functions (i, Y,} used by Reddy in his first paper'’ can be obtained from the relations 
aw? ~  éw® 


tb. =o, -=— cad ae (2) 


Even though the displacement expansions of all the theories are equivalent, two different forms of 
the governing equations have been presented: those that utilize the equilibrium equations of the 
first-order theory and those derived using a variational principle such as the principle of total 
potential energy. Further discussion and the appropriate substitutions for other theories are given 
by Reddy.'5 

While the equivalence of the various plate theories is an important theoretical consideration, 
from a practical point of view it is important to identify which form of the theory yields the 
optimal finite element model. 

In order to facilitate the model formulation and to ensure symmetry of the stiffness matrix, we 
will consider only the energy-consistent form of the general theory. It is easy to show that forms of 
the theory that utilize the equilibrium equations of the first-order theory give rise to an 
unsymmetric stiffness matrix. Ultimately, considerations of consistent strain interpolation will 
dictate the final form of the model, so that excess stiffness or shear locking will be eliminated. The 
linear strains for the general theory are: 
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The total potential energy of the plate may now be written as 


ll=vU,,+U,+U,-V (4a) 
where 
1 
Un = { {N eo + Nye? + N78} dxdy (4b) 
Q 
1 
US 3f {Mo + Myx? + M,,9, + Pri + Py? + P,.xi,} dx (4c) 
1?) 
I 
U,= { {Oy Yo. + Ox ee + Ry kj, + R,K2,} dxdy (4d) 


are the internal strain energies of the plate due to stretching, bending and shearing, respectively, 
and 


Ve | p(x, y)w° dxdy (4e) 
2 


is the potential energy of the distributed transverse load p, Minimization of (4) with respect to u°, 
v°, w°, , and ¢, and subsequent integration by parts yields the variationally consistent 
equilibrium equations and corresponding boundary conditions. The equilibrium equations of the 
generalized theory are 
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and the displacement and force boundary conditions are given by: 
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a 4 4 
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4 
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= 4 
M, = My — 33P 
= 4 
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As discussed in References 8 and 14, it is illuminating to rewrite the potential energy (4) for the 
special case of uniform, isotropic plates in terms of new, non-dimensional variables. The non- 
dimensionalized potential energy, neglecting membrane effects, takes the form® ‘* 


II = Eh {U, + 4U,} (8a) 


G 2 
=) " 


Eis Young’s modulus, G is the shearing modulus, a is the length along a side of the plate and h is 
the thickness of the plate. The bending energy, a function of the curvature strains in (3b), is a 
rather long expression, and will not be presented explicitly here. The energy related to shear is 
given by!® 


where 


i 8 “ ees 
U,= {ae + p3 dx dy (9) 


where x and j are the non-dimensional mid-plane co-ordinates. As can be seen in (8), the shearing 
energy is prefixed by a term, 1, which behaves as a penalty parameter. This term tends towards 
infinity as the plate thickness is decreased, and, in the thin plate limit {i.e. as a/h — oo), the penalty 
parameter enforces the Kirchhoff constraints 


$,.=0 ¢,=0 (10) 


When these constraints are enforced, it can be shown that the potential energy given by {4) or (8) 
reduces to that of the classical plate theory, which neglects the transverse shearing strains. 
The finite element model obtained by minimizing the potential energy in (8) can be written as 


([K,} + ALK.) {a} = (F} (11) 


where [K,] is the bending stiffness matrix, [K,] is the shearing stiffness matrix, {u} is the 
displacement vector and {F} is the load vector. In the thin plate limit (ie. when 4 tends towards 
infinity), [K,]{#} must vanish identically in order for the potential energy to remain bounded. 
This is equivalent to satisfying the Kirchhoff constraints in (10), which imply that the shearing 
strain in each element should vanish as its thickness is decreased. Furthermore, each element 
must be able to model a state of zero transverse shearing strain without adversely modifying the 
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form of the bending energy. The inability of an element to fulfill this requirement leads to the 
behaviour known as locking. Fortunately, it is now possible to predict a priori whether or not an 
element will lock in thin plate applications, so that reliable elements may be identified. 


3. SHEARING CONSTRAINTS IN THIN ELEMENTS 


The technique presented by Averill and Reddy'* for determining the exact form of the shearing 
constraints in thin shear deformable elements will now be employed to predict the behaviour of 
elements based upon the generalized form of Reddy's third-order plate theory. In the finite 
element model, the Kirchhoff constraints in (10) are approximated within each element according 
to the assumed form of the displacement field and the interpolation functions used to approxim- 
ate each variable. For exampie, the constraints imposed on a thin element which utilizes the same 
displacement field as Reddy'” (see equations (2)) are 


ON, (x, y} 
6x 


ON; tt IN (XY) 
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(12) 
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where ,,, #,, and w; are the rotations and the transverse deflection at the ith nodal point, and M, 
and N, are the interpolation functions for the rotations and transverse deflection, respectively. 
The conditions in (12) must be satisfied exactly at the Gaussian integration points that are used to 
integrate the shearing stiffness matrix. Thus, we have 


> Wi Mi(X qs Ve) + by w; Gee 0 
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for k = 1,2,..., NGP, where NGP is the number of Gauss points and (x,, y,) are the co- 
ordinates of the kth Gauss point. By expanding (13) and performing the necessary algebraic 
simplifications, the shearing constraints can be interpreted as discretized equivalents of either the 
true Kirchhoff constraints or some other condition that will cause locking. 

To demonstrate more fully, we will consider the element described above based on the 
displacement field used by Reddy and in which w® is approximated by the non-conforming cubic 
interpolation functions of Melosh,’® while the variation of py, and y, is governed by the 
Lagrangian bilinear interpolation functions. When the stiffness coefficients are integrated exactly 
(i.e. using a 4x4 mesh of integration points), the following shear constraints arise: 


Wri + 6, =9 Ws + By1 = 0 (14a) 
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and (x,, y;) are the co-ordinates of the ith node. The four sets of expressions (14a)—(14d) are true 
Kirchhoff constraints which relate the rotations y, and y, to the slopes @w°/@x and dw°/dy, 
respectively. However, the remaining constraints (14¢)-(14g) contain only terms which appear in 
the approximation of w°. The effect of these constraints is to restrict the originally cubic variation 
of the transverse deflection to a quadratic one. At the element level, this implies that the curvature 
strains are constant, as is the case for four-noded Mindlin-type elements. At the giobat level, 
however, the slopes are required to be continuous at the nodes and tangential to (but not normal 
to) the inter-element boundaries, which imposes additional constraints on the approximation of 
the deflection. While it is possible for the slopes to be continuous when the deflection varies 
quadratically, the resulting solution will not likely resemble the true solution, so that the results 
obtained in practice will always be too stiff. It should be noted, however, that the locking 
constraints (14g) and two of the four constraints (14e), (14f) are satisfied exactly for the case of 
cylindrical bending, so that the element may be expected to give better results for this type of 
deformation than for deformations which involve curvature about two axes. 

The use of a 2x2 integration rule to evaluate the stiffness coefficients yields only limited 
improvement in the thin plate modelling capabilities and a 3 x 3 rule gives no improvement at all. 
The shear constraints that are present in this case are given in Reference 18, where it is shown thai 
the locking constraints are less severe than in the exactly integrated element, but still cause the 
element to be too stiff when used to model thin structures. The shear constraints for a conforming 
element are also given in Reference 18. These constraints, while slightly different in form, lead to 
the same conclusions regarding locking behaviour in thin plate applications. Numerical examples 
will be presented in the next section to verify these predictions of element behaviour based on the 
form of the shear constraints. 

It has been shown by many researchers that the shearing strains must be interpolated 
consistently in order to eliminate all spurious stiffness effects (see References 11, 12 and 18). For 
the element just discussed, a consistent interpolation scheme would be one in which the rotations 
w, and #, vary according to the derivatives of the deflection field dw°/dx and dw /dy, respect- 
ively. While such an interpolation scheme is possible, it would be inconvenient to implement and 
would lead to a computationally inefficient element. Therefore, a new approach should be sought. 

A more desirable consistent finite element approximation of the shearing strains is easily 
identified by examining the generalized form of the shearing strains in (3b). The consistency 
criteria may be satisfied identically by letting the generalized rotations ¢, and @, each be equal to 
a single variable, say @, and ¢,. If these rotational degrees of freedom are then approximated by 
the bilinear Lagrangian interpolation functions, the shear constraints which arise in thin elements 
are: 

bu = 0 Py = 0 for i= A, 2, 3, 4 (16) 


When these constraints are enforced, the shearing energy will vanish, and the bending energy will 
reduce precisely to that of the classical plate theory. This form of the third-order theory was first 
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used by Bhimaraddi and Stevens,”® and a finite element based upon this form was developed by 
Ren and Hinton.*! The latter investigators demonstrated that their plate element does not lock at 
all in thin plate applications, and yields accurate results for both thick and thin rectangular plate 
structures. The behaviour of many shear deformable elements was analysed by Asdal and 
Kosmatka,?? where it was found that the element of Ren and Hinton shows the best overall 
behaviour for rectangular plates. This element employs the non-conforming cubic interpolation 
functions of Melosh for approximating the transverse deflection and the bilinear Lagrange 
interpolation functions for the rotational degrees of freedom. A 4 x 4 Gaussian integration rule is 
required to integrate the stiffness coefficients exactly. While the element has been shown to behave 
well in thick and thin geometries, its sensitivity to distortion and its computational efficiency have 
yet to be investigated. Perhaps this is why the element has not received widespread acclaim. 

In the next section, this and new elements based on the third-order plate theory will be 
examined thoroughly and compared to the most popular Mindlin-type elements. 


4. NUMERICAL EVALUATION OF THE ELEMENTS 


4.1. Preliminary comments 


In this section, the overall behaviour of several shear deformable plate elements will be 
evaluated. The criteria to be tested are: accuracy, distortion sensitivity, efficiency and rank 
sufficiency. Each of the elements to be tested allows for a linear distribution of the strain 
components within the element. 

Of the Reddy-type elements to be evaluated, four are based on the original theory of Reddy,"” 
and four are based on the modified form of the theory*> in which ¢, = ¢, and dy = dy. The 
notation used to designate these elements is as follows. The number preceding the name specifies 
the number of nodes in the element (always four in this study). The following three or four ietters 
describe the theory upon which the element is based (RED for Reddy’s theory and MRED for the 
modified form of the theory in which ¢, = ¢, and ¢, = @,). The final one or two letters before 
the hyphen denote whether the element is conforming (C) or non-conforming (NC). Lastly, the 
letter after the hyphen describes the type of integration used to evaluate the stiffness coefficients (F 
for a uniform 4 x 4 mesh of full integration points and R for a uniformly reduced 2 x 2 mesh). For 
example, 4MREDC-F and 4MREDNC-R are the conforming and non-conforming elements 
based on the modified form of Reddy’s theory which employ uniform fuil (4x4) and reduced 
(2 x 2) integrations, respectively. 

Many elements based on the first-order plate theory have been developed and tested, but none 
surpass the overall accuracy and economy of the Lagrangian nine-noded element with selectively- 
reduced integration® (hereafter called the 9MIN-S element). This element contains one zero 
energy mode, which precludes its use in general-purpose finite element codes, but it is well suited 
for benchmark testing. For this reason, the 9MIN-S element has been chosen by the authors as 
the standard element against which the merits (ie. accuracy and efficiency) of other elements 
should be measured. The other Mindlin-type element to be tested is the heterosts element with 
selectively-reduced integration,?> and denoted by 9HET-S. The reasons for the excellent behavi- 
our of these two elements has been explained in detail'* based upon the form of the shear 
constraints that arise in thin element situations. 

A numerical procedure that can be used to immediately screen out many elements (and to 
discover new ones, as will be seen) is the elemental stiffness rank test. An eigenvalue analysis of the 
stiffness matrix of each element is performed in order to determine the number of zero energy 
modes which are present under various numerical integration rules. The results are presented in 
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Table 1. Eigenvalue analysis of the Reddy-type elements 


Number of zero 
Element Numerical integration grid eigenvalues 
Name of Transverse 
D.O.-F. integration Bending shearing 
per node rule terms térms K, K,+K, 
4REDC full 4x4 4x4 6 3 
WW Wy Way selective 4x4 2x2 16 3 
wy, Wy reduced 2x2 2x2 16 3 
4REDNC full 4x4 4x4 6 3 
ww, Wy selective 4x4 22 12 3 
x VW, reduced 2x2 2x2 12 3 
4MREDC full 4x4 4x4 16 3 
WoW Wy Wey selective 4x4 2x2 16 3 
Px Py reduced 2x2 2x2 16 4 
4MREDNC full 4x4 4x4 12 3 
ww. Wy selective 4x4 2x2 12 3 
Px OP; reduced 2x2 2x2 12 3 


Table I The elemental stiffness matrix K = K, + K, should contain three zero eigenvalues, 
which correspond to the rigid body modes. Any additional zero eigenvalues are due to zero 
energy modes or mechanisms. It is often stated that certain zero energy modes are eliminated in 
the assembled stiffness matrix by the application of appropriate boundary conditions. However, 
experience has shown that, in plates with unconstrained interior boundaries such as holes and in 
many linear buckling problems (see Section 4.4), zero energy modes may contaminate the solution 
despite sufficiently constrained exterior boundaries. Thus, elements which possess a rank deficient 
stiffness matrix should be avoided altogether in general-purpose finite element programs unless 
care has been taken to suppress all possible mechanisms. As seen in Table I, a fortuitous property 
exists in all but one of the Reddy-type elements. That is, the entire stiffness matrix may be 
integrated by a uniform 2 x 2 integration rule without the introduction of zero energy modes. This 
property is easily explained by noting that nearly all of the terms in the stiffness matrix are 
integrated exactly by the 2 x 2 rule. Only a few of the terms in the bending stiffness matrix and in. 
the mass and stability matrices will be approximated by performing the integrations in this way. 
Furthermore, the 2 x 2 integration points correspond to the optimum strain sampling points for 
the C+-cubic interpolation functions (see page 282 of Reference 24). It will be demonstrated below 
that the elements which utilize 4 x 4 and 2 x 2 integration rules yield nearly identical results. Thus, 
the application of reduced integration to these elements should not be looked upon as a trick, but 
simply as a mild approximation which reduces the stiffness computation time by as much as 75 
per cent. These elements will be evaluated and discussed further in the sequel. 

To assess the behaviour of the elements in a variety of applications, problems of plate bending, 
vibration and buckling will be analysed for assorted boundary conditions and material proper- 
ties. The three types of materials to be used are: 


Material 1: E= 100x108", v=03, p=1 
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Materiai 2: E, = 250x108, E, = 10x 10° 
Gin = Gg = 05% 108, Gay = 0-2 10° 
¥i2 = V3 = 025, p=t 

Material 3: E, = 400x108, E, = 10x 10%, G,, = G,; = 06x 10° 
Gy; = 05x10% ¥,.=¥,,=025, p=! 


Computations were carried out in double precision on an IBM 3096 computer. All results are 
normalized by the exact solution of the problem discussed, 


4.2. Bending analysis 


The first two numerical examples are designed to assess the ability of the elements to model 
thin plate structures and thus to verify the role that shear constraints play in determining the 
behaviour of thin shear deformable elements. The deflections of a cantilever isotropic beam under 
a tip load and a clamped isotropic plate under a uniform load are investigated for a wide range of 
plate span-to-thickness ratios. For the cantilever beam, a 5 x 1 mesh of elements is used, and a 
4x 4 mesh is employed for a quarter model of the clamped plate. All results are normalized by the 
exact solutions for thin plates.'® These standard test cases demonstrate the behaviour of thin 
piate elements in deformations with single and double curvature, respectively. It can be seen in 
Tables II and HI that all of the elements considered yield excellent results except for those based 
on the original form of Reddy’s theory, which does not employ consistent interpolation of the 
shearing strains. When used to model the cantilever beam, these elements exhibit a small amount 
of excess stiffness due 10 the spurious constraints. However, the elements lock completely when 
modelling the clamped plate. These results are in complete agreement with the predictions made 
in Section 3 based on the form of the shearing constraints. Because the elements based on the 
Original form of the theory behave poorly when applied to thin structures, they will not be 
considered further. 

Next, the accuracy of the remaining elements in modelling the bending of simply-supported 
laminated plates will be investigated. Table IV shows the results of a square (0/90/90/0) laminate 
subjected to a sinusoidal load for two values of the plate span-to-thickness ratio. For a co- 
ordinate system with its origin at a corner of the plate, the following normalized deflection and 


stresses are given: 
wf(2 20) 6 (22h) gfaak 
2’ . x 2°22 4 ¥ 724 


h 
oxy (0 0, ;) Gy, (5 0, 0), fu(0 0) 


where the results are normalized by the exact solution of Phan and Reddy.” The stresses are 
computed in each element at the reduced integration point nearest the desired location in the 
plate. For a/h = 100, the Mindlin-type elements yield the most accurate deflections, while the 
most accurate in-plane stresses are given by the Reddy-type elements, especially 4MREDNC-F 
and 4MREDNC-R, which give nearly identical results. For the thicker plate, a/h = 10, the 
solution given by the Mindlin-type elements seems to converge to about 7-10 per cent below the 
closed form solution. The Reddy-type elements, on the other hand, yield excellent results for 
nearly all stresses and displacements, converging rapidly from above in each case. The prediction 
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Table IV. Maximum deflection and stresses in a simply-supported (0/90/90/0) laminate sub- 
jected to a sinusoidal load (Material 2) 


ajh Element Mesh Ww 5, G, Os 6, Fx: 
9MIN-S 2x2 0928 O88% 0903 O869 O878 0613 
4x4 0927 0908 6923 0894 0897 0-627 
SHET-S 2x2 0926 0888 0903 6869 0878 0613 
4x4 0927 0908 0923 0894 0897 0-627 
10 4MREDC-F 2x2 1-033 1-046 1-001 0817 1-049 0-926 


4x4 1004 1019 (1-001 0768 1082 06-939 


4MREDNC-F 2x2 1094 1007 1005 1080 1099 81-016 
4x4 1024 1002 1003 £021 1076 =§61004 


4MREDNC-R 2x2 1094 1008 1007 1080 £098 1016 
4x4 $024 = 1002-1003) 11-021) 1:076 8-004 


SMIN-S 2x2 0999 0970 0969 0971 0873 (593 

4x4 0999 09992 0992 0993 0896 0-609 

SHET-S 2x2 0995 0968 0968 0969 0898 0-598 

4x4 0998 0992 0992 0993 0896 0610 

100 4MREDC-F 2x2 1089 £055 £056 0912 1096 0-953 


4x4 1043 1023 £010 6895 102 0-990 


4MREDNC-F 2x2 L097) = 1014 LOG £060 1034 1-018 
4x4 1024 £004 41004 1018 1007 = 1-005 


4MREDNC-R 2x2 1097 1014-1008 )— 1-060) 1032): 1-018 
4x4 1024 1004 1004 1018 1006 8 1-005 


of c,, given by MREDC-F is less than satisfactory, but no explanation for this single anomalous 
result can be provided, Because the Mindlin theory accounts for only a constant value of 
transverse shearing strain through the thickness of the plate, it is not capable of predicting 
accurate values of the transverse shearing stresses via the constitutive equations. However, 
Reddy’s theory, and the associated finite elements, predict very accurately the transverse shearing 
stresses due to the parabolic variation of transverse shearing strains through the thickness, The 
4MREDNC-F and 4MREDNC-R elements give extremely accurate results for all of the stress 
values, even for a coarse 2 x 2 mesh, It should be emphasized that, for a value of span-to-thickness 
ratio that is usually associated with thin plate behaviour, a/h = 10, the Mindlin-type elements are 
still not capable of capturing the appropriate in-plane deformations (and hence stresses) for this 
laminate. 

Having demonstrated the accuracy of the elements for the single case of a laminated plate, we 
will turn our attention to two element properties that have as yet been untested—distortion 
sensitivity and computational efficiency. Because this is the first attempt in the literature to use 
the Reddy-type elements in a non-rectangular geometry, a few comments concerning the 
construction of the element stiffness matrices may be in order. A subparametric formulation is 
employed, where the bilinear interpolation functions are used for the co-ordinate transformation 
and for the approximation of the generalized rotations ¢, and ¢,. The transverse deflection is 
approximated by either bicubic conforming or cubic non-conforming functions. In all cases, the 
interpolation functions are given in the local (or natural} co-ordinates. 
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In order to determine how accurate the elements are in non-rectangular configurations, the 
distorted meshes in Figure 1 will be used to analyse a clamped, isotropic plate with a concentrated 


load at the centre of the plate. Again, results are normalized by the exact solution for thin plates.'® 
Figure 2 shows that the 9MIN-S element is virtually oblivious to the mesh distortions. The 


{a} {b} 


(c) {d} {e} 


Figure 1, The 3 x 3 meshes used to investigate the distortion sensitivity: (a) undistorted; (b) @ = 10; {c) @ = 20; {d) @ = 30; 
and (e} @ = 40 
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Figure 2. Effect of mesh distortion on the modelling of a clamped isotropic plate with concentrated load at the centre 
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excellent results for this isoparametric element cast doubts on the true effect of the assumed 
natural co-ordinate strain formulations,?® which claim to yield superior results for distorted 
meshes. The behaviour of 9HET-S is more than satisfactory, but not as good as 9MIN-S. The 
4MREDNC-R element yields very good results for an angle of distortion up to 30 degrees, with 
the other Reddy-type elements giving slightly inferior results. The behaviour of these elements 
when 6 = 40 is a little Jess than satisfactory, but this is indeed an extreme case which would not 
(or should not) be encountered in most analyses. The superior behaviour of the Mindlin-type 
elements over the Reddy-type elements in this example may be attributed to the poor geometric 
modelling of the Hermite interpolation functions used in the Reddy-type elements. 

In order to assess the efficiency of each element, the problem of the simply-supported 
(0/90/90/0} laminate under a sinusoidal load is revisited, with the VS FORTRAN Version If 
Interactive Debugger (IAD)’’ being employed to determine the execution time of each subroutine 
in the finite element programs. [AD samples the program every 10 msec during execution to 
record the statement being executed. Because a sample interval of 10 msec is not small enough to 
measure precise execution times, the results of this test should not be interpreted as being exact. 
However, the amount of error is not enough to skew the outcome even slightly, making this test a 
good measure of the relative efficiency of the elements. The two programs written for the Mindlin- 
and Reddy-type finite element models are essentially identical, except for the computation of the 
stiffness matrices and some parts of the pre- and post-processing. The solution is obtained using a 
banded equation solving routine. Results are presented in Table V for two sizes of the mesh. 
Because the Reddy-type elements all have only four nodes, the bandwidth and the total number of 
equations are less in these elements than in the nine-noded Mindlin-type elements. Thus, the CPU 
time required to solve the assembled set of equations is approximately four to eight times less for 
the same size meshes of elements based on the third-order theory than the meshes of the Mindlin- 
type elements. As far as computation of the elemental stiffness matrices and assembly of the global 
system of equations is concerned, the Mindlin-type elements are substantially more efficient than 
the exactly integrated Reddy-type elements. However, it is seen that a nearly 75 per cent savings in 
assembly time can be obtained by using reduced integration to evaluate the elemental stiffness 


Table V. CPU time (sec) required to evaluate the structare in Table III 


Mesh §$MIN-S 9HET-S 4MREDC-F 4MREDNC-F 4MREDNC-R 
total nodes 81 81 25 25 25 
total equations 243 227 150 125 125 
half bandwidth 63 59 42 35 35 

4x4 w 0-999 0-998 1-013 1-024 1-024 
time to assemble {sec} 0-54 0-46 1-50 1:07 0-29 
time to solve (sec) 0-76 0-62 0:27 0-16 016 
total cpu time (sec) £36 £15 1-79 1:26 0-47 
total nodes 169 169 49 49 49 
total equations 507 471 294 245 245 
half bandwidth 87 8l 54 45 As 

6x6 w 0-999 0-999 1-003 BOLE LOLE 
time to assemble (sec) 1:24 1:20 3:36 241 0-64 
time to solve (sec) 3-26 2:60 0-74 0-42 0-42 


total cpu time {sec) 461 393 416 2:87 111 
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coefficients instead of an exact integration rule, making assembly of the 4MREDNC-R element 
much less than that of either 9MIN-S or 9HET-S. Thus, for the 4 x 4 mesh, the ¢MREDNC-R 
element requires less than half the total CPU time of its nearest competitor, 9HET-S, and this 
ratio decreases to just above one-fourth for the 6 x 6 mesh. For the larger mesh, the 4MREDNC- 
F element is also cheaper than either of the Mindlin-type elements, but stiil 2-5 times more 
expensive than its reduced-integrated counterpart. It is interesting to note that the 4 x 4 mesh of 
9MIN-S elements and the 6x 6 mesh of 4MREDNC-R elements have approximately the same 
number of total equations, and the model with 4MREDNC-R elements is still the least expensive 
of the two. Therefore, the prevailing conclusion that elements based on the third-order theory 
(and requiring C'-continuity) are unduly expensive is proven to be incorrect. 


4.3. Free vibration analysis 


The ability of the elements to predict the lowest natural frequency of thick and thin simply- 
supported (0/90/90/0) laminates (Material 3) is now evaluated. The results are presented in Table 
VI for various meshes and span-to-thickness ratios. All] of the elements give solutions that 
converge rapidly to the closed form solution,”* except for 4MREDC-F, which appears to diverge 
with mesh refinement for a/h = 5. The Mindlin-type elements converge most rapidly, but the 
non-conforming Reddy-type elements also yield excellent results. 


4.4. Buckling analysis 


In order to examine the ability of the elements to model linear stability (buckling) problems, a 
(0/90/0) laminate consisting of layers of Material 3 will be examined for a variety of boundary 
conditions. Two opposite sides of the plate are simply-supported, and the remaining two sides are 
either simply-supported (S), clamped (C) or free (F). Because the principal buckling modes in 
square, orthotropic laminates are not necessarily symmetric, a full plate finite element model is 
employed. It was found that the models using the 9MIN-S element were contaminated by 
spurious mechanisms for most of the boundary conditions considered, so these results are not 
given. Table VII shows the results for biaxial in-plane loading (N = N, = N,), which are 
normalized by the closed form solutions obtained by Khdeir.?? In addition, the CPU times 
required to obtain the solutions for the plate which is simply-supported on ail four sides are 
presented. The 9HET-S element converges very rapidly towards the analytical solution for the 


Table Vi. Normalized natural frequency of a simply-supported (0/90/90/0) laminate (Matertal 3) 
ajh Mesh 9MIN-S SHET-S 4MREDC-F 4MREDNC-F 4MREDNC-R 


2x2 0-988 0-988 0997 0-939 0-939 

5 4x4 0-988 0-988 0-985 0-970 0-970 
6x6 0-988 0-988 0-983 0-977 0-977 

2x2 0-992 0-992 0-978 0-946 0-946 

10 4x4 0-992 0-992 0-988 0-978 0-978 
6x6 0-992 0-992 0-989 0-984 0-984 

2x2 1-005 1-006 0-970 0-960 0-960 

100 4x4 1-004 1-004 1-000 0-992 0-992 


6x6 1-004 [-004 1-003 0-999 0-999 
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lowest buckling load, while the 4MREDNC-F and 4MREDNC-R elements require a slightly 
more refined mesh to yield satisfactory results, Despite requiring more elements than the heterosis 
element, the efficiency of the Reddy-type elements is duly noted in the final column of results. 


5. IMPLEMENTATION AND USE OF REFINED PLATE ELEMENTS 


The overall accuracy and efficiency of the 4MREDNC-F and 4MREDNC-R plate elements have 
been firmly established, but questions remain about the convenience of using these elements in 
general-purpose programs. One of the main obstacles is the fact that these elements have five 
bending degrees of freedom per node, instead of the usual three engineering degrees freedom— 
one defiection and two rotations. Because the refined elements require C'-continuity of the 
transverse deflection, there are two additional rotational degrees of freedom corresponding to the 
derivatives of the deflection. In this section, it will be shown how this problem can be overcome 
and be viewed as an advantage instead of a hindrance. 

It is common for the user of a commercial finite element code to be unaware of all the details 
involved in the computation and assembly of a finite element stiffness matrix. Likewise, the user 
need not worry about every step taken during the pre-processing portion of the program. 
Therefore, it is proposed that two of the four rotational degrees of freedom may be ‘invisible’ to 
the user. This causes no problem with the application of boundary conditions, because there are 
no conceivable cases where one member of the two sets of rotations (6w°/dx, @,) and (dw°/dy, b,} 
will be constrained without the status of the other also being implied. This is clear from the form 
of the boundary conditions given in (7), where it is seen that if M, is unknown, both ¢, and 
dw°/@x must be specified, and likewise for the respective y-components. Therefore, either both 
members of a set of rotations must be specified as boundary conditions, or neither member can be . 
specified (when the applied moment is known). In most problems, both members of a set of 
rotations will be constrained to zero because of conditions at the boundary ofa structure. In this 
case, when the one ‘visible’ member of the set of rotations is constrained to zero, a simple pre- 
processing step can add this boundary condition to the other member. In the case where the slope, 
dw/én, of a boundary must be specified as some non-zero quantity, the additional rotation, ¢,, 


Table VII. Normalized buckling loads and CPU times for a square (0/90/0} 
laminate (Material 3) 


Full ss 
plate CPU time 
Element mesh SS sc ce FF (sec) 


4MREDNC-F 6x6 0-921 0921 0927 0-963 9-96 


4MREDNC-R 6x6 O92t O921 0927 0963 797 
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must be specified as zero at that point. Therefore, it is suggested that the ‘visible’ rotations be the 
familiar slopes of the deflection, and the ‘invisible’ rotations, which can be specified during pre- 
processing based on the other boundary conditions, be the ¢, and ¢, degrees of freedom. The 
same technique can be empioyed when a force boundary condition, a moment in this case, is 
applied. According lo the vatiationally consistent form of the boundary conditions in (7), the 
value of the moment should be added to the force vector in the equations corresponding to both 
members of the set of rotations that are in the same direction as the moment. Again, this 
modification can be made to the boundary condition data during pre-processing. 

It should be noted that ¢, and ¢, are not true rotations, but are actually measures of the 
transverse shearing strain. Therefore, when $, and ¢, are specified to be zero, as at clamped 
boundaries, the shearing strain is automatically zero at these points. This is an unfortunate 
property of the plate theory, but it clearly has no deleterious effects on the numerical results, as 
seen herein. 

The existence of the slope degrees of freedom in the refined plate elements is actually 
advantageous in terms of applying physically consistent boundary conditions. To explain this 
further, consider the definitions of the infinitesimal rotations of a point in an elastic continuum 


8 ov dw gcse {feu dw (18) 
Om Faz Oy me  2\ G2 ax 
fn the first-order theory, these rotations are given by 
1 aw? 1 ow? 
Oy, = i(¥, _ ~| Ox, = i(v. = =) (19) 


while in the generalized third-order theory, they are 


1] - dw® our me 
Q.. = 3| ¢ ~ 2a +. 4(z) é.| 


In the displacement finite element model of the first-order theory, no boundary condition can be 

imposed on dw°/@x or dw°/dy. Therefore, the rotation of a point in the piate can never be 

specified to be identically zero, as is required at some clamped boundaries. The zero rotation 

condition is satisfied only for very thin structures, where the Kirchhoff constraints impose the 
conditions 

dw® dw® 

ae es 


on the finite element degrees of freedom. However, in the displacement finite element models 
based on the third-order theory, the rotation of a point in the plate can be specified to be exactly 
zero, as is physically appropriate. While the specification of the derivatives of w° may be 
unnecessary for the majority of structures (those which are thin), the inability to adequately 
restrain the rotations of a Mindlin-type plate places restrictions on the thick plate modelling 
capability of the theory (note the differences in deflection given by the finite element models of the 
two theories in Tables II and III for a/h = 5). 

When using refined plate theories or their associated finite element models, questions often 
emerge about the meaning of the higher-order stress resultants such as P,, P,, P,,, R, and R, in 


(21) 
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(6). These terms arise naturally in the variational formulation of the theory and must be included, 
but their physical meaning and significance are difficult to interpret. The one thing that is 
understood is that these types of loads are not applied externally to engineering structures. 
Therefore, it is customary to simply assume that they are either zero or unknown (when the 
corresponding displacement is specified). In this way, the question of their physical meaning need 
not be addressed directly, with the understanding that they are a necessary component of the 
mathematical formulation of the problem. 

Asa final note, the 4MREDNC-R element appears to be ideally suited to be used as a flat, four- 
noded shell element for applications in which the membrane and bending coupling are not 
significant. The entire elemental stiffness matrix (membrane, bending and shearing portions) may 
be integrated using a uniform 2 x 2 rule, yielding a very efficient and accurate element. 


6. CONCLUSIONS 


The misunderstanding surrounding plate finite elements based on the third-order plate theories 
has been addressed, with the intent of demonstrating the accuracy and efficiency of these 
elements. Some of the advantages of these elements over the most commonly used finite elements 
based on the first-order shear deformation theory have been shown. These include: parabolic 
distribution of the shearing strains and quadratic variation of transverse shearing stresses 
through the thickness so that no shear correction factors are needed, improved modelling of in- 
plane deformations for thick and laminated plates, and better modelling of physically appropriate 
boundary conditions. Properties of the third-order theory elements that were previously not 
widely known have been illuminated: comparable, and often superior, accuracy and efficiency 
compared to the best known quadratic Mindlin-type elements (especially the element herein 
called MREDNC-R), and suitability for general use in a commerciai finite element program. 
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OBSERVATIONS ON HIGHER-ORDER BEAM THEORY 
By A, Bhimaraddi‘ and K. Chandrashekhara? 


Asstract: A parabolic shear-deformation beam theory assuming a higher-order 
variation for axtal displacement has been recently presented, In this theory, the 
axia] displacement variation can be selected so that it results in a suitable admissible 
transverse shear-strain variation across the depth of the beam. This paper examines 
several transverse shear-strain variations that can go with the aforementioned higher- 
order theory. Apart from the usual simple parabolic variation. six other shear- 
strain variations are considered: the sinusoidal variation, cubic, quartic, quintic, 
and sixth-order polynomials. Alt these variations for (ransverse shear-strain satisfy 
the requirement that the shear strain be zero at the extreme fibers (z = +4/2) 
and nonzero elsewhere along the depth of the beam. Comparison of the results 
from this paper with results from others show that the simple parabalic distribution 
for transverse shear strain gives mast accurate results. Also, Timoshenko’s theory 
(with a shear factor of five-sixths) and the current formulation which uses the 
parabolic shear-strain distribution, give identical values for deflections. 


INTRODUCTION 


Timoshenko (1921) was the first to recognize the importance of including 
shear deformation effects in the dynamic response calculations of elastic 
beams. In his formulation, Timoshenko retained all of the assumptions of 
classical Euler-Bernouili beam theory except he does not assume that cross 
sections remained normal to the deformed neutral surface. Thus, Timo- 
shenko’s theory assumes that cross sections remain plane, but no longer 
remain normal to the deformed neutral surface. This assumption led to the 
prediction of constant shear strain across the cross section and is in contra- 
diction to that predicted by the theory of elasticity, which predicts a parabolic 
variation with zero values at the extreme fibers. To correct this inherent 
deficiency, Timoshenko introduced the shear correction factor (or the Ti- 
moshenko shear coefficient). It is well known that the value of this factor 
vaties from problem to problem; see Mindlin and Deresiewicz (1954) and 
Cowper (1966) for more details, A large amount of literature available on 
the calculation of this factor indicates its importance and its influence on 
the results of the Timoshenko beam theory. Some discussion of the available 
literature on shear-factor computation may be found in Bhimaraddi (1985). 
Therefore, it must be understood here that the accuracy and reliabitity of 
the results from the Timoshenko beam theory depend to a very large extent 
on a proper selection of the shear coefficient. 

In a pursuit to advance a shear deformation beam theory that accounted 
for a parabolic shear-strain variation across the cross section with zero values 
at the extreme fibers (and therefore obviated the use of shear correction 
factor), Levinson (1981a, b) proposed a new beam theory. Levinson (1981a, 
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b} showed that his theory predicts better results when compared with elas- 
ticity solutions than Timoshenko’s theory. However, due to the type of 
formulation followed (vectorial approach) by Levinson (1981b), his theory 
is variationally inconsistent (see Bickford 1982). Bickford (1982) reformu- 
lated Levinson’s theory using a variational principle and also showed how 
one could obtain the correct and variationally consistent equations using 
the vectorial approach. Thus, the resulting differential equation for con- 
sistent beam theory is of the sixth order, whereas that for the inconsistent 
beam theory is of the fourth order. 

Bhimaraddi (1985, 1988) has presented a beam theory that is very similar 
in all respects to that of Bickford (1982) but uses a slightly different set of 
ad hoc displacement forms. There are, however, two main differences in 
the formulations of Bhimaraddi and Bickford: (1) The classical Euler-Ber- 
noulli beam theory comes out readily as a special case in Bhimaraddi’s 
formulation, whereas this is not so in Bickford’s formulation; and (2) any 
suitable distribution to shear strains can be used (see the & function later) 
in Bhimaraddi’s formulation with no additional alterations being required 
in the subsequent derivations that follow once the ad hoc displacements are 
written. {n Bhimaraddi (1985, 1988) the shear-strain distribution has been 
assumed to be a symmetric parabola with zero values at the extreme fibers. 
It is the purpose of this paper to examine how the other shear-strain dis- 
tributions affect the response of beams. In what follows we briefly describe 
the current formulation. 


BASIC EQUATIONS 


We consider a rectangular cross-section beam of unit width with depth h 
and length ZL. Displacements at any point, following Bhimaraddi (1985), 
are written as 


u(x, z) = &(z)b(x) - z ~ Saad saviarels Snags SoA ual aatancyeke (1a) 


Wy 2) SWS) co ciee dee oe ed wk gab es Ae es oe See ea NS (1b) 


where 4 and w = the displacements along the axial (x) and lateral (z)} 
direction, respectively; & = the shear rotation in addition to the flexural 
rotation (dw/dx); and & is a function of the z-coordinate. @ and w are func- 
tions of x only. In Bhimaraddi (1985, 1988), a parabolic variation (d&/dz = 
1 -— 4z?/h?) for shear strain was used, and it was only suggested that almost 
any function (&) whose first derivative vanishes at z = +#/2 and is nonzero 
elsewhere can be used. Using the preceding displacement field given by (1a) 
and (16), the normal and shear strains can be written as 


Be Phe id ae ditch Selateed tates nin pear ch Ma fitoemixenedatass (26) 


where &* = dt/dz; and various forms for the & functions and their first 
derivatives are listed in Table 1. A detailed discussion on the selection of 
the displacement fields for the more general problem of a curved beam may 
be found in Bhimaraddi (1988). Stresses are related to strains as 


Be oi ob ance tallest ea eae de abusa ints stows atte (3a) 
GE cite shinee cbt aen he Peale em Se a dN eae ee Ne Se (3b) 
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TABLE 1. Various — Functions and Their First Derivatives 


(2) 


(1) 


dé/dz = & function 
(3} 


Theory | z — (425/3hk*) 1 — (4z°4h?) 
Theory 2 | z — (16z°/5h+) 1 — {f6z*/h*) 
Theory 3 | 2 + (27/2h) — (422/3h°) — (24#h3)| 1 + (2/h) — (42°/h2) — (4254) 
Theory 4 | 2 — (2/2h) — (42°/3H7) + (24h?) } 1 — (2h) — (42h?) + (425/83) 
Theory 5 [| z — (82°/347) + (1625/5h+) 1 — (8z7/h7) + (1624/h4) 
Theory 6 | 2 — (42z°/h*) + (4825/57) — 1 — (1227h7) + 48(27/At} - 
(642 7/7h*) 64(z*/h°) 
Theory 7 | (#/m)cos{(a/2)[t — (22/h)]} sin{(a/2)[1 - (22/h)]} 
E 
FTE EER ca a eR Rice a (3e) 


where E, G, and p= the Young’s modulus, shear modulus, and the Poisson's 
ratio of an isotropic material, respectively. 

Using the principle of the stationary total potential energy, one obtains 
the following differential equations governing the static response of the beam 


5 

ah” — Bw" — ce OHO secereeeeeeeetenesseereesesees (4a) 
wo gar a —4 

WS GE ET shan Sadly ae basi sanesies ba (4b) 


where g = the applied laterai load on the beam; / = 43/12; and a«,f, and 
8 and the stress resuitants are detined as 


| : (2, 26. Ndr = (10 TB IO). cescdhaes warhintsmeiaabtveys (5a) 


ee pods = (MDs: Oe nse coex ben Soaawaeue es (5b) 


Substituting stress-strain relations [(3a@)—(3c)] and strain-displacement re- 
lations [(2a) and (26)] in stress-resultant definitions [(5@) and (55)} and 
integrating, one obtains the following. 


BE SET BEY. choc oce tise cal aedes vate tolativesates (6a) 
ME = EN ad) = BW ents. wiosen ec nee ea eat ci wae (66) 
a ciel > ee ee en eae (6c) 


Eliminating from (4a) and (40), we obtain a single governing equation in 
terms of w as 


a Ayr = 2 4 + ee g 
W h7w nN El (- = =) FT ae (7a) 
where 
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Det ee 
d (eS eke ee (7b) 
All other quantities can also be expressed in terms of w as 
2 Quy a? r 
MBG Be — ae BM ae BEES et fanaa Kanter a Aware oy (8a) 
Me (ay — we + a (85) 
A) i a 
= SEE ye BR yy 2) 
= Bn ( a ple oe ees (8c) 
a= ia we 4 2 
5 (x “a rr £) aan enGe integers anayy Mains (8d) 


The following boundary conditions are to be used for different types of 
supports: 


* Simply supported end: 


a, a ea | (9a) 
« Free end 

Me Oe MR 0 cnr beets Nes ee aad Semdntems (96) 
¢ Fixed end: 

WS Wo Sh 0 cinesesar cides weeensamer ech eeu vleea es (9c) 


Thus, we have reduced the problem of calculating the static response of a 
beam to the problem of finding the solution of a sixth-order differential 
equation [(74)} with appropriate boundary conditions [(94)-(9c)]. 


RESULTS 


One can obtain the tip deflection of a cantilever and the central deflection 
{at x = 0) of simply supported and clamped beams as 


3 1 Bp? h? 
Wip = ez | 1 + 38 (1 + p) rz (cantilever with tip load P) 
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_ Sqok! 8B m 
Weenter = 384ET r+ rau mg M) 3 


(simply supported beam with uniform load qo) ...........6.60 005 (10c} 
_ Gol" 8p? 

Weenter = 3R4ET [s+ Leer (i + ws 

(clamped beam with uniform load qq) .....--....2- 22.02 eee eee (10d) 


While arriving at these expressions, we have observed that AL is too large 
(and therefore tanh AL = 1, VAL = 0, and sinh AL = cosh AL). This is a 
very good approximation for most problems of practical interest. In (10a)- 
(10d), the second term in the bracketed quantity represents the effects of 
shear deformation, while the first term is the solution to the Euler-Bernoulli 
theory. Furthermore, in (10¢)-(i0d), the shear deformation effects are 
proportional to 67/8. In a more general fashion, one can write (10a)-(10d) 
as 


w= Ww, F + (1 + p) | sabiay sige sa aceite Goat Baas Beaks (11) 


where w, = the deflection corresponding to the Euler-Bernoulli beam the- 
ory; and w, = the proportionality constant due to shear deformation effects. 

Table 2 shows w, values for different beam problems, along with various 
theories considered. One may observe from this table that, for various & 
functions considered, a symmetric parabolic distribution for shear strain 
(theory 1) gives the greatest value for w, followed by the sinusoidal distri- 
bution (theory 7). Thus, it is interesting to note that a simple parabolic 
distribution is a good enough approximation. Comparing with the other 
theories, Table 2 shows that the current parabolic distribution 1 (theory 1) 
and Timoshenko’s (1921) theory (with shear coefficient, x? = 5/6) give 
identical results for all the problems considered. In general, “ Levinson’ $ 
(1981a, b) inconsistent beam theory gives higher , values than the present 
formulation and Timoshenko’s theory. 


TABLE 2. Values of w, for Various Theories Considered 


Caniilever Cantilever 


(top load) | {uniform load) Clamped 
(2) (3) (5) 
Theory 1 0.6 0.8 9.6 
Theory 2 0.58776 0.78367 9.40408 
Theory 3 0.57931 0.77241 ‘ 9.26897 
Theory 4 0.57931 0.77241 1,85379 9.26897 
Theory 5 0.57857 0.77143 1,85143 9.25714 
Theory 6 0.54476 0.72635 1.74324 8.71619 
Theory 7 0.59913 0.79885 1.91723 9.58613 
Timoshenko (1921) 0.8 1.92 9.6 
Levinson (1981la, b; 1988} 1.2 1.92 12,0 
Elasticity (Timoshenko 
and Goodier 1970) 


= (48/25)[1 + (25/24)myl + p) and w = 0.3. 
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CONCLUSIONS 


In this paper the effect of shear deformation on the static response of 
beams of rectangular cross section has been considered using various dis- 
tribution functions for shear strain. Numerical results indicate that the simple 
parabolic distribution gives the best results. The deflection values obtained 
using the parabolic shear-strain distribution are identical to those of Ti- 
moshenko’s (1921) theory with shear factor equal to five-sixths. The major 
disadvantage of Timoshenko’s theory lies in the use of the proper value for 
the shear factor and the theories which do not use shear factor should be 
considered, even if they are more complicated than Timoshenko’s theory. 
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PREFACE TO THE 
SECOND EDITION 


This second edition has the same objectives as the first, namely, an 
introduction to the finite element method as applied to linear, one- and 
two-dimensional problems of engineering and applied sciences. The revisions 
are mainly in the form of additional details, expansion of the topics discussed, 
and the addition of a few topics to make the coverage more complete. 

The major organizational change from the first edition is the division of 
its five chapters into fourteen chapters here, These chapters are grouped into 
four patts. This reorganization should aid instructors in selecting suitable 
material for courses. Other organizational changes include putting probiem 
sets at the ends of the chapters, providing a chapter summary for each, and 
reviewing pertinent equations and text in each chapter instead of referring to 
several chapters back. In addition, example problems in Chapters 3 and 8 are 
presented in separate sections on heat transfer, fluid fow, and solid mechanics. 

Additional details are provided on the construction of the weak forms, 
time approximations (e.g., accuracy and stability of schemes, and mass 
lumping), alternative finite element formulations, and nonlinear finite element 
models. The new topics include sections on trusses and frames, the Timosh- 
enko beam element, eigenvalue problems, and classical plate bending ele- 
ments. All these changes are also reflected in the revised computer programs 
FEMIDV2 and FEM2DV2 (revised versions of the FEMID, FEM2D and 
PLATE programs in the first edition). Therefore the sections on computer 
implementation and applications of FEM1DV2 and FEM2D V2 have also been 
modified extensively. These changes are accompanied by the addition of 
several figures, tables, and examples. 

These extensive changes have resulted in a second edition that is 60% 
larger. In the interest of keeping the cost of the book within reasonable limits 
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while retaining the basic approach and technical details, certain portions of the 
original manuscript have been omitted. More specifically, answers to selective 
problems have been included at the end of the problem statements themselves, 
rather than in a separate section. Interested readers and instructors can obtain 
a copy of the excutable programs on a diskette from the author. Fortran source 
programs can also be purchased from the author. ‘ 

There is no doubt that this edition is more complete and thorough than 
the first. It can be used as a textbook for an introductory and/or intermediate 
level course on the finite element method at senior undergraduate as well as 
graduate levels. Students of engineering and applied sciences should feel 
comfortable with the coverage in the book. 

The author gratefully acknowledges help in reading the manuscript and 
suggestions for constructive changes from several colleagues. These include: 
Hasan Akay, Purdue University at Indianapolis, Norman Knight, Jr, Clemson 
University; J. K. Lee, Ohio State University; William Rule, University of 
Alabama; Martin Sadd, University of Rhode Island; John Whitcomb, Texas 
A&M University, and the author’s research students: Ronald Averill, Filis 
Kokkinos, ¥. $8. N. Reddy, and Donald Robbins. It is a great pleasure to 
acknowledge typing of the manuscript by Mrs Vanessa McCoy, without whose 
patience and cooperation this work would not have been completed. 


J. N. Reddy 


PREFACE TO THE 
FIRST EDITION 


The motivation which led to the writing of the present book has come from my 
many years of teaching finite-element courses to students from various fields of 
engineering, meteorology, geology and geophysics, physics, and mathematics. 
The experience gained as a supervisor and consultant to students and 
colleagues in universities and industry, who have asked for explanations of the 
various mathematical concepts related to the finite-element method, helped me 
introduce the method as a variationally based technique of solving differential 
equations that arise in various fields of science and engineering. The many 
discussions I have had with students who had no background in solids and 
structural mechanics gave rise to my writing a book that should fill the rather 
unfortunate gap in the literature, 

The book is designed for senior undergraduate and first-year gthduate 
students who have had a course in linear algebra as well as in differential 
equations. However, additional courses (or exposure to the topics covered) in 
mechanics of materials, fluid flow, and heat transfer should make the student 
feel more comfortable with the physical examples discussed in the book. 

In the present book, the finite-element method is introduced as a 
variationally based technique of solving differential equations. A continuous 
problem described by a differential equation is put into an equivalent 
variational form, and the approximate solution is assumed to be a linear 
combination, ¥,¢;, of approximation functions ¢, The parameters c, are 
determined using the associated variational form. The finite-element method 
provides a systematic technique for deriving the approximation functions for 
simple subregions by which a geometrically complex region can be repre- 
sented. In the finite-element method, the approximation functions are piece- 
wise polynomials (i.e., polynomials that are defined only on a subregion, called 
an element). 
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The approach taken in the present book falls somewhere in the middle of 
the approaches taken in books that are completely mathematical and those 
approaches that are more structural-mechanics-oriented. From my own ¢x- 
perience as an engineer and self-taught applied mathematician, I know haw 
unfortunate outcomes may be arrived at if one follows a “formula” without 
deeper insight into the problem and its approximation. Even the best theories 
lead ultimately to some sort of guidelines (e.g., which variational formulation 
is suitable, what kind of element is desirable, what is the quality of the 
approximation, etc,). However, without a certain theoretical knowledge of 
variational methods one cannot fully understand various formulations, finite- 
element models, and their limitations. 

In the present study of variational and finite-element methods, advanced 
mathematics are intentionally avoided in the interest of simplicity. However, a 
minimum of mathematical machinery that seemed necessary is included in 
Chapters 1 and 2. In Chapter 2, considerable attention is devoted to the 
construction of variational forms since this exercise is repeatedly encountered 
in the finite-element formulation of differential equations. The chapter is 
concerned with two aspects: first, the selection of the approximation functions 
that meet the specified boundary condtions; second, the technique of obtaining 
algebraic equations in terms of the undetermined parameters. Thus, Chapter 2 
not only equips readers with certain concepts and tools that are needed in 
Chapters 3 and 4, but it also motivates them to consider systematic methods of 
constructing the approximation functions, which is the main feature of the 
finite-element method. 

In introducing the finite element method in Chapters 3 and 4, the 
traditional solid mechanics approach is avoided in favor of the “differential 
equation” approach, which has broader interpretations than a single special 
case. However, when specific examples are considered, the physical back- 
ground of the problem is stated. Since a large number of physical problems are 
described by second- and fourth-order ordinary differential equations (Chapter 
3), and by the Laplace operator in two dimensions (Chapter 4), considerable 
attention is devoted to the finite-element formulation, the derivation of the 
interpolation functions, and the solution of problems described by these 
equations. Representative examples are drawn from various fields of engineer- 
ing, especially from heat transfer, fluid mechanics, and solid mechanics. Since 
this book is intended to serve as a textbook for a first course on the 
finite-element method, advanced topics such as nonlinear problems, shells, and 
three-dimensional analyses are omitted. 

Since the practice of the finite-element method ultimately depends on 
one's ability to implement the technique on a digital computer, examples and 
exercises are designed to let the reader actually compute the solutions of 
yarious problems using computers. Ample discussion of the computer im- 
plementation of the finite-element method is given in Chapters 3 and 4, Three 
model programs (FEMID, FEM2D, and PLATE) are described, and their 
application is illustrated via several examples. The computer programs are very 
easy to understand because they are designed along the same lines as the 
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theory presented.in the book. The programs are available for mainframe and 
IBM PC compatibles from the author for a small charge. 

Numerous examples, most of which are applications of the concepts to 
specific problems in various fields of engineering and applied science, are 
provided throughout the book. The conclusion of the examples are indicated 
by the symbol ll. At approprate intervals in the book an extensive number of 
exercise problems is included to test and extend the understanding of the 
concepts discussed. For those who wish to gain additional knowledge of the 
topics covered in the book, many reference books and research papers are 
listed at the end of each chapter. 

There are several sections that can be skipped in a first reading of the 
book (such sections are marked with an asterisk); these can be filled in 
wherever needed later. The material is intended for a quarter or a semester 
course, although it is better suited for a semester course. 

The following schedule of topics is suggested for a first course using the 
present textbook: 


Undergraduate Graduate 
Chapter i Self-study Chapter 1 Self-study 
Chapter 2 Section 2.1 (self) Chapter 2 Section 2.1 {self} 
Section 2,2 Section 2.2 
Sections 2.3.1-2.3.3 Section 2.3 
Chapter 3 Sections 3.1-3.4 Chapter 3. Sections 3,1-3.7 
Sections 3.6—3.7 
Chapter 4 Sections 4,1-4,4 Chapter 4 Sections 4.1-4.8 
Section 4.7 


Sections 4,8.1-4.8.4 Chapter 5 Term Paper 


Due to the intimate relationship between Sections 3.5 and 4.6, 3.6 and 4.7, and 
3.7 and 4.8, they can be covered simultaneously. Also, it is suggested that 
Sections 3.6 and 3.7 (hence, 4.7 and 4.8) be covered after Section 3.2. 

The author wishes to thank all those students and colleagues who have 
contributed by their advice and criticism to the improvement of this work. The 
author is also thankful to Vanessa McCoy for skillful typing of the manuscript, 
to Mr. N. S. Putcha and Mr. K. Chandrashekhara for proofreading the pages, 
and to the editors Michae! Slaughter and Susan Hazlett for their help and 
cooperation in publishing the mauscript. 


J. N. Reddy 


Tejashwina vadheetamasthu 
(May what we study be well studied) 
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INTRODUCTION 


18 GENERAL COMMENTS 


Virtually every phenomenon in nature, whether biological, geological, or 
mechanical, can be described with the aid of the laws of physics, in terms of 
algebraic, differential, or integral equations relating various quantities of 
interest. Determining the stress distribution in a pressure vessel with oddly 
shaped holes and numerous stiffeners and subjected to mechanical, thermal, 
and/or aerodynamic loads, finding the concentration of pollutants in seawater 
or in the atmosphere, and simulating weather in an attempt to understand and 
predict the mechanics of formation of tornadoes.and thunderstorms are a few 
examples of many important practical problems. 

Most engineers and scientists studying physical phenomena are involved 
with two major tasks: 


1, Mathematical formulation of the physical process 
2, Numerical analysis of the mathematical model 


The mathematical formulation of a physical process requires background in 
related subjects (e.g., laws of physics) and, most often, certain mathematical 
tools. The formulation results in mathematical statements, often differential 
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equations, relating quantities of interest in the understanding and/or design of 
the physical process. Development of the mathematical model of a process is 
achieved through assumptions concerning how the process works. In a 
numerical simulation, we use a numerical method and a computer to evaluate 
the mathematical model and estimate the characteristics of the process. 

While the derivation of the governing equations for most problems is not 
unduly difficult, their solution by exact methods of analysis is a formidable 
task. In such cases, approximate methods of analysis provide aliernative means 
of finding solutions. Among these, the finite difference method and the 
variational methods such as the Rayleigh—Ritz and Galerkin methods are most 
frequently used in the literature. 

In the finite difference approximation of a differential equation, the 
derivatives in the latter are replaced by difference quotients (or the function is 
expanded in a Taylor series) that involve the values of the solution at discrete 
mesh points of the domain. The resulting algebraic equations are solved, after 
imposing the boundary conditions, for the values of the solution at the mesh 
points. 

In the solution of a differential equation by a variational method, the 
equation is put into an equivalent weighted-integral form and then the 
approximate solution over the domain is assumed to be a linear combination 
(Xi, ¢@,) of appropriately chosen approximation functions ¢, and undetermined 
coefficients, c. The coefficients ¢; are determined such that the integral 
statement equivalent to the original differential equation is satisfied. Various 
yatiational methods, e.g., the Rayleigh-Ritz, Galerkin, and least-squares 
methods, differ from each other in the choice of the integral form, weight 
functions, and/or approximation functions. A more complete discussion of 
variational methods will be given in Chapter 2. They suffer from ithe 
disadvantage that the approximation functions for problems with arbitrary 
domains are difficult to construct. 

The finite element method overcomes the disadvantage of the traditionai 
yariational methods by providing a systematic procedure for the derivation of 
the approximation functions over subregions of the domain. The method is 
endowed with three basic features that account for its superiority over other 
competing methods. First, a geometrically complex domain of the problem is 
represented as a collection of geometrically simple subdomains, called finite 
elements. Second, over cach finite element, the approximation functions are 
derived using the basic idea that any continuous function can be represented 
by a linear combination of algebraic polynomials. Third, algebraic relations 
among the undetermined coefficients (ic., nodal values} are obtained by 
satisfying the governing equations, often in a weighted-integral sense, over 
each element. Thus, the finite element method can be viewed, in particular, as 
an element-wise application of the Rayleigh—Ritz or weighted-residual meth- 
ods. In it, the approximation functions are often taken to be algebraic 
polynomials, and the undetermined parameters represent the values of the 
solution at a finite number of preselected points, called nodes, on the 
boundary and in the interior of the element. The approximation functions are 
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derived using concepts from interpolation theory, and are therefore called 
interpolation functions. One finds that the degree of the interpolation functions 
depends on the number of nodes in the element and the order of the differential 
equation being solved. 


12 HISTORICAL BACKGROUND 


The idea of representing a given domain as a collection of discrete parts is not 
unique to the finite element method. It was recorded that ancient mathe- 
maticians estimated the value of « by noting that the perimeter of a polygon 
inscribed in a circle approximates the circumference of the latter, They 
predicted the value of # to accuracies of almost 40 significant digits by 
representing the circle as a polygon of a finitely large number of sides, In 
modern times, the idea found a home in aircraft structural analysis, where, for 
example, wings and fuselages are treated as assemblages of stringers, skins, 
and shear panels. In 1941, Hrenikoff introduced the so-called framework 
method, in which a plane elastic medium was represented as a collection of 
bars and beams. The use of piecewise-continuous functions defined over a 
subdomain to approximate an unknown function can be found in the work of 
Courant (1943), who used an assemblage of triangular elements and the 
principle of minimum total potential energy to study the St Venant torsion 
problem. Although certain key features of the finite element method can be 
found in the works of Hrenikoff (1941) and Courant (1943), its formal 
presentation is attributed to Argyris and Kelsey (1960) and Turner, Clough, 
Martin, and Topp (1956). The term “finite element” was first used by Clough 
in 1960, Since its inception, the literature on finite element applications has 
grown exponentially, and today there are numerous journals that are primarily 
devoted to the theory and application of the method. A review of the historical 
developments and the basic theory of the finite element method can be found 
in more than three dozen textbooks that are exclusively devoted to its 
introduction and application. The selective finite element books listed in 
References for Additional Reading at the ead of this chapter are only for 
additional information on certain topics {e.g., three-dimensional problems, 
shells, structural dynamics, plasticity, and mathematics of finite elements). For 
the beginner, it is not necessary to consult these; the present book provides 
complete details of the method as applied to linear field problems, with 
examples from Auid mechanics, heat transfer, and solid mechanics. 


1.3 THE BASIC CONCEPT OF THE 
FINITE ELEMENT METHOD 


1.3.1 General Comments 


The most distinctive feature of the finite element method that separates it from 
others is the division of a given domain into a set of simple subdomains, called 
finite elements, Any geometric shape that allows computation of the solution or 
its approximation, or provides necessary relations among the yalues of the 
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solution at selected points, called nodes, of the subdomain, qualifies as a finite 
element. Other features of the method include seeking continuous, often 
polynomial, approximations of the solution over each element in terms of 
nodal values, and assembly of element equations by imposing the interelement 
continuity of the solution and balance of interelement forces. Here the basic 
ideas underlying the finite element method are introduced via two simple 
examples: 


1. Determination of the circumference of a circle using a finite number of line 
segments 


4. Determination of the center of mass (or gravity) of an irregular body 


The first example is an expansion of an article written by the author in 1978 for 
a student magazine at the University of Oklahoma. Ideas. expressed in the 
second can be found in books on statics of rigid bodies. 


1.3.2 Approximation of the Circumference of a Circle 


Consider the problem of determining the perimeter of a circle of radius R (see 
Fig. 1.1a). Ancient mathematicians estimated the value of the circumference 


(a) 


Element 


Node 


(5) 
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by approximating it by line segments, whose lengths they were able to 
measure, The approximate value of the circumference is obtained by summing 
the lengths of the line segments used to represent it. Although this is a trivial 
example, it illustrates several (but not al!) ideas and steps involved in the finite 
element analysis of a problem, We outline the steps involved in computing an 
approximate value of the circumference of the circle. In doing so, we introduce 
certain terms that are used in the finite element analysis of any problem. 


Ll 


2 


Finite element discretization. First, the domain (i.e., the circumference of 
the circle) is represented as a collection of a finite number 7 of subdomains, 
namely, line segments. This is called discretization of the domain. Each 
subdomain (i.e., line segment) is called an element. The collection of 
elements is called the finite element mesh. The elements are connected to 
each other af points called nedes. In the present case, we discretize the 
circumference into a mesh of five (1 = 5) line segments. The line segments 
can be of different lengths, When all elements (i.e., line segments) are of 
the same length, the mesh is said to be uniform; otherwise, it is called a 
nonuniform mesh {see Fig. 1.15). 

Element equations. A typical element (i.e., line segment, 2°) is isolated and 
its required properties, i.e., length, are computed by some appropriate 
means. Let hk, be the length of element ° in the mesh. For a typical 
element 2°, #, is given by (see Fig. 1.ic) 


h, =2R sin 49, (1.4) 


where R is the radius of the circle and 0, < # is the angle subtended by the 
line segment. The above equations are called element equations, Ancient 
mathematicians most likely made measurements, rather than using {1.1), to 
fiad f,. 


. Assembly of element equations and solution. The approximate value of the 


circumference (or perimeter) of the circle is obtained by putting together 
the element properties in a meaningful way; this process is called the 
assembly of the element equations. It is based, in the present case, on the 
simple idea that the total perimeter of the polygon (assembled elements) is 
equal to the sum of the lengths of individual elements: 


, f= > h, (1.2) 


Then P,, represents an approximation to the actual perimeter, p. If the mesh 
is uniform, or #, is the same for each of the elements in the mesh, then 
8, = 2njn, and we have. 


P,= n(2R sin *) (1.3) 


Convergence and error estimate. For this simple problem, we know the 
exact solution: p =22R. We can estimate the error in the approximation 
and show that the approximate solution P, converges to the exact p in the 
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limit as #7. Consider the typical element 2°. The error in the 
approximation is equal to the difference between the length of the sector 
and that of the line segment (see Fig. 1.ic): 

i= |S. — Rel (1.4) 


where S, = RG, is the length of the sector. Thus, the error estimate for an 
element in the mesh is given by 


E,= R(= —2sin ) (1.5) 
” n 
The total error (called global error) is given by multiplying F, by mt: 
£=2R(x-nsin=) = 2a -P, (1.6) 
We now show that E goes to zero as n>, Letting x = i/n, we have 
P, =2Rn sin= = 2R——~ 
n x 
and 
lim P, = lim (2r am) = lim (2aR oon) = 20R (1.7) 
nom x x 


Hence, E, goes to zero as n>. This completes the proof of convergenice. 


In summary, it is shown that the circumference of a circle can be 
approximated as closely as we wish by a finite number of piecewise-linear 
functions. As the number of elements is increased, the approximation 
improves, i.e., the error in the approximation decreases. 


1.3.3 Approximate Determination of the Center of Mass 


Another elementary example to illustrate the finite element concept is 
provided by the calculation of the center of mass of a continuous body. It 
should be zecalled, from a first course on statics of rigid bodies, that the 
calculation of the center of an irregular mass or the centroid of an irregular 
yolume makes use of the so-called method of composite bodies, in which a 
body is conveniently divided (mesh discretization) into several parts (elements) 
of simple shape for which the mass and the center of mass (element properties) 
can be computed readily. The center of mass of the whole body is then 
obtained using the moment principle of Varignon (a basis for the assembly of 
element properties): 


(ta, ting to . b y X= mF + mak t 6 + kn (1.8) 


where ¥ is the x coordinate of the center of mass of the whole body, mm, is the 
mass of the eth part, and £, is the x coordinate of the center of mass of the eth 
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part. Similar expressions hold for the y and z coordinates of the center of mass 
of the whole body. Analogous relations fold for composite lines, areas, and 
volumes, wherein the masses are replaced by lengths, areas, and volumes, 
respectively. ; 

When a given body is not expressible in terms of simple geametric shapes 
(elements) for which the mass and the center of mass can be represented 
mathematically, it is necessary to use a method of approximation to represent 
the properties of an element. As an example, consider the problem of finding 
the centroid (X, Y) of the irregular area (region) shown in Fig. 1.2. The region 
can be divided into a finite number of rectangular strips (elements), a typical 
element having width h, and height b,. The area of the eth strip is given by 
A, =h,b,. The atea A, is an approximation of the true area of the element 
because b, is an estimated average height of the element. The coordinates of 
the centroid of the region are obtained by applying the moment principle: 


z Ake > AY, e 


€ 


DA.’ LA, 


r= 


where X, and ¥, are the coordinates of the centroid of the eth element with 
respect to the coordinate system used for the whole body. When the center of 
mass is required, A, in the above equations is replaced by the mass m, = p,A,, 
p. being the mass density of the eth element; for a homogeneous body, p, is 
the same for all elements. 

It should be noted that the accuracy of the approximation will be 
improved by increasing the number of strips (decreasing their width) used. 
Rectangular elements are used in the present discussion for the sake of 
simplicity only; one may choose to use elements of any size and shape that 
approximate the given area to a satisfactory accuracy. For example, a 
trapezoidal element will require two heights to compute the area: 


A, = ahAb. + be +1) 


FIGURE 1.2 
Approximate determination of the mass or geometric centroid of an irregular region by dividing it 
into a set of rectangular or trapezoidal subregions. 
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where b, and b,,, are the left and right heights, respectively, of the eth 
element. 

The two examples considered above illustrate how the idea of piecewise 
approximation is used to approximate irregular geometries and calculate 
required quantities. In the first example, the circumference of a circle is 
approximated by a collection of line segments, whose measure is available. In 
the second, the geometric centroid or mass centroid of an irregular domain is 
located by approximating its geometry as a collection of strips that allow 
computation of their areas. Rectangles and trapezoids provide examples of the 
element geometries. Thus, subdividing a geometrically complex domain into 
parts that allow the evaluation of desired quantities is a very natural and 
practical approach. The idea can be extended to approximate functions 
representing physical quantities. For example, the temperature variation in a 
two-dimensional domain can be viewed as a curved surface, and it can be 
approximated over any part of the domain, i.e., over a subdomain or element, 
by a function of desired degree. Figure 1.3 shows a curved surface over a 
triangular subregion approximated by a planar surface, i.e., a linear palyno- 
mial, Such ideas form the basis of finite element approximations. The next 
example illustrates this idea for a one-dimensional continuous system. 


1.3.4 Solution of Differential Equation 


Consider the temperature variation in a composite cylinder consisting of two 
coaxial layers in perfect thermal contact (see Fig. 1.4). Heat dissipation from a 
wire (with two insulations) carrying an electric current and heat flow across a 
thick-walled composite circular cylindrical tube are typical examples. The 
temperature T is a function of the radial coordinate r. The variation of T with r 
is, in general, nonuniform. We wish to determine an approximation T,(r) to 
T(r) over the thicknesses of the cylinder. The exact solution is determined by 
solving the differential equation 


ldj.d , 
28 (KF =@(r) (1.9) 


Plane surface 


FIGURE 1.3 

Approximation of curved surface (or a nonuniform 
function) over a triangular region by a planar 
surface. 
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FIGURE 1.4 

(2) Coaxial (composite) cylinder made of 
two different materials. (b) Finite element 
representation of a radial line of the 
(}) cylinder, 


Element 


subject to appropriate boundary conditions, for example, insulated at r = R, 
and subjected to a temperature J, at r= R,: 


r= 0 atr=R; Tir=T, atr=R, (1.96) 
where & is the thermal conductivity, which varies from layer to layer, R; and R, 
are the inner and outer radii of the cylinder, and q is the rate of energy 
generation in the medium. Note that the temperature is independent of the 
circumferential coordinate (because of the axisymmetric geometry, boundary 
conditions, and loading), and it has the same variation along any radial line. 
When it is difficult to obtain an exact solution of the problem (1.9), either 
because of complex geometry and material properties or because g(r) is a 
complicated function that does not allow exact evaluation of its integral, we 
seek an approximate one. In the finite element method, the domain (R,, R,) is 
divided into NV subintervals, and the approximate solution is sought in the form 


T(r}= > Tyr) (Rpsr-<R; + hy; first interval) 
fel 


B(r)= >, Tey7(r) (Ry, + hy <r SR, + hy + ha; second interval) (1-10) 
j=l 


Tyr) = > Typ) (Rp + yt +++ thy <r < Ro} Nth interval) 
ist 
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where h, denotes the length of the eth interval, T; is the value of the 
temperature 7,(r) at the jth geometric point of the eth interval, and yy} are 
polynomials on the eth interval. The continuous function T(r) is approximated 
in each interval by a desired degree of polynomial, and the polynomial is 
expressed in terms of the values of the function at a selected number of points 
in the interval. The number of points is equal to the number of parameters in 
the polynomial. For example, a linear polynomial approximation of the 
temperature over the interval requires two values, and hence two points are 
identified in the interval. The endpoints of the interval are selected for this 
purpose because the two points also define the length of the interval (sce Fig. 
1.52). For higher-order polynomiat approximation, additional poimts are 
identified interior to the interval (see Fig. 1.55). The intervais are called finite 
elements, the points used to express the polynomial approximation of the 
function are called nodes, Tf are called nodal values, and yf are called finite 
element approximation functions. The nodal values Tj are determined such 
that 7,(r) satisfies the differential equation (1.9a} and boundary conditions 
(1.96) in some sense. Usually, the differential equation is satisfied in a 
weighted-integral sense, and boundary conditions on the function itself are 
satisfied exactly. 

The piecewise (i.¢., element-wise) approximation of the solution allows 
us to include any discontinuous data, such as the material properties, and to 
use meshes of many lower-order elements or a mesh of few higher-order 
elements to represent large gradients of the solution. Polynomial approxima- 
tions of the form (1.10) can be derived systematically for any assumed degree 
of variation. 

The satisfaction of the differential equation in a weighted-integral sense 
leads, for steady-state problems, to algebraic relations among nodal tempera- 
tures 7} and heats QO; of the element. The algebraic equations of all elements 
are assembled (i.e., related to each other) such that the temperature is 
continuous and the heats are balanced at nodes common to elements. The 


Linear, T, T(r) 


TI he i7s 
—— 


Thr} 
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| ; | ¥LGURE 1.5 
. (a) Linear approximation of 2 function T(r). (6) Quadratic 


(b} approximation of a function T(r). 
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assembled equations are solved for the nodal values after imposing the 
boundary conditions of the problem. 


13.5 Some Remarks 


In summary, in the finite element method, a given domain is divided into 
subdomains, called finite elements, and an approximate solution to the 
problem is developed over each of these. The subdivision of a whole into parts 
has two advantages: 


1. It allows accurate representation of complex geometries and inclusion of 
dissimilar materials, 

2. It enables accurate representation of the solution within each element, to 
bring out local effects (e.g., large gradients of the solution). 


The three fundamental steps of the finite element method that are 
iliustrated via the examples are: 
1. Divide the whole into parts (both to represent the geometry and solution of 
the problem}. 
Over each part, seek an approximation to the solution as a linear 
combination of nodal values and approximation functions. 
Derive the algebraic relations among the nodal values of the solution over 
each part, and assemble the parts to obtain the solution to the whole. 


2 


3 


Although the above examples illustrate the basic idea of the finite 
element method, there are several other features that are either not present or 
not apparent from the discussion of the examples. 

Some remarks are in order. 


1. One can discretize a domain, depending on its shape, into a mesh of more 
than one type of element. For example; in the approximation of an 
irregular domain, one-can use a combination of rectangles and triangles, 

2, If more than one type of element is used in the representation of the 
domain, one of each kind should be isolated and its equations developed. 

3. The governing equations are generally more complex than those con- 
sidered in the first two examples. They are usually differentiat equations. 
In most cases, the equations cannot be solved over an element for two 
reasons. First, they do not permit the exact solution. It is here that the 
variational methods come into play. Second, the discrete equations 
obtained in the variational methods cannot be solved independent of the 
remaining elements, because the assemblage of the elements is subjected 
to certain continuity, boundary, and/or initial conditions. 

4, There are two main differences in the form of the approximate solution 
used in the finite element method and that used in the classical variational 
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5. 


6. 


9, 


10. 
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methods (i.¢., Variational methods applied to the whole domain). First, 
instead of representing the solution u as a linear combination (u = £; ¢;) 
in terms of arbitrary parameters c, as in the variational methods, in the 
finite element method the solution is often represented as a linear 
combination (u = ¥,4,,) in terms of the values uy; of u (and possibly its 
derivatives as well) at the nodal points. Second, the approximate functions 
in the finite element method are often polynomials that are derived using 
interpolation theory. However, the finite element method is not restricted 
to the use of approximations that are linear combinations of nodal values 
u; and interpolation functions y, that are algebraic polynomials. One can 
use, in addition to nodal values, nodeless variables (as in the Rayleigh— 
Ritz method) to represent the approximation of a function. 

The number and the location of the nodes in an element depend on (a) the 
geometry of the element, (b) the degree of the polynomial approximation, 
and (c) the integral form of the equations. By representing the required 
solution in terms of its values at the nodes, one obtains directly the 
approximate solution at the nades. 

The assembly of elements, in a general case, is based on the idea that the 
solution (and possibly its derivatives for higher-order equations) is 
continuous at the interetemeni boundaries. 

In general, the assemblage of finite elements is subjected to boundary 
and/or initial conditions. The discrete equations associated with the finite 
element mesh are solved only after the boundary and/or initial conditions 
have been imposed. 

There are three sources of error in a finite element solution: {a) those due 
to the approximation of the domain (this was the only error present in the 
first two examples); (b) those due to the approximation of the solution; 
and (c) those due to numerical computation (e.g., numerical integration 
and round-off errors in a computer). The estimation of these errors, in 
general, is not a simple matter. However, under certain conditions, they 
can be estimated for a given element and problem (see Chapter 5). 

The accuracy and convergence of the finite element solution depends on 
the differential equation, its integral form, and the element used. 
“Accuracy” refers to the difference between the exact solution and the 
finite element solution, while “convergence” refers to the accuracy as the 
number of elements in the mesh is increased. 

For time-dependent problems, a two-stage formulation is usually followed. 
In the first stage, the differential equations are approximated by the finite 
element method to obtain a set of ordinary differential equations in time. 
Tn the second, the differential equations in time are solved exactly or 


_ further approximated by either variational methods or finite difference 


methods to obtain algebraic equations, which are then solved for the nodal 
values (see Chapter 6). 

When the continuity conditions of assembly are replaced by contact 
conditions, the method is known as the disereie element method (DEM). In 
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the discrete element method, individual elements can have finite motions 
{e.g., displacements and rotations), Such methods have applications in 
rock mechanics (mining and tunneling), ice mechanics, and other fields 
where a continuum is disintegrated during deformation or the original 
medium is a collection of individual particles (e.g., granular media and 
molecular biology}. 


1.4 THE PRESENT STUDY 


This is a book on the finite element method and its applications to linear 
problems in engineering and applied sciences. Most introductory finite elernent 
textbooks written for use in engineering schools are intended for students of 
solid and structural mechanics, and these introduce the method as an offspring 
of matrix methods of structural analysis. A few texts that treat the method as a 
variationally based technique leave the variational formulations and the 
associated methods of approximation either to an appendix or to self-study by 
the student, This book is written to introduce the finite element method as a 
numerical technique that employs the philosophy of constructing piecewise 
approximations of solutions to problems described by differential equations. 
This viewpoint makes the student aware of the generality of the finite element 
concept, irrespective of the student’s background. It also enables the student 
to see the mathematical structure common to various physical theories, and 
thereby to gain additional insight into various engineering problems. 


15 SUMMARY 


In a numerical simulation of a physical process, we employ a numerical 
method and computer to evaluate a mathematical model of the process. The 
finite element method is a powerful numerical technique devised to evaluate 
complex physicai processes. The method is characterized by three features: 


1. The domain of the problem is represented by a collection of simple 
subdomains, called finite elements. The collection of finite elements is 
called the finite element mesh. 

2. Over each finite element, the physical process is approximated by functions 
of desired type (polynomials or otherwise), and algebraic equations relating 
physical quantities at selective points, called nodes, of the element are 
developed. 

3. The element equations are assembled using continuity and/or “balance” of 
physical quantities. 


In the finite element method, in general, we seek an approximate 
solution u to a differential equation in the form 


nm Fay 
if y uy; -- s C0; 
j=l fel 
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where u; are the values of u at the element nodes, #; are the interpolation 
functions, c; are the nodeless coefficients, and ¢, are the associated approxima- 
tion functions. Direct substitution of such approximations into the governing 
differential equations does not always result, for an arbitrary choice of the data 
of the problem, in a necessary and sufficient number of equations for the 
undetermined coefficients uj; and c; Therefore, a procedure whereby a 
necessary and sufficient number of equations can be obtained is needed. One 
such procedure is provided by a weighted-integral form of the governing 
differential equation. Chapter 2 is devoted to the study of weighted-integral 
formulations of differential equations and their solution by variational methods 
of approximation. 

There is only one method of finite elements, and it is characterized by the 
three features stated above. Of course, there can be more than one finite 
element model of the same problem. The type of model-depends on the 
differential equations and methods used to derive the algebraic equations (.c., 
the weighted-integrai form used) for the undetermined, coefficients over an 
element. Although the Rayleigh-Ritz method and polynomial approximations 
are used frequently to generate the finite element equations, any appropriate 
method or combination of methods, can be used, in principle, to generate the 
algebraic equations. In this spirit, the collocation method, subdomain method, 
boundary integral methods, and so on can be used to generate the algebraic 
equations among discrete values of the primary and secondary variables. 
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INTEGRAL 
FORMULATIONS 
AND 
VARIATIONAL 
METHODS 


t 


2.14 NEED FOR WEIGHTED-INTEGRAL FORMS 


In the finite element method, we use an integral statement to develop algebraic 
relations among the coefficients u,; of the approximation 


u -) Hyp (2.1) 


where 4 represents the solution of a particular differential equation. The use of 
an integral statement equivalent to the governing differential equation is 
necessitated by the fact that substitution of (2.1) into the governing differential 
equation does not always result in the required number of lineaily independent 
algebraic equations for the unknown coefficients uj; One way to insure that 
there are exactly the same number 7 of equations as there are unknowns is to 
require weighted integrals of the error in the equation to be zero. A more ~ 
detailed discussion of this idea is given in the next few paragraphs. 

Suppose that we wish to determine an approximate solution of the. 
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equation 


~4 (2A) +u=0 for O<x<1 (2.22) 


“on 6 


We seek an approximate solution, over the entire domain Q= (0,1), in the 
form 


=0 - (2.26) 


x=l 


Af 
u = Uy <2 &0,(x) + holx) (2.3) 
where the c; are coefficients to be determined, and (x) and @o{x) are 
functions preselected such that the specified boundary conditions of the 
problem are satisfied by the N-parameter approximate solution Uy. For 
example, we could take N =2 and write the approximate solution of (2.2) in 
the form (@, =x" ~ 2x, $2. =x" — 3x, y= 1) 


= Un = 0(x? - 2x) + eo(x* —3x)+ 1 


which satisfies the boundary conditions (2.25) of the problem for any values of 
c, and c,. The constants c, and ¢, are to be determined such that the 
approximate solution Uy in (2.3) satisfies (2.22) in some sense. If we require 
Uy to satisfy (2.22) in the exact sense, we obtain 

dUy _d*Uy 


+x 


dx iy? 


+ Uy = —2es(x — 1) — 3¢2(x? — 1) — 2e.x — 62x" 


+ ¢,(x? — 2x) + eo(x? -— 3x) +1=0 


Since this expression must be zero for any value of x, the coefficients of the 
various powers of x must be zero: 


1+ 2¢, + 3e,=0 
—(G¢, + 3c.) =0 
¢,—9ce,=0 
t,=0 


The above relations are inconsistent; hence, there is no solution to the 
equations. On the other hand, we can require the approximate solution U to 
satisfy the differential equation (2.2a) in the weighted-integral sense, 
E 
{ wR dx =0 (2.4@} 
c 


where R is called the residual, 
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and w is called a weight function. From (2.4a), we obtain as many linearly 
independent equations as there are independent functions for w. For example, 
if we take w = 1 and w=<x, we obtain 


1 
= [ LR dx = (1 + 2¢e, + 3c5) + 4(—6e; - 3c} + a(cy _ 9c) + te, 
0 


1 
0 =| XR dx = ACA + 2e, + 3ey) + 3( Gey — 32) + Ife, - 9¢2) + 42 
it] 


or 


tp 45¢.— 
Ser + aca = 1 (2.4b) 


3 A, = 
$014 Fico =4 ' 


which provide two linearly independent equations for c, and c, (giving c1> ae 
and c. = —BR). ‘ 

Thus, integral statements of the type in (2.42) provide means for 
obtaining as many algebraic equations as there are unknown coefficients in the 
approximation. This chapter deals with the construction of different types of 
integral statements used in different variational methods. A variational method 
is one in which approximate solutions of the type u=~ ¥, cP; + Po are sought, 
and the coefficients ¢, are determined, as shown above, using an integral 
statement. The variational methods differ from each other in the choice of the 
weight function w and the integral statement used, which in turn dictates the 
choice of the approximation functions ¢,. In the finite element method, a given 
domain is viewed as an assemblage of subdomains (i.e., elements), and an 
approximate solution is sought over each subdomain in the same way as in 
yariational methods. Therefore, it is informative to study variational methods 
before we study the finite element method. 

Our goal in this chapter is to illustrate the basic steps in the integral 
formulations and the associated approximations of various boundary problems. 
Toward this goal, we first introduce necessary terminology and notation. 


2.2 SOME MATHEMATICAL CONCEPTS 
AND FORMULAE 


2.2.1 Boundary, Initial, and Eigenvalue Problems 


DOMAIN AND BOUNDARY. The objective of most analyses is to determine 
unknown functions, called dependent variables, that satisfy a given set of 
differential equations in a given domain or region and some boundary 
conditions on the boundary of the domain. A domain is a collection of points 
in space with the property that if P is a point in the domain then all points 
sufficiently close to P belong to the domain. This definition implies that a 
domain consists only of internal points. If any two points of the domain can be 


joined by a line lying entirely within it then the domain is said to be convex 
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and simply connected. The boundary of a domain is the set of points such that, 
in any neighborhood of each of these points, there are points that belong to 
the domain as well as points that do not. Note from the definition that the 
points on the boundary do not belong to the domain. We shall use the symbol 
Q to denote an arbitrary domain and I to denote its boundary. 

A function of several variables is said to be of class C”(Q) in a domain 2 
if all ifs partial derivatives up to and including the mth order exist and are 
continuous in Q. Thus, if f is of class C° in two dimensions then f is continuous 
fi.c., 3f/4x and af/ay exist but may not be continuous). The letters x and y 
will always be used for rectangular coordinates of a point in two dimensions. 

When the dependent variables are functions of one independent variable 
(say, x), the domain is a line segment (i.c., one-dimensional) and the 
endpoints of the domain are cailed boundary points. When the dependent 
vatiables are functions of two independent variables (say, x and y), the . 
(two-dimensional) domain is a surface (most often a plane) and the boundary 
is the closed curve enclosing it. It is not uncommon to find problems in which 
the dependent variable and possibly its derivatives are specified at points 
interior to the domain ({e.g., bending of continuous beams). 

A differential equation is said to describe a boundary value problem if 
the dependent variable and possibly its derivatives are required to take 
specified values on the boundary. An inifial value problem is one in which the 
dependent variable and possibly its derivatives are specified initially (i.c., at 
time ¢=0). Initial value problems are generally time-dependent problems. 
Examples of boundary and initial value problems are given below. 


BOUNDARY VALUE PROBLEM 


df du 
-< (a =) =f for 0<x<1 (2.5) 
du 
O)=d, (aS) = 
uO)=do, (a) = 80 (2.6) 
INITIAL VALUE PROBLEM 
=u 
pia tau= =f for 0<1<ty (2.7) 
du 
u(0) = ue, (F) ot (2.8) 
BOUNDARY AND INITIAL VALUE PROBLEM 
ca = ( =) 4 ou [yevecr 
— —= it . 
Ox +PS FQ, 1) for O<t<ty (2.9) 


u(0, t) = elt), ( 2 7 galt), u(x, O)=uolx) (2.10) 
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The conditions in (2.6) are called boundary conditions, while those in 
(2.8) are called initial conditions. When any of the specified values (1.¢., dp, go, 
ff, and vg) are nonzero, the conditions are said to be nonhomogeneous; 
otherwise, they are said to be homogeneous. For example, u{0)= dy is a 
nonhomogenous boundary condition, and the associated homogencous bound- 
ary condition is u(0)}= 0. The set of specified quantities (e.g., 4, go, do, P, Uo» 
and vo) is called the data of the problem. Differential equations in which the 
right-hand side f is zero are called homogeneous differential equations. 


EIGENVALUE PROBLEM. The problem of determining the values of the 
constant A such that 


—-j=Au for O<x<1 
i) 
(2.11) 


wo-o (0G), 


is called the eigenvalue problem associated with the differential equation (2.5). 
The values of A for which (2.11) can be satisfied are called eigenvalues, and the 
associated functions u are called eigenfunctions. 

The classical (or exact) solution of a differential equation is the function 
that identically satisfies the differential equation and the specified boundary 
and/or initial conditions. 


=0 
1 


2.2.2 Integral Relations 


Integration by parts is frequently used in the integral formulation of 
differential equations. In two-dimensional cases, integration by parts is better 
known as the gradient and divergence theorems. In this section, we derive 
some useful identities for future use. 


INTEGRATION-BY-PARTS FORMULAE. Let u, uv, and w be sufficiently 
differentiable functions of the coordinate x. Then the following integration-by- 
parts formula holds: 


2 du b 5 » 
[ wide = [ wav —| udw + [wu], 


a 


=— ; v @ ax + w(b)u(b) — w(a)u(a)} (2.12) 


This identity can easily be established. First, note the following identity from 
the product rule of differentiation: 


d 


d 
= (wu) =F two 


dx dx 
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Therefore 


Integrating both sides over the interval (a, b), we obtain 


[ wee dr= [ [Zo-Bo] ax 


= [ Zoom ax [ Boa 


=[wu]?- “iy dx 


a 


which is the same as (2.12). 
Next, consider the expression 


“Eta 


edu 


; Wyte -[ vende + w(b)u(b) — w(a)}vfa) 


4 dud du 
= -| AE de + w(6)F (0) — wl) Z(@) 


or 
> du dw > du 
-| Fee as = | w wos Sade + w(a) = (a) ~ (0) () 
Similarly, 
> d*w ea ftd?w 
ae | va (Ge) 
> Pu 2w 
= vat, where “=77 
Using (2.132) with w =v, we can write the right-hand side as 
” du du 
deep (0) $6) - va) Sa) 


We use (2.135) with w = w and u = v to write (2.14a) as 


(2. 13a) 


(2.13) 


(2.142) 


b qt u lu 
[ ede + way 2 @)— ul) FO) + 0) FO) - ve) F @ (2.146) 
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and, finally, replacing « by its actual value u = d?w/dx?, we arrive at 


> d*w > dw d*y dw dv dw. du 
poet | Braet GO Oa OO 


aw d’w 
+ v{b) ae (b) — v(a) ae (a) (2.15) 
Equations (2.132) and (2.15) are useful in the weak formulation (see Section 
2.3) of second- and fourth-order differential equations, respectively. 

Let ¥ and VY denote, respectively, the gradient operator and the 
Laplacian operator in the two-dimensional cartesian rectangular coordinate 
system (x, y): 

39 ra) . 
Vai-—+j—, V=aV-V=5tZ7 2.16 
1 ox j ay x 2 (2.16) 
where | and j denote the unit basis vectors along the x and y coordinates, 
respectively. The caret “” over the vectors indicates that they are of unit 
length. If F(x, y) and G(x, y) are scajar functions of class C°(Q} in the 
two-dimensional domain @, the following gradient and divergence theorems 
hold. 
GRADIENT THEOREM 
| grad F dx dy = | VE dx dy = > AF ds 
2 Qo 
or (2.17a) 
oF *) 4 
% : 4 ri 
— +y— = 
[ (i at) ay dx dy p (nd +n Dds 


The second equation implies (because two vectors are equal if and only if their 
components are equal) that the following relations hold: 


OF oF 
OF acd = $ nF ds, [Sad =} nas 2.176 
j ax , r a Oy ? rr ( ) 
DIVERGENCE THEGREM 
[ divGdedy= | ¥-Gardy—$a-Gas 
g g Tv 
or (2.18) 


et leant 
LG +S) aedy =} 0.6.4 1G) a 


Here the dot denotes the scalar product of vectors, fi denotes the unit vector 
normal to the surface [ of the domain Q, a, and ny (G, and G,) are the 
rectangular components of f (G), and the circle on the boundary integral 
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Boundary T 


@ =F, tT ert+Ty 


(b} FIGURE 2.1 


indicates that the integration is taken over the entire boundary (see Fig. 2.1). 
The direction cosines x, and n, of the unit vector f can be written as 


h, =cos{x, ii), 4, =cos(y, fi) (2.19) 


where cos (x, fi) is the cosine of the angle between the positive x direction and 
the unit vector ii. 

The following identities, which can be derived using the gradient and 
divergence theorems, will be useful in the sequel. Let w and G be scalar 
functions defined in a two-dimensional domain Q. Then 


| { (VG)w dx dy = - i (¥w)G dx dy + [ AWG ds (2.202) 
a2 22 r 
and 
aG 
-| (VGw dx dy = | Vw + VG di dy —p < was (2.20b) 
Q , a rc an 
where 3/@n denotes the normai derivative operator, 
~ go. o 3 
an a Vee (2.21) 


ax By 
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The following component form of (2.202), with an appropriate change of 
variables, is useful in the sequel: 


ac ow 
OF ied --[= $ Gds 2.2 
[» Dr iy 6 3, 0 ax dy + p new (2.224) 
aG ow 
vax d --| Gard +6 n,wGds 2.226 
ik oy » an oy , r » ( ) 


Equations (2.22a, b) can easily be established by means of (2.178}. 


2.2.3 Functionals 


An integral expression of the form , 


® du 
i(a) -| F(x,u,uw’)dx, u=u(x), w= - 
a dx 
where the integrand F(x, u, u’) is a given function of the arguments x, 4, and 
dufdx, is called a functional. The value I{u) of the integral depends on wu; 
hence the notation /(u) is appropriate. However, for a given u, I(u) represents 
a scalar value, We shall use the term functional to describe functions defined 
by integrals whose arguments themselves are functions. Loosely speaking, a 
functional is a “function of functions.” Mathematically, a functional is an 
operator J mapping u inte a scalar I(w). 
A functional i(u) is said to be linear in u if and only if it satisfies the 
relation 


i(au + Bv) = alu) + Biv) (2.23) 


for any scalars ¢ and 8 and dependent variables u and v. A functional Blu, v) 
is said to be bilinear if it is linear in each of its arguments 4 and vu: 


Blau, + Buz, v) = aBluy, v) + BB(us, v) 

{linearity in the first argument) (2.24) 
B(u, av,+ Bu2) = wB(u, vi) + BB(u, v2) 

(linearity in the second argument) 


where u, Wy, 4, V, Uy, and wv, are dependent variables. A bilinear form 
B(u, v) is said to be symmeiric in its arguments wu and v if 


B(u, v) = BW, #) (2.25) 


for-all « and v. 
An example of a linear functional is 


iv) = [ uf dx + * (L)Mo 
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where f =f(x) and M, are known quantities, An example of a bilinear 
functional is 


Edu dw 
B = eeu 
(v, w) l a ax 


where a = a(x) is a known function. 


2.2.4 The Variational Symbo! 


Consider the function F = F(x, u,v’), For an arbitrary fixed value of the 
independent variable x, F depends on u and wu’. The change av in u, where 
is a constant and v is a function, is called the variation of u and is denoted by 
bu: 


du = av (2.26) 


The operator 6 is calied the variational symbol. The variation du of a function 
u represents an admissible change in the function u(x) at a fixed value of the 
independent variable x. If u is specified at a point (usually on the boundary), 
the variation of u is zero there because the specified value cannot be varied. 
thus the variation of a function z should satisfy the homogeneous form of the 
boundary conditions for u. The variation du in u is a virtual change. 
Associated with this change in u (i.e., u going to u + av), there is a change in 
F. In analogy with the total differential of a function of two variables, the first 
variation of F at u is defined by 


OF 
— dn 
au’ 


Note the analogy between the first variation, (2.27), and the total differential 
of F, 


oF 
OF =— . 
Bu ou + (2.27) 


oF or OF 

dF = dx + du + du! (2.28) 
Since x is not varied during the variation of u to u+déu, dx=0 and the 
analogy between OF and dF becomes apparent. That is, 6 acts as a differential 
operator with respect to dependent variables. It can easily be verified thai the 
laws of variation of sums, products, ratios, powers, and so forth are completely 
analogous to the corresponding laws of differentiation. For example, if 
F,= Fw) and & = (#) then 


1. 6(F, £5) = 6F, + OF,” 
2. 6(RE)= % 6+ F 6h 


hy Boh - Fob (2.28) 
3, 6(Z) 2 
4, 6[(F)"] =a(h)" 6% 
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Furthermore, the variational Operator can commute with differential and 
integral operators (as long as the coordinates x and y are the fixed, Lagrangian 
coordinates): ; 


d d 
£ (bu) =< (00) = ae - au’ = du’ = (=) (2.302) 
é [ u(x) dx = [ du(x) dx (2.302) 


2.3 WEAK FORMULATION OF 
BOUNDARY VALUE PROBLEMS 


2.3.1 Introduction 


Recall from Section 2.1 that the motivation for integral formulations of 
boundary value problems comes from the fact that variational methods of 
approximation, e.g., the Ritz, Galerkin, least-squares, collocation, or, in 
general, weighted-residual methods, are based on weighted-integral statements 
of the governing equations. Since the finite element method is a technique for 
constructing approximation functions required in an element-wise application 
of any variational method, it is necessary to study the weighted-integral 
formulation and the weak formulation of differential equations. In addition to 
the above reason, weak formulations alse facilitate, in a natural way, the 
classification of boundary conditions into natural and essential boundary 
conditions, which play a crucial role in the derivation of the approximation 
functions and the selection of the nodal degrees of freedom of the finite 
element model. , 

In this section, our primary objectives will be to construct the weak form 
of a given differential equation and to classify the boundary conditions 
associated with the equation. A week form is a weighted-integrai statement of 
a differential equation in which the differentiation is distributed among the 
dependent variable and the weight function and includes the natural boundary 
conditions of the problem. 


2.3.2 Weighted-Integral and Weak Formulations 


Consider the problem of solving the differential equation 
d 
~<a) | =9@) for O<x<L (2.314) 
for the solution u(x), subject to the boundary conditions 


=, (2.316) 


xekh 
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Here a and g are known functions of the coordinate x, uy and Qy are known 
values, and L is the length of the one-dimensional domain. The functions a 
and q, and constants #, and Qo, along with the length L of the domain, are the 
data of the problem. The solution u is the dependent variable of the problem. 
When the specified values are nonzero (#0 or Q,#0), the boundary 
conditions are said to be nonhomogenecus; when the specified values ate zera 
the boundary conditions are said to be homogeneous, The homogeneous form 
of the boundary condition u(0) = ug is #(0) = 0, and the homogeneous form of 
the boundary condition (a du/dx)L..2 = Oo is (a du/dx)[,-1 = 0. 

Equations of the type (2.31a) arise, for example, in the study of heat 
conduction in a heat exchanger fin or a jong axisymmetric cylinder. Other 
examples are included in Tabie 3.2. In the former case, a = kA, with & being 
the thermal conductivity and A the cross-sectional area, and L being the length 
of the fin, For the axisymmetric case, a = 2aL4x, x being the radial coordinate 
rand L the length of the cylinder (see Fig. 1.4). In both cases, g denotes the 
heat generation term, # is the specified temperature, and Qo is the specified 
heat. Other physical problems are also described by the same equation, but 
with different meanings for the variables (see Table 3.2). 

It should be recalled that the sole purpose of developing a weighted- 
integral statement of a differential equation is to have the means to cbtain N 
linearly independent algebraic relations among the coefficients c, of the 
approximation 


N 
us Uy = 2 CPX) + PolX) (2.32) 
This is accomplished by choosing N linearly independent weight functions in 
the integral statement, as will be seen shortly, 
There are three steps in the development of the weak form, if it exists, of 
any differential equation. These steps are illustrated by means of the model 
differential equation and boundary conditions in (2.31). 


Step 1. Move all expressions of the differential equation to one side, multiply 
the entire equation with a function w, called the weight function, and integrate 
over the domain @ = (0, LE) of the problem: 


o= [ w[ (et) —g]ax (2.33) 


We shall call the statement in (2.33} the weighted-integral or weighted-residual 
statement equivalent to the original equation (2.31a), The expression in the 
square brackets is net identically zero when u is replaced by its approximation. 
Mathematically, (2.33) is a statement that the error in the differential equation 
(due fo the approximation of the solution) is zero in the weighted-integral 
sense. When uw is the exact solution, (2.33) is trivial. The integral statement 
(2.33) allows us to choose WN linearly independent functions for w and obtain NV 
equations for c,, ¢z,..., ¢y of (2.32). 
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Note that the weighted-integral statement of any differential equation can 
be developed, The weight function w in (2.33) can be any nonzero, integrabie 
function. In general, the weight function w in the integra! statement is subject 
to less stringent continuity requirements than the dependent variable u. The 
weighted-integral statement is equivalent only to the differential equation, and 
it does not include any boundary conditions. 


Step 2. While the weighted-integral statement (2.33) allows us to obtain the 
necessary number NV of algebraic relations among ¢; for V different choices of 
the weight function w, it requires that the approximation functions ¢; be such 
that Uy [see (2.32)] is differentiable as many times as cailed for in the original 
differential equation and satisfies the specified boundary conditions. If this is 
not a concern, one can proceed with the integral statement (2.33) and obtain 
the necessary algebraic equations for c, Approximate methods based on 
weighted-integral statements of the form (2.33) are known as weighted-residual 
methods (see Section 2.4.3). If the differentiation is distributed between the 
approximate solution Uy and the weight function w, the resulting integral form 
will require weaker continuity conditions on ¢;, and hence the weighted- 
integral statement is called the weak form. As will be seen shortly, the weak 
formulation has two desirable characteristics. First, it requires weaker (c., 
jess) continuity of the dependent variable, and often it results in a symmetric 
set of algebraic equations in the coefficients. Second, the natural boundary 
conditions of the problem are included in the weak form, and therefore the 
approximate solution Uy is required to satisfy only the essential boundary 
conditions of the problem. These two features of a weak form play an 
important role in the development of finite element models of a problem. 

The equal distribution of differentiation among the weight function and 
the dependent variable is possible only if the derivatives appearing in the 
differentiat equation are of even order, as is the case with most problems 
studied in this book. The trading of differentiability from the dependent 
variable to the weight function is dictated by the need to include physically 
meaningful boundary terms into the weak form, regardless of the effect on the 
continuity requirements. On the other hand, trading of differentiation from the 
dependent variable to the weight function shouid not be performed if it leads 
to boundary terms that are not physically meaningful. . 

Returning to the integral statement (2.33), we integrate the first term of 
the expression by parts to obtain , 


E d{ du 
= [fol 5 (oe) |-mey 
“rdw du duy 
. = [ (= a a wa) dx —- [wa ral (2.34) 
where the integration-by-parts formula [see (2.12) or (2.13a)] 
EL iL 
[ wdu= -| udw + [wut (2.35) 


tf] ii] 
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with v= —adu/dx is used on the first term to arrive at the second fine of 
(2.34). The reader is asked to verify (2.34) either directly or by the use of 
(2.35). Note that now the weight function w is required to be differentiable at 
least once. ; 

An important part of Step 2 is to identify the two types of boundary 
conditions associated with any differential equation: natural and essential. The 
classification is important for both the variational methods of approximation 
considered in this chapter and the finite element formulations presented in 
Chapters 3-5. The following rule is used to identify the natural boundary 
conditions and their form. After trading differentiation between the weight 
function and the variable, i.e., after completing Step 2, examine all boundary 
terms of the integral statement. The boundary terms wili involve both the 
weight function and the dependent variable, Coefficients of the weight function 
and its derivatives in the boundary expressions are termed the secondary 
variables (SV). Specification of secondary variables on the boundary constit- 
utes the natural boundary conditions (NBC). For the case at hand, the 
boundary term is w(@ du/dx). The coefficient of the weight function is a du/dx. 
Hence the secondary variable is of the form {see (2.34)] a du/dx. 

The secondary variables always have physical meaning, and are often 
quantities of interest. In the case of heat transfer problems, the secondary 
variable represents heat, Q. We shall denote the secondary variable by 


= (a on (2.36) 


where 7, denotes the direction cosine, 


a, = cosine of the angle between the x axis and the 
normal to the boundary 


For one-dimensional problems, the normal at the boundary poinis is always 
along the length of the domain. Thus, n, = —1 at the left end and x, = 1 at the 
tight end of the domain: n,(0) = —1 and #,(L) = 1. 

The dependent variable of the problem, expressed in the same form as 
the weight function appearing in the boundary term, is called the primary 
variable {PV}, and its specification on the boundary constitutes the essential 
boundary condition (EBC). For the case under consideration, the weight 
function appears in the boundary expression [see (2.34)] as w. Therefore, the 
dependent variable u is the primary variable, and the essential boundary 
condition involves specifying u at the boundary points. 

It should be noted that the number and form of the primary and 
secondary variables depend on the order of the differential equation. The 
number of primary and secondary variables is always the same, and with each 
primary variable there is an associated secondary variable (e.g., displacement 
and force, temperature and heat, and so on). Only one of the pair, either the 
primary or the secondary variable, may be specified at a point of the boundary. 
Thus, a given problem can have its specified boundary conditions in one of 
three categories: (i) all specified boundary conditions are EBC; (ii) some of the 
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specified boundary conditions are EBC and the remaining are NBC; or (iii) all 
specified boundary conditions are NBC. For a single second-order equation, as 
in the present case, there is one primary variable u and one secondary variable 
Q. At a boundary point, only one of the pair (uv, @} can be specified. For a 
fourth-order equation, such as that for the classical (i.e., Euler—Bernoulli) 
theory of beams, there are two of each kind {i.e., two PVs and two SVs), as 
will be illustrated later (see Example 2.2). In general, a 2meth-order differential 
equation has m PVs and m SVs, i.¢., m pairs of primary and secondary 
variables. 
In the notation of (2.36), (2.34) takes the form 


a= [ (ew a -[w aul" 

“hy de de OT OY 

= f° (att 90) ae (won, ~ (wa, 
a ae de Wee Ning Nae 


hy dwd 
=| (aE a) dx — WO)0— (OQ) (2.37) 


x= 


Equation (2.37) is called the weak form of the differential equation (2.31). 
“Weak” refers to the reduced (i.c., weakened} continuity of wu, which is 
required to be twice-differentiable in the weighted-integral form (2.33) but 
only once-differentiable in (2.37), 


Step 3. The third and last step of the weak formulation is to impose the actual 
boundary conditions of the problem under consideration. It is here that we 
require the weight function w to vanish at boundary points where the essential 
boundary conditions are specified; i.c., w is required to satisfy the 
homogeneous form of the specified essential boundary conditions of the 
problem. This requirement on w mighi seem arbitrary for a reader not familiar 
with variational calculus. In weak formulations, the weight function has the 
meaning of a virtual change (or variation) of the primary variable. If a primary 
variable is specified at a point, the virtual change there must be zero. For more 
detailed discussions of this, the reader may consult books on variational 
methods [see Reddy (1986)]. For the problem at hand, the boundary 
conditions are given in (2.31b). By the rules of classification of the boundary 
conditions, # =u, is the essential boundary condition and (@ du/dx)|,-, = Qo 
is the natural boundary condition. Thus, the weight function w is required to 
satisfy 


w(0)=0, because u(0}= ug 


Since w(0) =0 and 


a(L)= (an) 
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(2.37) reduces to the expression 


dwdu 


o= [ (< de de - wa) dx —w{L}Q, (2,38) 


which is the weak form equivalent to the original differentiatl equation (2.314) 
and the natural boundary condition (2.315). This completes the steps involved 
in the development of the weak or variational form of a differential equation. 


The terms “variational form” and “weak form” will be used interchan- 
geably. The weak form of a differential equation is a weighted-integral 
statement equivalent to the differential equation and the specified natural 
boundary conditions of the problem. Note that the weak form exists for all 
problems—linear or nonlinear—that are described by second- and higher-order 
differential equations. When the differential equation is linear and of even 
order, the resulting weak form will have a symmetric bilinear form in the 
dependent variable u and weight function w. 

In summary, there are three steps in the development of a weak form. In 
the first, we put all expressions of the differential equation on one side (so that 
the other side is equal to zero}, then multiply the entire equation by a weight 
function and integrate over the domain of the problem. The resulting 
expression is called the weighted-integral form of the equation.“In the second 
step, we use integration by parts to distribute differentiation evenly between 
the dependent variable and the weight function, and use the boundary terms to 
identify the form of the primary and secondary variables. In the third step, we 
modify the boundary terms by restricting the weight function to satisfy the 
homogeneous form of the specified essential boundary conditions and replac- 
ing the secondary variables by their specified values. 

It should be recalled that a weighted-integral statement or the weak form 
of a differential equation is needed to obtain as many algebraic equations as 
there are unknown coefficients in the approximation of the dependent 
variables of the equation. For different choices of the weight function, different 
algebraic equations can be obtained. Because of the restrictions placed on the 
weight function in Step 3 of the variational formulation, it must belong to the 
same space of functions as the approximation functions (i.c., w ~ @,). 


2.3.3 Linear and Bilinear Forms and 
Quadratic Functionals 


It is informative, although not necessary for the use of variational methods or 
the finite element method, to see the relation between the weak form and the 
minimum of a quadratic functional associated with the differential equation. 
The weak form (2.38) contains two types of expressions: those involving both 
the dependent variable u and the weight function w, and those involving only 
the latter, We shail denote these two types of expressions by B(w, uw) and t(w), 
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Tespectively: 
. © dw du b 
= _—> = 2. 
Bw, u) i as dx, {w) l wq dx + w(L)Oo (2.39) 
Hence, the weak statement (2.38) can be expressed in the form 
O= Biw, uy — low) (2.40) 


which is termed the variational (or weak) problem associated with the 
equations (2.31). Using the definitions of linear and bilinear forms from 
Section 2.2.3, it can be verified that B(w, «) is bilinear and symmetric in w and 
u and that 7(w) is linear [see (2.23) and (2.24)}. The variational problem 
associated with (2.314, 6) can be stated as one of finding the solution wu such 
that 


ca ~ 
B(w, wy =i0w) (2.41) 
holds for any w that satisfies the homogeneous form of the specified essential 
boundary conditions and continuity conditions implied by the weak form. The 
function w can be viewed as a variation (or increment) of the actual solution 
u*, 

“u=u*t+tw (2.42) 
and u is the variational solution, i.e., the solution of (2.41). Since both « and 
u* must satisfy any specified essential boundary condition (in addition, u* also 
satisfies any specified natural boundary condition), it follows that w must 
satisfy the homogeneous form of the specified essential boundary condition. 


Thus, in the notation of (2.26), w is the variation (see Section 2.2.4) of the 
solution: 


w= du 
Then (2.40) can be written as 
(= B(du, uw) — du) 
If BC+, +) is symmeiric, we can write 
= 6[28(u, ¥)] — 62@)I. 
= di(u) {(2.43a) 


I(u) = 4B(u, u) —I(u) (2.436) 


In arriving at the second line of (2.43a), the following identities are used: 


L déud — frat fduy? 
B(du, w= ade 5[ 5|() jax 
du du 


E, 
=i a gy =i 
467 4a ix de dx = 3 6[Bt u)] (2.444) 


where 
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i(6u) = [ bu q dx + du(L) Oo 
0 


=| [ ug dr + u(L)Qo| = 6[2(u)] (2.44b) 


Note that the key step in the derivation of the functional f(#) from the 
weak form is the linearity and symmetry of the bilinear form B(w, u). The 
relation B(du, u) = 4 6B(u, wu) holds only if B(w, u) is bilinear and symmetric 
in wand u. Thus, whenever B(w, u) is bilinear and symmetric, and /(sv) is 
linear, the associated quadratic functional is given by (2.436). When B(w, u) is 
not finear in w and #, but is symmetric, the functional {(4) can be derived, but 
not from (2.43b). The interested reader can consult the books by Oden and 
Reddy (1976) and Reddy (1986). 

Equation (2.43¢) represents the necessary condition for the functional 
i{u) to have an extremum value, For solid mechanics problems, i(x) 
represents the total potential energy functional, and (2.43a) is the statement of 
the total poteniial energy principle: 


Of all admissible functions a, that which makes the total potential energy [(u) a 
rainimum also satisfies the differential equation and natural boundary condition in 
(2.31). 


In other words, the weak form of a differential equation is the same as the 
statement of the total potential energy principle. For problems outside solid 
mechanics, the functional /(} may not have the meaning of energy, but it is 
still useful for mathematical analysis (e.g., in considering the existence and 
uniqueness of solutions). 

As noted earlier, every differential equation admits a weighted-integral 
statement, and a weak form exists provided the equation is of order two or 
higher. However, not all equations admit the functional formulation. In order 
for the functional to exist, the associated bilinear form should be symmetric in 
its arguments. On the other hand, variational methods and the finite element 
method do not require a functional; an integral statement or 4 weak form of 
the equation to be solved is sufficient. If one has a functional at hand, the weak 
form is obtained by taking its first variation. _ 


2.3.4 Examples 


Now we consider some representative examples of differential equations in one 
and two dimensions, and formulate their variational equations. These ex- 
amples are of primary interest in the study of the finite element method. 


Example 2.1. Consider the differential equation 


~£ (a) -cutx?=0 for O<x<1 (2.452) 
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subject te the boundary conditions 


u(0) = 0, ( | ee (2.45b) 


The data are [cf. (2.31)] g =—x?, Q.=1, and ug=0. 
Followiag the three steps outlined above for the construction of variational 
statements, we obtain 


(1) o= f w| -2 (a) cuts? ax 


1¢ dwd d 
2) 0 =| (ae — cw + wx?) dx — (wa “) 
From the boundary term, it is clear that the specification of u is an essential boundary 
condition, and the specification of adufdx is a natural boundary condition: Since 
adujax =1 at x=1 and w=0 at x =0 (because u is specified there), we obtain the 
weak form 


1 (2.46) 


iH 


(3) 0= [ (« ae - cwn) dx + [ xt de — w(1) (2.474) 
0 = B(w, 2) — iw) (2.475) 


where 


1 
Bw, =| (ae cwu) ax 


1 (2.47e) 
i(w) = -{ wx? dx + wil) 
a 
Since B(-,-} is bilinear and symmetric, and /(-) is linear, we can compute the 
quadratic functional from (2.43): 


Ku) = ; [ [-(#) ~ cu? + 2ux"| dx —u(l) (2.48) 


Equations of the type of (2.45) arise in the study of the deflection of a cable or of 
heat transfer in a fin c = 0}. In the former case, u denotes thé transverse deflection and 
a the tension in the cable. The first two terms in the quadratic functional represent the 
elastic strain energy, while the last term represents the work done by the distributed 
force in moving through the displacement a. 


' The next example illustrates the variational formulation of a fourth-order 
differential equation in one dimension. 


Example 2.2. Consider the problem of finding the solution w to the differential 
equation 


£ [6 “| —f@)=0 for O<x<b (2.49) 


d {. @w 
ae Fs (» a) | 


subject to the boundary conditions 


wo (FY (3) 


=0 (2.50) 
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This equation arises, for example, in the study of the elastic bending of beams (under 
the Euler-Bernoulli hypothesis). In this case, w denotes the transverse deflection of the 
beam, £ is the total length of the beam, b(v)=0 is the fiexuraf rigidity of the beam 
{i.e., the product of modulus of elasticity E and moment of inertia J: b= El}, f(x) is 
the transverse distributed load, and .M, is the bending moment. The solution w is the 
dependent variable of the problem, and all other quantities (L, b, f, M,) that are known 
jn advance are the date of the problem. 

Since the equation contains a fourth-order derivative, we should integrate it twice 
by parts to distribute the derivatives equally between the dependent varaible w and the 
weight function v. In this case, v must be twice differentiable and satisfy the 
homogeneous form of RBC, Multiplying (2.49) by uv, and integrating the first term by 
parts twice with respect to x, we obtain [see (2.15)] 


= [5 (623) - 5] de (2.51) 


tT? dv d (no df dw\7I* 
of (DEbB) le [ed OS) 

j I( a) ac Oar) Va dx) Mq 

Se Pudw — dj, dw\ dv. dw 

= (ofa) os) 0 

{ ( de de Ot ae) ar ae 

From the last line, it follows that the specification of w and dw/dx constitutes the 
essential (geometric or static} boundary conditions, and the specification of 


4 


(2.52) 


q 


df d’w 
dx (0 &) =V {shear force) (2.53a)} 
and 
dw . 
(=) = M (bending moment) (2.538) 


constitutes the natural boundary conditions. In the present case, the specified essential 
boundary conditions are (because of the clamped condition} 


w(0) = (2) . =0 


Hence, the weight function v is required to satisfy the conditions 


vo (2 


The natural boundary conditions are 


=0 (2.54) 


x=0 


df, dw dw 
Fac I... =0, (673) eo, (2.55) 
Using (2.54) and (2.55) in (2.52), we obtain 
Le &ud'w dv 
0= | (sega) &—-(Z)|_ Mo (2.56a) 


or 
Btu, w) =v) (2.56b} 
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where 


(2.56¢) 


The quadratic form, commonly known as the fetal potential energy of the beam, is 
obtained using (2.56c} and (2.436): 


core [EC] ot] 


Note that for the fourth-order equation, the essential boundary conditions 
involve not only the dependent variable but also its first derivative. As pointed out 
earlier, at any boundary point, only one of the two boundary conditions (essential or 
natural) can be specified. For example, if the transverse deflection is specified at a 
boundary point then one cannot specify the shear force V at the same point, and vice 
versa, Similar comments apply to the slope dw/dx and the bending moment M. Note 
that in the present case, w and dw/dx are the primary variables, and V and M are the 
secondary variables. 


M (2.57) 


xed 


The next example is concerned with a second-order differential equation 
governing conductive and convective heat transfer in two dimensions. It should 
be noted that the boundary condition for a convective boundary contains both 
primary and secondary variables. 


Example 2.3. Consider steady heat conduction in a two-dimensional domain Q, 
enclosed by lines AB, BC, CD, DE, EF, FG, GH, and HA (see Fig. 2.2). The 
governing equation is 


s{=qo inQ (2.58) 


where gp is the uniform heat generation, k is the conductivity of the isotropic material 
of the domain, and T is the temperature. We wish to construct the weak form of the 


, Exposed to ambient 
® temperature (convection) 


ce — BE - Te) 


T = Ty (x) 


FIGURE 2,2 
Conduction and convection heat transfer in two-dimensional domains. 
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equation. Equation (2.58), known as the Poisson equation, arises in many fields of 


engineering (see Table 8.1). 
Proceeding as described earlier, we have 


0 [o[ HSS) oes 


where w denotes the weight function. Using (2.22) [with G= dT /dx in (2.222) and 
G= OT /ay in (2.225), we obtain 


Ow oF awd oT oT 
0m | Le rant ay ay) mole —G we Zinn) ae 
[, E ax ax * ay ay Wao | dx dy p wk ax +3 my ) ds (2.59) 


The reader should verify the last step [i.e. the application of {2.22)]. From the 
boundary expression, it foliows that the secondary variable of the problem is of the 


form 
oT aT oT 
(Sone t Som aks =a 


and the primary variable is T. The secondary variable g, denotes the total flux across 
{ie., along the normal to) the boundary. In general, g, is composed of fluxes due to 
conduction, convection, and radiation. 

The boundary T of the domain censists of several line segments, and they are 
subject to different types of boundary conditions (see Fig. 2.2); 


onl, =AB(n,=-1,2,=0): — specified heat flux, @(y) 

on T, = BC (#, =0, a, = ~1): specified temperature, T(x) 

onT; = CD (n, = 1, 2, =9): convective boundary with ambient (2.60) 
temperature 7, and film coefficient £; 
k aT /an + BT —T.) =0 

onl, = DEFGHA: insulated boundary, AT /dn =G 


Using the boundary information, the boundary integral in (2.59) can be simplified as 
follows {note that = 0 on I}: 


b w(e as~ | wn ds + | oe ds 
c on Ty ty on 


-{ w(A(T - T)hds + | w ds 


v4 


=- [ w(0, ¥)4(y) dy — 6 [ w(a, YT y)— They (2.61) 


Substituting (2.61) into (2.59), we obtain the weak form 


Ow aT Ow da b . 
o* if [é (rae dx Oy ay) wo dx dy + [ WO, y)4(y) dy 


+B [ w(a, y)T(a, y) - Eel dy (2.62) 


Coltecting terms invelving both w and 7 into B(-, +), and those involving only w into 
é(-), we can write (2.62) in the form 


Biw, T)=i(w) (2.634) 
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where 


aw dT awed * 
B(w, T= [ (ees) dx dy +B | wla, y)T (a, ¥) dy 


; (2.636) 
tow) = [go dx dy — | w(0, 9400) dy +B [ w(a, y)Ta dy 


The quadratic functional is given by 


ary=5 | [(F + (2) Jaw — | Ta ar ay 


+f TO, y)4(y) dy + B [ UT%Xa,y)-2F (a, y)Teldy —_(2.63c) 


Note that the boundary integrais in this example are defined along the y and x 
axes, respectively. This is because the boundaries are parallel to either the x or the y 
axis. 


F 


2.4 VARIATIONAL METHODS OF APPROXIMATION 
2.41 Introduction 


Our objective in this section is to study the variational methods of approxima- 
‘tion. These include the Rayleigh—Ritz, Galerkin, Petrov-Galerkin, least- 
squares, and collocation methods. In all these, we seek an approximate 
solution in the form of a linear combination of suitable approximation 
functions @, and undetermined parameters ¢;: he; The parameters c, are 
determined such that the approximate solution satisfies the weighted-integral 
form or weak form of the governing equation or minimizes the quadratic 
functional associated with the equation studied. Various methods differ from 
each other in the choice of weight function w and approximation functions ¢). 
The primary objective of this section is to present a number of classical 
variational methods. The finite element method makes use of variational 
methods to formulate the discrete equations over an element. As we shall see 
in Chapters 3-14, the choice of the approximation functions in the finite 
element methods is different from that in the classical variational methods. 


2.4.2 The Rayleigh—-Ritz Method 


In the Rayleigh-Ritz method, the coefficients c,; of the approximation are 
determined using the weak forrn of the problem, and the choice of weight 
functions is restricted to the approximation functions, w = @;. Recall that the 
weak form contains both the governing differential equation and the natural 
boundary conditions of the problem, and it places less stringent continuity 
requirements on the approximate solution than the original differential 
equation or iis weighted-integral form. The method is described below for a 
linear variational problem. 
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Consider the variational problem of finding the solution u such that 
Biw, w= iw) (2.64) 


for all sufficiently differentiable functions w that satisfy the homogeneous form 
of any specified essential boundary conditions on v. When the functional 3 is 
bilinear and symmetric and / is linear, the problem in (2.64) is equivalent to 
minimization of the quadratic functional 


I(t) = 4B(u, uw) —L(u} (2.65) 


in the Rayleigh—Ritz method, we seek an approximate solution to (2.64) 


in the form of a finite series 
N 
ly = » 66; + bo (2.66) 
i= 


where the constants c,, called the Ritz coefficients, are chosen such that (2.64) 
holds for w= @; (i= 1, 2,..., N); ie., (2.64) holds for N different choices of 
w, so that N independent algebraic equations in c, are obtained, The 
requirements on @, and #p will be discussed shortly. The ith algebraic equation 
is obtained by substituting ¢, for w: 


Blo 2 Gb;+ $0) =H) @=1,2,...,N) 
f=! 


If B is bilinear, the summation and constants ¢, can be taken outside the 
operator, We have 


N 
> Bld, Pi)c; = I(@:) — B(d, Po) (2.674) 


or 


N 
»» Bye; =F, By = Bei, $y), = Eq) — Bld: Po) (2.676) 


which represents the ith algebraic equation in a systern of N linear algebraic 
equations in N constants c; The columns (and rows} of the matrix coefficients 
By = B(¢;, ¢;) must be linearly independent in order that the coefficient 
matrix in (2.67) can be inverted. 

For symmetric bilinear forms, the Rayleigh-Ritz method can also be 
viewed as one that seeks a solution of the form in (2.66) in which the 
parameters are determined by minimizing the quadratic functional correspond- 
ing to the symmetric bilinear form, that is, the functional I(x) in (2.65). After 
substituting 4, from (2.66) for w into (2.65) and integrating, the functional J(u) 
becomes an ordinary (quadratic) function of the parameters c,, c,,.... Then 
the necessary condition for the minimization of I(c,,¢2,..., ¢y) is that its 
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partial derivatives with respect to each of the parameters be zero: 


0, ea =0 6 


Thus there are N linear algebraic equations in N unknowns, ¢ (j= 
1,2,...,). These equations are exactly the same as those in (2.67) for all 
problems for which the variational problem (2.64) is equivalent to 6f=0. Of 
course, when B(-, +) is not symmetric, we do not have a quadratic functional. 
In other words, (2.67) is more general than (2.68), and they are the same when 
B(-, +) is bilinear and symmetric. In most problems of interest in the present 
study, we shall have a symmetric bilinear form. 

Returning to the Rayleigh—Ritz approximation uy in (2.66), we note that 
uy must satisfy the specified essential boundary conditions of the problem; any 
specified natural boundary conditions are already included in the variational 
problem (2.64). The particular form of uj in (2.66) facilitates satisfaction of 
specified boundary conditions. If we were to use the form 


N 
thy = 2 ex) 


then it would not be easy to satisfy nonhomogeneous boundary conditions. For 
example, suppose that uy is required to satisfy the condition uy(cg) = ue at a 
boundary point x = x! 


Vv 


> C;0j(%o) = Ug 


i=l 


Since ¢, are unknown parameters to be determined, it is not easy to choose 
(x) such that this relation holds. If uy=0 then any ¢, such that $,(xo}=0 
would meet the requirement. By writing the approximate solution uy, in the 
form (2.66), a sum of homogeneous and nonhomogeneous parts, the non- 
homogeneous essential boundary conditions can be satisfied by qo, do(%o) = 
Up, and ¢; are required to satisfy the homogeneous form of the same boundary 
condition, $(xo}=0. In this way, uy satisfies the specified boundary 
conditions: 


M 
tty (Xq) = 2 c;0(Xo) + PolXo) 
=0+ ug 


If all specified essential boundary conditions are homogeneous {i.e., the 
specified value uy is zero) then dp is taken to be zero and ¢, must still satisfy 
the same conditions, (x9) =G. Since @; satisfy the homogeneous essential 
boundary conditions, the choice w = ¢, is consistent with the requirements of a 
weight function. The approximation functions @; satisfy the following 


INTEGRAL FORMULATIONS AND VARIATIONAL METHODS 43 


conditions: 


1. (a) ¢; should be such that B(@,, @,) is well defined and nonzero 
[i.e., sufficiently differentiable as required by the bilinear form 
B(-,*)}. _ 

{b) , must satisfy at least the homogeneous form of the essential 
boundary conditions of the problem. (2.69) 

2. For any N, the set {,}{, along with the columns (and rows) of 
B(;, o;) must be linearly independent. 

3. {¢;} must be complete. For example, when @, are algebraic 
polynomials, completeness requires that the set {¢,} should contain 
all terms of the lowest order admissible, and up to the highest order 
desired. 


The only role that 9 plays is to satisfy the specified nonhomogencous 
essential boundary conditions of the problem. Any low-order function that 
satisfies the specified essential boundary conditions should be used. If alf 
specified essential boundary conditions are homogeneous then ¢,=0 and 


= 1(:) — Bday bo) = 1(9:) (2.70) 
Next, we consider a few examples of the application of the Rayleigh—Ritz 
method. 
Example 2.4. Consider the differential equation [cf. Example 2.1, with a =c¢ = 1] 
vi) 
~Sf-utx=0 for O<x<1 (2.71) 
We consider two sets of boundary conditions: 
sett: u«(0)=0, uf1l)=9 (2.722) 
=1 (2.726) 


ea} 


set 2: u(0}=0, ($ ) 


Set 1. The bilinear functional and the linear functional are [see (2.47c)] 


1 1 
B(w, “= | (a ve) dx, i(wy= -[ wx? dr (2.73) 
Since both boundary conditions [«(0}=u(1)=0] are of the essential type, we must 
select }; in the N-parameter Ritz approximation to satisfy the conditions @,(0)= 
#{1) = 0. We choose the following functions: ¢,= 0 and 


p,=x1—-x), . $e =x71-x), 2.6, bv=x*(E-x) (2.74) 


It should be pointed out that if one selects, for example, the functions @, =27(1-x), 
g2=x°(1—x), etc. [not including x(1—x)]}, requirement 3 in the conditions (2.69) is 
violated, because the set cannot be used to generate the linear term x if the exact 
solution contains it. As a rule, one must start with the lowest-order admissible function 
and include all admissible, higher-order functions up to the desired degree. 
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The N-parameter Rayleigh~Ritz solution for the problem is of the form 


ad 
Hy = ees + Cafe Sin a tutin = > cP; (2.75) 
j=1 


Substituting this into the variational problem B(w, u) = iG), we obtain 


{ Es (3 oe (> «) | dx = -f bx? de 
ye [ (See 41) a= [ "pest de 


Or 


> 6 BUS: Pj) = {(p:) . (2.764) 


where the coefficients B(¢,, @,) and [(@,) are defined by 


Bion o=[ (S28 94a, Mey=-[ Pode 0.768) 


The same result can be obtained using (2.65) [instead of (2.64)]. We have 


I(t} = 3 [ (4) -u+ 2x"u| dx 


Substituting for uv = i, from (2.75) into the above functional, we obtain 
1 1 Nv d ¢; 2 N 2 Nv 
iG) = s{ (2 of) - (> «| + a*(, | ax (2.77) 
2 So Pk dx Te j= 


The necessary conditions for the minimization of I, which is a quadratic function of the 
variables ¢), C2,.4.5 Cn, ave 


S-0-[ [$2 EoM)-o(on) oe] 


= 3 Byc; ~ & 


fol 


where 


By = [ (@st- tb,) as , i=-[ xo; dx 


which are the same as those in (2.76). Equations (2.76a, b) hold for any choice of 
admissible approximation functions ¢,. 
For the choice of approximation functions in (2.74), the matrix coefficients 
B, = B(, ¢;) and vector coefficients R= 1(¢,} — BC, $0) =1{G,) can be computed 
using 
$, = —x) = x! _ itt 


a ix? — (+ ix! 
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We have 
B= { “(ee G4 Defi = + Dall =x! HQ) de 
2ij . 2 


G4 PEL tl GAT F DEF TDGA AD (76a) 
' tyre i+] 1 
R=-| se -x yas = — Ga (2.785) 


Equation (2.76) can be written in matrix form as 
[B]{c} = {7} (2.79) 
For example, when NV = 2, (2.79) becomes 


_1 126 € Jfer} __ 1 (3) 
4201 63 S2tle3 sola 


and the use of Cramer’s rule to solve the equations gives 
= -7=-0.0813, «= -# = -0.1707. 
The two-parameter Rayleigh—Ritz solution is given by 
Uy = C91 + Coa = (TR) — 2°) + (- FH)? — 2°) 
= —7y (10x + LLx? — 212°) 
The exact solution of (2.71) and (2.72a) is given by 
sin x + 2sin (1 ~*) ee 


=] 2 (2.80) 


u(x) = 


The values of the Ritz coefficients for various values of W can be obtained by solving 
(2.79). A comparison of the Rayleigh-Ritz solution (2.75) with the exact solution 
(2.80) is presented in Table 2.1 and Fig. 2.3, 


Set 2. For the second set of boundary conditions (2.72), the bitinear form is the 
same as that given in (2,73) and (2.766). The Enear form is given by (4, = 0) 


1 
Iw) = - | wx? de + wid) , (2.814) 
¥ 
and we therefore have 
t 
R=- [ x7, dx + $,(1) (2.815) 
Go 


In this case, the ¢, should be selected to satisfy the condition ¢,(0)=0, because 
the only EBC is at x =0, The following choice of ¢, meets the requirements: 
pax (2.82) 
The coefficients B, and F can be computed using (2.82) in (2.76b) and (2.816) 
Tespectively: 


ai wt 
i 
B -{ iyi yt) dy = if _ 
4 , ”) i¢tj-1 i+jt+i 
1 1 (2,83) 
r--| xi? dy +1 =——+1 
0 i+3 
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TABLE 2.1 
Comparison of the Rayleigh—Ritz and exact solutions of the 


equation 


d*u 
aa et =O for O<x<1;  u(O}=u()=0 

Rite Rayleigh Ritz solution, —10u Exact 
coeficientst x Ne=t N=2 N= solution 
N=: 00 0 ©6060 0.0 0.0 0.9 

c,=—0.1667 «1 0.1500 = 0.0885 0.0954 @.0955 
N=2: 0.2 0.2667 0.1847 0.1890 = 0.1890 

¢,2—G.0813 0.3 6.5500 0.2783 0.2766 = 0.2764, 

c= —-0.1707 804 0.4000 663590 0.3520 860.3518 
N=3; 0.5 0.4167 0.4167 0.4076 = 0.4076 


= 0.0952 0.6 9.4000 0.4410 0.4340 0.4342 

t= 0.1005 «0.7 6.3500 0.4217 0.4200 6.4203 

e,=—0.0702 0.8 0.2667 0.3486 0.3529 0.3530 
0.9 0.1500 0.2115 0.2183 0.2182 
1.0 6.0 6.0 8.0 0.0 


+ The four-parameter Rayleigh-Riiz solution coincides with the exact solution up to four 
decimal places. 


__. Three-parameter solution 
and exact 


--- Two-parameter solution 


—~ One-parameter solution 


FIGURE 2.3 


x of the plot. 


Comparison of the Rayleigh~-Ritz 
solution with the exact solution of 
(2.71) and (2.72a). The three- 
parameter solution and the exact 
solution do not differ on the scale 
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TABLE 2.2 ; 
Comparison of the Rayleigh-Ritz and exact solutious of the 


equation 
2 


u , du 
—-—>-utx*?=0 for O<x<i:  uf0)=0 (“) =] 
ax 2 } ( )} , ax est 
Rayleigh—Ritz solution, « 
Ritz -e eo —— Exact 
coefficients x N=I N=2 N=3 solution 
Ne=1: oO 0.0 0.8 O0 0.0 
ce, = 1.1250 O1 9.1125 0.1280 0.1271 0, 1262 
N=2: : 0.2 0.2250 0.2530 0.2519 0.2513 
c, = 1.2950 0.3 0.3375. 0.3749 0.3740 0.3742 
= —0.15108 a4 6.4500 0.4938 0.4934 0.4944 
N=3; 0.5 0.5625 0.6087 0.6099 6.6112 
e, = 12831 0.6 0.6750 0.7226 0.7234 0.7244 


cz = —0.11424 0.7 0.7875 0, 8325 0.8337 1.8340 
cy = —0,02462 0.8 0.9000 0.9393 0.9407 9.9402 
a9 LO1Z5 1.0431 1.0443 1.0433 
1.0 1.1250 1.1439 1.1442 1.1442 


+The four-parameter Ray!eigh—Ritz solution coincides with the exact solution up to four 
decimal places. 


The exact solution in the present case is given by 


2 cos (1 —x}—si 
( } Sint | a 
cos 1 


u(x) = —-2 (2.84) 
A comparison of the Rayleigh—Ritz solution with the exact solution is presented in 


Table 2.2. 


Example 2.5. Consider the problem of finding the transverse deflection of a cantilever 
beam under a uniform transverse load of intensity f, per unit length and end moment 
M, using Euler—Bernoulli beam theory (see Example 2.2). The governing equations of 
this theory are 


2 (a) - ~f=0 for (oe (2.85) 
w(0) = (*) =o, (orS)| = Mg, [< < (ere a) | 79 2.86) 


The variational form of (2.85) (which includes the specified NBC} was derived in 
Example 2.2, and is given by (2.56). 

We now construct an N-parameter Ritz solution using the variational fonn, 
(2.56), B{v, w) = iv), where 


Py dy 


Btu, w)= [ EI aga 1eo)= [fo dr + (ao) 


(2.87) 


z= 
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Note that the specified EBC, w(0)=0 and (di/dx)|,-p are homogeneous. Therefore, 

$o=0. We select algebraic approximation functions ¢, that satisfy the continuity 

conditiens and boundary conditions (0) = @/{0)=0. The lowest-order algebraic 

function that meets these conditions is ¢,=+?. The next function in the sequence is 
=x*, Thus we have 


ox’, $2=x', tees dy = xt 
The N-parameter Rayleigh—Ritz approximation is 


od 
We} =D) oP Gp =a? (2.88) 
im 
Substituting (2.88) for w and v = @, into (2.87), we obtain 


os, _ Bhi + G+ DL 
4-1 1 dy —- 
“hes BIO Di (p+ iy! de it jo 


2.89 


For NW = 2 (.¢., the two-parameter solution), we have 


El(4Le, + 6L?c2) = Ll? + 2MoL 


(2.900) 
El(6Lc, + 12L%c,) =4,L' + 3M? 
or, in matrix form, 
4, 627 (a) AL 4 2 
alread ae ar) * Lae} 2.908 
61? r20itheS~ 1 i3nJ * MP lap (2.905) 
Solving for c, and c,, we obtain 
c _ Sfol? + 12M, og oe AL 
aero °° 428T 
and the solution (2.88) becomes 
_Sfol*+12My fal s 
w2(x) = MET. 12EI* (2.91) 


For the three-parameter approximation (NV = 3), we obtain the matrix equation 


4 62 af? |e, 1p? +2My 
Ell 6L 122? 1883 |} c,h =4 YL + 3MoL (2.92) 
8L? 182? 4424 Ie, AL! + 4MyI? 


The solution of this when substituted into (2.88) for NW = 3, gives 


Max? 


Zz r 
fe 6j2- —4Ex +x)+ SET 


w(x) = (2.93) 


Mel 
which coincides with the exact solution of (2.85) and (2.86). If we try to compute the 
four-parameter solution without knowing that the three-parameter solution is exact, the 
parameters c; (j >3) will be zero. Figure 2.4 shows a comparison of the Rayieigh—Ritz 
solution with the exact solution. 
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2.0 


—— Three-parameter solution 
---- Twa-parameter solution 


1.9 | 77~ One-parameter solution 


6.0 
wWoX 1 
a y 10 
ax —~1,0 
2.0 0 
~3.0 
0.8 02 O.4 0.6 0.8 £.0 12 
aE 
FIGURE 2.4 


Comparison of the Rayleigh—-Ritz solulion with the exact solution of a cantilever beam under a 
uniform transverse load (Euler—Bernoulli beam theory}. 


The next example deals with two-dimensional heat conduction in a 
square region. Note that the dependent variabic, namely the temperature, is 
denoted by 7, consistent with the standard notation used in heat transfer 
books. 


Example 2.6. Consider the Poisson equation in a unit square region: 


-kVT =qo in Q= {(x, y}:0<(x, y) <1} (2.944) 
T=0 onsides x=1 and y=1 
oT (2.94b) 


—=-=0 onsides x=0O and y=0 
where go is the rate of uniform heat generation in the region. The variational problem is 
of the form (see Example 2.3) 

Bw, T)= Iw) (2.954) 
where the bilinear and linear functionals are 

‘rl sawdT awa 
B(w, T)= [ a(S d 
(w, 7) igi ax Ox | ay ay/ 
lan (2.95) 
A= | [wae ax ay 
a “9 


We consider an N-parameter approximation of the form 


iv 
T= > cy COS ok COS ay, a, = 3(2i- Ir (2.96) 


Lj=t 
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Note that (2.96) invalves a double summation. Since the boundary conditions are 
homogeneous, we have ¢@)=0, Incidentally, , also satisfies the natural boundary 
conditions of the problem. While the choice ¢,= sin inx sinimy meets the essential 
boundary conditions, it is not complete, because it cannot be used to generate the 
solution that dees noé vanish on the sides x = 0 and y = 0. Hence, , are not admissible. 

The coefficients B, and F can be computed by substituting (2.96) into (2.955). 
Since the double Fourier series has two summations [see (2.96)], we introduce the 
notation 


or 
Bapay = x | [ [Cay sin ax COs aya, sin OX COS ay) 
a 


+ (a; cos ayx sin a;y)(a; cos a,x sin a, y)}] dy dy 
-{° if i#k or f#i 


‘kap+a?) if i=k and j=! (2.974) 


, 

Fy=ae{ | cos w,x cos a, y dx dy = 2” sin oy, sin o, (2.978) 
‘0 0 a,c; . 

In evaluating the integrais, the following orthogonality conditions were used 

if ij 

if i=; 

if i+] 

if i=j 


, 0 
{ sin ape sin a de = { 
2 


oO 
; 0 
[ 20s ain cos ax d= |) 
3 


Owing to the diagonal form of the coefficient matrix (2.97a), we can readily solve for 
the coefiicients cy: 


FE; _ 4qq sin a; sin a, 


&= = 2.98) 
"Bay  & (oF + af )onay 2.8) 
The one- and two-parameter Rayleigh—Ritz solutions are 
32 
T= i cos 3a cos dary (2.99) 
h= ; [9.3285 cos fax cos Sry — 0.0219(cos dex cos 3ny 
+ cos dix cos dy) + 0.0041 cos 3arx cos 3 ry] (2.100} 


If algebraic polynomials are to be used in the approximation of T, one can choose 
@,=(i-x)(1~y) or @, =(1—x71—y%), both of which satisfy the (homogeneous) 
essential boundary conditions. However, the choice p, =(1—x”)(1 — y*) also meets the 
natural boundary conditions of the problem. The one-parameter Ritz solution for the 
choice @, = (1 —x7)(1 — y”) is 


=F yey _ 2 
Re, =a -y9) (2.401) 
The exact solution of (2.942, b) is 


— (-1)" cos a, h «,, 
Te, y)= 2a -yyr4 ye ey oe) (2.102) 
atm] n a 
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o.4 
Solutions: % 
aN 
— Analytical (2.102) oe ® 
4 —+— One-parameter (2: 10D fo& » 
aa ; F 
0.34 - —~ Cne-parameter ; we aoa 
c wy at 
“1 Sy --— Two-parameter + (2.96) oop oe a? 
oS ~cr~ Three-parameter rea 
pr 0.2 a 7 
a . 
va i - 
ra Le a 
a1 % , 
ra 
_, 


0.0 
0.0 0.2 0.4 0.6 0.8 £.0 1.2 


FIGURE 2,5 
Comparison of the Rayleigh-Ritz solutions with the analytical solution of the Poisson equation 
(2.94) ia two dimensions, 


where a, = 3(2n ~—1)z. The Rayleigh—Ritz solutions (2.99), (2.100), and (2.101) are 
compared with the exact sclution (2.102) in Fig. 2.5. The analytical solution is 
evaluated using 20 terms of the series (2.102). 


2.4.3 The Method of Weighted Residuals 


As noted in Section 2.3.2, one can always write the weighted-integrai form of a 
differential equation, whether the equation is linear or nonlinear (in the 
dependent variables). The weak form can be developed if the equations are 
second-order or higher, even if they are nonlinear. However, it is not always 
possible to construct a functional whose first variation is equal to the 
yariational form. The Rayleigh-Ritz method can also be applied to ail 
problems, including nonlinear problems, that have weak forms, In this 
method, the weight functions are necessarily equated to those used in the 
approximation. The weighted-residual method is a generalization of the 
Rayleigh—Ritz method in that the weight functions can be chosen from an 
independent set of functions, and it requires only the weighted-integral form to 
determine the parameters. The method of weighted residuals can be used to 
approximate the weighted-integral form of any equation. Since the latter form 
does not include any of the specified boundary conditions of the problem, the 
approximation functions should be selected such that the approximate solution 
satisfies both the natural and essential boundary conditions. In addition, the 
weight functions can be selected independently of the approximation functions, 
but are required to be linearly independent (so that the resulting algebraic 


52 PRELIMINARIES 


equations are linearly independent). This flexibility is advantageous in certain 
noniinear problems. 

In this section, we discuss the general method of weighted residuais first, 
and then consider certain special cases that are known by specific names (e.g., 
the Galerkin and least-squares methods). Although a limited use of the 
weighted-residual method is made in this book (see Chapter 14), it is 
informative to have a knowledge of this method for use in the formulation of 
certain nonlinear problems readers might encounter in their work. 

The methed of weighted residuals can be described in its generality by 
considering the operator equation 


A(uy=f in Q, (2.103) 


where A is an operator (linear or nonlinear}, often a differential operator, 
acting on the dependent variable wu, and f is a known function of the 
independent variables. Some examples of such operators are provided by 


r 


1. A(u) = -< (a A) beu 
3, A(u) = -|= (x=) +S (4) | (2.104) 
4, A(u}= _# (u *) 


ax ay) Ox* By \Oy ax 


For an operator A to be linear in its arguments, it must satisfy the 
relation 


A(au + Bu) = wA(u) + BA(w) (2.105) 


for any scalars w and § and dependent variables u and v. It can be easily 
verified that all operators in (2.104), except for 4 and 5, are linear. When an 
operator does not satisfy the condition (2.105), it is said to be nonlinear. 

The function uw is not only required to satisfy the operator equation 
(2.103), it is also required to satisfy the boundary conditions associated with 
the operator equation. From the examples considered so far, the boundary 
conditions associated with the operators defined in 1, 2, and 3 of (2.104) are 
obvious [see Examples 2.1-2.3]. 

_ In the weighted-residual method, the solution uw is approximated, in much 
the same way as in the Rayleigh—Ritz method, by the expression 


Uy = S &Q; + Po (2. 106) 
f=mi 
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except that the requirements on and ¢, for the weighted-residual method 
are more stringent than those for the Rayleigh-Ritz method. Substitution of 
the approximate solution 4, into the left-hand side of (2.103) gives a function 
fu = A(un) that, in general, is not equal to the specified function f. The 
difference A(u,) —f, called the residual of the approximation, is nonzero: 


RS Atuy)—f = a(S cp; + ) -~f#0 (2.107) 


Note that the residual & is a function of position as well as of the parameters 
c; In the weighted-residual method, as the name suggests, the parameters c; 
are determined by requiring the residual R to vanish in the weighted-intepral 
sense? 


[ we RG» q)dedy=0 G=12...,N)] 2108) 
2 


where @ is a two-dimensional domain and +, are weight functions, which, in 
general, are not the same as the approximation functions ¢,. The set {%;} must 
be a linearly independent set; otherwise, the equations provided by (2.108) will 
not be linearly independent and hence will not be solvable. 

The requirements on $) and ¢,; for the weighted-residual method are 
different from those for the Rayleigh—-Ritz method, which is based on the weak 
(integral) form of the differential equation. The differentiability requirement 
on @, in the weighted-residual method is dictated by the integral statement 
(2.108), as opposed to the weak form in the Rayleigh-Ritz method. Thus, ¢, 
must have nonzero derivatives up to the order appearing in the operator 
equation (2.103). Since the weighted-integral form (2.108) does not include 
any of the specified (either essential or natural} boundary conditions, we must 
also require uy in (2.106) to satisfy all specified boundary conditions of the 
problem, Consequently, Po is peauiret to satisfy all specified boundary 


, will increase the order of the polynomial expressions used for the 
weighted-residual method. In general, the @, used in this method are 
higher-order functions than those used in the Rayleigh—Ritz method, and the 
functions used in the latter may not satisfy the continuity (i.e. differentiability) 
requirements of the weighted-residual method. Various special cases of the 
weighted-residual method are discussed in the following paragraphs. 


THE PETROV-GALERKIN METHOD. The weighted-residual method is re- 
ferred to as the Petrov-Galerkin method when YF >. When the operator A 
is linear, (2.108) can be simplified to the form = 


> [f vacorararla=[ var-acoolardy 
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Or 
Nf 
> Aye = (2,109) 
jel 
Note that the coefficient matrix [A] is not symmetric: 


Ay= | WAG) de dy Ay (2.110) 


THE GALERKIN METHOD. For the choice of weight function w, equal to the 
approximation function @,, the weighted-residual method is better known as 
the Galerkin method. The algebraic equations of the Galerkin approximation 


are 
f 


ii 
Y Age =F (2.1112) 
jek 
where 


Ay = [ $A(o) dx dy, E= [ o[f —A(@o)jdxdy (2.111) 


Once again, we note that A, is not symmetric. 

In general, the Galerkin method is not the same as the Rayleigh—Ritz 
method. This should be clear from the fact that the former uses the 
weighted-integral form whereas the latter uses the weak (or variational) form 
to determine the coefficients c;. Consequently, the approximation functions 
used in the Galerkin method are required to be of higher order than those in 
the Rayleigh—Ritz method. 

If the equation permits, and one wishes, the differentiation can be 
transferred from the solution u to the weight function w = @,; and one thereby 
abtains the weak form to relax the continuity requirements on the approxima- 
tion functions and include the specified natural boundary conditions of the 
problem. 

The Rayleigh—Ritz and Galerkin methods yield the same solutions in two 
cases: (i) when the specified boundary conditions of the problem are all of the 
essential type, and therefore the requirements on @; in the two methods 
become the same and the weighted-integral form reduces to the weak form; 
and (ii) when the approximation functions of the Galerkin method are used in 
the Rayleigh-Ritz method. The reader is urged to keep the distinction 
between the Rayleigh-Ritz and Galerkin methods in mind. — 


THE LEAST-SQUARES METHOD. In this method, we determine the para- 
meters c, by minimizing the integral of the square of the residual (2.107): 


a 4 _ 
3e, [R (x, y, ¢) dx dy =0 
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or 
OR 
< R dx dy =0 (2.112a) 
‘a 8G; 


Comparison of (2.1124) with (2.108) shows that wp, = AR/@c;. If A.is a linear 
operator, ¥!,= A(9,), and (2.112@) becomes 


> [[,aeoace dea |e, [ acoatr-a@o ae 


or 
vf 
> Aye; =F (2.112b) 
j=l 
where 


Ay= | AOAC) aes" R= [_ACOIF—A(G)] dxdy @.112e) 


Note that the coefficient matrix Ay is symmetric, but it involves the same order 
of differentiation as in the governing differential equation. 


THE COLLOCATION METHOD. In the collocation method, we seek an 
approximate solution uy to (2.103) in the form of (2.106) by requiring the 
residual in the equation to be identically zero at N selected points x = (x’, y’) 
(i=1,2,..., N) in the domain 2: 


Rai yicg)=0 G@=1,2,...,N) (2.113) 


The selection of the points x‘ is crucial in obtaining a well-conditioned system 
of equations and ultimately in obtaining an accurate solution. The collocation 
method can be shown to be a special case of (2.108) with w, = d(x — x'), where 
6(x) is the Dirac delta function, which is defined by 


| F0)8ex—8) de dy =F) (2.114) 
With this choice of weight functions, the weighted-residual statement becomes 
. [ 6(x—x)R(x, ¢)) dx dy =0 
or . 
Ri, ¢=0 (2.115) 


We consider an example to illustrate the use of various cases of the 
weighted-residual method, 
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Example 2.7. Consider the differential equation [see Example 2.4 with Set 2 boundary 
conditions]: 
au 3 te 
eats =0, x#(0}=0, aw’ Gjyal (2.116) 
For 2 weighted-residual method, @> and ¢, should satisfy the following conditions: 
@(G)=0, o(1}=1 (satisfy actual boundary conditions) 


$(0}=0, ¢/{1)=0 {satisfy homogeneous form of the 
specified boundary conditions) 


For a choice of algebraic polynomials, we assume ¢,(x}=a+x and use the two 
conditions on @, ic determine the constants a and 6. We cbtain 


Pole} =x ~ 


f 


Since there are two homogeneous conditions, we must assume at least a three- 
parameter polynomial to obtain a nonzero function, ¢,=a+bx+ex*, Using the 
conditions on @, we obtain 


$1 —cx(2 —x) 


The constant ¢ can be set equal to unity because it will be absorbed inte the parameter 
c,. For #2, we can assume one of the forms 


@a=atbxr+de? or ¢,=at+ex?+dx? 


with 4 #0; ¢2 does not contain all-order terms in either case, but the approximate 
solution is complete because {¢$,, ¢.} contains all terms up to degree three. For the 
first choice of ¢., we obtain 

Sage 


2 =x7(1 - 5x) 
The residual in the approximation of the equation is 
Hh a N 
R=— (o+> cy 4) - ($043, ad) +2? 
i= dx duel . 
=o(2—2x +2) +e,(-2+4x —x7 + AY) x tx? (2.117) 


We next consider various methods. 
The Petroy-Gelerkin method. Let the weight functions be 


Wi=x, ya =x? (2.118) 
Then 
1 t 
[ arar=o, [ #Rax=0 
1] uy 
or 
Bei + @C2-=0, Het Be.— yw =0 (2.119) 
Solving for c, we obtain c, = 2 and c, = ~ 38; the solution becomes 


Ypg = 1,.302053x — 0.17302Lx? — 0,014663x° (2.120) 
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The Galerkin method, Taking w, = @,, we have 


1 13 
[ x(2—x)R dx =0, f U1 —2)R dx =0 
‘a 


or 
te.+$e,-%=0, Hert fae.— 3 =0 (2.124) 
Hence, the solution becomes (with c, = me, c= A), 
ie = 1.2894x — 0.9398x? ~ 0.003257 (2.122) 
‘The least-squares method. Taking tf,= GR/dc,, we have 
1 1 
| { (2-2 +2)R dx =0, -| (2—4x +x7-2°)R dx =0 
La] 
or 1 
fei — 902 a =O, = Hoc, + Fea ty =O (2.123) 


The least-squares approximation of (2.116) is given by (with c, = #48 and c, = GBs 
tips = 1.2601x — 0.08087? — 0.03325x° (2.124) 
The collocation methad. Choosing the points x =4 and x =% as the collocation 
points, we evaluate the residuals at these points and set them equal to zero: 
R@)=0:  117e,~64e,=18 
©) , ° (2.125) 
RiD)=6: 90e, + 34c, = 18 


The solution is given by fe, = 32g and c= sf) 


te = 1,3612x — 0.12927x? — 0,03422x? (2,126) 


The four approximate solutions are compared in Tabie 2.3 with the exact solution 
(2.84). For this problem, the Petrov-Galerkin method gives the most accurate solution, 


2.5 SUMMARY 


In this chapter, we have studied two major topics that are of immediate 
interest in the study of the finite element method in the forthcoming chapters: 


L. Weighted-integra!l and weak formulations of differential equations 


2. Solution of boundary value problems by the Rayleigh—Ritz and weighted- 
residual (e.g., the Galerkin, least-squares, and collocation} methods 


The weighted-integral statements are required in order to generate the 
necessary and sufficient number of algebraic equations to solve for the 
parameters ¢; in the approximate solution, Thus the algebraic equations are 
equivalent to minimizing the error introduced in the approximation of the 
differential equation in a weighted-integral sense. 

In studying the two topics, a three-step procedure for developing the 
weak form of a differential equation is presented, and procedures for obtaining 
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TABLE 2.3 

Comparison of the Rayleigh—Ritz, weighted-residual, 
and exact solutions of the boundary value problem in 
(2.116) 


Solution, s(x} 


x Hexact U4 pa tg His He 


2.0 ¢.000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.2. 0.1262 0.1280 6.1285 0.1275 0.1252 0.1448 

02 0.2513 6.2529 0.2536 0.2523 0.2485 0.2668 

03 0.3742 0.3749 0.3754 0.3741 0.3699 0.3958 

04 0.4943 6.4938 9.4941 0.4932 0.4851 0.5216 

G5 0.6112 6.6097 9.6096 9.6093 0.6058 0.6440 

G6 6.7244 0.7226 «00,7221 0.7226 0.7200 = 9.7628 “ 
0.7 6.8340 0.8324 0.8317 0.8329 0.8314 0.8778 

0.8 0.9402 0.9393 0.93984 0.9404 0.9397 0.9887 

0.9 1.0433 «1.0431 «(1.0424 891.0448 «1.0449 1.054 ‘ 
1.0 61.1442 1.1439 1.2437) 1.1463 «1.1467 = 1.1977 


+ Subscripts are as follows: AA, Rayleigh-Ritz; PG, Petrov-Galerkin; 
G, Galerkin; LS, least-squares; C, callocation. 


algebraic equations in terms of the unknown parameters of the approximate 
solution are developed. These topics are immediately applicable in the finite 
element method, which is a piecewise (or element-wise} application of a 
variational method. Thus, the material covered in this chapter constitutes the 
heart of the finite element method. A few remarks are in order on the 
variational methods of approximation studied here. 

The traditional variational methods (e.g., the Rayleigh—Ritz, Galerkin, 
and least-squares) presented in Section 2.4 provide a simple means of finding 
spatially continuous approximate solutions to physical problems. The ap- 
proximate solutions obtained via these methods are continuous functions of 
position ia the domain. . 

The main disadvantage, from the practical point of view, of variational 
methods that prevents them from being competitive with traditional finite 
difference methods is the difficulty encountered in selecting the approximation 
functions. Apart from the properties the functions are required to satisfy, there 
exists no unique procedure for constructing them. The selection process 
becomes more difficult or even impossible when the domain is geometrically 
complex and/or the boundary conditions are complicated. 

From the preceding discussion, it is apparent that the variational methods 
can provide a powerful means of finding approximate solutions—provided one 
can find a way to systematically construct approximation functions, for almost 
any geometry, that depend only on the differential equation being solved and 
not on the boundary conditions of the problem. This property enables one to 
develop a computer program for a particular class of problem (each problem in 
the class differs from the others only in the data), that is, a general-purpose 
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computer program. Since the functions must be constructed for a geometrically 
complex domain, it seems that (recall the discussion of the method of 
composites for the determination of the center of mass of an irregular shape 
from Chapter 1) the region must be represented (or approximated if required) 
as an assemblage of simple geometric shapes for which the construction of 
approximation functions becomes simpler. The finite element method to be 
discussed in the forthcoming chapters is based on these ideas. 

In this method, a given domain is represented (discretized) by. a 
collection of geometrically simple shapes (elements), and on each element of 
the collection, the governing equation is fornmuéated using any one of the 
yariational methods. The approximation functions are systematically generated 
for each (typical) element using the essential boundary conditions. The 
elements ate connected together by imposing the continuity of the dependent 
yariables across the interelement boundaries. The remaining chapters of this 
book are devoted to the introduction of the finite element method and its use 
in the analysis of several model differential equations representing mathemati- 
cal models for many physical processes, 


PROBLEMS 


Sections 2.4-2.3 


In Problems 2.1-2.9, construct the weak forms and, whenever possible, quadratic 
functionals. 
2.1, One-dimensional heat conduction/convection: 


df du 
i (aS) +cu=q for Ox <1 


u(0) = up, [atts pu —u)| 7 @e at x=1 


x= 
where a and q are functions of x, and B, ¢, Un, and Oy are constants, 

2.2, Beant on elastic foundation: ; 

eet d? 

re (6) +kw=f for 0<x<L 


d’y 
w= baZ=0 at x=0,2 
where & = Ei and f are functions of x, and & is a constant (foundation modulus}. 
2.3. Longitudinal deformation of a bar with an end spring: 
df du 
—j=q for O<x<b 
(« a) q for x 


=P 
aah 


“#{0)=0, (a a + iu) 


where a and q are functions of x, and & and P are constants. 
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2.4. The Timoshenko (shear-deforinable) beam theary: 


~zloxa(eew)|ar 
for O< xy <b 


ay dw 
(er) + oxa(S +0) = Q 
dv ay 
= Lj= — = —- = 
(0) = w(L) =0, (er =) . (zr —) 79 


where G, K, A, E, I, and f are functions of x. 
2.5, A nonlinear equation: 


dj dy 
~£ (uF) +f=0 for G<x<1 


@) 


2.6. The Euler-Bernoulli~von Kdrmdn nonlinear theory of beams: 


ac FE ;(2) }} 
-— = <r< 
dx | Lax + 2 ax q for 0<x<b 


S$) -a@le@) 
det \" tet) ~ de \" ax Late 7 2 ae) 1 

dw aw 
w=w=0 atx=0, 2; (S).= (oS5)|_ =m 


where a, b, g, and f are functions of x, and Af, is a constant, Here uv denotes the 
axial displacement and w the transverse deflection of the beam. 


2.3, A second-order equation: 


< ou ou a ou . 
~ ax (2 a ax fo? 3) oy 5 (an 5 ax? 925 Se) +h= Game 


H=Uy on Ty 
ou Ou au ou 
Git ax + Ai2 a) + (n= Bx + da; a) =fo on rT, 
where a,=4, (i,)=1,2) and f are given functions of position (x,y) in a 
two-dimensional domain , and wu, and f, are known functions on portions [, and 
I, of the boundary I: ©, +T,=T. 
2.8, Nauler-Stokes equations for two-dimensional flaw of viscous, facompressible 
fitids (primitive variables): 
not ou 1 aP ( Z44S4) 
ox ey pax ax? ay? 
au ¥ du OP (Ses au 
ax ay—op ay ax? ay? 


=0, u(lj=V2 


a= 


) in Q (i) 
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W=p, U=V_o an LT, (ii) 
fan On i 
(Sn, +5) 5 Paeeh 7 
au au 1 on T, (iii) 
¥ By +S) Pm =e 
2.9. Two-dimensional flow of viscous, incompressible fluids (stream function—vorticity 
formulation): 
-Vy-f=0 
apat apac in Q 
2 = 
vs ae Oy = ay ax 0 


Assume that all essential boundary conditions are specified to be zero. 


Section 2.4 


2.10. Compute the coefficient matrix and the right-hand side of the N-parameter 
Rayleigh—Ritz approximation of the equation 


d dit 
-" a+0F| =0 for0<x<1 


nO}=0,  w{1}=1 


Use algebraic polynomials for the approximation functions. Specialize your result 
for W = 2 and compute ihe Ritz coefficients. 
Answer: ¢,= iq and ¢,= —iy. 

2.11, Use trigonometric functions for the two-parameter approximation of the equation 
in Problem 2.10, and obtain the Ritz coefficients. 

2.12, A steel rod of diameter D =2cm, length L=25em, and thermal conductivity 
&k=50Wm"! °C" is exposed to ambient air at 7. = 20°C with a heat-transfer 
coefficient 6 = 64 Wm?°C™', Given that the left end of the rod is maintained at 
a temperature of 7,=120°C and the other end is exposed to the ambicnt 
temperature, determine the temperature distribution in the rod using a two- 
parameter Rayleigh-Ritz approximation with polynomial approximation func- 
tions. The equation governing the problem is given by (see Problem 2.1} 

iz 
- a8 og =0 for O<*<25cm 


dx? 
where @=T — f,, T is the temperature, and c is given by 
BP BRD 48 


oe =—— = 256m 

Ak jaD% kD e™ 

P being the perimeter and A the cross-sectional area of the rod, The boundary 
conditions are ; 


=9 


Po 


6(0) = T(0) — T, = 100°C, (3 + go) 


Answer; For L=0.25m, ¢ >= 100, ¢,=x', the Ritz coefficients are ¢,= 
—1019.469, ¢, = 2508.217. 
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2.13, Set up the equations for the N-parameter Rayleigh-Ritz approximation of the 
following equations associated with a simply supported beam and subjected to a 
uniform transverse load f =f: 


vel ¥ 
(a1) =f, for 0<x<L 


ax? dx 
a 
w= EIS z= 0 atx+=-0,L 


(a) Use algebraic polynomials. 
(5) Use trigonometric functions. 
Compare the two-parameter Rayleigh—Ritz solutions with the exact solution. 
Answer: (a) ¢,=—TaL, c= —2e¢ (a= dahL). 

2.14. Repeat Problem 2.13 for f =f, sin (ax/L}. 

2.18. Repeat Problem 2.13 for f = Ré( —4L), where d(x) is the Dirac deita function 
(i.e., a point load His applied at the center of the beam). 

2.16. Develop the N-parameter Rayleigh—Ritz solution for a simply supported beam 
under uniform transverse load using Timoshenko beani theory. The governing 
equations are given in Problem 2.4. Use trigonometric functions to approximate 


wand WF. 
2.17, Solve the Poissan equation governing heat conduction in a square region (see 
Example 2.6): 


-kWT = qo 
F=0 onsides x=1 and y=1 
oT 


on 0 (insulated) onsides x =O and y=0 


using a one-parameter Rayleigh—-Ritz approximation of the form 
F(x, y) =ex(1-x°)(i-y?) 


Answer: ¢,= te. 


16. 


2,18, Solve Problem 2,12 using a two-parameter Galerkin approximation with algebraic 
approximation functions. 
2.19. Consider the (Neumann) boundary vaiue problem 


Pu 
“ae Ff for O<a<h 


(@) |.“ @) 
dx/ |g \AX 
Find a fwo-parameter Gaierkin approximation of the problem using trigonametric 


approximation functions, when (a) f =f, cos (ax/L) and (6) f =f. 
Answer: (a) $,= 00s (inx/L), ¢, = {0 /2n", ¢ =0 for (41. 


2,20, Find a one-parameter approximate solution of the nonlinear equation 


=9 


xe 


da fda? 
- 23+ () =4 forQ<x<1 
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subject to the boundary conditions (0} = 1 and #(1}= 0, and compare it with the 

exact solution xy=1—x*, Use (a) the Galerkin method, (&) the least-squares 

method, and {c} the Petrov—Galerkin method with weight function w= 1, 
Answer! (a) (co: = 1, (ec). = -2. 

Give a one-parameter Galerkirt solution of the equation 


2,21 
—-VWu=1 in 2 (= unit square) 
z=0 on T 


Use {a} algebraic and (6) trigonometric approximation fenctions. What would be 
the one-parameter Rayleigh—Ritz solution of this problem? 
146061 


Answer: (3) Cu HP +P 


(i, j odd) 


= sin isex sin jay 


2.22. Repeat Problem 2.21 for an equilateral triangular domain. 

Hint: Use the product of equations of the Hnes representing the sides of 

the triangle for the approximation function. 

Answer: ¢,= —i. 

2.23. Consider the differential equation 
"He 
Rs = 008 ax for O<x<1 

subject to the following three sets of boundary conditions: 
 #)=0, xu(i)=0 


(2) u(0)=0, (=) =o 
® hone Gp 


Determine a three-parameter solution, with trigonometric functions, using {a) the 
Rayleigh—Ritz method, (6) the least-squares method, and (c} collocation at x = 4, 
1 and 3, and compare with the exact solutions: 

(uy = x cos ax + 2x —1) 

(2) up = a 7(cos ax — 1) 

G3) uw =# 7 cos ax 


4 


Answer: (1) ¢.- == 
nswer: (1) o, Pi 1) 
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3.1 INTRODUCTION 


The traditional variational methods (e.g., the Rayleigh—Ritz, Galerkin, and 
least-squares) described in Chapter 2 cease to be effective because of a serious 
shortcoming, namely, the difficulty in constructing the approximation func- 
tions. The approximation functions, apart from satisfying continuity, linear 
independence, completeness, and essential boundary conditions, are arbitrary; 
the selection becomes even mote difficult when the given domain i is geometri- 
cally complex. Since the quality of the approximation is directly affected by the 
choice of the approximation functions, it is discomforting to know that there 
exists no systematic procedure to construct them. Because of this shortcoming, 
despite the simplicity in obtaining approximate solutions; the traditional 
variational methods of approximation were never regarded as competitive 
computationally when compared with traditional finite difference schemes. 

Ideaily speaking, an effective computational method should have the 
following features: 


1. It should have a sound mathematical as well as physical basis (i.¢., yield 
convergent solutions and be applicable to practical problems). 


. It shouid not have limitations with regard to the geometry, the physical 
composition of the domain, or the nature of the “loading.” 
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3. The formulative procedure should be independent of the shape of the 
domain and the specific form of the boundary conditions. 

4, The method should be flexible enough to allow different degrees of 
approximation without reformulating the entire problem. 

§. It should involve a systematic procedure that can be automated for use on 
digital computers. 


The finite element method is a technique in which a given domain is 
represented as a collection of simple domains, called finite elements, so that it 
is possible to systematically construct the approximation functions needed in a 
variational or weighted-residual approximation of the solution of a problem 
over each element. Thus, the finite element method differs from the traditional 
Rayleigh—Ritz, Galerkin, icast-squares, collocation, and’ other weighted- 
residual methods in the manner in which the approximation functions are 
constructed. But this difference is responsible for the following three basic 
features of the finite element method: 


1, Division of whole into parts, which allows representation of geometrically 
complex domains as collections of geometrically simple domains that enabie 
a systematic derivation of the approximation functions. 

2. Derivation of approximation functions over each element; the approxima- 
tion functions are often algebraic polynomials that are derived using 
interpolation theory. 


Assembly of elements, which is based on continuity of the solution and 
balance of internal fluxes; the assemblage of elements represents a discrete 
analog of the original domain, and the associated system of algebraic 
equations represents a numerical analog of the mathematical model of the 
problem being analyzed. 


3 


These three features, which constitute three major steps of the fiinite element 
formulation, are closely related. The geometry of the elements used to 
represent the domain of a probiem should be such that the approximation 
functions can be uniquely derived. The approximation functions depend not 
only on the geometry but also on the number and iocation of points, called 
nodes, in the element and the quantities to be interpolated (e.g., solution, or 
solution and its derivatives). Once the approximation functions have been | 
derived, the procedure to obtain algebraic relations among the unknown 
coefficients (which give the values of the solution at the nodes of the finite 
elements) is exactly the same as that used in the Rayleigh—-Ritz and 
weighted-residual methods. Hence, a careful reading of Chapter 2 makes the 
present reading casier. 

The finite element method not only overcomes the shortcomings of the 
traditional variational methods, but it is also endowed with the features of an 
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TABLE 3.1 
Steps involved in the finite element analysis of a typical problem 


rr 
1. Discretization (or representation) of the given domain into a collection of preselected finite 
elements. (This step can be postponed,until after the finite element formutation of the equation 
is completed.} 
@, Construct the finite clement mesh of preselected elements. 
& Number the nodes and elements. 
ec. Generate the geometric properties (e.g., coordinates and cross-sectional areas) needed for 
the problem. 
2. Derivation of clement equations for all typical elements in the mesh. 
a, Construct the variational formulation of the given differential equation over the typical 
element. 
&. Assume that a lypical dependent variable u is of the form 


tt 
ua > ayy 


i=1 
and substitute it into Step 2a to obtain element equations in the form 
[K*]{u"} = (F*} 
¢, Derive or select, if already available in the literature, element interpolation funclions w, and 
compute the element matrices. 


3. Assembly of element equations to obtain the equations of the whole problem. 

a, Identify the interelement continuity conditions among the primary variables (relationship 
between the local degrees of freedom and the global degrees of freedom—connectivity of 
elements) by relating element nodes to global nodes. 

5, Identity the “equilibrium” conditions among the secondary variables (relationship between 
the focal source or farce components and the plobally specified source components). 

c. Assemble element equations using Steps 3a and 3d, 


4, Imposition of the boundary conditions of the problem. 
a. Identify the specified global primary degrees of freedom, 
5. Identify the specified global secondary degrees of freedom (if not already done in Step 35), 


3. Solution of the assembled equations, 


6. Postprocessing of the results. 
a. Compute the gradient of the solution or other desired quantities from the primary degrees of 
freedom computed in Step 5. 
5, Represent the results in tabular and/or graphical form. 
rn 


eifective computational technique. The basic steps involved in the finite 
element analysis of a problem are given in Table 3.1. 

In the sections that follow, our objective will be to introduce many 
fundamental ideas that form the basis of the finite element method. In doing 
80, we postpone some issues of practical and theoretical complexity to later 
sections of this chapter and to Chapters 4-14. The basic steps of a finite 
element analysis are introduced via a model second-order differential equation, 
which is representative of many one-dimensional systems. 
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3.2 BASIC STEPS OF THE 
FENITE ELEMENT ANALYSIS 


3.2.1 Model Boundary Value Problem 


Consider the problem of finding the function u(x) that satisfies the differential 
equation 


df du 
“a (eG) teen ano for 0<x <b G3.) 

and the boundary conditions 
f ~ (3.2) 


where a=a(x), c=c(x), g=q(x), uo, and Q, are the data (ic., known 
quantities) of the problem. Equation (3.1) arises in connection with the 
analytical description of many physical processes. For example, conduction 
and convection heat transfer in a plane wall or fin (1-D heat transfer), flow 
through channels and pipes, transverse deflection of cables, axial deformation 
of bars (see Fig. 3.12), and many other physical processes are described by 
(3.1). Table 3.2 contains a list of several field problems described by (3.1) 


qt) 


ss 
hich bac ht 


OF Ge Qeti.Qne1 
Node number ‘Element number 
(c) 
FIGURE 3.1 
Finite element discretization of a one-dimensional domain: (a2) physical problem; (6) mathematical 
idealization; (c) finite element discretization. 
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when c(x)=0. The mathematical structure common to apparently different 
fields is brought out in this table. Thus, if we can develop a numerical 
procedure by which (3.1) can be solved for all possible boundary conditions, 
the procedure can be used to solve all field problems listed in Table 3.2, as well 
as many others. This fact provides us with the motivation to use (3.1) as the - 
model second-order equation in one dimension. A step-by-step procedure (see 
Table 3.1) for the formulation and solution of (3.1) by the finite element 
method is presented next, 


3.2.2 Discretization of the Domain 


The domain of the problem in the present case consists of all points between 
x=0 and x=L: Q=(0, L); see Fig. 3.1(b). The domain Q is divided into a 
set of line elements, a typical element being of length #, and located between 
points A and B. The collection of such elements is called the finite element 
mesh of the domain (see Fig. 3.1c). The reason for dividing the domain into 
finite elements is twofold: first, to represent the geometry of the domain; and, 
second, to approximate the solution over each element of the mesh in order to 
better represent the solution over the entire domain. Approximation of the 
domain in the present case is not a concern, since it is a straight line. If the 
domain is a curve then approximation by a set of straight or curved line 
elements is necessary to represent it. Approximation of the solution over each - 
element of the mesh is simpier than its approximation over the entire domain. 
Recall that in the traditional variational methods, the solution is required to 
satisfy the boundary conditions of the problem. This places severe restrictions 
on the choice of approximation functions, especially when discontinuities exist 
in the geometry, material properties, and/or loading of the problem (see 
Chapter 2 for details). 

To connect the elements and impose continuity of the solution at nodes 
common to elements, we identify the endpoints of each line element as the 
element nodes, Depending on the degree of polynomial approximation used to 
represent the solution, additional nodes may be identified inside the element. 
The nodes play the role of interpolation points, as will be seen shortly, in 
constructing the approximation functions over an element. 

The number of elements used in a problem depends mainly on the 
element type and accuracy desired. Whenever a problem is solved by the finite 
element method for the first time, one is required to investigate the 
convergence characteristics of the finite element approximation by gradually 
refining the mesh (i.e., increasing the number of elements) and comparing the 
solution with those obtained by higher-order elements. The order of an 
element refers to the degree of polynomial used to represent the solution over 
the element. 


3.2.3 Derivation of Element Equations 


The derivation of finite element equations, i.¢., algebraic equations that relate 
the primary variables to the secondary variables at the nodes of the elements, 
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involves three steps: 


1. Construct the weighted-residual or weak form of the differential equation. 
2. Assume the form of the approximate solution over a typical finite element. 


3. Derive the finite clement equations by substituting the approximate 
solution into the weighted-residual or weak form. 


A typical element 2° = (x,, xg), whose endpoints have the coordinates 
x=, and x=Xx,, is isolated from the mesh (see Fig. 3.24). We seek an 
approximate solution to the governing differential equation over the element, 
using the Rayleigh-Ritz method discussed in Chapter 2. In principle, any 
method that allows the derivation of necessary algebraic relations among the 
nodal values of the dependent variable can be used. In this book we develop 
the algebraic equations using the Rayleigh—Ritz method, which is based on the 
weak form of the differential equation. The equations resulting from the 
application of a variational method are relations between the primary variables 
{i.e., those involved in the specification of the essential boundary conditions) 
and the secondary variables (i.e., those involved in the specification of the 
natural boundary conditions). The three steps in the derivation of finite 
element equations of a typical element of the mesh are discussed next. 


STEP 1: WEAK FORM. In the finite element method, we seek an approximate 
solution to (3.1) over each finite element. The polynomial approximation of 


ula) = uf w(xg) = af 


‘) 
FIGURE 3,2, 
Finite element discretization of a one-dimensional domain for the model problem in (3.1). (@) A 
typical finite element from the finite element mesh in Fig. 3.1(c); x = global coordinate, ¥-local 
coordinate. (6) A typical element, with the definition of the primary (%} and secondary (2) 
variables at the element nodes, 
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the solution within a typical finite element 2° is of the form 


Ue= 2 ul psx) (3.3) 


where uf are the values of the solution at the nodes of the finite element and 
wp; are the approximation functions over the element. The coefficients uj are 
determined such that (3.1) is satisfied in a weighted-integral sense. As 
discussed in Chapter 2 (which should be consulted for additional details}, the 
necessary and sufficient number of algebraic relations among the uf can be 
obtained by recasting the differential equation (3,1) in a weighted-integral 


form: 
x 1 df dit ; . 
O= ~—{a— — 
[ » «(a “) + q| dx (3.4) 


where w(x) denotes the weight function and Q° = (x4, Xz) is the domain of a 
typical element (see Fig. 3.2a). For u ~ U* and each independent choice of w, 
we obtain an independent algebraic equation relating all uf of the element. A 
total of n independent equations are required to solve for n values uj. When w 
is selected to be wi and (3.4) is used to obtain the ith equation of the required 
yn equations, the resulting finite element model (i.e., system of algebraic 
equations among the nodal values) is termed the Galerkin finite element model. 
Since (3.4) contains the second derivative of U*, the approximation functions 
py must be twice differentiable. In addition, if the secondary variables are to 
be included in the model, wf must be at least cubic. Similar arguments apply 
for cases of the weighted-residual methods discussed in Chapter 2. For 
additional details of the weighted residual finite element models, see Reddy 
(1986) and Chapter 14, 

To weaken the continuity required of the functions we(x), we trade the 
differentiation in (3.4) from u to w such that both # and w are differentiated 
equally, once each in the present case. The resulting integrai form is termed 
the weak form of (3.1). This form is not only equivalent to (3.1) but it also 
contains the natural boundary conditions of the problem. The three-step 
procedure of constructing the weak form of (3.1) was presented in Chapter 2, 
and is revisited in the next few paragraphs. 

The first step is to multiply the governing differential equation with a 
weight function w and integrate over a typical element. The second step is to 
trade differentiation from u to w, using integration by parts. This is achieved as 
follows. Consider the identity 


df du d du dw du : 
-w|5 (a =)| = -< (wa) +a ak (3.54) 


which is simply the product rule of differentiation applied to the product of two 
functions, a du/dx and w. Integrating this identity over the element domain, 
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we obtain 


<8 af du “a du 7s dwdu 
-[ wl slag) r= -] almegayaet | ne de 


x4 


duj? ( dwdu 
=- | wa il. + - oy de ax (3.58) 
Substituting (3.56) into (3.4), we arrive at the result [cf. (2.34)] 
“e/ dwdu dir |*# 
0= . (FES + cwu — wq) de — [wa] (3.6) 


The third and last step is to identify the primary and secondary variables 
of the variational (or weak) form. This requires us to classify the boundary 
conditions of each differential equation into essential (or geometric) and 
natural {or force) boundary conditions. The classification is made uniquely by 
examining the boundary term appearing in the weak form (3.6), 


As a rule, the coefficient of the weight function in the boundary expression is 
called the secondary variable, and its specification constitutes the natural 
boundary condition. The dependent unknown in the same form as the weight 
function in the boundary expression is termed the primary variable, and its 
specification constitutes the essential boundary condition. For the model 
equation at hand, the primary and secondary variables are 


du 
u and a7, =o 


In writing the final form of the variational (or weak) statement, we 
assume that all boundary conditions at the element level are of the natural 
type, so that they can be included in the variational statement: 


-2=(0F)| 2 Oem (0%) 


The primary and secondary variables at the nodes are shown on the typical 
element in Fig. 3.2(b). Students of engineering recognize that this figure is the 
free-body diagram of the typical element, with its internal forces (i.ec., 
reactions) Qf and Q3. The quantities Q]=Q,, and Of=Q, have the meaning 
of forces in the axial deformation of bars; Q{ is a compressive force while Q3$ is 
a tensile force (algebraically, both are positive, as shown in Fig, 3.26). For 
heat conduction problems Q{ and Q§ denote the heats conducting into the 
body. The arrow on the second node should be reversed for heat transfer 
problems, because the Fourier heat conduction law relating the gradient of 
temperature to the heat flux contains a negative sign (implying heat flows from 


G.7) 


as 
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hot to cold). For additional details on heat transfer, see Section 3.3.1. With the 
notation in (3.7), the variational form becomes 


dw du 


A a 
0= [ (ae + ewu - wa) dx — w(x4)Q4 — wlre)@p (3.8) 


This completes the three-step procedure of constructing the weak form, 
The weak form in (3.8) contains two types of expressions: those containing 
both w and u; and those containing only w. We group the former type into 3 
single expression, called the bilinear form: 


a di 
By, u) = . (« oe + cw) dx (3.94) 
We denote all terms containing only w (but not u) by ff), called the linear 
form: 


iG) = i wq dx + w(x,)Qat wlts\On (3.9b) 


XA 


The variational statement (3.8) can now be expressed as 
B(w, uv) = 1G) (3.10) 


which is called the wariational problem associated with (3.1). As will be seen 
later, the bilinear form results directly in the element coefficient matrix, and 
the linear form leads to the right-hand-side column vector of the finite element 
equations. 

Those who have a background in applied mathematics or solid and 
structural mechanics will appreciate the fact that the variational problem (3.10) 
is nothing but the statement of the minimization of a quadratic functional or of 
total potential energy (ze): 


é6F=0 


where & is the variational symbol (see Section 2.3.3) and J is the quadratic 
functional defined by [see (2.435) 


Mu) = 4B(u, u)— Iu) (3.11) 


Equation (3.11) holds only when /(z) is linear in u, and B(w, #) is bilinear and 
symmetric in u and w, 


B(w, wu) = Bu, w) 


When (3.1) describes the axial deformation of a bar, 3B(u, u) represents the 
elastic strain energy stored in the bar, /{#) represents the work done by 
applied forces, and i(u} represents the total potential energy of the bar 
element. It is important to note that finite element formulations do not require 
the existence of the functional /(u). What is needed is a way to obtain exactly 
n algebraic equations among the uj of (3.3) such that the governing differential 
equation is satisfied over the element in some meaningful way. In the present 
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study, We use the weak form of the differential equation, i.e., (3.8) or (3.10), 
and the Rayleigh—-Ritz method to obtain the n algebraic equations among the 
nodal variables uj and Qj. 


STEP 2: APPROXIMATION OF THE SOLUTION. Recall that the weak form 
aver an element is equivalent to the differential equation and the natural 
boundary conditions of the element. The essential boundary conditions of the 
element, say u(%4)=4, and u(v,)= uz, are not included in the weak form. 
Hence, they must be included in the approximation of u(x). Thus, the 
approximation of u(x) must be an interpolant, i.e., must be equal to 1, at x, 
and ug at Xz. Since the weak form contains the first-order derivatives of uw, any 
continuous function would be a candidate for the finite element solution. Let 
us denote the finite element solution over element Q° = (x4, x3) by U*%. Then 
we seek the approximate solution U/* in the form of algebraic polynomials. The 
reason for this choice is twofold: first, the interpolation theory of numerical 
analysis can be used to develop the approximation functions systematically 
over an element; second, numerical evaluation of integrals of algebraic 
polynomials is easy. 

As in variational methods, the approximation solution U* must fulfill 
certain requirements in order that it be convergent to the actual solution u as 
the number of elements is increased. These are: 


1, The approximate solution should be continuous over the ele- 
ment, and differentiable, as required by the weak form. 


2. It should be a complete polynomial, i.e., include all fower-order (3.12) 


terms up to the highest order used. 


3, Ii should be an interpolant of the primary variables at the nodes 
of the finite element. 


The reason for the first requirement is obvious; it ensures a nonzero coefficient 
matrix. The second requirement is necessary in order to capture all possible 
states, i.e., constant, linear and so on, of the actual solution. For example, if a 
linear polynomial without the constant term is used to represent the tempera- 
ture distribution in a one-dimensional system, the approximate solution can 
never be able to represent a uniform state of temperature in the element, The 
third requirement is necessary in order to satisfy the essential boundary 
conditions of the element and to enforce continuity of the primary variables at 
points common to several elements. 

For the variational statement at hand, the minimum polynomial order is 
linear. A complete linear polynomial is of the form 


Ut =a+bx (3.13) 


where a and b are constants. This expression meets the first two requirements 
in (3.12). To satisfy the third 


Ug) aul,  U(xg) =u (3.14) 
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we express the constants a and b in (3.13) in terms of u{ and uz. Equations 
(3.14} provide two relations between (a, b) and (uj, uw): 


=at+ be 
4 (3.152) 
Wj =at bx, 


(tals SG) (3.156) 


Inverting (3.155) by Cramer’s rule, we obtain 


or, in matrix form, 


use x 1x 1 i 
= ; ‘ / “| =< (Uite — Uixs) =O (Wut + 0fu8) 
Hs XR 1 xp he he . 
(3.15¢) 
_ {i ui , 


i / F X4 
1 xR 
where k, =X, —X, and 
af=(-1yxf, BR=(-1)); *i=%4, *i=%e (3.154) 
In (3.154), i and j permute in a natural order: 
if i=i then f=2; if i=2 then j=l 


i 1 
=lh ous =p, ui i) my Bind + ius) 


The of and 7 are introduced to show the typical form of the interpolation 
functions. Substitution of (3.15c) into (3.13) yields 


1 
U(x) = 7 [Ceriui + oe) + (Bia + Baus) 


i i 
=F (af + Bixjus +7 {a5 + B5x)3 


That is, 
2 
U(x) = Wied + pies =2 wi(x)uj (3.164) 
where 


Be —X4 


iG) => (a + Pix) = » W(x) a7 (i+ 83x) = 


BOX Xg—Ka 


(3.16) 


which are called the linear finite element approximation functions. 
For the linear interpolation (3.16), we label the endpoints as nodes 1 and 
2, and rename the secondary variables as 


Q.=O% Qe=O% (3.17) 
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The global node numbers for elements connected in series can be related to 
the element node numbers. For linear elements, the global node numbers of 
element €2° are e and.e +1, and the globai coordinates of the element nodes 
are ¥, and %o41 {i-e., 44 =x, and 5 = Xet)- 

Note that the element interpolation functions yf in (3.165) are expressed 
in terms of the global coordinate x (i.e., the coordinate of the problem), but 
they are defined only on the element domain Q* = (x,, X2) = (,, Ye41). If we 
choose to express them in terms of a coordinate 7 with origin fixed at node 1 of 
the element, y7 of (3,165) take the forms 


VI@=1-F, w= G.18) 


e 


The coordinate x is termed the focal or element coordinate. The functions wt 
are shown in Fig. 3,3(a), Note that wis equal to 1 at node 1 and zero at node 
2, and 5 is equal to 1 at node Z and zero at node i. These properties of 7 are 
known as the interpolation properties. 

The global interpolation functions ©, can be defined in terms of the 
element interpolation functions corresponding to the giobal node J (see Fig. 


: it 
Typical element 


Global nade numbers 


@,- wh") for xp, Sx Sx, 
wt forxp SxS 2x1 
{b) 


FIGURE 3.3 
(2) Local and () global interpolation Functions for the two-node {linear) element (x4 =.2,, 
Xg=Xeai): 
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3.3b). Since U*(x) of (3.162) is an interpolant of u{x) over the element OF, wy 
are also called interpolation functions. Interpolation functions derived using the 
dependent unknown—not its derivatives—at the nodes (i.c., interpolation 
functions with C° continuity) are called the Lagrange family of interpolation 
functions. When the dependent unknown and its derivatives at the nodes are 
used to derive the interpolation functions, the resulting interpolation functions 
are known as the Hermite family of interpolation functions (see the classical 
beam element in Chapter 4). 

Note that pi are derived systematically, starting with an assumed degree 
of aigebraic polynomial for the dependent unknown and determining the 
coefficients of the polynomial in terms of the primary degrees of freedom, we 
expressed the dependent variable as a linear combination of approximation 
functions and the primary nodal variables. The key in the procedure is tq select 
the number and the location of nodes in the element so that the geometry of 
the latter is uniquely defined. The number of nodes must be sufficient to allow 
the assumed degree of interpolation of the solution in terms of the primary 
variables. For a linear polynomial approximation, two nodes with one primary 
unknown per node are sufficient to define the geometry of the element, 
provided the two nodes are the endpoints of the element. Since a quadratic 
polynomial is uniquely defined by three parameters, a total of three nodal! 
points must be identified in the element. To define the geometry of the 
element, two of the nodes must be the endpoints of the element. The third can 
be identified inside the element. 

Returning to the linear approximation (3.13), which is recast as (3.164), 
we nate that the true solution is approximated over each element by a linear 
polynomial U*(x) (see Fig. 3.4a). The error in the approximation, & = 
u(x) — U%(x), can be reduced by either decreasing the element size A, OF 
increasing the degree of the approximation (see Fig. 3.4B). 

A quadratic approximation is of the form 


U(x)=atbytex® | (3.19) 


which requires three nodes in order to rewrite U* in terms of the values of u(x) 
at the nodes. Two of the nades are identified as the endpoints of the element 
to define the geometry, and the third node is taken interior to the element. In 
theory, the third node can be placed at any interior point. However, the 
midpoint of the element, being equidistant from the end nodes, is the best 
choice. Other choices (e.g., quarter-point) are dictated by special considera- 
tions (e.g., to have a certain degree of singularity in the derivative of the 
solution). Thus, we identify three nodes in the element of length h, (see Fig. 
3,5a) and rewrite U°(x) in terms of the three nodal values, (uj, 23, 45). We 
have 


ua U(x) =a + bxit csi 
ug = U*(x8) =a + bxh + c(x9" (3.202) 
ug = U"(x) =a + bx§+ e(x$)* 
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—— Fxact solution 
~--- Six-linear-element solution 
=. Three-linear-element solution 


u(x} | 


(a) 


ufx) —- —- Linear-element solution 


oe Quadratic-element a oa ae 
solution “” NS 
; vf oa ‘. 


(5) 


FIGURE 3.4 
Refinements of finite element solutions; (@) mesh refinement using linear elements; (b} quadratic 
element solution using three elements. 


or, in matrix form, 


us 1 xi Gf [a 
ue=]1 xf Gi 146 (3.208) 
us 1 x§ Ihe 


where x? is the global coordinate of the ith node of the element Q*. Inverting 
the above relations, we obtain 


1 < ; 
a= Te >, ofuf, af = xf(x$)? — xi(xf)? 
f=1 
1 : €,,€ e 2 eye 
b = pe 2 Bil, Bi = (iy - @D) (3.21) 


12 3 
cand vin, Yf=—@j-xD, D° => af 


Em § i=1 
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——S——S— 
— x he | 
{a} 
#14 
1 
| | 
Ye 
f * 
b zg 
fs 
it 
1 
bt £ 


————S u 
a =. =. a 


oo ~ oy 
T-2 be eee oe |i+? 
ra e NS ets 
eth element {e+ 1)}th element 


(¢) 


FIGURE 3.5 

One-dimensional Lagrange quadratic element and its interpolation functions: (2) geometry of the 
element; {>} interpolation functions; {c} global interpolation functions corresponding to the 
quadratic interpolation functions. Here 7 denotes the global nade number, ¢ the element number, 
and f the element node number. 


and (3.19) takes the form 
3 
U(x) = via + wi )us + wSeus= 2 VIO uj (3.22) 
j=1 
where yf are the quadratic Lagrange interpolation functions, 


Yi) = pe (att Bie tie?) G=1,2,3) 6.23) 
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Here D* denotes the determinant of the matrix in (3.20b), and af, Bf, and y7 
are defined by (3.21). The subscripts used in (3.21) permute in a natural order: 


if i=1 then j=2 and k=3 
if i=2 then j=3 and k=1 (3.24) 
if i=3 then j=1 and &=2 
For example, a5, 8%, and y{ are given by 
= 805-3, B= - G9, news 


The quadratic interpolation functions can be expressed in terms of a local 
coordinate Xx, with origin fixed at node 1, the left end of the element. The 
global coordinate x is related to the local coordinate Z by the relation 


x=xi+s (3.25) 


where +[ =x, is the global coordinate of the first node of the element Q*. For 
a quadratic clement with the interior node, node 2, located at ¥ = ah,, we 


have 
vere BED 


(7) --—_1__# (,_# 
Vi) = Ta = (1 *) (3.26) 


VE) =~ G vies 


where O< a <1 and x3=x5+4+ ah,. For x=3, ie., when node 2 is placed at 
the midpoint of the element, (3.26) becomes 


v9 (DZ 


vin) 


(3.27) 


vse) = -F(1- 


Plots of the quadratic interpolation functions are given in Fig. 3.5(b). The 
function yf is equal to 1 at node é and zero at the other two nodes, but varies 
quadratically between the nodes. 

All Lagrange family of interpolation functions satisfy the following 


84  FIMITE BLEMENT ANALYSIS OF ONE-DIMENSIONAL PROBLEMS 


properties, known as the interpolation properties: 


0 if i4j 


() wiGD= 6" |) 


ifi=j 
x mn dye (3.28} 
(2) DS yi@)=1, hence 2 ig 

j=l je dx 


where n—1 is the degree of interpolation polynomials and xf is the global 
coordinate of node j in the element Q*. It can be verified that the linear 
interpolation functions in (3.16) and quadratic interpolation functions in (3.26) 
and (3.27) satisfy the two properties in (3.28). The first is a direct result of the 
requirement U*(xf)= uf, and the second comes from the inclusion of a 
constant term in the polynomial. For example, if the approximation U* is to 
represent a uniform state of solution, U* = U% = constant, then all uf = U§, and 
we have A 


Ug= > Uswy(x) 


jt 


or 
1= 2 w(x) 


The interpolation properties (3.28) can be used fo construct the Lagrange 
interpoiation functions of any degree. For example, the quadratic interpolation 
functions (3.27) can be derived using property (1) of (3.28). Since yi(%) must 
vanish at nodes 2 and 3, ie., at #=4h, and x =A, it is of the form 


wi(z) = CH — sh.)% — he) 
The constant C is to be determined such that y{ is equal tol at r=0: 
1=C(0—44,)O—-h,) or C=2/he 
This gives 


3 - ~ 

vi@ Ze -dnae—n)=(1-F)I-F) 
which is the same as in (3.27). The other two interpolation functions can be 
derived in a similar manner. 

Although a detailed discussion is presented here on how to construct the 
Lagrange interpolation functions for one-dimensional elements, they are 
readily available in books on numerical analysis, and their derivation is 
independent of the physics of the problem to be solved. Their derivation 
depends only on the geometry of the element and the number and location of 
the nedes, The number of nodes must be equal to the number of terms in the 
polynomial. Thus, the interpolation functions derived above are useful not 
only in the finite element approximation of the problem at hand, but also in all 
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problems that admit Lagrange interpolation of the variables, i.e., all problems 
for which the primary variables are the dependent unknowns of the governing 
equations. 


STEP 3: FINITE ELEMENT MODEL, The weak form (3.8) or (3.10) is 
equivalent to the differential equation (3.1) over the element 2° and also 
contains the natural boundary conditions (3.7). Furthdr, the finite element 
approximations (3.16@) or (3.22) satisfy the essential boundary conditions 
(3.14) of the element. The substitution of (3.16@) or (3.22) into (3.8) will give 
the necessary algebraic equations among the nedal values uf and QF of the 
element Q°. In order to formulate the finite element model based on the weak 
form (3.8), it is not necessary to decide a4 priori the degree of approximation of 
U*, The model can be developed for an arbitrary degree of interpolation: 


u=U%= => us ypy(x) (3.29) 


where wy are the Lagrange interpolation functions of degree n—1. When 
n>2, the weak form in (3.8) must be modified to include nonzero secondary 
variables, if any, at interior nedes: 


= [" (age tome) ae in wg dx ~ > wengs (3.30) 


where xf is the global coordinate of the ith node of element °. If nades 1 and 
n denote the endpoints of the element then Q{ and Q), represent the unknown 
point sources, and all other Qf are always known (i.e., applied point sources). 

Following the Rayleigh-Ritz procedure developed in Section 2.4.2, we 
substitute (3.29) for u and wi, w5,..., yw for w into the weak form (3.30) to 
obtain # algebraic equations: 


a fr E ov (24 sae ) + ovi( >, usviGe)) - via | dx — > WIG Q; 


=1 


o “f “[oE (3 Ge) + evi 3, eiwic) — via] ae >, vseeney 


fat 
g= [ i 
7A 


Vi 
dx 


(3 Ge) ev ore) — via] ae 3 wieenay 


(ith equation} 


= [ [oS (Se BE) + eval S wrwsten) - via] ax > veteney 


(3.312) 
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Note that the numbering of the algebraic equations follows that of the primary 
variables in the element. The ith algebraic equation can be written as 


Kjut—ff-Q? @=1,2,...,n). (3,316) 


i=l 


dx dx 


teoviyf) de= Bt, wp, f= [ auide=1yp 


(3.31c} 
Note that the interpolation property (1) of (3.28) is used to write ~ 
f 
2, VINO = OF (3.32) 
f= € 


Equations (3.31a) can be expressed in terms of the coefficients Ky, f7, 
and Qf as 


Kqwit Kit t+... + Ku, = fit OF 


Kiiuh + Kigu§ +... + K3ui=fS+ Q5 (3.332) 


Knits + Kyots +... + Kite fat On 


Ta matrix notation, the linear algebraic equations (3.33a) can be written as 


| [K°]{u"} = {f°} + {2°} | (3.335) 


The matrix [K*] is called the coefficient matrix, ox stiffness matrix in structural 
mechanics applications. The column vector {f*} is the source vector, or force 
vector in structural mechanics problems. Note that (3.33) contains 27 
unknowns: (ui, u5,..., 4%) and (01, O3,..., G5), calied primary and secon- 
dary element nodal degrees of freedom; hence, it cannot be solved without 
having an additional » conditions. Some of these are provided by the boundary 
conditions and the remainder by balance of the secondary variables Qf at 
nodes common to several elements. This balance can be implemented by 
putting the elements together (i.e., assembling the element equations). Upon 
assembly and imposition of boundary conditions, we shall obtain exactly the 
same number of algebraic equations as the number of unknown primary and 
secondary degrees of freedom. The ideas underlying the assembly procedure 
are discussed in the next section. 

The coefficient matrix [K*], which is symmetric, and source vector {f*} 
can be evaluated for a given element and data (a, c, and g). For element-wise- 
constant values of a, c, and q (say, @,, c,, and q,) the coefficients Kj and f; can 
easily be evaluated for a typical element. , 


Se 


- 
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Linear element. For 2 mesh of linear elements, the element Q° is located 
between the global nodes x, = 1, and x3 = x,4, (see Fig. 3.2). Hence, 


Fett d ed ene . e+ e 
y= (a EE cawtus) ds, f= [aout dr 


or, in the local coordinate system ¥, 


Fe api dy; te ‘ 
Kj~ | («, ° dz dz + ce¥is) di, fiz lo dey; dx 


where x = xat # and 


The y? can be expressed in terms of € as [see (3.18)] 
Wi@)=1-x/h., Yi) = E/h, 
We can compute Kj, and f7 by evaluating the integrals. We have 


mu [Lo DDest-De-le 


@ 
= ih, + 4¢.h, 


He 1,1 X\ 
ron [[eCaate(-ele 
ann he/ he he} he 


ae 
= h. + EC, = 2t (by symmetry) 


Similarly, 
Ae x _ Ae z 
fi = | a.(1 ~ ~) dt = eh, fi = fey dy = Aquhte 
a € 8 é 


Thus, for constant g,, the total source gh, is equally distributed to the two 
nodes. The coefficient matrix and column vector are 


ee ee | 


(3.34b) 


inte 


lfa=a,x and c=c,, the coefficient matrix [K*] can be evaluated as 


ao fe ethos) | J af ae | 
Kp= [(—— . 
[x] ral 2 -I 1 + 6 L1 2 (3.35) 
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A,=A(x) A=HA, + Aet) 
__ Aes =A) 


ae 


FIGURE 3.6 .- 


O x eae a dt 
12 Approximation of an element with linearly 
varying cross-section hy an equivalent clement, 
with constant cross-section. 
I Xe+1 + 


The reader should verify this. Note that when a is a linear function of x, this is 
equivalent to replacing @ in the coefficient matrix with its average value 
[compare (3.34a) with (3.35)]: 


Gave = dx, + Xe+i)Fe (3.36) 
For example, in the study of bars with linearly varying cross-section « 
r 
Agst — Ae 
a= EA(x) = B(A. + Sete 3) 


this amounts to replacing the varying cross-section with a constant cross- 
section within each element, the cross-sectional area of the constant section 
being the average area of cross section of the linearly varying element (see 
Fig. 3.6). Here A, denotes the cross-sectional area at x, and A,,, is that at 
Neots 

When a, ¢, and q are algebraic polynomials in x, the evaluation of Kj 
and ff is straightforward. When they are complicated functions of x, numerical 
evaluation of the integrals in [K*] and {f°} will be sought. A complete 
discussion of the numerical evaluation of integrals is presented in Chapter 7. 

When a and g are element-wise-constant and ¢=0, the finite element 
equations corresponding to the linear element are 


ra “Ni scat (os) (3.374) 


Ge @ fe e ye 
pi ee dqehte + QO} 
. . (3.376) 


ae e a, é 1 @ 
uit ub =aghet+ 
h, 1 h, $= aqgh.+ O35 


Quadratic element. For a quadratic-element mesh, the element 2° is located 
between global! nodes x1, = xz,-; and Xz = ¥2,,,. Hence, 


Waeet d fd € fe ad < € 
p= f(a ESE + cowry) ax = |" (ac EE + ccwiws) a 
Xap dx ax iH dt adi GB 38) 
X21 tte . 
fi=[ wigs [ wige di 


where the Lagrange quadratic interpolation functions f(x) (i= 1, 2,3) are 


SECONBD-ORDER BOUNDARY VALUE PROBLEMS 89 


given in'(3.27). Evaluating the integrals in (3.38), we obtain 


he 3 4A\f 3 4¥ 
ria al dof(-2 08) 
" [ 9A RIN he 
3X «fk 3x 2 
1-4 2 : 
+e h. (2) | 7 +2(5) |e 


he 3 ARs 4 BE 
KY =k -{ { {7 =) —33) 
a Ba 1 aah, he 


sofa olf 6-D)e 


and so on. Similazly, 


3% 2 
fie" a.|1-j=+2(F) a (by symmetry) 


p= [alee(-2)] acme 


Note that, for quadratic elements, the total source gf, is not distributed 
equally between the nodes. The distribution is not equivalent to that of two 
linear elements of lengths 44,. Therefore, the computation of f? should be 
based on the interpolation functions of that element. The sum of ff for any 
element should always be equal to the integral of g(x} over the element: 


fig [ * g(a) dx (3.39) 


In summary, for element-wise-constant values of a, c, and gq, the element 
matrices of a quadratic element are 


4 2 -1 
216 2 (3.402) 
12 4 


3.2.4 Connectivity of Elements 


In deriving the clement equations, we isolated a typical element (the eth) from 
the mesh and formulated the variational problem (or weak form) and 
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developed its finite element model. To solve the total probiem, we must put 
the elements back into their original positions. In doing this before discretiza- 
tion, we impose the continuity of the primary variables and balance of the 
secondary variables at the connecting nodes between elements. Continuity of 
the primary variables refers here to the single-valued nature of the solution; 
balance of secondary variables refers to the equilibrium of point sources at the 
junction of several elements. Thus, the assembly of elements is carried out by 
imposing the following two conditions: 


1. Continuity of primary variables at connecting nodes: 


uo=uytt (3.414) 
i.e., the last nodal value of the element ©° is the same as 
the first nodal value of the adjacent element 2°77. , ~ 
2, Balance of secondary variables at connecting nodes: 
0 if no external point source is applied 
P PP (3.416) 


QOf+Q%t'=4Q, if an external point source of magni- 
tude Qs is applied 


In writing (3.41), it is assumed that elements are connected in a sequence. The 
continuity of primary variables u3= uft! and balance of secondary variables 

¢4 O%*! for a mesh of linear elements is illustrated in Fig. 3.7, The balance 
of secondary variables can be interpreted as the continuity of adu/dx (not 


a dU*/dx) at the point common to elements 9° and Q°*? Gvhen no change in 


Let i x) 


Global node number 


{2) 
ne ee ee Pe FIGURE 3.7 
Qi ° ne Ot" Assembly of two linear Lagrange ele- 
@ Ot ments: (a) continuity of the primary vari- 


able; (b) balance of the secondary 
(8) variables. 
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a du/dx is imposed externally): 


( ay =( ay" 
"del \" dx 


( “ey n (- uy _ 6 
dx * de 7 
O54 Of"=0 


The interelement continuity of the primary variables is imposed by 


renaming the two variables u® and u{*! at x =x, as one and the same, namely 


the value of u at the global node N: 
us = uf = Uy (3.43) 


where N = (# —1)e + 1 is the global node number corresponding to node n of 
the element Q* and node 1 of the element 2°*". For example, for a mesh of E 
linear finite elements (# = 2), we have 


or 


(3.42) 


(3.44) 


To enforce balance of the secondary variables Q7, (3.415), it is clear that 
we can set OF + OFt! equal to zero or a specified value only if we have such 
expressions in our equations. To obtain such expressions, we must add the nth 
equation of the element {° to the first equation of the element Oct. that is, 
we add 


wn 
x Kiyjujafit Os 
i= 
and 
fA 
> Kap hag? = fi + ov 
io give 
; . 
Py (Kaul Kip tus) = fat fit + (Qh 4+ OF 
j= 


=fatfir + Qo (3.45) 


This process reduces the number of equations from 2E to E +1. The first 
equation of the first element and the last equation of the last element will 
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remain unchanged, except for renaming of the primary variables. The 
left-hand side of (3.45) can be written in terms of the global nodal values as 


(Ke,uit Kigugt... + Ko,uo) + KiPagtt + Keptagtt + + Kit tag 

= (K6,Uy + KnoUyar t+... + Kinin) 

+ (KG Unni t Kid Uva $2 + Kin Uns2n-2) 
= KniUn + KaoUnai ts . + Kia —pUwen-2 

+ (Kin t KG VU ant + Ki Unan t+ KEP U sono (3.46) 

where N=(#—l)e+1. 
For a mesh of £ linear elements (7 = 2), we have 
Ki,U,+ KLU,=fi+Q} (unchanged) 
Kal, + (Kit Ki)la+ KbUs=fit fit Q2+0% 


K3,U, + (Kin + Kiy)Us + Kialy =f3+fi+ 03+ 03 
: J (3.47a) 
Ke Ug» + (KE + Ke )Ug + KEU ew = fi + fF 4+ GF 1+ OF 


These are called the assembled equations. They contain the sum of coefficients 
and source terms at nodes common to two elements. Note that the numbering 
of the global equations corresponds to the numbering of the global primary © 
degrees of freedom, U,. This correspondence carries the symmetry of element 
matrices to the global matrix. Equations (3.474) can be expressed in matrix 
form as 


Kis Kip u 
Ki, Kit Ki Ki 0) th 
Kh: Koy + KR, U; 
0 KE1+ KE KE|| Use 
Ki, Ke} (Ues1 
1 1 
1 1 
Fathi Q3+ 0% 
24. 3 24 3 
fa fi + O35 : ei (3.47b) 
fr c+ft OF *+ OF 
2 5 


Recall that all the above discussion of assembly is based on the 
assumption that elements are connected in series. In general, several elements 
can be connected at a node, and the elements do not have to be consecutively 
numbered. In that case, the above idea still holds, with the change that 
coefficients coming from alt elements connected at one node will add up. For 
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_Rigid bar 
(constrained to move 
herizontatty} 


FIGURE 3.8 
The geometry and finite element mesh of 4 bar 
siructure, 


example, consider the structure consisting of three bar elements shown in Fig. 
3.8. Suppose that the connecting bar is rigid (i.e., not deformable) and is 
consteained to remain horizontal at all times. Then the continuity and force 
balance conditions for the structure are 


w= ui=uz=U;, O}4+ 03+ Q2=2P (3.48) 


To enforce these conditions, we must add the second equation of element 1, 
the first equation of element 3, and the second equation of element 2: 


(Kiwi + Khu) + (Kit + Kind) + (KG,u + K2,u3) 
=f4+fitss+ 03+ G14 G3 (3.49) 


We note the following correspondence of local and giobal nodal values (see 
Fig. 3.8): 


w=U,, w=U, ul=u 
Hence, (3.49) becomes 
Kil, + KiU, + (Kip + Kh) + KR)U; + KRU, = fit fi + f3+ Oh+ 03+ 03 
=fitfitfet2P 


The other equations remain unchanged, except for renaming of the primary 
variables. The assembled equations are 


=ye= 3 
Sug Us, 4, =U, 


Ki, O Ki, O7f4, fi o} 

0 Ki Kh 0 F}G{_ fi A OF (3.50) 
Ki, Ki, K KELI}G, Fat fitsfy 03+ QO? + OF 
0 0 Kh} KRILY fi Q3 


where K = Ki, + K3,+ K2,. 

The coefficients of the assembled matrix can be obtained directly. We 
note that the global coefficient K,, is a physical property of the system, relating 
global node f to global node 7. For axial deformation of bars, K,, denotes the 
force required at node J to induce a unit displacement at node J, while the 
displacements at ail other nodes are zero. Therefore, K,, is equal to the sum of 
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all Ki for which i corresponds to 7 and j corresponds to J, and! and j are the 
local nodes of the element 2°. Thus, if we have a correspondence between 
element node numbers and global node numbers then the assembled global 
coefficients can readily be written in terms of the element coefficients. The 
correspondence can be expressed through a matrix [8], called the connectiuity 
matrix, whose coefficient by has the following meaning: 


by is the global node number corresponding to the jth node of element i 


For example, for the structure shown in Fig. 3.8, the matrix [B] is of order 
3 x 2 (3 elements and 2 nodes per element): 


13 
[B]=|2 3 
3 4] ‘ 


f 


This array can be used in a variety of ways—not only for assembly, but also in 
the computer implementation of finite element computations. The matrix [B] 
is used to assemble coefficient matrices as follow: 


Ki,=Kyu, because local node 1 of element 1 corresponds to global node 1 


Ki,=Kj3, because local nodes 1 and 2 of element 1 correspond to global 
nodes 1 and 3, respectively 


and so on. When more than one element is connected at a global node, the 
element coefficients are to be added. For example, global node 3 appears in all 
three rows (i.¢., elements) of the matrix [B], implying that all three elements 
are connected at global node 3. More specifically, it indicates that node 2 of 
element 1, node 2 of element 2, and node 1 of element 3 are the same as global 
node 3. Hence 


Ki, + Ki, + Ki, = Kas 


Assembly on paper can be carried out by examining the finite element 
mesh of the problem. For the mesh shown in Fig. 3.8, we have 


K,,= K?;, because global node 2 is the same as node 1 and globa! node 3 is 
the same as node 2 of element 2 


Ky, =, because global nodes 2 and 4 do not belong to the same element 
Kay = Ki, + Kinet Kis 
and so on. 


In summary, assembly of finite elements is carried out by imposing 
interelement continuity of primary variables and balance of secondary vari- 
ables [see (3.41)]. Renaming the elemental primary variables in terms of the 
global primary variables and using the correspondence between the local and 
global nodes allows the assembly. When certain primary nodal values are not 
required to be continuous (by the variational formulation) across elements, 
such variables may be condensed out at the element level before assembling 
elements. 
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3.2.5 Imposition of Boundary Conditions 


Up to this point, the specific nature of the problem has not been used in the 
development of the finite element model or in the assembly of finite elements. 
In other words, the discussion, in Sections 3.2.1—3.2.4 is valid for any 
differential equation that is a special case of the model equation (3.1). One 
particular problem differs from others in the specification of the data and 
boundary conditions. Here we discuss how to impose the boundary conditions 
of a problem on the assembled set of algebraic equations. To this end, we use 
the problem in Fig. 3.8. Its boundary conditions are evident from the 
structure. The known primary degrees of freedom (i.e., displacements) are 


ug=U,=0, “i= ,=0, B= ,=0 (3.51a)} 
The known secondary degrees of freedom (i.e., forces) are 
Qi + 03+ O1=2P (3.516) 


The forces G1, Q?, and Q3 are unknown (reaction forces), and they can be 
determined in the post-computation, i.e., after the primary degrees of freedom 
are determined. 

Imposing the boundary conditions (3.51) on the assembled system of 
equations (3.50) and for ff, we obtain 


Ky 9 Kh 0 ](4%=6 er 

0 Ki; Ki 0 i, =0 = OF (3 52) 
Ki, Ki, Kb+Kit+Kii Kin U; 2P 

0 0 Ki Ki, U,=0 03 


This contains four equations in four unknowns: U4, Qj}, Gt, and Q3. 


3.2.6 Solution of Equations 


As a standard procedure in finite element analysis, the unknown primary 
degrees of freedom are determined fitst by considering the algebraic equations 
corresponding to the unknown primary variables. Thus, in the present case, we 
consider the third equation in (3.52) to solve for U;: 


Ki,U, + K3,U, + (Ki, + Kip + Ki)U, + KL,U,=2P 
or 
(Koo + Kin + Ki)Us = 2P — (K3,U, + Ki,U, + KU) (3.53) 


Equation (3.53) is called the cendensed equation for the unknown U;. The 
term in parentheses on the right-hand side is zero because all specified 
dispiacements are zero in the present problern. Hence, the solution is given by 


The unknown secondary variables are determined by considering the 
remaining equations of (3.52), i.¢., those that contain the unknown secondary 
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variables: 

U. 
‘) [Kh 0 Kb 0 [7 
Fi = 0 Kix Kt 0 
3 0 0 Ki KhAl 
4 

Kis, 

=4 K2,U,>¢, because ,, U, and U, are zero (3.546) 
K3,U; 


It is possible, although not common with computer programs, to move all 
the unknowns to the left-hand side in (3.52) and solve for them all at once. But 
this process requires more computational time in practical preblems. “ 

In general, the assembled finite element equations can be partitioned 


conveniently into the following form: ; 
lie peoalleon! (irs) 0.55) 


where {U'} is the column of known primary variables, {U7} is the column of 
unknown primary variables, {F 1) is the column of unknown secondary 
variables, and {F*} is the column of known secondary variables. Writing (3.55) 
as two matrix equations, we obtain 


[AU}{U} + (KU) = (FY (3.562) 
[K2] {U1} + [K7]{U7} = CF} (3.562) 
From (3.56), we have 
[a =n} uw | (3.56e) 
Once {U*} is known, {F'} can be computed from (3.56a). 


3.2.7 Postprocessing of the Solution 


The solution of the finite element equations gives the nodal values of the 
primary unknown (¢.g., displacement, velocity, or temperature). Postprocess- 
ing of the results includes one or more of the following: 


1. Computation of any secondary variables (e.g., the gradient of the solution). 

2. Interpretation of the results to check whether the solution makes sense (an 
understanding of the physical process and experience are the guides when 
other solutions are not available for comparison). - 


3, Tabular and/or graphical presentation of the results. 
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To determine the solution u as a continuous function of position x, we return 
to the approximation (3.29) over each element: 


UY) = > ubyhx) 


u(x) (3.57) 


U(x) ~> ue wil) 


UM) = > ur yh(x) 


where N is the number of elements in the mesh. Depending on the value of x, 
the corresponding element equation from (3.57) is used. The derivative of the 
solution is obtained by differentiating (3.57): 


yo! de (3.58) 


Note that the derivative dU*/dx of the linear finite element solution U/* is 
constant within each element, and it is discontinuous at the nodes because the 
continuity of the derivative of the finite clement solution at the connecting 
nodes is not imposed: 


€ etl 
au 2d 
dx dx 
The derivative calculated from different elements meeting at a node is always 
discontinuous in all C° approximations (i.e., approximations in which only the 
function values are interpolated), unless the approximate solution coincides 
with the actual solution. 

The secondary variables Q; can be computed in two different ways. In 
(3.54), we determined the unknown secondary variables @/, Q?, and Q3 
from the assembled equations of the problem in Fig. 3.8. Since the assembled 
equations often represent the equilibrium relations of a system, the Q7 
computed from them will-be denoted by (Q7).u The Qj can also be 
determined using the definitions in (3.7), replacing u with U. We shali denote 
Qf computed in this way by (Q7)a¢. Since (Q7)ue¢ ate calculated using the 
approximate U*, they are not as accurate as (Qf)equi However, in finite 
element computer codes, (Q7)aee are calculated instead of (Q7)}-qun- This is 
primarily because of computational aspects. Recall! that, in arriving at the 
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result (3.545), we used part of the assembled coeificient matrix. In the 
numetical solution of simultaneous algebraic equations in a computer, the 
original assembled coefficient matrix is often modified, and therefore the 
coefficients needed for the determination of the secondary variables are not 
available, unless they are saved in an additional array. For the problem in Fig. 
3.8, we have 


uu, a Ui, EA 


d 
(Qieer= —(EA 5) a ~EA hy U;= Ky; 
(0%) =~ (za) = KU. 
L/det ax _ 23 
aU U,- U 
4), =(EA <) _ ‘4 — Us . 
(O2)act ( dx! \yonyths hs 
EAU. 
=~ = Kas (3.59) 


where fi, and / are the lengths of elements 1 and 3, respectively. 

The Qs computed using the definitions (3.7) are the same as those 
derived from the assembled equations for the problem in Fig. 3.8. This 
equality is not fo be expected in general. In fact, when the source vector gq is not 
zero, the secondary variables computed from the definitions (3.7) will be in 
error compared with those computed from the assembled equations. The error 
decreases as the number of elements or the degree of interpolation is 
increased. 

This completes the basic steps involved in the finite clement analysis of 
the model equation (3.1). A few remarks are in order on the steps described 
above for the model equation. 


Remark 1. Although the Rayleigh-Ritz method was used to set up the 
element equations, any other method, such as a weighted-residual (e.g., the 
least-squares or Galerkin) method, could be used. 


Remark 2. Steps 1-6 (see Table 3.1) are common for any problem. The 
derivation of interpolation functions depends only on the clement geometry, 
and on the number and position of nodes in the element. The number of nodes 
in the element and the degree of approximation used are related. 


Remark 3. The finite element equations (3.31) are derived for the linear 
operator equation , 


d{ d 
A(u)=q, where A= -=( +) 
(a)=¢, where ta ae +e 
Hence, they are valid for any physical problem that is described by the 
operator equation A({u)=q or its special cases. One need only interpret the 
quantities appropriately. Examples of problems described by this operator are 
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listed in Table 3.2. Thus, a computer program written for the finite element 
analysis of (3.1) can be used to analyze any of the problems in this table. Also, 
note that the data a ~ a(x), c=c(x), and g = g(x) can be different in each of 
the elements. : 


Remark 4. Integration of the element matrices in (3.31c) can be implemented 
on a computer using numerical integration (see Chapter 7}, When these 
integrals are algebraically complicated, one has no other choice but numerical 
integration. 


Remark 5. As noted in (3,48) and (3.516), the point sources at the nodes are 
included in the finite element model via the balance of sources at the nodes. 
Thus, in constructing finite element meshes, one should include nodes at the 
locations of point sources. If a point source does not occur at a node, it is 
possible to “distribute” it to the element nodes. Let Q, denote a point source 
at point ¥p, X4%X_g=X_. The point source Gy, can be represented as a 
“function” by ‘ 


q(x) = Qod(x — x9) 
where the Dirac delta function 6(-) is defined by 


F(X)8(% — Xo) dx = F%o) 


The contribution of the function g(x) to the nodes of the element 9° = 
(v4, Xn) is computed from [see (3.31c)} 


fi= [ Gx) pilx) dx = [ " Qo6(e~xa)Wile) de = Onwiles) (3.60) 


where wy are the interpolation functions of the element ©°. Thus, the point 
source Qy is distributed to the element node / by the value O,yf(x,). Equation 
(3.60) holds for any element, irrespective of the degree of the interpolation, 
the nature of the interpolation (i.c., Lagrange or Hermite polynomials), or the 
dimension (i.e., 1-D, 2-D, or 3-D) of the element. For linear Lagrange 
interpolation functions in 1-D, (3.60) yields 

Xo Ag ty, 


=aQ,, f3=Q6 h. 


where aw = (xg —X)/h, is the ratio of the distance between node 2 and the 
source to the length of the element. . 


fi= Q0=*- =(1- #) Qo 


Remark 6. There are three sources of error that may contribute to the 
inaccuracy of the finite element solution of a problem: 


1, Domain approximation error, which is due to the approximation of the 
domain. 
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2. Computational errors, which are due to inexact evaluation of the 
coefficients K% and fj, or are introduced owing to the finite arithmetic in a 
computer. 

3. Approximation error, which is due to approximation of the solution by 
piecewise polynomials. 


Since the geometry of the problem is exactly represented, and the linear 
approximation is able to represent the exact solution at the nodes (for 
a= EA constant, ¢=0, and f = 0), the first and third type of e1rors are zero 
in the problem of Fig. 3.8, The only error that can be introduced into the final 
numerical results is possibly due to the computer evaluation of the coefficients 
Ké, and fj and the solution of algebraic equations. Additional discussion of the 
errors in the finite element approximation is presented in Chapter 5. 
f 


Remark 7. The approach used in matrix methods of structural analysis to solve 
the problem in Fig. 3.8 is not much different than that presented here. The © 
difference lies only in the derivation of the element equations (3.37a). In 
matrix methods of structural analysis, the element equations are obtained 
directly from the definitions of stress and strain and their relationship. For 
example, consider the free-body diagram of a bar element (see Fig. 3.26). 
From a course on deformable bodies, we have 


force = stress X atea of cross section 

stress = Young’s modulus x strain 

strain = elongation/original length 
The strain defined above is the average (or engineering) strain. Mathemati- 
cally, strain is defined as ¢ = du/dx, u being the displacement, which includes 


rigid body motion as well as elongation of the bar. Hence, the force at the left 
end of the bar element is 


ui—us de 
{= Ato = A°Etef = ACES =F (uh a8) 


e 


where o is the stress and E is Young’s modulus. Similarly, the force at the right 
end is 


Ae é & 
2 h, (ug — uy) 
In matrix form, these relations can be expressed as 
ade[ 1 He (r} 
te = 3.61 
he Li Tilug P3 G61) 
which is the same as (3.37a) with P7=Qf+f;. Note that in deriving the 
element equations, we have used knowledge of the mechanics of materials and 


the assumption that the strain is constant (or the displacement is linear) over 
the length of the element. Equations of the type (3.61) can also be derived for 
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a spring element, a pipe-flow element, an electrical resistor element, and so on 
(see the problems at the end of this chapter}. If a higher-order representation 
of the strain (or displacement) is required, we cannot write the force- 
displacement relations (3.61) directly. We must use the principle of virtual 
displacements, which is equivalent to the weak form of the governing 
equation. For more details, see Reddy (1984). 


Remark 8. Another interpretation of (3.37) can be given in terms of the finite 
difference approximation. The axial force at any point x is given by 
PQ) = EA du/dx. Using the forward difference approximation, we approxim- 
ate the derivative du/dx and write 


—P{ = P(x)|,, = E°A‘[u(x..1) — ax she (3.624) 

PS= POO). = EA Lees) — ur s/he (3.62b) 

which are the same as (3.61), with uf = u(x.) and u§=u(x..,). Note that no 
approximation of u(x) itself is assumed in writing (3.62). To obtain the value 


of u at a point other than the nodes (or mesh points), linear interpolation is 
often used, 


Remark 9, For the model problem considered, the element matrices [K*] in 
(3.316) are symmetric: Kj= Kj. This enables one to compute Kj (i= 
1,2,...,”) for ji only. In other words, one need compute only the 
diagonal terms and the upper or flower diagonal terms. Because of the 
symmetry of the element matrices, the assembled global matrix will also be 
symmetric, Thus, one need store only the upper triangle, including the 
diagonal, of the assembled matrix in a finite element program. Another 
property characteristic of the finite element method is the sparseness of the 
assembled matrix. Since K,,=0 if global nodes I and J do not belong to the 
same element, the global coefficient matrix is banded, i.e., all coefficients 
beyond a certain distance from the diagonal are zero, The maximum of the 
distances between the diagonal element, including the latter, of 2 row and the 
last nonzero coefficient in that row is called the half-bandwidth, and can be 
computed from the equation 


half-bandwidth = max ([b;, — 6;,] +1) X NDF 
lize 


where £ is the number of elements in the mesh, NDF is the number of degrees 
of freedom per node, # is the number of nodes per element, and 6, are the 
coefficients of the connectivity matrix. When a matrix is banded and 
symmetric, one need store only the entries in the upper or lower band of the 
matrix. Equation solvers written for the solution of banded symmetric 
equations are available for use in such cases, The symmetry of the coefficient 
matrix depends on the type of the differential equation, its variational form, 
and the numbering of the finite element equations. The sparseness of the 
matrix is a result of the finite element interpolation functions, which have 
nonzero values only over an element of the domain. 
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Remark 10. The balance (or “equilibrium”) of the secondary variables (or 
“forces”) QF at the interelement boundaries is expressed by (3.416). This 
amounts to imposing the condition that the secondary variable a du/dx at the 
node, where u# is the actual solution, be continuous. However, this does not 
imply continuity of a dU°/dx, where U* is the finite clement solution. Thus, in 
general, we have 


Qs+ O77" =0 or Qo (3.632) 


X, ax 
“ae 


Note. In most books on the finite elemerit method, this point is not made clear to the 
reader. These books consider the quadratic form (3.11) of the total problem and omit , 
the sum of the interelement contributions (for linear elements}, 


>, ( a1) @ 


esl ‘ial 


but 


#0 OF Oo (3.636) 


ae 


in the quadratic form of the problem. However, this amounts to imposing equilibrium 
conditions of the form (3.634). When the secondary variable is specified to be nonzero 
(say, Qo} at an interelement boundary (say, at global node 2), we have 


03+ Gi= Qo di) 
In other books, Qo is included in the functional as QyUs, where U, is the value of # at 
global nade 2. 


To fix ideas, consider (3.1). The yarjational form of this equation over the entire 
domain is given by (when ¢ = 9) 


ft, ) . 
O= [ (a ae - va) dx — u(ts)Qo (ii) 
When u is approximated by functions that are defined only on a local interval (which is 
the case in the finite element method), use of the above variational form implies the 
omission of the sum of the interelement contributions of (i). 

Since wi (e =1, 2,3) is zero in any element Of for e#f (see Fig. 3.3), the 
(global) finite element solution for the entire domain is given by 


3 2 4 

Usa) = >, (But vi) = B Ub) ) 
ex] V1 Fel 

where ®,(x} (J =1, 2, 3, 4) are the piecewise-continuous global interpolation functions, 


pS) for xy. Sx SX, 
py) for xp Sx SX 


#4x)={ ro) 


Substituting (iv) for u and u = ®, into (ili), we obtain 


= [ ° [oe (= U, “n) - 2,4| de — ©,(x,)Qo (vi) 
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Since , is nonzero only between x,_, and x;,,, the integral becomes 


“ese d@, a®,_ d® d® . 
0= [le i (Us ke *+U; at Un 7) - #4 | ax ~ 8,622) (vii) 


and we have (for a three-element mesh) 


pe a aby | a) 7 
f=; 0= le et (HG + US) — ug | dr — &( 20 
ps ait d®, de, i |e 
i=?) Q= le de U dx +0, ax + U,; he og | dx ~ B(712)0, aig 
Vit 
d®;/d®, dd, d® 
[=% 0 ia “a Fe (txt Us + a) ee a 


ET a dd db 
a4: o= | [2 <*(u, ie t Us <*) - yg dx ~ ®4(42)Qo 


These equations, upon performing the integrations, yield (3.47), with the last column 
(containing Qs) in the latter replaced by 


Oo ; 
4 (ix) 


0 


Although this procedure gives the assembled equations directly, it is algebraically 
complicated (especially for two-dimensional problems) and not amenable to simple 
computer implementation. 


3.2.8 Radially Symmetric Problems 


The equations governing physical processes in cylindrical or spherical ge- 
ometries are described analytically in terms of cylindrical or spherical 
coordinates. When the geometry, loading, and boundary conditions are 
dependent only on the radial direction and independent of the other two 
coordinates, the governing equations are one-dimensional. The equations 
governing radially symmetric problems in cylindrical geometries are of the 
form {an analogue of (3.1)] 


-=4 a(n) “| =q@(r) for R:<r<R, (3.64) 


where r is the radial coordinate, a and g are known functions of r, and u is the 
dependent variable. Such equations arise, for example, in connection with 
radiai heat flow in a long circular cylinder of inner radius R; and outer radius 
R,. The radially symmetric conditions require that both a and g be functions 
only of r. Since the cylinder is long, the temperature distribution at any section 
along its length (except perhaps at the ends) is the same, and it is sufficient to , 
consider any cross-section away from the ends, i.e., the problem is reduced 
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from a 3-D problem to a 2-D one. Since a and g are independent of the 
circumferential direction @, the temperature distribution along any radial fins 
is the same, reducing the 2-D problem to a 1-D one, as described by (3.64). 
In developing the weak form of (3.64), we multiply (3.64) with a weight 
function w(r) and integrate over the volume of the cylinder of unit length. 


id du 

(1) o= f wl -24(a%f) ~@|raraeds 
1 2m pre idj du 

-[ | w[ 22 (aSt) —a|rardaae 


Fa 


‘8 id/ du 
=2n | w[-2 (a) —a|rar 


where (74, fa) is the domain of the element along the radial direction. Next, 
we carry out the remaining two steps of the variational formulation: 


7a ye dwdu du" 
(2) Q=2n (aoe - rwa) dr — [wana | 


A 


(3) O=20 i‘ ( oe - rvq) dr—w(ra)Qh—w(rs) 0% (3.652) 


, » dvd 
where 
du du 
f=—7 — s= — . 
O% n( ) », O83 2x(a =| . (3.65) 


tA 


The finite element model is obtained by substituting the approximation 
utr) = > upi(r) 
i= 
into (3.654): 
[K*l{u°} = {f°} + {0° - (3.664) 
where 


a dpe dys TR 
Ki=2 Stine d _ [ £ . 
f= 20 [ a Wp dr vr, fp=2r . yigr dr (3.665) 


and yf are the interpolation functions expressed in terms of the radial 
coordinate r. For example, the linear interpolation functions are of the forms 
pitr) = (rs ~ r)fhe, war) = {r ~ rahe (3.66c) 
The explicit forms of the coefficients Kj and f? for aq =a,r and q = q, are 
given below. 
Linear element 
2. 


—i 22g { are + he 
[K*}= aa } 


a, 1 [ 1 | “= 
h. (ra + Ge) -1 i t] {f°} 6 3r, + 2h, 
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Quadratic element 
3h, + l4r, : —(4h, + lor.) hy, + 2r4 


2 
= a —(4h,+16r,) 16h, +32r,  —(12he +1674) 
. het2r, —(2h,+16r4) 18h, + 1474 
Fr 
2nq.h A 
{ft} = ar + 2h, 
rath, 


In the next section, we consider several examples to illustrate the steps 
involyed in the finite element analysis of one-dimensional second-order 
equations arising in heat transfer, fluid mechanics, and solid mechanics. While 
the notation used for the dependent variables, independent coordinates, and 
data of problems from various fields is different, the reader should keep the 
common mathematical structure in mind and not get confused with the change 
of notation from field to field or problem to problem. 


3.3 APPLICATIONS 
3.3.1 Heat Transfer 


Heat flows from high-temperature regions to low-temperature regions. This 
transfer of heat within the medium is called conduction heat transfer. The 
Fourier heat conduction law for one-dimensional systems states that the heat 
flow Q is related to the temperature gradient 37 /dx by the relation (with heat 
fiow in the positive direction of x), 


Q=—KkA (3.67) 


where x is the thermal conductivity of the material, A the cross-sectional area, 
and T the temperature. The negative sign in (3.67) indicates that heat flows 
downhill on the temperature scale. The balance of energy in an element of 
length dx requires that 


energy into the element + energy generated within the element 
= change in internal energy + energy out of the element 


oT aT 6éT a 
“eaten tiara) 

ay 4 y= ped ay KA kA = 

or 
aT 
A . 
ae 2 (ka =) + Aq = pe ry (3.68) 

where q is the heat energy generated per unit volume, p is the density, c is the 


specific heat of the material, and ¢ is time. Equation (3.68) governs the 
transient heat conduction in a slab or fin (i.e., a one-dimensional system) when 
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the heat flow in the normal direction is zero. The following metric units will be 


T °C (celsius) 

k Wm '°C~! (watts per meter per degree Celsius) 

q Wm? (3.69) 
p ken? 

c Jkg~?°C7* (joules per kilogram per degree Celsius or nm’ s7?°C™*) 


in the case of radially symmetric problems with cylindrical geometries, 
(3.68) takes a different form (see Section 3.2.8). Consider a long cylinder of 
inner radius R,, outer radius R,, and length L. When ZL is very large compared 
with the diameter, it is assumed that heat flows in the radial direction r. Thus, 


the surface area for heat flow in the cylindrical system is (see Fig. 3.9) 
f 


A=2arL (3.70) 


Hence, the transient radially symmetric heat flow in the cylinder is governed 
by 


3 an) ar 
8 pa) 4 ag = och 3.71 
3, \KA Gr) + Ag = cA G.71a) 
or 
1a an) aT | - 
22 (pp) 49 =pe— 3.7 
r Or (er ar +a= pe at G.71b) 


A cylindrical fuel element of a nuclear reactor, a current-carrying electrical 
wire, and a thick-walled circular tube provide examples of one-dimensional 
radial systems. 

For the radial flow in a sphere, the cross-sectional area is 


A=4n77? 
and the governing equation takes the form 
12 ( a aT 
S[k? *) +g = pe 3.72 
ar V0 Gp) TE Oar G7) 
Perimeter P 
Wall Cross-sectional area A 


FIGURE 3.9 
Convective heat transfer in a fin. 
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The boundary conditions for heat conduction involve specifying either 
temperature T or the heat flow Q at a point: 


aT 
T=% of Q=- By 7 Ge (3.73) 


We know that when a heated surface is exposed to a cooling medium, 
such as ait or liquid, the surface will cool faster. We say that the heat is 
convected away. The convection heat transfer between the surface and the 
medium in contact is given by Newton's law of cooling: 


O = PA(T, - T.) (3.74) 


where 7, is the surface temperature, 7. is the temperature of the surrounding 
medium (the ambient temperature), A is the surface area, and f is the 
convection heat transfer coefficient or film conductance (or film coefficient). The 
units of B are Wm7?°C™', The heat flow due to conduction and convection at 
a boundary point must be in balance with the applied flow Q¢: 


ar 
tkA— + BA(T — Ts) + Qo=0 (3.75) 


The sign of the first term in (3.75) is negative when the heat flow is from the 
fluid at 7. to the surface at the ieft end of the element, and it is positive when 
the heat flow is from the fluid at 7, to the surface at the right end. 

Convection of heat from a surface to the surrounding fluid can be 
increased by attaching thin strips of conducting metal to the surface. The metal 
strips are called fins. For a fin with heat flow along its axis, heat can convect 
across the lateral surface of the fin unless it is insulated (see Fig. 3.9). To 
account for the convection of heat through the surface, we must add the rate of 
heat loss by convection to the right-hand side of (3.68): 


o 


a oT - 
x (4e=) +.Aq = poA = + PB(T ~ Ta) (3.76a) 


where P is the perimeter and f is the film coefficient. Equation (3.76a) can be 
expressed in the alternative form 


aT 3 a 
pcA-— = (ka =) + PBT = Aq + PBT. (3.765) 


For a steady state, we set the time derivatives in (3.68), (3.71), (3.72), 
and (3.76) equal to zero. The steady-state equations for various one- 
dimensional systems are summarized below: 


Plane wall and fin 


d d . 
~£ (kA SS) + eT = Ag tee, c= Pp (3.77) 
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Cylindrical system 


ld d 
= — —)=2 3. 
vd (2uckr rs mG (3.78) 
Spherical system 
ld ( d 
~ 2" [ dtr? — | = 4? 3. 
35; wh nq (3.79) 


For a plane wali and insulated lateral surfaces of a bar, we set €=0 in - 
(3.77). The essential and natural boundary conditions associated with these 
equations are ; * 


T=T, Q+BA(T—To) + Qo=0 (3.80) 


The weak form and finite element model of (3.77) can be developed 
using the ideas presented in Section 3.2.3. Since (3.77) is a special case of the 
model boundary value problem with a= kA, c= PB, and qg-> Aq + PBT., we 
can immediately write the finite element model of (3.77) from (3.31): 


[KUT = (F734 109) (3.812) 


where 
XH d 2 d € Sie) 
K= { (xa avi avs Paytys| dx, fiz | witAg + PBT.) dx 


aN ae a (3.815) 
o;=(-xaZ) 2 O (xa) 


where Q{ and Q§ denote heat flow info the element at the nodes. 

Equations (3.78) and (3.79) are also special cases of the model boundary 
value problem. However, in developing the weak. forms of (3.78) and (3.79), 
the integration must be carried over a typical volume element of each system, 
as illustrated in Section 3.2.8 for a radially symmetric cylindrical problem. The 
weak form of (3.78) is given in (3.65), and the finite element madel is given by 
(3.66), with {u°} = {T°}. Similarly, the weak form of (3.79) can be developed 
using a volume element of a sphere: 


adVe-rdrdédd for 056<22, 05 6 <22 
The weak form of (3.79) is 


XB 


af dwdT 
O= (227 [ (x id. qu)? dr — Ofw(r,) — Q3w{rs) (3.82) 
and the finite element modei of (3.79) is 
[K°}{T*} = (f*} + 10°F (3.834) 
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where i dapedwe 
pany f REM de, fe= (ony |” gute? ar 

vA” "a 3.83) 

z d £ 2f 2 d ( ) 

a= -ny (eS), os=comy (re 

dr dr 


In the following examples, we consider some typical applications of the 
finite element models (3.81) and (3.06). 


FA ts 


Example 3.1, Consider a slab of thickness L and constant thermal conductivity & 
(Wm °C-'), Suppose that energy at a uniform rate of go (Wm °) is generated in the 
wall, We wish to determine the temperature distribution in the wall when the boundary 
surfaces of the wall are subject to the following three different sets of boundary 


conditions: 
sti TO=T, TL)=% (3.84a) 


siz (-KZ)|_ =e wm, [eS +pcr-7)| 


=0 (3.840) 
L 


sets T(0)= 7, (eS) =e (W m7) (3.84e) 


The governing differential equation for this problem is given by (3.77) with é=0, 
Hence, the finite element model in (3.81} is applicable here. We must select the order 
of approximation (or type of element) to evaluate the coefficients Kj and ff in (3.81). 
For the choice of linear elements and the data a=kA=constant and q=Ag a= 
constant, (3.814) takes the form [see (3.37a)] 


ela illest “Std {od 


For a uniform mesh of N elements, i.e., a mesh of same-size clements, 


hyoh,=+-+-+=L/N=h, the assembled equations are 
1 -1 u 
-1 i141 -1 0 Uh 
kA -1 1+1 u 
h Ce ee ee 
0 i+1 -1 Uy 
-1 1 Unad 
1 Qi 
1+i On+ 0% 
1+1 Pe) 
= Att FAL J Ger Uggs 
1+1 oF’ + oF 


1 QF 
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where U; ([=1,2,...,N+1)} denotes the temperature at globai node fF The 
assembled equations (3.85) are valid for all three sets of boundary conditions in (3.84). 
We now specialize the finite element equations (3.85) for each set of boundary 
cenditions, 


Set 1. The boundary conditions (3.84a) imply that 
=T, Uyu= (3.864) 
and the balance of the heats at global nodes 2, 3,..., N requires 
s'4Qf=0 for ¢=2,3,...,N (3.86b) 


The condensed equations for the unknown primary variables U,, U,,..., Uy are _ 
obtained by considering the 2nd, 3rd,..., Nth equations of (3.85) (and omitting those 
corresponding to the known temperatures): 


2-1 g Us 2) -f{-n) ~ 
kal? 2 Us Aqoh za |? 
—— ba : — gol ie : 
; 5 ae (3.87) 
Qo 2-1] [evs 2 0 
-1 2/4 % 2 -T, 


The unknown secondary variables Q} and Q*% are computed from the first and last of 
the assembled equations (3.85): 


kA kA 
(QDequit = —bAgah +5; - 0), (OB? .qui = —tAqoh +F (Urea _ Uy) (3.884) 


They can also be computed from the definition (3.815): 


d 2 fay} kA 
(2; r= (kA) a FAR 7{ <2) ah eT i) 

d 2 dy kA (3.885) 
Onan +(taD)| = ead (GE) ay Our oid 


The values computed in (3.885) are in error compared with those in (3.88a) by the 
nadai sources, 4q,4A, for kh = LIN. 

For any number of elements, the solution can be computed from (3.87). For this 
set of boundary conditions and a linear-element mesh, the minimem aumber of 
elements is 2. 

For N=2 (h=32), 


4-1 O]{ 7 1 oh 
= “at 2443 0 
6-1 iG 1 Q; 
and the solution is 

. goh? 


ths ok 


+7, +B) 


kA kA 
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For N=3 (A =42), 


i -1 0 O7f7, 1) a 
kA -l1 2 -L Of) Gl _ Agoh } 2 0 
h{ 0-1 2 a1]/)uf 2 }2 0 
0 0-1 44545 1 o3 
or 
kAT 2 -1 mn {*} a(t) 
h [3 ale “Ago tT Le 
Ti 
{ q =f4) -1 0 "| U; ~Aaeh (1) 
G3 equil A LO 0-11 u 2 i 
AG 
The solution is given by 
2 2 
ues SQR+T), = aot +4(T+2%) 


kA kA 
(Q equa = —3gghA +3, fh ~ T); (23) cquit = —3qohA aacyn (Z _ Tt) 


The exact solution of (3.77) (with €=0), subject to the boundary conditions 
(3.84a}, is 


fx fx x 
7a) $e [E-(G) +@- mien 


L 
_ a= ~ BA (1-22) _ 
Q(z) = -kKA =~“ (1-2) - (GB) 


Note that the finite element solution at the nodes coincides with the exact solution for 
any number of elements. In fact, for constant a =A, it can be shown that the finite 
element solution at the nodes is exact [see Reddy (1986), pp. 403, 404]; the only error 
would be that due to the round-off error introduced in electronic computations. The 
finite element solution, being linear, will not be exact at points other than the nodes. 

If we use quadratic elements, we can improve the solution at points between the 
nodes. Let us consider a mesh of one quadratic element. The element coefficient matrix 
and source vector are given in (3.40). We have (c. =0) 


7-8 dl1tfy, 1 Ct 
< ~8 16 ~8 {i U, = “ns 4¢+4 6 
1 -§ 7{ly, 1 ot 


where 4 = L. The solution is 


Aggh 3h 
De iE ak 


+i(Fit+ B)=s——t+4(% +B) 


kA kA 
(QDequat = —JAgoit + hh (ft, -~ Tf), {OQ equit = —tAank + h (E ~ T) 


412 INETE ELEMENT ANALYSIS OF ONE-DIMENSIONAL PROBLEMS 
If we compute the Q} using the definition (3.815), we obtain 


Duar ~(ra 2) 3 KAD, T! (a) 


ay 
3. ode 4 & t. 4x 
-kal Ui(—F+ a) + ul; - 7) + wl; + wl. 


kA 
= —2Agoh + 7 (hi ~ B) 


xo 


which coincides with the exact value. Recall that (Q})aet for a linear-element mesh does 
not coincide with the exact value. Also, the values of T(x) at x = if, for example, from 
the two linear- and one quadratic-element meshes can be computed using the 
interpolations 

A 


L? 
TOD=+ - +1(37,+) (linear element) 


L? ‘ 
TOL) =4 i +467, +B) {quadratic element) 


The quadratic interpolation gives the exact value. Thus, the finite element sclution 
given by the quadratic element is exact at ‘all points, because the exact solution varies 
quadratically. 

Set 2, In this case, the surface at x= 0 is subjected to a uniform heat fiux go 
(Wm) (if it is insulated, g) +0), and heat is dissipated by convection into a fluid of 
temperature T. at the boundary surface at x = L. These boundary conditions imply that 


1=(_ *) 
t= (-KaS 


= —AP(T 7 Fayent = —ABCUNs: ~ we} 


rok 


= Ago 


xed 


or= (ral) 


where A is the cross-sectional area normal to heat flow and f is the heat transfer. 
coefficient. Equations (3.86b) are also valid for the present case. For a one-element 
mesh (VN =1, = L), the finite element equations are 


Map A gt ape 
hi-1 ijluJ 2 UW) l-Apu,+ Apr. 


Ar 1-1 [r= { Aah ee | 
hk l-i 14+ 6hf(kilu,) UAgoh + ABT. 


or 


Their solution is 
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where ¢ = 1+ Bh/k. The exact solution is 


~ to zk _*) fol ( x -*) 
T(x) 1+er EB + iter Z + T, 


The finite element solution agrees with this at the nodes. 

Set 3. In this case, the boundary surface at x = 0 is maintained at a temperature 
T,, while at the other boundary surface, x = L, a heat flux at the rate of gq is removed. 
These boundary conditions can be expressed in terms of the primary and secondary 


variables as 
w=, oy = Ago 


and (3.865) are still valid. For a two-element mesh with 4, =h,=3L=h, we have 


uf 22 SE) eal] fe 
09-1 1fly, 1 A&o 
or 
een eon ie 
4 L-i TILE 2 ti Ago 
(equa = ~2Agoh + #4 (u, - 0, 
We have 
U,= 3 dele +a, = 2 4 ah 7 


wr 
(OPegui = —-{2AQ,4 + Age) [= Q(0)] 


For a three-element mesh (h = 42}, we have 


2-1 olfy, 2 0 tT 
A 

A) -1 2 1 UpaAtt lard o b+AA) o 

o -1 i1dly, 1) LaAge 0 


Using Cramer’s rule, we can solve for U,, U,, and Uy: 


hj AR -1 06 h 2h 0 2-1 FB 
Ue |R 2 -1|, = |-1 & -1|, U=—]-1 28 
kAD _4 1 kAD oR 1 KAD 0-15 
where 
2 -1 0 


D=|-1 2 -1|=2+(-1)=1 
o-1 1 
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and {F}={F, f #}7 is the right-hand-side vector: 


KAT, 
{F}= 
Agght 
sAgoh + Ag 


Evaluating the determinants, we obtain 


h h 
Un= (At B+ B)=7 Gaok + 80) +h 
Uy= OF +2, + 2B) =o Aqoh + 280) + F 
3A st cf ~k do 280 1 
u, <1. +2 43R)=20 fet 3g0) + Th 
aarre » “FE 2F0 aa q 


kA 
(QDequit = —LAgoht + Ah (tL - U3) = —Aflgg + 3qolt) 


(Qiser = -A(got 5qolt) 


The exact solution of (3.77) with é=0 and subject to the boundary conditions 
(3.84c) is given by . 


ro BUSE-B)oti 
iT . (3.89) 
Ole) = -kA = -Al gobi -=) + ge| 


Note that the finite element solution at the nodes, for any number of elements, 
coincides with the exact solution. The exact value of Olis 


= Q(0) = ~A(@oL + 80) 


Z=O 


(Oona = (kA ) 


The value of Gi computed from the assembled equations is the same as the exact one; 
however, when computed using the definition QO} = —kA(dU,/dx)|,-0, it is in error by 
an amount fi=$Agoh. As the number of elements is increased, the value of (Qf)ace 
approaches the exact value. Of course, when quadratic elements are used, we shall 
obtain a more accurate (or even exact) value of (Q Deer: 


The next example deals with radially symmetric heat transfer in a 
cylinder. 


Example 3.2. Consider a long solid cylinder of radius R, in which energy is generated 
at a constant rate qo (Wnt). The boundary surface at 7= Ro is maintained at a 
constant temperature Jo. We wish to calculate the temperature distribution T(r) and 
heat flux g(r) = —k dT /dr (or heat Q = —Ak aT fdr}. 
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The governir g equation for this problem is given by (3.78) with q=qp». The 
boundary conditions are 


T(R,) = To, (ani (3.90) 


The zero-flux boundary condition at 7 = 0 is a result of the radial symmetry at r = 0, If 
the cylinder is hollow with inner radius R; ther the boundary condition at x =X; can be 
specified temperature, specified heat flux, or convection boundary condition, depending 
on the situation, 

The finite element model of the governing equation is given in (3.66) (for unit 
height of the cylinder and a = ker): 


[K*]{T*} = (F} + {7} (3.91a) 
where 
Kya 2x | ke a ot dr, ff=2n [ ” igor dr 
a (3.916) 
Qi = ~2nk(r | Os = 2nk(r 


and (r4, rx) are the coordinates of the element 2° = (74, Fe). 
For the choice of linear interpolation functions #7 as [see (3.16) and (3.66c}} 


wi =n — rh, 5 = (r—raylh. 
the element equations for a typical linear element are 
amet t “tele soe en (ei 
ho} ta brs 96 Le tans * Las (3.92) 


The element equations for individual elements are obtained from these by giving the 
element length A, and the global coordinates of the element nodes, r, =r, and r_.,=rz. 
For the mesh of one Enear element, we have 7, =0, »=—#, = R,, and 


oa tl ace 


The boundary conditions in (3.90) imply LU, = J, and Q@} = 0. Hence the temperature at 
(global) node 1 is 


U, = goRG/3k + T 
and the heat at r = R, is 
QO} = mk(U, ~ U,) — EageR3 = —HqoRi 
The negative sign indicates that heat is removed fram the body (because dT /dr <0). 
The one-element solution as a function of the radial coordinate r is 


a0h (1- 


Tir) = Uwilr) + Ur) = a) +t (3.93) 


Ra 


and the heat flux is 


aT" 
a(r)= k= aoe G.94) 
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The exact solution of the problem can be cbtained by integrating (3.78) and . 
evaluating the constants of integration with the help of the boundary conditions in 
(3.90): 


T= aes [1 - (z)] +f (3.95) 


d 
a(r)=faor (in Wm), Q(Ra)=—(2nkr)] = Gok 
dr /\ rg 


For a mesh of two linear elements, we take #,= 42 =3Ro, 1 =9, % =f, =4Ro, 
and 7;=A, +4, = Ry. The two-element assembly gives 


ak] -1 143 -3 140, a Rot 2Ry ¥ +4 1+ G7 3.96) 
0 3 3tty IR, + 2Ro (er: 


Imposing the boundary conditions U, = FT, and Q}=0, the condensed equations are 


1-11) w@oRift i] 
ft ae Leh ond 5.07 
FRI 4 atlus~ 12 6h ™ lan G97) 
Their solution is 
R: z 
atin u-KBB +E (3.980) 


From equilibrium, @3 is computed as 
Q3 = —$.xqoR? + 3ak(Uy — Uz) = —AGoRi (3.980) 


The finite element solution becomes 


2 _ R2 2 
Uy + Uy = (ais 1) (3 25*+ ti) 


Teal?) = k Ro k Ro 
fem a 2 - 
R ARo- ?r—R 
Tpit vyi= (a2E4 1) DR s 
a a 


Rz 
ae {(r-Z\ 4% for O<r <4R, 
| ask VOR ~ 399 
G03 (4 _ 1) 7 for 1R,<r<R ” 
gk R, 0 tT 2a ¢ 


Note that the heat flow at r=R, is predicted accurately by both one- and 
two-element models. The temperature at the center of the cylinder according to the 
exact solution is T(0) = qoRi/4k + Ty, whereas it is GoR3{3k + Ty and goRo/i8k + % 
according to the one- and two-element models, respectively. 

’ The finite element solutions obtained using one-, two-, four-, and eight-element 
meshes of linear elements are compared with the exact sclution in Table 3.3. 
Convergence of the finite element solutions to the exact solution with an increasing 
number of elements is clear (see Fig. 3.10). Figure 3.11 shows plots of g{r) = —dT jar, 
as computed by the finite element interpolation and the exact formula. The figure also 
shows the plot of the exact @ = —2akr aT /dr versus r. 
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TABLE 3.3 a 
Comparison of the finite element and exact solutions for heat 


transfer in a radially symmetric cylinder (Example 3.2) (Ry = 
0.01 m, gp=2* 10° Wm, k=20Wm °C"! T= 100°C) 


Temperature u(r} 


One Twa Four Eight 


7/Ro element= elements elements elements Exact 
0.00 433.33 377.78 358.73 352.63 350.00 
0.125 391.67 356.24 348.31 347,42 346.09 
0.250 350.00 335,41 337.90 335.27 334,38 
0.375 308.33 315.28 313.59 315.48 314,84 
0.500 266.67 294,44 289,29 287.95 287,50 
0.625 225.00 245.83 249.70 252.65 252.34 
0.750 183.33 197,22 210,12 209.56 209,38 
0.875 141.67 148.61 155.06 158.68 18.59 
1.000 100.00 100.00 100.00 100.00 100.00 


+ The underlined terms are nodal values and others are interpolated values. 
£ Uniform meshes {i.c., equal-iength elements) of linear elements, 


3.3.2 Fluid Mechanics 


All bulk matter in nature exists in one of two forms: solid or fluid. A solid 
body is characterized by relative immobility of its molecules, whereas a fluid 
state is characterized by their relative mobility. Fluids can exist either as gases 
or liquids. The field of fluid mechanics is concerned with the motion of fluids 


T(r), Exact 
ante T(r), IL 
ree. stead T(r), i 
severe Thr), 4L 
on em Tt), 8L 


FEM 


0.0 0.2 4 9.6 0.4 1.0 12 


WR, 
FIGURE 3.10 
Comparison of the finite element solutions with the exact solution for heat transfer in a radially 
symmetric problem with cylindrical geometry (Example 3.2). 
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80 


ssn (—2atkr aTidr) * 107? (exact) 
~oar- (-dTldr) % 107? (BL) 
ly (—dTidr) x 107? (exact) 


FIGURE 3.11 
Comparison of the finite element solution with the exact solution for the temperature gradient in a 
radially symmetric problem with cylindrical geometry (Example 3.2). 


and the conditions affecting the motion. In this section, we review the basic 
equations of fluid mechanics and develop finite element models of certain 
one-dimensional fluid systems. Several numerical examples will be discussed. 

The basic equations of fluid mechanics are derived from the global jaws 
of conservation of mass, momentum, and energy. Conservation of mass gives 
the continuity equation, while the conservation of momentum results in the 
equations of motion. The conservation of energy, considered in the last 
section, is the first law of thermodynamics and results in (3.68}, and 
(3.77)-(3.79) for various one-dimensional systems when thermal—fluid cou- 
pling is omitted. Before we review the basic equations of fluid mechanics, it is 
informative to consider various types of fluids. 

An ideal (or perfect) fluid is one that has zero viscosity and is 
incompressible. A real fluid or viscous fluid is one with finite viscosity, and 
may or may not be incompressible. Nonviscous fluids are those with zero 
viscosity, and again may or may not be incompressible, A viscous fluid is said 
to be a Newtonian fluid if its viscosity coefficient is independent of the velocity 
gradient (i.c., the viscosity is constant). Nen-Newtonian fluids are those for 
which the viscosity is a function of the velocity gradient. 

Two different viewpoints are used in the analytical description of the 
equations of a continuous medium. In the first, one considers the motion of all 
matter passing through a fixed spatial location. Here one is concerned with 
changes (e.g., in velocity field, pressure, and density) that are taking place in 
the matter that happens to occupy the fixed spatial location. This viewpoint, 
known as the Eulerian description, is the one that is most commonly used in 
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fluid mechanics. In the study of the motion of fluids, one is interested in the 
flow characteristics of fluids occuping a fixed region rather than a fixed set of 
fluid particles. In the other viewpoint, one considers the motion of a fixed set 
of material particles (i.¢., fixed matter), irrespective of its spatial location. This 
viewpoint is known as the Lagrangian description, and it is used in the study of 
the motion of solid badies. 

The conservation of mass in the Euierian description is expressed as 


a 
aad (pu) =0 (3.1004) 
or, for two-dimensional flow, 
, dp 8 a 
ox (pt) +S {pv)=9 (3. 1006) 


where p is the density (in kg m~*) and (u, v) are the velocity components (in 
ms") in the x and y directions. All problems of fluid mechanics require that 
the continuity equation G.100) be satisfied (because of the Eulerian descrip- 
tion}. In the steady-state case, we have 3/d¢-= 0, and (3.100a,4) become 


V- (pu) =9, = (pu) +5. = (pv) = 0 (3.1014,b) 


If a fiuid is incompressible, the density is constant, and the continuity 
equations (3.1014,) take the forms 


(3.1022, b) 


For flows of incompressible fluids, the conservation of linear momentum 
results in the following equations of motion: 


Veott=p(= 


aa vu) (3.1032) 


or, for two-dimensional systems, 


"ax 
(3.1036) 


ou 


where (0,, Oy, O,,) are the total stress components (in Nm’) and (f,, f,) are 
the x and y components of the body force vector (measured per unit volume). 
The total stress components can be expressed in terms of the viscous stress 
components (7,, t,, t,) and the hydrostatic pressure P (in N m~*): 


G=%—-P, ao=t—-P, y= ty (3.104) 
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The viscous components of stress are related to the velocity gradients by 
Newton’s law of viscosity. For isotropic, Newtonian fluids, these are 


au =) 


re 3, 
ay? Bi (3.105) 


ou au 
t= Oph ty = 2H as Tay =H 


where is the viscosity (in kgm™'s"') of the fluid. Combining (3.103)- 
(3.105), we obtain 


8 (oy ZH—p) + 2u( S42) ] ot -o( Sern 0%) 
ax \ Ox ay H dy ax 2 OG ax By 


Zoe] europa rood 
ax Nay ae) ] ” ay MP ay PV aT Hae Say] 
¢ 


These are known as the Navier-Stokes equations. When the viscosity is zero, 


we have ; 
oP au Gu ou 
———-+f.= p{— —— — 
ax o( Site nt YS.) 
(3. 107} 
dy 2 Nae “ax By 
which are known as the Euler equations. 
Conservation of energy for incompressible fiuids is expressed by 
aT aT or) (Zt ce 
~~ pu —tu—l=k oats) t+ . 
pe( at Dy +v ay k at ay? qt+® (3.108) 


where ¢ is the mean heat capacity at constant volume, ¢ is the internal heat 
generation, k is the thermal conductivity of the (isotropic) fluid, and ® is the 


viscous dissipation, 
ou\* , (av\" au av\? 
Mi Nag} * ay # By ax (3.109) 


which is zero for nonviscous fluids. For fluids of low viscosity and for velocities 
iess than the sonic velocity, ® has a magnitude that is smail compared with the 
other terms in the equation. 

In summary, the two-dimensional flows of viscous incompressible fluids 
are governed by (3,102), (3.106), and (3.108). There are four unknowns 
(u, v, P, T) and four equations. The two-dimensional flows of nonviscous 
fluids are governed by (3.100), (3.107), and (3.108) (with @=0). There are 
five unknowns (u, v, T, P, p) in four equations. The fifth equation is provided 
by the equation of state, F (p, T, P)=0, which relates the density p, 
temperature T, and pressure P. 

For certain flows, the equations can be further simplified to 1-D 
equations, These are discussed below. 
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Consider the flow of a viscous, incompressible fluid between two 
stationary parallei fat walls separated by a distance 2L. We assume that there 
are no body forces. The velocity of the fluid at the wall is zero, because of 
adhesion, and reaches a maximum at the center of the channel. The velocity is 
constant on a plane parallel to the center plane, with its magnitude being 
proportional to the distance from the latter; the individual planes slide over 
each other, the velocity field being purely axial everywhere, Such fluid flows 
are called /amuinar. At a sufficiently large distance from the entrance, where the 
yelocity is uniform, the velocity distribution becomes independent of the 
coordinate along the flow direction. The portion of the fiow region beyond this 
distance is called the Aydredynamically developed o1 fully developed region, 
and the flow is called fully developed fiow. For this case, the governing field 
equations (3.102), (3.106), and (3.108) can be simplified because of the specific 
nature of the velocity field: 


u=u(x,y}, v=90 


where the x and y coordinates are chosen along and normal to the flow 
direction, respectively. The continuity equation (3.012) reduces to 


a 

aoe which implies that uv = u(y) 
The y momentum equation in (3.106), for f, = 0, simplifies to 

oP 

ey =, which implies that P = P(x) 


The x momentum equation in (3.106), subject to the requirements v =Q, 
u=uly), P=P(), and f, = 9, simplifies to 


(3.110) 
The energy equation (3.108) for this problem reduces to 
cu = (= aT (“y 3.111 
Pp ax ~ ax? By? B dy ( * ) 


In the case of the steady flow of an incompressible, Newtonian Ruid 
inside a circular tube of radius 7, (3.110) and (3.111) take the forms 


du , 
ne (rS) te G.112) 


(3.113) 


on ag{h (28) 4274 ute 
Pen Lear ar) ae2d Nap 


where « = u(r) is the axial velocity, T = T(r, z) is the temperature, P = P(z) is 
the hydrostatic pressure, and the r and z coordinates are chosen along and 
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normal to the direction of main flow. This flow is also known as Poiseuille 


flow. ; 

This completes the review of the pertinent equations of fluid mechanics 
that are considered in this chapter. Next, we consider the finite element 
analysis of one-dimensional problems governed by (3.110)-(3.113). 


Exansple 3.3, Consider paralle! flow between two long fiat walis separated by a distance 
2h. We wish to determine the velocity distribution u(y) for a given constant pressure 
gradient dP/dx, using the finite element method. The poverning equation (3.110) is a 
special case of the model equation (3.1) with the following correspondence: 


dP 
q=- yo constant=go, @=fM=constant, c= 0, «x=y 


ue 
Hence the finite element modet in (3.31) is valid for this problem: , 
[KUe}=FFHOF (3.114a) 
where 
fh dwt dys _ f®{ aP\.. 
s-| Wie a i= | (-S) wr dy 
™ " (3.114b) 


an-(eS), @ (Sl 


For the choice of linear finite elements, (3.1142) is the same as (3.37), with a, =p and - 
Ge = Fo. For quadratic finite finite elements, [K*] is given by (3.40a) with ¢, = 0, and 
{f*} is given by (3.400). 
For a two-element mesh of linear elements (# = L), we have 
1-1 affG 1 Q; 
By -1 0 2 -h |p apap y 2 pty G24 i 
0-1 14514 1 


We consider two sets of boundary conditions 


Set1 «(-—L)y=u(hL)=0 or U,=0,=0 (3.115) 
Set2 u(—L)=0, uL)=% or U,=0, U=Us 
The finite element solutions for these two cases are 
2 
U,= tel for Set 1 
H 3.116) 


L? 
ih= +40, for Set 2 
2H 


For a one-element mesh of the quadratic element th =2L), we have 
7-8 £4) L 1 ai 
Ey} -8 16 -8 |) p=Sy4r+y 0 
1-8 TILLY i Q3 
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and the solution is 
QoL” 
au 


I? 
L= Ft 11}, for Set 2 


th = for Set 1 


(3.117) 


Although the nodal values predicted in the linear- and quadratic-eclement meshes are 
ithe same, they vary linearly and quadratically, respectively, between nodes. 

The exact solutions of (3.110) for the two sets of boundary conditions in (3.1155 
are (-Ly<L) 


= aol -4) 

u(y} = 2 1-75 for Set i 

: p (3.118) 
—The F\ dot ¥ 

u(y) = U5 (1 +2) 4 ma fe (4 - x) for Set 2 


Note that the finite element solutions at the nodes are exact, as expected (see the 
comments made in Example 3.1). The quadratic-element solution agrees with the exact 
solutions (3.118) for every value of y. 


3.3.3 Solid Mechanics 


Solid mechanics is that branch of mechanics dealing with the motion and 
deformation of solid bodies. The Lagrangian description of motion is used to 
express the global conservation laws. The conservation of mass for solid bodies 
is trivially satisfied because of the fixed material viewpoint used in the 
Lagrangian description. The conservation of momentum is nothing but 
Newton's second law of motion. Under isothermal conditions, the energy 
equation uncouples from the momentum equations, and we need only consider 
the equations of motion. 

Unlike in fluid mechanics, here the equations governing solid bodies 
undergoing different forms of deformations are derived directly, without 
specializing the three-dimensional elasticity equations. Various types of 
load-carrying members are called by different names, e.g., bars, beams, and 
plates. A bar is a structural member that is subjected to only axial loads, while 
a beam is a member that is subjected to bending loads. The equations 
governing the motion of such structural elements are not obtained directly 
from (3.103). They are derived either by considering an element of the 
member with ail its proper forces and using Newton's second law, or by using 
an energy principle. Examples of the governing equations of the bending of 
beams and bars were discussed in Example 2.2 in Chapter 2. Energy principles 
provide an alternative to Newton’s laws, and they are more suitable for finite 
element modeling because energy principles are nothing but the weak forms 
used in the development of the finite element models. Here we illustrate an 
application of Newton’s second law and the energy principle, namety, the 
principle of virtual displacements, to a bar element. Other examples will be 
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presented in connection with the finite element modeling of beams (Chapter 4) 
and plates (Chapter 12) later in this book. 

Consider a material body of length £ and cross-sectional! area A. Suppose 
that the material of the body is homogeneous (i.¢., material properties are 
independent of position), the cross-section is either constant or gradually 
yarying in the axial (i.¢., lengthwise) direction, and the applied loads are axial 
and symmetrically positioned with respect to the geometric centroid of the 
cross-section. Then the axial stress in the member, except near the points of 
load application, will be uniform. The only nonzero stress component is 
0, = 6,{x, #). Such members are called bars. For this case, u = u(x, f), vu =0, 
and (3.103) reduce to the single equation (here u denotes the displacement) 


oo, Pu 
x =p-— A 
th op ou 


, 


However, the above equation does not include cross-sectional properties of the 
member, and it is not useful in its present form. The governing equations of 
bars of axially varying cross-sections can be derived from Newton’s second law 
(e.g., summation of forces along the x direction) applied to an element of the 
body (see Fig. 3.12); ie., 


> B= ma 
giving 
dx du 
~g,A+(a,+do,(A+ dA} +fax= p[A+(At+ dA)\ > 32 
or 
1 au 
o, dA+ da, A+ doy dAt fdx = p(A+2dA) dee 
Dividing throughout by dx and taking the limit dy-> 0, we obtain 


au 


af (3.120) 


3 
Ox (a,A) +f = pA 


where f is the body force per unit length. 


(o, + do,) {A + dA) 


FIGURE 3.12 
. a Axially loaded member and a typical portion of a 
> i member of length dx with its axial forces. 
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From the strain-stress relation 2, =(o,—-vo,)/E, we have (because 
a, = 9) 


ou 


0, = Fe, = EE 
: ox 


Substituting for a, from here into (3.120), we obtain 
8 ( ou ru 


EA) 4 = pA— 
ae f=p 


ar? 


(3.121) 


-4 (EA “) = f(x) (3.1228) 


Equation (3.1224) can be used to determine the displacement u(x) of a 
material point located at a distance x along the axis of a uniaxially loaded 
member, called a bar, It should be recalled that (3.122¢) is derived under the 
assumption that afl material points on the line x = constant move by the same 
distance u(x) (i.e., the stress at any cross-section is uniform). Equation 
(3.122a) is the same as the model equation (3.1), with a = ZA and ¢ =f (x). 

The average transverse deflection u(x) of a cable made of elastic material 
is also governed by an equation of the form (3.122a): 


- < (r=) = f(x) (3.1226) 


where T is the uniform tension in the cable and f is the distributed transverse 
force. 


Example 3.4, A bridge is supported by several concrete piers, and the geometry and 
loads of a typical pier are shown in Fig. 3.13. The load 20 kN m“? represents the weight 
of the bridge and an assumed distribution of the traific on the bridge. The concrete 
weighs approximately 25kN m™ and its modulus is = 28 x 10°kKNm™*. We wish to 
analyze the pier for displacements and stresses using the finite clement method. 

The pier is indeed a three-dimensional structure. However, we wish to apprexim- 
ate the deformation and stress fields in the pier as one-dimensional. To this end, we 
represent the distributed force at the top of the pier as a point force 


F =(0.5 x 0.5)20 = SKN 


The weight of the concrete is represented as the body force per unit length. The total 
force at any distance x is equal to the weight of the concrete above that point, The 
weight at a distance x is equal to the product of the volume of the bedy above x and the 
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20 kN mo? 
nn 
| 


Wiig 


2m 


[ FIGURE 3.13 
0.5m The geometry and loading in the concrete pier 


— 1.5m——{ + A problem of Example 3.4. 


specific weight of the concrete: 


f 
W(x) =0.5 OS e050), x 25,0~ 6.25(1 + 0.5x)x 


r 


The bady force per unit length is computed from 
aw 
= or =6.25(1+%) 


This completes the load representation of the problem. 
The governing differential equation for the problem is given by (3.122a), with 
E=28 X 10°kN m7 and cross-sectional area A(x): 


A(x) = (0.5 + 0.Sx)0.5 = 31 +x) 
Thus 
d 


dti 
—-—|1iE — |= 6.25 3.12 
< arn | 6.25(1 +) (3.1234) 
subject to the boundary conditions 


)szG +2) | | =-5, u(=0 (3.1236) 


The finite element model is 
[K*]{u"} = (F°} + {OF (3.124a) 


where 


p= [cai as, p= | Pewiae 
*A *a (3.1248) 
du 


ain(-eai|, os-(ea%), 


For the choice of linear interpolation functions (3.166), we have 


. “ert 17 E h 
Ki=[ Ex +x) -;) d= 7 Li + 2t- t+Xeartth 


t 


ett 
fiz [ 6.25(1 +x) pt dx = 6.25h[5 + Beer + 2%.)] 
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Similarly, other components can be evaluated: 


[K]= sp [+i tae) 7] 


oreo osie D 


Let us consider a two-element mesh with #, =A, = 1s. We have 


(3.125) 


El 1.5 -4L5 6.25341 4.167 
y= 2 = 
[KI=] [_13 sh I= {pra} {S208} 
Ef 2.5 —2.5 6.25 (344 7.292 
2) ay = 
[X’'} 4 [3° 2.59" if 6 (3 tl {e333} 
The assembled equations are 
0.375 —0.375 O.000]) U, 4.167 ot 
E\ -0.375 1.006 -0.625 14 tp =4 12.5007 +4 034 0? 
9.000 0.625 0.625 |LU, 8.333 Q? 


The boundary and equilibrium conditions require 
U%=0, 24+ i=, 1= SKN 


The condensed equations are 


0.375 —-0.375 why | 2167} 2 
| 37s v oooltos ~ 112.500)" 2= —0.6255U; ~ 8.333 


and the solution is given by 
U,=2.101x10%m, U=1.238K10%m, @3=—30kN (3.126) 
Hence the stress at the fixed end is given by 
o, = Q3/A = —30/0.75 = ~40 KN m7? 
The exact solution of (3.123) is 


u(x) = 7 [56.25 ~ 6.251 +x¥'-7.5 In (=| (3.127) 


The exact values of w at nodes land2 are . 
u(0)=2.08x 10% m, u{1) =1.225*% 107& m 


The four-element model gives 2.008 x 10-°m and 1.228 107' m, respectively. Fhe 
finite element solution at the nodes is not exact because ¢ = FA is not a constant in the 
problem. , 


3.4 SUMMARY 


In this chapter, the finite element formulation of a second-order differential 
equation in a singie variable has been presented systematically, following a 
step-by-step procedure. The basic steps of the formulation and analysis of a 
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typical equation are described in Table 3.1. The model equation is repre- 
sentative of the equations arising in various fields of engineering (see Table 
3.2). The finite element model is developed following three steps: 


1. Weak formulation of the differential equation over an element. 

2. Finite element interpolation of the primary variables of the weak 
fomulation. 

3. Finite element formulation over a typical element. 


The weak formulation itself involves a three-step procedure, which enables 
identification of primary variables (i.c., variables that are required to be 
continuous throughout the domain, including the nodes at which elements are 
connected). The finite element interpolation functions have been developed 
here on the basis of continuity, completeness, and lincar independence. The 
finite element model has been developed by substituting appropriate interpola- 
tion of the primary variable into the weak form of the differential equation. 

Applications of the model to the solution of problems of heat transfer, 
fluid mechanics, and solid mechanics have been presented, To aid the reader, a 
brief review of the basic terminology and governing equations of each of the 
three fields has also been given. The numerical examples should aid the reader 
in deeper understanding of the steps involved in the finite element analysis of 
one-dimensional second-order differential equations. 

It has been shown that the secondary variables of a problem can be 
computed using either the global algebraic equations of the finite element 
mesh (i.e., condensed equations for the secondary variabies) or by their 
original definition through finite element interpolation. The former method 
gives more accurate results, which will satisfy the equilibrium at interelement 
nodes, whereas the latter gives fess accurate results, which are discontinuous at 
such nodes. The secondary variables computed using the Lagrange linear 
elements are element-wise-constant, while they are element-wise-linear for the 
Lagrange quadratic elements. 


PROBLEMS 


Many of the following problems are designed for hand calculation while some are 
intended specifically for computer calculations using the program FEMIDV2. This 
should give the student deeper understanding of what is involved in the formulation and 
solution of a problem by the finite element method. The hand calculations can be 
yerified, in most cases, by solving the same problems using FEM1DV2, which is 
described in Chapter 7. 


Section 3.2 
3.1. Develop the weak form and the finite element model of the following differential 
equation over an element: 


~4£ (0%) SoS) + aus for x¥4x< 
dz Ode) tat \ age) EA TOE ASE 8 
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where a, 5, c, and f are known functions of position x. Ensure that the element 
coefficient matrix [X‘] is symmetric, What is the nature of the interpolation 
functions for the problem? 
3.2, Construct the weak form and the finite element model of the differentia! equation 
d au) du 
——la—]-b—=f for O<r<b 
ral dx) ae F * 
over a typical element 2° = (x,, Xz). Here a, b, and f are known functions of x, 
and uw is the dependent variable. The natural boundary condition should net 
involve the function (Gc). What type of interpolation functions can be used for u? 
3,3. Construct the weak form and associated finite element model of the equation 


df du 
-+ (aS) +cu=f for O<x <b 


such that the natural boundary condition of the type 


du 
de 


is included in the weak form. Here a, c, and f are known functions of x, while &, 
if), and @ are constants. 

3.4. Derive the Lagrange cubic interpolation functions for a four-nodé (one- 
dimensional} element (with equally spaced nodes) using the alternative procedure 
based on interpolation properties (3.28). Use the local coordinate # for simplicity. 

3.5, Verify (3.344, b) by actual evaluation of Kj = Kj and fj. 

3.6, Evaluate the following coefficient matrices and source vector using the linear 
Lagrange interpolation functions: 


a—tk(u—u)=2 


ff dyt dy; 
R= | (a9 + ax) - Ott dx 
iJ 7a 
m= [eotondorniar, f= [aot axdyter 
<A A 


where ao, @, Cy; C1, Go, and gq, are constants, 
3.7, Verify the coefficients in (3.40a,4) by actual evaluation of Kj= Ké and fi. 


ke 
Typical element 


FIGURE P38 
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3.8. 


3.9, 


3.10. 
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Consider the system of linear elastic springs shown in Fig. P3.8. Write the 
force—displacement relationship for a typical (single) spring element, and 
asserable the element equations to obtain the force—displacement relations for the 
entire system. Use the boundary conditions to write the condensed equations for 
the unknown displacements and forces. 

Consider the hydraulic network (the flow is assumed to be laminar) shown in Fig. 
P3.9. A typical element {which is a circular pipe of constant diameter) with two 
nodes is also shown in the figure. The unknown primary degree of freedom at 
each node is the pressure P, and the secondary degree of freedom is the flow (or 
discharge) Q. The element equations relating the primary variables to the 
secondary variables are given by 


eT (od ema 
ne t-1 illest!” loss? °~ 128m * 


where d, is the diameter of the pipe, A, is its length, and p is the viscosity of the 
fluid. Write the condensed equations for the unknown pressures and flows (use 
the minimum number of elements.) 

Answer: P,=%Qa, Py=‘?Qa, P, = iQa. 


O = given 
a = constant 


ot Pi_ {ae Pt . 
i=. o> 0S 


pad 
Pipe resistance R, = 128k 


ad’ 


FIGURE P3.9 


Consider the direct current electric network shown in Fig. P3.10, We wish to 
determine the voltages V and currents / in the network using the finite element 
method. A typical finite element in this case consists of a resistor R, with the 
primary degree of freedom being the voltage and the secondary degree of 
freedom being the current. The element equations are provided by Ohm’s law: 


za iltvdta) 
ReL-1  1alV3 i 
The continuity conditions at the interelement nodes require that the net current 


flow into any junction (node) always be zero in a closed loop. Set up the algebraic 
equations (i.e., condensed equations) for the unknown voltages and currents. 
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Typical element FIGURE P3.10 


3.11. Consider the composite structure of axially loaded members shown in Fig. P3.11. 
Write the continuity conditions (i.¢., the correspondence of element nodal values 
to global nodal values) and the equilibrium conditions G.e., the relationships 
between Q; at the interelement nodes) for the structure. Derive the assembled 
coefficient (stiffness) matrix for the structure, and set up the condensed equations 
for the unknown displacements and forces. 


Aluminum y Ea = 10" Ib in 
Ey = 3% 107 lb in7? 


FIGURE P3.11 


3.12. Use the finite element methad to solve the differential equation 


a 
~ Sa a x= for O<x <i 


for the (Dirichlet) boundary conditions u(0)=0 and u(1)=0. Use a uniform 
mesh of three linear elements, and compare the finite element solution with the 
exact solution for ¢ = 1. 
Answer: U, = —0.02999, U, = —0.04257, P3 = 0.19771. 
3.13, Solve the differential equation in Problem’ 3.12 for the (mixed) boundary 
conditions : 


u(0) =0, (<) 


Use three linear elements. 
Answer: U, = —0.18805, U, = —0.34144, U,= -0.40708, P! = 5.6414. 
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3.14. 


3.15, 


FINITE. ELEMENT ANALYSIS OF ONE-DIMENSIONAL PROBLEMS 


Solve the differential equation in Problem 3.12 for the (Neumann) boundary 


(=) | z=0 (=) 


Use a uniform mesh of three linear finite elements to solve the problem. Verify 
your solution with the analytical solution. 

Note that for Neumann boundary conditions, none of the primary 
dependent variables is specified, and therefore the solution can be determined 
within a constant; the coeificient matrix of the finite element equations for this 
case remains unaltered. When c = 0, the coefficient matrix is singular and cannot 
be inverted. In such cases, one of the U, should be set equal to a constant (€.2., 
zero) to remove the “rigid-body” mode {i.e., to determine the arbitrary constant 
in the solution). . 

Answer: U, = —0.56862, U2 = 0.20932, U, = 0.186967 Us = 0.61334, 

The governing equation for an unconfined aquifer with flow in the radial direction 
is given by the differential equation p 


1df, di 

rdr (rk i) =f 
where & is the coefficient of permeability, f the recharge, and w the piezometric 
head. Pumping is considered to be a negative recharge. Consider the following 
problem. A well penetrates an aquifer and pumping is performed at r=0 at a 
rate Q = 150m7h'. The permeability of the aquifer is k=25m° him? A 
constant head w)=50m exists at a radial distance L=200m. Determine the 
piezometric head at radial distances of 9, 10, 20, 40, 80, and 140m {see Fig. 
P3,15}. You are required to set up the finite element equations for the unknowns 
using 2 nonuniform mesh of five linear elements. 


~ 3 


x=1 


123 4 5 6 7 
a 
FIGURE P3.15 


Section 3.3 
Heat transfer 


3.16. 


The following differential equation arises in connection with heat transfer in ar 
insulated rod: 


dja 
~£(kS)=4 for 0¢x<L 


T(0) = to, [ea + B(T — Th) + 4| |. =0 


3,17, 


3.18. 
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where T is the temperature, & the thermal conductivity, and g the heat 
generation. Take the following values for the data: g=0, @=0, L=0.im, 
k=0.01Wm°C, B=25Wm 77°C. 1=50°C, and F,=5°C. Solve the 
probiem using two linear finite elements for temperature values at x = $2 and L. 

Answer: U,=27.59°C, Uy=5.179°C, Pl = 4.482 W m7? = — PE, 
An tasulating wall is constructed of three homogeneous layers with conductivities 
k,, &2, and x, in intimate contact (see Fig. P3.17). Under steady-state conditions, 
the temperatures at the boundaries of the layers are characterized by the external 
surface temperatures 7, and 7, and the interface temperatures T, and 7;. 
Formulate the problem to determine the temperatures T; (f= 1, ..., 4) when the 
ambient temperatures 7, and 7% and the (surface) film coefficients A, and f, are 
known. Assume that there is no internal heat generation and that the heat How is 
one-dimensional (7 / Oy = 9}. 

Answer: U, = 84.489°C, U,=68.977°C, U,=50.881°C, U,=45.341°C, 
(Pact = 217.16 Wm, (P3)gee = —155.11 Wm, 


D ® © 
5S cm 3.5 cm p5em 


ky = 50 Weem7! cn! 


Ambient 

temperature, 

To 7 1o0"C 2 ! E température 
B= 10 Wem °C T= 358C 


B= 18 Wem? *co! 


FIGURE P3,17 


Consider the rectangular cooling fin shown in Fig, 3.9. The governing equation 
{i.e., balance of energy) is 
@T 8B 
~ 5+ (T~T)= 
de? *kg\? ~ 7-0 


where T is the temperature, & the thermal conductivity, 8 the film coefficient, a 
the thickness, and TL, the temperature of the surrounding fluid (i.c., ambient 
temperature}. The boundary conditions of the problem are 


T(O)=7, (wall temperature}, (xa “) 


=0 
at 


The equations can be recast by introducing the following nondimensional 
quantities: 


r-T. * BL"? 
e=p aon’ Fp ve 
They then take the forms 


_o8 


get Ne =0, 6(0) =1, (B| =0 
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Solve the problem using (a) two linear elements and (b) one quadratic 
element, and compare the finite solutions at four equal distances with the 
analytical solution 


@= cosh NE — (tanh N) sinh NE 


A steel rod of diameter D =2cm, length L=5cm, and thermal conductivity 
k=50Wm!' °C is exposed to ambient air at T= 20°C with a heat transfer 
coefficient B=100Wm *°C™'. If the left end of the rod is maintained at 
temperature T, = 320°C and the other end is insulated (see Fig. P3.19}, 
determine the temperatures at distances 25 mm and 50 mm from the left end, and 
the heat at the left end, The governing equation of the problem is - 
Zz 
£8. nra=o for O<a4<L 
dx ~ 


na 


where 6-1 — T., Tis the temperature, and N? is given by 


new bh BaD 4B 
“AK §aD?k kD 


The boundary conditions are 


@(0) = T(0) — T= 300°C, (=) 


=0 
reL 


Use (a) two linear elements and (B) one quadratic element to solve the problem 
by the finite element method. The exact solution is 


cosh N(L — x} 


8(x) = 6(0) cosh WE 


Answer: (a) U,=300°C, U;= 50.272°C, U, = 15,996 °C, Pi = 998.9 Wim™. 
(b) Up =300 °C, Up = 62,658 °C, Us = 34.177 °C, Pi = 1367 Wm. 


Ambient air 


FIGURE P3.19 


Find the temperature distribution in the tapered fin shown in Fig. P3.20. Assume 
that the temperature at the root of the fin is 250°F, the conductivity A= 
120BTuh-'#t-'°E-', and the film coefficient p=15Btuh™ ft of! and use 
three linear elements. The ambient temperature at the top and bottom of the fin 
is T. = 75°F. 

Answer: T,(tip) = 166.188 °F, T.=1911F, B= 218.87 °F. 


3.21. 


3.22, 
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Te = 79°F 6) _-To = 250°F 
ee ea 
= i fo 25 in 


x ee 
Ce 3in-——>| FIGURE P3.20 


Consider steady heat conduction in a wire of circular cross-section with an 
electrical heat source. Suppose that the radius of the wire fs Rg, its electrical 
conductivity is K, (Q7' cm‘), and it is carrying an electric current density of f 
(Acm™). During the transmission of an electric current, some of the electrical 
energy is converted into thermal energy. The rate of heat production per unit 
volume is given by g,=/2/K,.. Assume that the temperature rise in the wire is 
sufficiently small that the dependence of the thermal or electric conductivity on 
temperature can be neglected. The governing equations of the problem are 


id d d 
oS — j= Qar< aaa 
vd (rs -) q. for OG=+= Ry, (kr a 


Determine the distribution of temperature in the wire using (a) two linear 
elements and (6) one quadratic element, and compare the finite element solution 
at eight equal intervals with the exact solution 


roast (g) 


Also, determine the heat flow Q@ = —2RoLk(dT/dr)|,,, at the surface using (i) 
the temperature field and (ii) the balance equations. 
Consider a nuclear fuel element of spherical form, consisting of a sphere of 
“fissionable” material surrounded by a spherical shell of aluminum “cladding” as 
shown in Fig. P3.22. Nuclear fission is a source of thermal energy, which yaries 
nonuniformly from the center of the sphere to the interface of the fuel element 
and the cladding. We wish to determine the temperature distribution in the 
nuclear fuel element and the aluminum cladding. 

The governing equations for the two regions are the same, with the 
exception that there is no heat source term for the aluminum cladding. We have 


o, T(Ry) = To 


Fag 


id 
- 35 (rn 2) =¢ for D<;<R, 


_id 
rdr 


(7%) =0 for Rp<r<R- 
dr 


where subscripts 1 and 2 refer to the nuclear fuel element and cladding, 
respectively. The heat geheration in the nuclear fuel element is assumed to be of 


the form 
d= Go ¢ R,. 


where qq and ¢ are constants depending on the nuclear material. The boundary 
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conditions are 
Tr; 
kr a 0 at r=0 


T,=T, atr=R, 

h=T avr=R, 
Use two linear elements to determine the finite element solution for the 
temperature distribution, and compare the nodal temperatures with the exact 


solution 
aol ffy-(£) + elt -(E) J} +S + 40(0-R) 
— T. = -" —_— — — — — —_—-— 
T-T 6k, 1 BR. + Hel 1 Re + 3k, (i+ %e)(1 R. 
T, a= Boke a+4o( _ =f) , . 
Re 
Coolant Wee , 


7 
a 


FIGURE P3.22 


Fluid mechanics 

3.23, Consider the flow of a Newtonian viscous fiuid on an inclined flat surface, as 

. shown in Fig. P3.23. Examples of such flow can be found in wetted-wall towers 
and the application of coatings to wallpaper rolls. The momentum equation, for a 
fully developed steady laminar flow along the z coordinate, is given by 


dw 
ee 


= pg cos B 
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where w is the z component of the velocity, 4 is the viscosity of the fluid, p is the 
density, g is the acceleration due to gravity, and B is the angle between the 
inclined surface and the vertical. The boundary conditions associated with the 
problem are that the shear stress is zero at ¥ = 0 and the velocity is zero at x =L:; 


(=) 
dx 
Use (a) two linear finite elements of equal length and (5) one quadyatic finite 


element in the domain (0, Z) to solve the problem and compare the two finite 
element solutions at four points x=0, 42, 4h, and 3 of the domain with the 


exact solution 
2 2 
w, = BE sos Ey ; (3) | 
2H iL 
Evaluate the shear stress (t,, = —y dw/dx) at the wall using (i) the velocity fields 
and (ii) the equilibrium equations, and compare with the exact value. 


Aaswer: (a) U, = tf, U.= th, f= (pg cos BL? / p. 


=0, w(L)=0 


«= 


Velocity 
distribution 


Direction of 
gravity FIGURE P3,23 


3.24, Consider the steady laminar flow of a viscous fluid through a tong circular 
cylindrical tube. The governing equation is 
| 


~=(r ot) = 
rs es ama 


where w is the axial {i.e., z) component of velocity, y is the viscosity, and f is the 
gradient of pressure (which includes the combined effect of static pressure and 
gravitational force), The boundary conditions are 


= 0, w(Ry) =9 


t=O 
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Using the symmetry and (a} two linear elements, (b) one quadratic 
element, determine the velocity field and compare with the exact solution at the 


nodes: 
vio BG] 


3,25. In the problem of the flow of a viscous fluid through a circular cylinder (Problem 
3.24), assume that the fluid slips at the cylinder wall; i-e., instead of assuring that 
w= at7= Ro, use the boundary condition that 


di 
kw = ue at r=Ro 


in which & is the “coefficient of sliding friction.” Solve the problem with two 
linear elements. , * 

4.26. Consider the steady laminar flow of a Newtonian fluid with constant density in a 
long annular region between two coaxial cylinders of radii R; and R, {see Fig. 


P3.26}. The differential equation for this case is given by ‘ 


12 (, it) Poe 
wr Lo 


fo 


rdr 
where w is the velocity along the cylinders (i.e. the z component of velocity}, pf is 
the viscosity, Z is the length of the region along the cylinders in which the flow is 


i Velocity 
2 distribution 


q FIGURE P3.26 
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fully developed, and P, and P, are the pressures at z =O and z = L, respectively 
(P, and PF, represent the combined effect of static pressure and gravitational 
force), The boundary conditions are 


w=0 at r=R, and R, 


Solve the problem using (a) two linear elements and (5) one quadratic element, 
and compare the finite element solutions with the exact solution at the nodes: 


wr) hts [1 ~ (7) + aa In ral 


where k= R,/R,. Determine the shear stress 1,, = —# dw/dr at the walls using (i) 
the velocity field and (ii) the equilibrium equations, and compare with the exact 
values, (Note that the steady laminar flow of a viscous fluid through a long 
cylinder or a circular tube can be obtained as a limiting case of k—> 03 

Answer: U,=0,40198, U;=0.5036, U,=0.35811, Pl=—-1.6079, Pi= 
—2.8705. 

3.27, Consider the steady laminar flow of two immiscible incompressible fluids in a 
region between two parallel stationary plates under the influence of a pressure 
gradient. The fluid rates are adjusted such that the lower half of the region is 
filled with Fluid I (the denser and more viscous fluid) and the upper half is filled 
with Pluid Il (the less dense and less viscous fluid), as shown in Fig, P3.27. We 
wish to determine the velocity distributions in each region using the finite element 
method. . 

The governing equations for each fluid are 


eu du 
Ht ag whe care) 


where f= (Py — P,)/L is the pressure gradient. The boundary conditions are 
#,(-b)=0, 4(b}=0,  2,(0)=4,(0) 


Soive the problem using (a) four linear elements and (b) two quadratic elements, 
and compare the finite element solutions with the exact solution at the nodes 


2 Due. _ 2 
a | tad (2) ] (=1,2) 


M+ Mit+heb Mb 


FIGURE ‘P3.27 


Solid mechanics 


3.28. Find the three-element finite element solution to the stepped-bar problem (axial 
deformation of a bar). See Fig. P3.28 for the geometry and data. 
Answer: U,=6P/ak,, U;=5P/mE,, Uy= 2 PrE,. 
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Aluminum (4 in diam.) 


P Alum (2 in diam.) 


fea 4P 
P 
{2 in ——+}+— 8 in sled in>} 
E, = 10" lb in* 
FE, = 3.x 107 Win 
P = 100 kips FIGURE P3.28 


The equation governing the axial deformation of an elastic bar in the presence of 
applied mechanical loads f and P and a temperature change T:is 
. a du 
—-— | EAl—— \|- for O<ax <b 
a [z ( ik eTjl=f for I<x . 7 


where a is the thermal expansion coefficient, E the modulus of elasticity, and A 
the cross-sectional area. Using three linear finite elements, determine the axial 
displacements in 4 nonuniform rod of length 30in, fixed at the left end and 
subjected to an axial force P = 400 Ib and a temperature change of 60 "F. Take 
A(x) = 6 — x in’, B= 30x 10° lb in, and a == 12 x 10°%in int °F. 

Analyze the stepped bar with its right end supported by a linear axial spring (see 
Fig. P3.30). The boundary condition at x = 24 in is 


P 
12 in ——>}«— Bin rl 4 jn-r| 
£, = 10" lb in” k = 10 Ibin 
E, = 3% 10’ bin” 
P = 100 kips 
FIGURE P3.0 
fo = 200 tb in”? 


2 in diam. 4.5‘in diant” 


L4 in p+ ——_-—12 in_———t— 4in —| FIGURE P3.31 


Consider the steel (E = 30 x 10° psi) beam shown in Fig, P3.31. Determine the 
transverse deflection using two linear elements. Exploit the symmetry of the 
beam. - 
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3.32. Determine the axial deformation of a nonuniform bar, A =A,+ A ,x, under its 
own weight (fo per unit length). Use two linear elements. The bar is fixed at 
x=0. 

3.33. Turbine disks are often thick near their hub and taper down to a smaller thickness 
at the periphery. The equation’governing a variable-thickness ¢ = t(r) disk is 


ad 
ar (irg,) — fo, + (pwr =0 


where «? is the angular speed of the disk and 


_ (f+ *) _ (2 dit _E 
| = Cl + Voi, oy=e <4 ve), c=T a 
(a) Construct the weak integral form of the governing equation such that the 
bilinear form is symmetric and the natural boundary condition involves 
specifying the quantity éra,. 
{6) Develop the finite element model associated with the weak form derived in 
part (a). 
3.34, Determine the axial deformation of a varying cross-section member (see Fig. 
P3.34) under its own weight. Use one quadratic element. 


A(z) =Ag + Ay 


FIGURE P3.34 
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CHAPTER 


4 


BENDING 
OF BEAMS 


4.1 INFRODUCTION 


Here we consider the finite element formulation of the one-dimensional 
fourth-order differential equation that arises in the Euler—-Bernoulli beam 
theory and the pair of one-dimensional second-order equations associated with 
Timoshenko beam theory. The formulations of a fourth-order equation and 
two coupied second-order equations. involve the same steps as described in 
Section 3.2 for a second-order equation, but the mathematical details are 
somewhat different, especially in the finite element formulation of the 
equations. 


4,2, THE EULER-BERNOULLI BEAM 
ELEMENT . 


4.2.1 Governing Equation 


In the Euler—Bernoulli beam theory, it is assumed that plane cross-sections 
perpendicular to the axis of the beam remain plane and perpendicular to the 
axis after deformation. In this theory, the transverse deflection w of the beam 
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fa) Fo 


Mo 
Z— x 
}~_————__—- —- + 
Ax) 
M V+ dV 
M+ dM d FIGURE 4.1 
Vie dy y= aM Bending of beams. The shear 
cx force-bending  moment-deflec- 
av _ f tion relations and the sign con- 
ay vention. 
is 


is governed by the fourth-order differential equation 


; — 
£ (6S) =f(x) for O<x<b 


(4.1) 


where b = b(x) and f = f(x) are given functions of x (i.c., data), and w is the 
dependent variable. The sign convention used in the derivation of (4.1) is 
shown in Fig. 4.1. The function 6 —EF] is the product of the modulus of 
elasticity EZ and the moment of inertia I of the beam, f is the transversely 
distributed load, and w is the transverse deflection of the beam. In addition to 
satisfying the differential equation (4.1), w must also satisfy appropriate 
boundary conditions; since the equation is of fourth order, four boundary 
conditions are needed to solve it. The weak formulation of the equation will 
provide the form of these four boundary conditions. A step-by-step procedure 
for the finite-clement analysis of (4.1) is presented next. 


4.2.2 Discretization of the Domain 


The domain of the structure (i.e., length of the beam) is divided into a set 
(say, N) of line elements, each element having at least the two end nodes (see 
Fig. 4.2a). Although the element is geometrically the same as that used for 
bars, the number and form of the primary and secondary unknowns at each 
node are dictated by the variational formulation of the differential equation 
(4.1). In most practical problems, the discretization of a given structure into a 
minimum number of elements is often dictated by the geometry, loading, and 
material properties. 


4.2.3. Derivation of Element Equations 


In this step we isolate a typical element Of = (2, Xea1) (see Fig. 4.2b) and 
construct the weak form of (4.1) over the element. The variational formulation 


BENDING OF BEAMS 6345 


* Primary variables 
ug = Oy = 6, (Generalized 
ae displacements) 


2 fay’ Secondary yariables 
(Generalized forces) 


) 


FIGURE 4,2 
Discretization of a beam using Euler-Bernoulli beam elements. The generalized displacements 
and generalized forces are shown on a typical beam element. 


provides the primary and secondary variables of the problem. Then suitable 
approximations for the primary variables are selected, interpolation functions 
are developed, and the element equations are derived. 


WEAK FORM. The weak forms of problems in solid mechanics can be 
developed either from the principle of virtual work (i.c., the principle of 
virtual displacements or virtual forces} or from the governing differential 
equations. Here we start with a given differential equation and using the 
three-step procedure to obtain the weak form. Following the three-step 
procedure developed ia Chapter 2 and revisited in Section 3.2.3, we write 


0 [lS ra 
[La 0S) lee oS9" 


wet 1 du dw @w\ du, d’wy 
~[ Caeae-) e+ [Po (Os) Fea], 4 
where v(x} is a weight function that is twice differentiable with respect to x. 
Note that, in the present case, the first term of the equation is integrated twice 
by parts to trade two differentiations to the weight function v, while retaining 
two derivatives of the dependent variable -w; i.e., the differentiation is 
distributed equally between the weight function v and the dependent variable 
w, Because of the two integrations by parts, there appear two boundary 
expressions (see Example 2.2), which are to be evaluated at the two boundary 
points x =x, and x =x,,,. Examination of the boundary terms indicates that 
the essential boundary conditions involve the specification of the deflection w 
and slope dw/dx, and the natural boundary conditions involve the specification 
of the bending moment b d*w/dx? and shear force (d/dx)(b d?w/dx?) at the 
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endpoints of the element. Thus, there are two essential boundary conditions 
and two natural boundary conditions, therefore, we must identify w and dw/dx 
as the primary varaibles at each node (so that the essential boundary 
conditions are included in the interpolation). The natural boundary conditions 
always remain in the weak form and end up on the right-hand side (i.e., the 
source vector) of the matrix equation. For the sake of mathematical con- 
venience, we introduce the following notation: @ = —dw/dx and 


EOS, 6) 


dx /\., 
_. [ad(,dv -. 4,0" 
ose-| i (oS) , aa-(s i... 


f 
where Qf and Q§ denote the shear forces, and O§ and Q4 denote the bending 
moments (see Fig. 4.26). Since the quantities Qf contain bending moments, 
which can also be viewed as “bending forces,”’ the set {O8, Q5, 3, Q4} is 
often referred to as the generalized forces. The corresponding displacements 
and rotations are called the generalized displacements. | 
With the notation in (4.3), the weak form (4.2) can be expressed as 
xen d?y dw du 
0= a (nae uf) dx —vQeJGi- ( = 


Xe 


(4.3) 


tet 


Q3 
dv 
-v(eendas~(-F)) 2 
= B(v, w)— Kv) (4.4a)} 
We can identify the bilinear and linear forms of the problem as 


ten dy dw 
B(y, Ww) = 5 We ae 


ax 


Kv) = i. ufdx + veedait(—S)| O% (4,4b) 
+ (e425 + ( =) 


Equation (4.4@) is a statement of the principle of virtual displacements for the 
Fuler-Bernoulli beam theory. The quadratic functional, known as the total 
potential energy of the beam element, is given by [from (2.43b)} 


rawy= f°" [5 (Ee) — nt de wns - (-Z)| 2 


= (x24 O35 — (- a 


The first term in the square brackets represents the elastic strain energy due to 
bending, while the second is the work done by the distributed load; the 


0% 


Meth 


0% (4.5) 


Fe+k 
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remaining terms account for the work done by the generalized forces QF in 
moving through the generalized displacements of the element. 


INTERPOLATION FUNCTIONS. The variational form (4,4@) requires that the 
interpolation functions of an element be continuous with nonzero derivatives 
up to order two. The approximation of the primary variables over a finite 
element should be such that it satisfies the interpolation properties (i.e., that it 
satisfies the essential boundary conditions of the element): 


w(x.) = Wy, W{%e43) = Wo; G(x.) = a, O(%.44) = Oo (4.6) 


In satisfying the essential boundary conditions (4.6), the approximation 
automatically satisfies the continuity conditions. Hence, we pay attention to 
the satisfaction of (4.6), which form the basis for the interpolation procedure. 

Since there is a total of four conditions in an element (two per node), a 
four-parameter polynomial must be selected for w: 


Wr) = cy + cox + 3x7 + cgx? (4.7) 


Note that the continuity conditions (i.e., the existence of a nonzero second 
derivative of w in the element) are automatically met. The next step involves 
expressing ¢, in terms of the primary nodal variables (i.c., generalized 
displacements) 


dw dw 
ujew(r), use (~S2) a) MEM me (-2) . 
such that the conditions (4.6) are satisfied: 
uy = w(x) =e, + 2x, +0332 + ere 
dw 
us= ( _ =) = —€2 — 2¢4X, — 3c4x? 
OM Neos, (4.84) 
U5 = Wert) FO + CX en + Cg Xe41 t+ Cathay 
dw 
“y= ( _ =) est = 02 ~ 23% e451 ~ 3akS41 
or 
ua t x, x x? Cy 
us 0 ~-1 —-2y, —-3y? c 
ete 2 sly (4.86) 
ity 1 xXert Kean ver €3 


e 2 
Ha O -1 -2¥e41 —3xta4 f4 
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Inverting this matrix equation to express ¢; in terms of #4, #3, 4§, and v4, and 
substituting the result into (4.7), we obtain 


4 


w(x) = uh gh + uhh) + u5G5 + H4G4 = 2 uig5 (4.94) 
i= 
where (with 1.41 =%e + Me) 
x—-x.\" (=) ( xx) 
€ J 3 —_ fo. 8 —_ — 
pial 3( =) 4 je)? POO EG, 
(4.9b) 


—x,\2 ./x-2x,\? : X—-X\ X—Xe 
; ) 2 h, ), i=-@ x] h, ) h | 


Oe 

Note that the cubic interpolation functions in (4.9 are derived by 
interpolating w and its derivative at the nodes. Such polynomials are known as 
the Hermite family of interpolation functions, and $; in {4.9b) are called the 
Hermite cubic interpolation (or cubic spline) functions. Recall that the 
Lagrange cubic interpolation functions are derived to interpolate a function, 
but not its derivatives, at the nodes. Hence, a Lagrange cubic element will 
have four nodes, with the dependent variable, not its derivative, as the nodal 
degree of freedom. Since the slope (or derivative) of the dependent variable is 
also required by the weak form to be continuous at the nodes for Euler— 
Bernoulli beam theory, the Lagrange cubic interpolation of w, although it 
meets the continuity requirement for w, is not admissible in the finite element 
approximation of Euler—-Bernoulli beam theory. 

The interpolation functions #; can be expressed in terms of the local 
coordinate x: 


a2 gys a (4.102) 
$3= 3( - 27) i) h, 
The first, second, and third derivatives of ¢ with respect to x are 
dps ral =) a2 L (2) =| 
ARN hl’ dt 143) 4G, 
dgi_ dpi dbs_ (34-2) 
dz de> x he\ hy 
ao, 6 E dp, 27,2 ) 
i (1-27), We hk (3 - (4.105) 
Po, Po, Foy_ 2 (3 ca 1) 
de dw’ d® A,Vh. 


Por 12 digs 6 | ags__ 12 Po, 6 


de he de OR dB 2 he 
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4 ths 0.1 


—2.0 
60 02 O44 O88 O8 1.0 


FIGURE 4.3 
Hermite cubic interpolation functions and their first derivatives used in the finite element madel of 


Euler-Bermoulli beam theory. 


The Hermite cubic interpolation functions (4.9) satisfy the following interpola- 
tion properties (see Fig. 4.3}: 
i.) = 1, PiJ=0 #1) 
P3(%e41) = 1, Pier =0 F#3) 


(- 2) ah (2) 70 G42) (4.112) 
AB. (Bo 0 


Xe+l 


These can be stated in compact form as (i, j = 1, 2) 


O3-1%) =5y,  $3(%) =9, 2 


(4.11b) 


where ¥,=0 and ¥,=h, are the local coordinates of nodes 1 and 2 of the 
element Q° = (%,, 241). 
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It should be noted that the order of the interpolation functions derived 
above is the minimum required for the variational formulation (4.4). If a 
higher-order (i.e., higher than cubic) approximation of w is desired, one must 
either identify additional primary unknowns at each of the two nodes or add . 
additional nodes with the two degrees of freedom (Ww, —dw/dx). For example, 
if we add d’w/dx? as the primary unknown at each of the two nodes, or add a 
third node, there will be a total of six conditions, and a fifth-order polynomial 
is required to interpolate the end conditions (see Problems 4.27 and 4,28). 
However, continuity of dw?/dx? is not required, in general, and such elements 
should be used only in problems where d71v/dx? is continuous everywhere. 


FINITE ELEMENT MODEL. The finite element model of the Euler-Bernoulli 
beam is obtained by substituting the finite element interpolation (4.9a} for w 
and the ¢; for the weight function v into the weak form (4.4d). Since there are 
four nodal variables uf, four different choices are used for v, u= $4, v = $3, 
v=%, and v=, to obtain a set of four algebraic equations. The 7th 
algebraic equation of the finite element model is (for v = $7) 


0-3 (fe FOE gels i: gifde-Of — (4.12¢) 


pot x, dx? dx? 
or 
4 
> Kjuf — F7=0 (4.12b) 
p=t 
where 
. Reet aot a’ pF Kee 
n= b dx, Fi= | pif dx + OF (4.12¢) 
q j dx? dx? Ne, i 


Note that the coefficients K% are symmetric: Kj= Kj. Is matrix notation, 
(4,126) can be written as 


Kin 12 3 K44 ui H O% . 

Ki, Ki Kis 24 U5 _ 2 + 03 (4.13) 
1 Ka $3 Kis uy 3 G3 ; 

Ky Ke 3 44 uy 4 0% 


This represents the finite element model of (4.1). Here [K*] is the stiffness 
matrix and {F*} is the force vector of a beam element. When a transverse 
point force F¢ is applied at a point xq inside the element, it is distributed to the 
element nodes by the relation [see Remark 5 in Chapter 3: (3.60)}: 


Fi = F5pi(%o) (4.14) 
which contains both transverse forces (F{ and ¥3) and bending moments (F2 
and F4). 
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For the case.in which 6 (= ED) and f are constant over an element, the 
element stiffness matrix [K°] and force vector {F*} have the specific forms (see 
Fig. 4.2 for the element displacement and force degrees of freedom) 


—3A-° — 
2h? 3h 
3h 6 
h? 


(b = ET = constant) 


(4.15) 


(f = constant) 


It can be verified that the generalized force vector in (4.15) represents the 
“staticaly equivalent” forces and moments at nodes 1 and 2 due to the 
uniformly distributed load over the element. For any given function f, (4.12c) 
provides a straightforward way of computing the components of the general- 
ized force vector {f°}. 


4.2.4 Assembly of Element Equations 


The assembly procedure for beam elements is the same as that used for bar 
elements, except that we must take into account the two degrees of freedom at 
each node. Recall that the assembly of elements is based on: (a2) intereilement 
continuity of the primary variables (deflection and slope) and (6) interelement 
equilibrium of the secondary variables (shear force and bending moment} at 
the nodes common to elements. To demonstrate the assembly procedure, we 
select a two-element model! (see Fig. 4.4), There are three global nades and a 
total of six global generalized displacements and six generalized forces in the 
problem. The continuity of the primary variables implies the following relation ' 
between the element degrees of freedom wf and the globai degrees of freedom 
U; (see Fig. 4.4): 


1_ L_ i_ 2 
w=U,, wg=U,, ws=ui=U, (4.16) 

L_ 2 2_ 2_ : 
Wg—UQ= Uy, u3=U;, uy= Us 


In general, the equilibrium of the generalized forces at a node between two 
connecting elements £2° and £2/ requires that _ 


Q§ + Of = applied external point force 


04+ Qf = applied external bending moment (4.17) 


If no external applied forces are given, the sum should be equated to zero. In 
equating the sums to the applied generalized forces (i.e., force or moment), 
the sign convention for the element force degrees of freedom (see Fig. 4.2) 
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Us, Qi + 1 = 6 Us, 03 = Fo 
Ua Qk + OF =O Us, OF = —Mo 


U,= 90, Qj = unknown 
ly = 0, OF = unknown 


ois 5 OF z—4 
1 z 
flement 1 iM 2; Element 2 os x4 
a 4 Q3 
w(x) ~ 


0.8 


04 


0,0 
0.0 


ts~— _ 10 715 2.0 “so 73.0 


FIGURE 4.4 
Assembly af two Huler-Bernoulli (or classical) beam finite elements, and the finite element 
sclution ag a linear combination of the nodal values and interpolation functions. 


should be followed. Forces are taken positive acting upward and moments are 
taken positive acting clockwise. 

To impose the equilibrium of forces in (4.17), it is necessary to add the 
third and fourth equations (corresponding to the second node} of 2° to the 
first and second equations (corresponding to the first node) of 9% 
Consequently, the globat stiffnesses K33, Ka4, Ka3, and Kas associated with 
global node 2 are the superpositions of the element stiffnesses: 


Ky= Kiy+ Kis, Ky = Ki,+ Kin Ky = Kis + Kas Ky= Kut Kn 
(4.18) 


In general, the assembled stiffness matrix and force vector for beam elements 
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connected in series have the following forms: 


Global - 
nodes ; 
i 2 3 
GVOn—oC__, rere, a. 
Ki Kg Kis Ki, , 
Kh Ky Kp Keo 
[X]=| Ki Kh i Kb+Ki Kit+Kb [Kh Kig ||, 
/ | Ka Kb i Ki+Ki, Kit Ki 1 Ki, Kix 
i KA, Kh; Kis KE |, 
' Kix Ki, 1 Ki, Kis 
(4.194) 
Fi 
Fy 
FA+ Fi 
F}= 4.19b 
= ) ree (4-198) 
F3 
FR 


The connectivity matrix [2] (which will be used in computer implementa- 
tion) for the two-element mesh is 


wel 3 


Since there are two primary degrees of freedom per node, repetition of a 
number in [B] indicates that the coefficients associated with both degrees of 
freedom will add up. For example, the repetition of the global node number 2 
(which corresponds to global degrees of freedom 3 and 4) in rows 1 and 2 
indicates that the global K3;, K34, K43, and K,, have contributions from both 
elements 1 and 2. 

The assembled system of equations for a mesh of two elements with 
hy=h,=iL=h, and constant E/ and f [hence, [K*] and {f*} are given by 
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(4.15)] is 
6 -3h 6 3h 0 O7f0, 
3h 2h? 3h h? 0 oll 


2Rr\-6 3h 6+6 3h-3h —6 —3h| JU; 
fe l\—-3h of? 3h-3h 2h? 42h? 3h he | Uy 


0 0 —6 3h 6 3AL Us 
0 0 —3h 3h «2h Sb Us 
6 Qi 
—h Q2 
6+6 14+ O07} % 
8 h—h + Ae (4.20) 
6 )-] @ 
h 0% 


The reader is cautioned that (4.20) does not represent the assembled equations 
of any two beam elements; it is based on the assumption that 4,=/), 
(ED, = (EP, and (f); = (Az. Equations (4.19) are more general. 


4.2.5 Imposition of Boundary Conditions 


At this step of the analysis, we must specify the particular boundary 
conditions, i.e., geometric constraints and forces applied, of the particular 
problem to be analyzed. The type of essential (also known as geometric) 
boundary conditions for a specific beam problem depend on the nature of the 
geometric support. Table 4.1 contains a list of commonly used geometric 
supports for beams. For the sake of completeness, the boundary conditions on 
the axial displacement u are also included. The natural (also called force) 
boundary conditions involve the specification of generalized forces when the 
corresponding primary variables are not constrained. Here we consider a 
cantilever beam (i.e., a beam fixed at one end and free at the other) of length 
L, flexural rigidity ET (= constant), and subjected to a uniformly distributed 
force fo, end force F, and end moment M (see Fig. 4.4). 
First, we write the equilibrium conditions for the generalized forces. At 
global node 1, @1 and O} (the shear force and the bending moment, 
respectively; i.c., the reactions at the fixed end) are not known. At global node 
2, there are no externally applied shear forces and bending moment. Hence, 


O§+Qj=0, Oi+Q2=0 (4.214) 
At global node 3, the shear force is given as j, and the bending moment as My 


(note the sign convention for £ and M, from Fig. 4,2): 


Q3= -|< (e1<)] =—M, (4.21b) 


xen, 


dx? 


Zz 
=, oi=-(653) 
i _ 


x= 
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SABLE 4.1 
Types of commonly used support conditions for beams and frames 
Displacement ‘Farce 
_ boundary boundary 
Type of support conditions conditions 
zt None All, as specified 
x 
FREE 
z{ 
x u=O Moment is specified 
w=9 
PINNED 
zt . 
a x, -u=0 Transverse force and moment 
ROLLER are specified 
(vertical) 
Zz 
* w=O6 Horizontal force and bending 
ROLLER moment are specified 
(horizontal) 
u=90 None specified 
w=0 
dwfdx=0 


FIXED or CLAMPED 


Next, we identify and impose the specified generalized displacements. 
Since the beam is clamped at global node 1, it follows that the deflection w and 
the slope dw/dx are zero there: 


t=wi=U,=0, uh=6i=%,=0 (4.22) 


6 -3h}'-6 -—3k O O77f U,=0 6 1 
—3h 2i3h # 0 o [Lu=0 -h 4 
2EI a ie —_ “6 ~3h)) Us| _ fah | 12 : Oo 
W|-3h 1 0 4h? Bh OR? U, 1210 0 
0 0 {-6 3h 6 3h Us 6 h 
0 0 :-3h fh? 3h 2h Us h —Mp 


(4.23) 
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4.2.6 Solution 


Equation (4.23) contains six algebraic equations in six unknowns: 
(01, Q3, Us, Us, Us, Us). Because the algebraic equations for the unknown 
generalized displacements (U3, Us, Us, U,) do not contain the unknown 
generalized forces (21, G4), equations 3, 4, 5, and 6 of the system (4.23) can 
be solved independently; the known values of the displacements U, and U, are 
used in equations 3 and 4. This provides us with the motivation to partition 
(shown by dashed lines) the matrix equation (4.23), which can be recast in the 


form 
en Mes) 


“he 


where {U‘} denotes the column of known generalized displacements, {U7} 
the column of unknown generalized displacements, {F'} the column of 
unknown forces, and {F*} the column of known forces. Equation (4.24) can 
be written, after carrying out the matrix multiplication, in the form [of. 
(3.56)] 


[KY]{0}} + (KP]{U} = (F} 
[K™(U"} + [K"] {U7} = {F?} 
[K™](U7} = (F7} - [K"]{0"} (4.254) 
(FY) =[K"](U} + {KP}, (4.255) 


These are the condensed equations for the generalized displacements and 
forces, respectively. Since {U'} and {F"} are known ({U*} = (0}), we can use 
(4.25a) to solve for {U*}, and then use (4.25b} to compute the unknown 
reactions {F*}: 


U; 122 #0 -6 —3h]-1 fh 
fs) ir 0 4h? 34h #? 0 
{yah A b= tl (4.26) 
U,{ 2EF) -6 3h 6 3h Fy + fh 
Us -3h hh? 3h 2h? — Mp + tifoh® 


Inverting the matrix (say, by Gaussian elimination) and performing the matrix 
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multiplication (i.e., solving the equations}, we obtain 


2h? -3h 5h? —3h foh 
»  & | -3h 6, -9h 6 0 
(U = cE | sh? —9n 16h? —10n 1) Rado 
—3h 6 ~12h 12 Jl+M.+afn? 
5h? + 3hMy + 2h? 
_ fh} —9F— 6Mo~ Tfoh? (4.27) 
6EI } 16h?F, + 12hM, + 12f6h° ; 


—12hF, — 12M, — 84h? 


The reactions Q} and Q} can be obtained by substituting (4.27) into (4.256). 
The Qf obtained from the element (equilibrium) equations are more accurate 
than those obtained from the definitions (4.3), wherein the derivatives of w are 
obtained by differentiation of its finite element interpolation. The reactions 
from equilibrium (Q7)equn are 


U; 
(ry = {2H 2EIT —3h 0 | UG ~&t/ &} 
O31) WL3A f? O OL} Uf 12 l-A 

Us 


[uote 


2h(E + fot) + My (4.28) 


It can be verified that the reactions @! and Q} in (4.28) satisfy the static 
equilibrium equations of the beam: 


Ol+ (H+ 2hA=0, O3-(2hh + 2foh? + Mp) =0 


The reactions G! and Q} can also be computed using the definitions (4.3): 


aime) ob (er) 


i de? Noo i (4.294) 


x=O 


From (4.10b), we note that the second derivative of the Hermite cubic 
interpolation functions is linear over the element and the third derivative is 
constant over the element. Therefore, the reactions, i.e., bending moment and 
shear force, computed using the definition (4.3) are element-wise linear and 
constant, respectively. Further, at nodes connecting two elements, they yield 
discontinuous vaiues because the second and third derivatives of w are not 
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made continuous across the interelement nodes. Substituting (4.105) into 
(4.292), we obtain the values 


pranufts u Zt) -aifa(-1)+u{-f)]--co+ tom 
x= 2 @ (4.296) 


~) = (My + 26h + Bifoh?) 


6 
i_ — — 
Qi= EI( Us iat Oey, 


which are in error by fj =4/ort and 3 =tafok” compared with those in (4,28). 


4.2.7 Postprocessing of the Solution 


The finite element solution as a function of position x is given by . 
Usp t Usd for 0<x<h 
w(x) = | oP as > 2 ores (4.302) . 
U7 + Usps + Usha + Uses for hx S2h 


where [see (4.10a)] 
o=a(2)2(3), obal(Z) -G) 
aerali-ffab- aac Qedy aa 


e=a(t -*) me -*), oa=nl(1 i) +(1 i) 


The exact solution of (4.1) subject to the boundary condition (4.21) can be 
obtained by direct integration, and is given by 
Elw(x) = dfoxt — AUR + LoL)? + (Mot FOL + Hfol")x" 
El0(x) = —#ox? + 3h + foL)x? — (My + Fob + 46,07) for OSx=L 
M(x) = Sfx? - {fh + fob)x + Mg + KL + i fol? 
(4.31) 
The finite element solution (4.30) and the exact solution (4.31) are compared 
in Tabie 4.2 for the data 
fp=24kNm™, K=60KN, L=3m, M)=OkNm 
£=200x108KNm™?, 1=29x108mm* (EP =S800kN m’) 
As expected, the finite element solution for w and 0 coincides with the exact 
solution at the nodes, At other points, the difference between the finite 
element and exact solutions is less than 2%. 
This completes the finite element formulation and analysis of the 


fourth-order differential equation (4.1) governing the Euler—Bernoulli beam 
theory. Whenever the flexural rigidity b = El is a constant in each element, the 
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TABLE 4.2 

Comparison of the finite element solution with the exact solution 
of the cantilever beam of Fig. 4.4 (2 elements; L=3m, Fr= 
5800 KN m’, fo = 24 kN mm", Fy = 60kN, My=0KN m) 


w (m) -@=dwide MEI {KN m) 
Pacis) FEM Exact FEM Exact FEM Exact 


6.00 0.0000; 0.0000 0.00007 0.0000 0.0489t = 0.0497 
0.1875 0.0008 0.0008 6.0088 0.0089 0.0452 0.0455 
0.3750 0.0033 0.0633 0.0169 G.0171 0.0415 0.0414 
0.5625 0.0071 0.0072 0.0244 0.0245 0.0378 0.0375 
0.7500 0.0124 0.0124 0.0311 0.0311 6.0341 0.0338 
0.9375 0.0188 0.0188 0.0372 0.0371 0.0305 0.0301 
1.1250 0.0263 0.0263 0.0426 0.0425 0.0268 0.0266 
1.3125 0.0347 6.0347 0.0472 0.0471 0.0231 0.0234 
1.5000 0.0439f 0.0439 0.0512 0.0532 O.0194+ 0.0202 
1.6875 0.0539 6.0539 0.0546 0.0547 0.0169 0.0871 
1.8756 0.0644 0.0644 0.0575 0.0576 6.0144 0.0143 
2.0625 0.0754 8.0755 0.0600 0.0600 Q.0118 0.0115 
2.2500 0.0868 0.0869 0.0620 0.0620 0.0093 0.0089 
2.4375 0.0986 0.0987 0.0635 0.0634 0.0068 0.0065 
2.6250 0.1306 0.1107 0.0645 0.0644 0.0043 0.0042 
2.8025 0.1228 0.1228 06,0651 0.063) 0.0017 6.0020 
3.0000 6.13507 = 0.1350 0.0652 0.0652 —0.0008; = 0.0000 


t Nodal values; alf others are computed by interpolation. 


element stiffness matrix (4.15) can be used directly. The finite element solution 
for the generalized displacements at the nodes is exact for all problems for 
which Ef is constant and the applied transverse load f is a polynomial 
expression. Further, the solution is exact at ail points if the distributed load is 
such that the exact solution is a cubic. 

The bending moment at any point in the element 2° of the beam can be 
computed from the formula 


| (4.324) 


For beams of rectangular cross-section with height AY (and width B) the 
maximum bending stress is ; 


2. 4 2 be 
0, = FS pe uf oi 
jet 


i (4.326) 


af 2 dx? 


The minus sign is for the top and the plus sign for the bottem of the beam. 
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f(x) = fo = 2400 Ib fe~! 
40,000 Ib 


EI = 10" th £2 


—— x 
w= 0 * _ dw ig 
10 Re 12 ft 6 He 
(a) 
= 0,02 Us, Us U,, Uy Up = GO, Ug = 0 
1 2 3 4 
(5) 
£0,000 Ib f * 
fs 
AS fs fids ob+Qt=0 4 02 + Q? = —10,000 Ib 
Ln 3 
aro ih st) (=) 
ai oto-0 Gt ai=0 . @ 
{c} 


FIGURE 4.5 

Finite element mesh and equilibrium conditions for the beam beading problem considered in 
Example 4.2: (@) physical problem, (b) finite element mesh of three elements; fc) equilibrium 
conditions among the generalized forces (L.e., secondary variables). 


4.2.8 Examples 


Example 4.1, Consider the beam shown in Fig. 4.5(a). The differential equation {4.1} 
is valid with the following discontinuous data: ‘ 


x10 ibf? for O=x = i0ft 
El= . 
J io? Ib ft? for 10 ft<x <28 ft (4.334) 
—2400 Ib ft”! for Oxx 10 ft 
Fa} ‘9 for 10 ft<x <28 ft (4.338) 


The geometry and loading in the present case require us fo use at least three 
elements (see Fig. 4.55) to represent the domain @ =(0, L), L = 28 ft. It is possible to 
use two elements if we choose to distribute the point load —10,0001b by (4.14). We 
shall use three elements to analyze the problem. There are four nodes and eight global 
degrees of freedom in the mesh of three beam elements. . 

Since Ef and f are element-wise-constant, the element stiffness matrix and the 
force vector are piven by (4.15), with f= —2400 Ib ft"! in element 1 and f=0 in 
elements 2 and 3. The point load will be directly included in the global force vector 


1 


| 
! 
! 
i 
\ 
| 
i 
i 
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through equilibrium of forces. The assembled equations are 


qe 


0.024 }-0.12 —0.024 ~0.12 


— 080 012 O40  § 
0.0309 0.0783 —0.00694 -~-0.04167 | 
; 1.133 O.0417 O67} 

10 : 0.0625  -0.125 | -0.0556 ~0.167 
seseeeees bc ceesecccoececaceeecnecsenenestereteres 1.0. 0.1667 0,333. 
symmetric; 0.0556 0.1667 

0.6667 
1, —12,000 i 
Uv, 20,000 : 
U —20,000 01+ 03 
xi o*ta $a (4.34) 
U; 0 23+ Qi 
Us 0 073+ 2: 
u; 0 3 
Us 0 3 


where the interelement continuity conditions on the primary variables {i.¢., displace. 
ments and rotations} have already been used. The equilibrium of the secondary 
variables (i.e., internal forces and moments) is given by 


Q}=0, O3+Q7=0, Q3+Q3=0, 03+ 0}=-10,000, Of+93=0 
(4.352) 


Note that the forces Qj and Q3 and the moment Qj (the reactions at the supports) are 
not known. The boundary conditions on the primary degrees of freedom are 


=02,=0 (4.356) 


x=28 


w(0)} =0> U, =0; w(28} = 0> if=0; (2) 


Using the known forces and displacements in (4.35), we can partition the global 
system of equations te obtain the condensed equations for the unknown generalized 
displacements and forces. Since the specified generalized displacements are all zero, the 
condensed stiffness matrix associated with the unknown generalized displacements can 
be obtained by deleting the columns and rows corresponding to the known U, [see the 
submatrix enclosed by the dashed lines in (4.34)]: 


8.000 1.200 4.000 O.00C 0.000 U; 20,000 
0.309 0.783 -0.069 -0.417 U —12,000 

10° 11.333 «(0.417 1.667 U, >= ¢—20,000 > (4.36) 
symmetric 0.625 ~1.250 U; —10,000 


70,000 Us 0 
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The unknown reactions can be computed from the remaining equations, i.e., 
equations 1, 7, and 8 of (4.34): 


U 
g} 12,000 0.12 -0.02%4 -0.12 00 06.0 u, 
os=4 0 $410) 00 0.0 00 0.0556 0.1667 14 u, 
O3 0 0.0 0.0 0.0 0.1667 0.3333.) ] u, 
Us, 
(4.37) 


The algebraic equations (4.36) are solved first for the generalized displacements, 
and then (4.37) are used to obtain the unknown generalized forces of the problem, 


= 


? 


— Exact ‘ 
--~«- duidx (FEM) 


M 
--- oN 
5710 FEM) 


FIGURE 4.6 

Comparison of the finite element so- 
lutions for deflection, slope, and 
bending moment of a cantilever 
beam with the exact solutions (Ex- 
ample 4,2}. 
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Equations (4.36) are solved with the help of a computer; the solution is 


U, = 0.03856, U;=—0.2808%, U,=0.01214 
(4.384) 


U;=—0.1103 ft, U,=—0.02752 
The reaction forces, from the element equilibrium equations, are 
QO} = 18,565.54 Ib, 5= 15,434.46 lb, Q3= 92,165 ftlb (4.386) 


Plots of the finite element solution for the transverse deflection w, rotation 
6=—dw/dz, and bending moment M = El d?w/dx? are shown in Fig. 4.6. Because of 
the discontinuity in the loading and the flexural rigidity, the exact solution w(x) is also 
defined by three separate expressions for the three Tegions: 


$R x7 ~ Agr’ — — Ax for Ox <10ft 
w(t} = gRyx — gAghy (x - 4h, — Any + Ay for 10ft=x = 22 ft 
tRyx? — tAgh (x — Huy -— ER hy —ey Aw t+A; for 22ft<x <28 ft 


(4.39a) 


where 
R,=0.001856, A,=2400 107 


A, = 0.03836, A,=0.07497, A, =0,20043 (4.395) 
h,=10ft, #,=12 ft 


In the next example we consider a beam with linearly varying distributed 
transverse load and with clamped and spring-supported ends. This requires us 
to evaluate the integral for ff [see (4.12c)], since it is not available when f(x) is 
a linear function of x. 


Example 4.2, Consider a beam that has a clamped support at one end and is 
spting-supported at the other (see Fig. 4.7). A linearly varying transverse load is 
applied in the span, 4 ft <x <10ft. We must use at least two elements, as dictated by 
the loading, A one-element model could be used when the load is distributed as 
discussed in Remark 5 in Section 3.2.7. The force vector {f7} due to the distributed 
load on element 2 can be computed according to (4.12c): 


=[rmeimar, p= Ss (4.40) 


and ? are the Hermite interpolation functions given in (4.10¢), Carrying out the 

integration, we obtain 

—90 Ib 
120 Ib fit 

—210 Ib 

— 180 ib ft 


(P= (4.41) 
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{vo fe fr! 


= waik 
pone y eri Oe aeaeoaeeneet ees 


x Qinear elastic 
spring) 


FIGURE 4.7 
Finite element analysis of a cantilevered beam with discontinuous loading: (a) physicat problem; 


{b) finite element discretization and generalized clement forces; {c) assembly of finite element and 
generalized global forces (Example 4.3). 


The assembled equations are 


ey a ee, ee ee 0 1 
54 144 54 72 0 oajilG 0 1 
gi | -27 54 2748 54-24 -8 24 Us | _ —90 08+? 
j44) 54 72 54-24 144496 24 48 | | Us ~\) 120 gi+03 
0 oOo -8 24 868i | Us| 220 gt 
0 Oo -24 4824 96 | | Ue} [+180 Q? 
(4.42) 


The displacement boundary conditions at x = 0 and force boundary conditions at x= L 
are 


w(0) = 9, (=) =0 
ane (4.434) 


[-f(eS)l|_-o CL 
A 
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which can be expressed in terms of the nodal degrees of freedom as 
uy = 0, an = 0, Q3 = —kUs, Ot =0 - (4.43) 


The condensed equations for the generalized displacements U;, U,, Us, and U, ave 
given by the last four equations of (4.42): 


35 30 -8 ~247(U; —90 
24 2 

EL] 30 240 48 |} | _} 120 (4.44) 
144] -8 24 8+e 24]]U;{° }-210 
-24 48 24 9s6lluJs 4-180 


where ¢ = 144K/EI. The solution of these equations for different values of K/EJ can be 
computed as follows: 


For k/Ef = 0 (no spring), 


~0,16 X 10° o7ax 1 
U,=—=— (0), = (rad) 
(4.45) 
—0,7108 x 10° 0.99 x 10! ; 
U;=—— (ft), Us= Fy (rad) 
for k/Ef = 10°? (a soft spring}, 
4 4 
U,= -0, ee x 10 (f),  U,= G. a 10 (rad) 
—0.164 x 10° 0.1699 x 10° 4.46) 
U; = (9), U,=——=— _ (rad) 
Ei 
for k/ EI = 10" {a hard spring), 
—0.1216 x 10° 0.3765 x 10° 
Us= If), = SE Grad) 
=2. 1 0.7617 x 10° G47) 
U,= (2), U=—S= (aa) 
The solutions coincide with the exact solution at the nodes: 
SOR w+ 3M,x") for Jd&xsa 
w(x) = f (4.48) 
__% -ny 
El = [aR +3M x? 0p * a)'| for aaxebh 
where 
_ At) 6QEI + 10kE7b — kb? _tgpa 
~ (a _2ET+kL? , i= ehb!— Rib (4.48b) 


fo=100Ib ft’, a=4%, b=6ft, L=10ft 


Figure 4.8 shows plots of the transverse deflection, slope, and bending moment 
for the case kK/EI = 100. The finite clement solution obtained using two elements is in 
good agreement with the exact solution, Improvement can be expected if the region 
4ft<x < 10 ft is subdivided into two or more elements (note that the particular scale 
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0.001 


Elw x 1076 
dw 
f’x« 16 
Ee dy 
Mx 107° 
-0.001 


x (i) 


FIGURE 4.8 . 
Comparison of the finite clement solutions with the exact solutions for a clamped spring-supported 


beam (see Fig. 4.7 for the geometry and loading). 


100 


Limit value 


@ x10 
Elw{i) x 1078 
AM x to-! 
EI -100 —— @ (spring force) 
—o— w(L)} 
—200 
-300 
log {K/ED} 
FIGURE 4.9 


The effect of spring stiffness on the deflection, bending moment, and spring force for the problem 
in Example 4.3. _ 
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used in Fig. 4.8 brings out the difference between the finite element and exact 
solutions). The effect of the spring on the end deflection w(L), the bending moment 
M(0) at the fixed end, and the spring force OQ = Qj = —kw(L) can be seen from the 
results presented in Fig. 4.9. For &/Ei> 14, the spring acts essentially like a rigid 
support. ‘ 


This completes the development and applications of the Euler—Bernoulli 
beam element. 


4.3 PLANE TRUSS AND EULER-BERNOULLI 
FRAME ELEMENTS 


Structures composed of bar elements and beam elements are classified as truss 
and frame structures, respectively. By definition, bars can only carry axial 
ioads and deform axially, whereas beams can take transverse loads and 
bending moments about an axis perpendicular to the plane of the member. All 
members of a iruss are subjected to only axial loads, and no transverse 
shearing forces and bending moments are experienced by any member. All 
members are connected to each other through pins that allow free rotation 
about the pin axis. On the other hand, members of a frame are connected by a 
rigid connection (e.g., welded or rivetted), so that axial and transverse forces 
and bending moments can be developed in the members. A truss can be 
looked upon as a special case of a frame structure. Thus, a typical truss 
member can be modeled using the bar finite element developed in Section 
3.3.3. A member of a frame structure can be modeled by a superposition of 
the bar element with the beam element of Section 4.2. 

The objective of this section is to formulate, with the help of the 
information from Sections 3.3.3 and 4.2, the truss finite element and frame 
finite element. The formulation will be based on matrix notation. Since a truss 
finite element is a special case of the frame element, the derivation is 
presented for the frame element only. 

In many truss and frame structures, the bar and beam structural elements 
are found in many different orientations (see Fig. 4.10). Analysis of such 
structures for displacements and stresses requires the setting up of a global 
coordinate system and referencing of afl quantities (i.¢. displacements, forces, 
and stiffnesses) of individual elements to the common (global) coordinate 
system in order to assemble the elements and impose boundary conditions on 
the whole structure. When a truss element is oriented at an angle from the 
global axis, its axial displacements at the nodes have components along the 
global axes. Thus, every node of a truss will have two displacements in the 
global coordinates: one along the global x axis and another transverse to the x 
axis. Therefore, the element will have two degrees of freedom per node in the 
global coordinate system. In order to facilitate the transformation from 
element equations to global equations, we append the element equations for 
the axial displacements to those associated with the transverse displacements. 
Since there are no stiffmesses associated with the transverse displacements 
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z, A pin connection = Fy 
Membets rotate freely 
about the pin axis 


poe Fy, 


Different parts of the 

frame are welded so that 

they cannot rotate freely 

about the axis perpendicular ra 
to the plane of the structure 


(b) 


FIGURE 4.10 

Typical examples of the plane truss and plane frame: (a) a plane truss structure (ail elements carry 
only axial loads); (6) a iypical plane frame structure (all members may carry axial and transverse 
loads and bending moments). 


(because the element experiences axial deformation only), the entries in the 
stiffness matrix corresponding to the transverse displacements are set equal to 
zero. For example, when the finear Lagrange interpolation is used for the axial 
displacement, the element stiffness matrix in the element coordinates for a 
truss element with two displacements (axial and transverse) per node can be 
written as 


1 0 -1 0 
AE| 0 9 0 9 
K‘}=-* , 
K-10 1 0 (4.49) 
0 0 00 


Similarly, a superposition of the bar element of Section 3.3.3 with the beam 
element of Section 4.2 gives three primary degrees of freedom per node (see 
Fig. 4.11a) of the frame element: (u, w, -dw/dx). When the axial stiffness 
AE, bending stiffness Ed, and axial distributed force q and transverse 
distributed force f are element-wise-constant, the superposition of the linear 
bar element with the Hermite cubic Euler-Bernoulli beam element gives the 
following element equations: 


[K*H{ut} = {F°} (4.504) 
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fy is Fy, Bs 
a F f, 
sg : Fy 
Generalized displacements Generalized forces 
(a) 


x 
Element degrees of freedom Global degrees of freedom 
(+) 


FIGURE 4.11 

The frame element with primary and secondary variables (or degree of freedom) in the local and 
global coordinate systems. (a) The generalized displacements and forces in the element coordinate 
system (%, ¥, Z). (6) The generalized displacements in the element coordinate system and global 
coordinate system (x, y, z); the y axis is into the plane of the paper. The angle of orientation is 
measured counter-clockwise from the glabal x axis to ihe element 7 axis. The truss clement is 
obtained fron: the frame element by omitting the rotation and moment degrees of freedom at the 
nodes (also, #, = i 0 for the truss element). 


where 

uyy* Agh O% 
Wy 3fh 2 
o; —pfh? QS 

{ut} = , {F}= 4,50b 
its {F°} koh ‘ if ) 
Wy +3fh 0% 
8, bf ey: 


and q = gy and f =f are constants over an element. 
The element stiffness matrix [K*] is of order 6 x 6: 
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In the following paragraphs, we develop transformation relations to express 
the element equations (4.50c)—valid in the element coordinate system—to the 
globa! coordinate system. 

Let @ and denote the axial and transverse displacements referred to the 
local coordinate system (%, Z). The local coordinates (£, f, 2) are related to the 
global coordinates (x, y, z) by (see Fig. 4.115) 


z cose O sinew |} x 
yr= 0 1 a) y (4.51) 
Zz -sing QO cosa j{\z 


where the angie @ is measured counter-clockwise from x axis to ¥ axis. Note 
that the y and j coordinates are paraliel to each other, and they are into the 
plane of the paper. The same transformation relations hold-for displacements 
(u, v, w) along the global coordinates (x, y, z) and displacements (#, ¥, Ww) in 
the local coordinates (i, f, Z). Since we are considering 2-D structures, we 
have v = 7 = 0. The rotation = _-dw/dx about the y axis remains unchanged: 
6= 8. Hence, the relationship between (u, 1, 9) and (4, %, 6) can be written 
as 


ii cosa sing O|}] # 
wh=| sine cosa 0 |) (4.52) 
6 0 o ite 


Therefore, the six element nodal degrees of freedom a in the (%, ¥, Z) system 
are related to the six degrees of freedom uf in the (x, y, z) system by {a = a*) 


td 


ity cosy sing 0: iy 
ilo —-sing cosa 0} 0 ila 
i 0 0 1; 
BEY a | ee ieee ete Leeeececsecegenereets "3 (4.532) 
4 : cosa sin & 0] | &a 
tis 0 | —sin aw cose Of] 4s 
ig i 0 Oo itlus 
or 
{a} ={T Hu} (4.536) 
The inverse of (4.53) is 
{ut} =(TY {a*} = [RUG 
and it can be shown that 
[Rey = (T°) (4.54) 


i.e., the inverse of [T’] is equal to its transpose. 
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Analogously to (4.53b), the element force vectors in the local and global 
coordinate systems are related according to 


(F} = (TF) (4.55) 


To obtain expressions for the element stiffness matrix and the force 
vector referred to the global coordinates in terms of the element stiffness 
matrix and force vector in the local coordinates, we use (4.53)-(4.55) in the 
element equations 


[X°] {2°} = (Fr) (4.56) 
Substituting the transformation equations into (4.56), we obtain 
[KUT Hu} = (TF *} 
Premultiplying both sides with (7°]-'=[T°]", we obtain 
[T*} 1K UT {u"} = (F*} (4.57) 
which gives 
[K]=(T RUT, (Fy = (TLE (4.584, 5) 


Thus, if we know the element matrices [K*] and {F*} of an element 9° in 
the local coordinate system (¥, ¥, Z) then the element matrices of the element 
in the global coordinate system, which is obtained by rotating the element 
coordinate system through an angle « in the counter-clockwise direction about 
the y axis, are given by (4.58). Note that the angle a is measured in the 
counter-clockwise direction from the positive global x axis. 

Inserting the element stiffness from (4.50c) for [K*] into (4.58@} and 
catrying out the indicated matrix multiplications, we arrive at the element 
stiffuess matrix [K*} referred to the global coordinates: 


2éT 
(K=—> 
fi 
pos" a + 6 sin? & 
(a~6)cosasina sin? w+ boos’ symmetric 
3k sin —3A cos x 2? 


(8 cos” + Gsin® x) —(u-6}sin cosa ~3hsina yecos*w +6sin? @ 
—( —6) cos wsin ey —{p sin’ & +6 cos" a) Sheose (u- Goes esine psin® a +6 cos? & 
SA sin ¢ —i cos i? —S3h sin & 34 cos ¢ ane 


(4,59a) 
where 


= Ah?/2I (4.596) 
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Equation (4.585), after multiplication, yields 


RY (Rcosa- Rsin)* 

Ff, Fisin a + Ecos w 

By]? _ (4.60) 
EK, F,cos « — fy sin & - 

K F, sin a + Kcos & 

Fz B 


which is the element force vector referred to the global coordinates. 
We next consider an example each of a truss and frame structure. 


i 


Example 4.3. Consider the three-member truss shown in Fig. 4.42(a). All members of 
the truss have identical cross-sectional area A and modulus &. The hinged supports at 
points 1, 2, and 3 allow free rotation of the members about the ¥ axis (taken as positive 
into the plane of the paper}. We wish to determine the horizontal and vertical 
displacements at the joint 3 and the forces in each member of the structure. 

Since all joints are hinged, and the applied forces are acting at the nodes, the 
members are subjected to only axial forces. Hence, the structure is a truss. We use 
three finite elements to model the structure. Any further subdivision of the members 


Uy 
1 = 
Low, ; 0} t 
8 gi Us 
i> —» Oh 
; i 793 eo 
a 2 z 3 
FIGURE 4.12 
rey Geometry and finite element dis- 
0} i 1 cretization of a plane truss: (a) ge- 
ometzy and loading; (b) element 


numbers, global node numbers of 
element nodes, and element nodal 
forces in the element coordinates. 
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does not add to the accuracy, because for all truss problems the finite element solutions 
are exact. This is a consequence of the fact that ail truss members with constant 
cross-section are governed by the homogeneous differential equation 

Pu 
a 
whose solution is of the form u(x}=¢,x+<¢,. Thus, linear interpolation of the 
displacements should give the exact result, 

The global node numbers and element numbers are shown in Fig. 4.12(b}. There 
are two degrees of freedom, horizontal and vertical displacements, at each node of the 
element. The element stiffness matrix in the local coordinate system is 

i @-l1 0 

A,E, | en 
i, -i 0 1 90 
oO @g oOo 9 


The (transformed) stiffness matrix of the element 9, in the global coordinate system is 
given by 


EA 0 (4.61) 


[K*]= (4.62) 


cos” & cosasing | —cos?@ —cosesin a’ 
[x= 24] cosasing sista ireosasing msine | iy gy 
We -cos*a@ —cosasing! cose cos asin a ; 
-~covasing —sintw ! coswsina’ sin’ 


which is obtained from (4.59) by deleting the rows and columns corresponding to the 
bending degrees of freedom and setting all bending stiffmesses to zero. The element 
stiffness matrix is 4 <4 in the pioba! coordinate system because of the horizontal aad 
vertical displacement degrees of freedom at each node. The element data for the 
problem are as follows. 


Global nodes 


Element of the Geometric Material 

number element properties property Orientation 
I 2 3 A, y= E v=0° 

2 1 3 A,ig=V2L OE a = 45° 

3 1 2 A,fg=L £ a = 90" 


The assembled stiffness and force coefficients are given by 


1 2 3 4 5 6 

Ki,+ Ki Kirt Kiz Kia Kis Ki; Kis i 
Ki+ Ki, K3, Ki, Ki, Ki 2 
[K]= KytK}, Kit Kip Kis Kis 3 
. Ki,+ KL Kis Kh, 4 

symmetric 2 j 2 : 
Ki3+ Ka, K3,+ K3,] 5 
Ki,+ Kiu| 6 


(4.64) 
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The force vector can be written directly by including the known applied forces: 


{F} = (4.65) 


Substituting the element data into (4.63) and the result into the assembled 
equations, we obtain 

0.3536 0.3536 0.0 0.0 —0.3536 ~0.3536 
1.3536 0.0 1.0 0.3536 --0.3536 

EA 1.0 0.0 -1.6 0.0 

10 0©6—(0.0° 0.0 
1.3536 0.3536 
0.3536 


w 
symmetric 


The specified displacement degrees of freedom are 
Ut, =U,=U,=0 (4.66) 


‘The first two correspond to the horizontal and vertical displacements at node 1, and the 
last two to the horizontal and vertical displacements at node 2. The condensed 
equations for the unknown displacements and forces are 8 


EA [1.3536 0.3536 Ost {2} 
.oL [o‘ssze oasseltu, “lp (4.67) 
Qi+t Oi —0,3536 —0,3536 
03+03| EA| —0.3536 —0.3536 ba 
gi+arf L| -1.0 00 . (Lu (4.68) 
Q1+ 2) 0.0 0.0 


where, for example, 03+ Q? is the horizontal force and Q3 + Q32 the vertical force at 
node 1, Solving (4.67) and computing the reaction forces (4.68), we obtain 


SPL PL PL 
UG=-——, = 842V2)—-=5.828—— . 
bey Ue GBF EE S.8B EA (4.69) 
FR=Qj+Qi=-P, R=-P, K=3P, H=00 
The stress in each element can be computed from the relation 
ee 


e 


ofa 


where Q% is the axial force at node 2 of the element ©°. Note that, for a truss element 
with constant cross-section, the following relations hold: 


O1=0, O{=0, Dis-Q% 
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The O$ can be determined from the element equilibrium equations 


+; 1 0-1 oO1fM@ 


OS; EA.| 0 © O 0 i 
2 | Dette 4,71 
Of he 1-1 6 1 Ol)a (4.70) 
OF 0 6 OF Of} Las 
Hence, 
E, 
of = as — a), a =0 
From the global displacements U/, and U5, we have 
3PL . PL - 
= -T #3 = U;cos a+ Ussina=27—, #3=0 (4.71) 
Therefore, we have 
3P P 
i = oe = —_ r = . 
G re v2, 0 (4.72) 


The next example deals with a frame structure. It also illustrates how to 
incorporate a point load between nodes. 


Example 4.4. The frame structure shown in Fig. 4.13 is to be analyzed for displace- 
ments and forces. Both members of the structure are made of the same material (®) 
and have the same geometric properties (A, I). The element stiffness matrices and force 
vectors in the global coordinate system (x, y, z) can be computed from (4.59) and 
(4.60). The geometric and material properties of each element are as follows. 


Element £ 
£=144in, A=10in?, I=1indg cosx=0.0, sine=1.0 (4.73) 
E=10 psi, f§=43Pibin 
Element 2 
£=180in, A=10in*, [=10in?, cosw=08, sinw=0.6 
(4.74) 


E=10' psi, f£=0 
The load &=4P at the center of the element is distributed to the nodes according to 
(4.14). 

The assembled stiffness matrix and force vectors are obtained by superposing the 
last three rows and columns of element 1 on the first three rows and columns of element 
2; i.c., the 3 x 3 submatrix associated with rows and columns 4, 5, and 6 of element 1, 
and the 33 submatrix associated with rows and columns 1, 2, and 3 of element 2 
overlap in the global stiffness matrix. 

The known geometric boundary conditions are 


U, = 0, uw = Q, U; = 0, th = 0, ee = a, iH, =0 (4.754) 
The force boundary conditions are 


Qi+Q'=0, Q3+Q3=-2P, O1+Q}=0 {4.75b) 
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FIGURE 4.13 : 
Geometry, loading and finite element dis- 
cretization of a plane frame structure: (a) 
geometry and loading; {b) finite element 
discretization, element numbers, and ele- 
ment forces in the element coordinates. 


Since all specified yalues of the known boundary conditions on the primary variables 
are zero, the condensed equations for the unknown global displacement degrees of 
freedom are 


0.3560 0.2666 —0.0178 |} U; t 
10 0.2666 0.8846 —0.0148 7) Us ¢ = 4-4 P (4.76) 
0.0178 0.0148 5.0000 11% 48 


whose solution is 
U, = 0.839 x 10-*P (in), U;=—0. 681 x104*F (in), = Us= £).961 x 10° *P (rad)}- 
, (4.77) 


The reactions and forces in each member in the global coordinates can be 
computed from the element equations 


{O°} ={Ki{u"} — 7} (4.784) 


The forces {Q*} can be transformed to those in the element coordinate system by 
means of (4.55): 


(}=(7 12 (4.786) 
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We obtain 


4.731 1.458 
6.725 ~(.180 
- 10.900 21.550 
j= B, P= P 47 
{2 ~4. 744 (2"} —1.458 (4.79) 
1.275 0.180 
| 50.450 10.870 


| 4.4 THE TIMOSHENKO BEAM AND 
FRAME ELEMENTS 


4.4.1 Governing Equations 


Recall that the Euler—Bernoulli beam theory is based on the assumption that 
plane cross-sections remain plane and perpendicular to the longitudinal axis 
after bending. This assumption implies that all transverse shear strains are 
zero. When the normality assumption is not used, i.e., plane sections remain 
plane but not necessarily normal to the longitudinal axis after deformation, the 
transverse shear strain €,, is not zero. Therefore, the rotation of a transverse 
normal plane about the y axis is not equal to —dw/dx, Beam theory based on 
these relaxed assumptions is called a shear deformation beam theory, most 
commonly known as the Timoshenko beam theory. We denote the rotation 
about the y axis by an independent function W(x), The governing equilibrium 
equations of the Timoshenko beam theory are 


< [oax,(w + *\| +f =0 (4.802) 
< (z=) - GAK,(w + ial =0 (4.806) 


where G is the shear modulus and K, is the shear correction coefficient, which 
is introduced to account for the difference in the constant state of shear stress 
in this theory and the parabolic variation of the actual (i.e., as predicted by 
equilibrium equations) shear stress through the thickness. When the second 
‘equation is substituted into the first for GAK,C¥ + dw/dx), and W is replaced 
with —dw/dx, we obtain governing equation (4.1) of the Euler—Bernoulli 
beam theory. . 


44.2 Weak Form 


~The weak form of (4.80) over an element Q° = (X4) %g) is developed using the 
Msual procedure, now applied to each equation. We multiply (4.80a) wtih a 
: Weight function —w, and (4.808) with a weight function —w,, and integrate 
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over the element iength: 


= [’- m{ [cax,(v+2)| +f} dx 


*B d du dw 
t= I - | (er—) - AK (¥ +) dx 


Integrating the first term of each integral once by parts, we obtain 


* [Bt canc(w Ge) ms |ae-[moan (weg) |, 
=| |—'*GaAk,(w+—}- —|w,GA — ; 
0 [ Ee K, +h wf dx — | w,GAK, ve . (4.81a} 
“sl dw,  d dw ayy 
0= fers moan,(w |] a—[mer]” 
., bd at! AK YE iP dx — | We dx Je, “ 81d} 
The coefficients of the weight functions 1, and W, in the boundary integrals are 
d d 
GAK, (w + ~) =V_ and ELM (4.82) 


where Y is the shear force and M is the bending moment, these coefficients 
constitute the secondary variables of the weak form. The weight functions Ww, 
and w, must have the physical interpretations that give w,V and w,M units of 
work. Clearly, w, must be equivalent to (the variation of) the transverse 
deflection w, and w, must be equivalent to (the variation of) the rotation 
function Y: 


Wi Wy, Ww, ~ F 


Hence, the primary variables of the formuiation are w and . Denoting the 
shear forces and bending moments at the endpoints of the element by the 
expressions 


a (4.83) 


ose [caus )||. ov(e) 


*g 


the weak statements in (4.81) can be written in the final form 


o= [ [oax, (w + “) - wif | dx — w(x) Qi — Wy (x2)O3 


‘AL 


ST] d y d 
Q= { [er dw, a + GAK wn( ¥ + =| dx — wilx4jQ5— wilty)Q4 
a 


(4.84) 


dx dx 


4.4.3 Finite Element Model 


A close examination of the terms in (4.84) shows that both w and W are 
differentiated only once with respect to x. Since the primary variables are the 
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dependent unknowns themselves (and do not include their derivatives), the 
Lagrange interpolation of w and W is appropriate here. The minimum 
admissible degree of interpolation is linear, so that dw/dx #0 and d¥/dx #0, 
The variables w and Y do not have the same physical units; they can be 
interpolated, in general, with different degrees of interpolation. 

Let us consider Lagrange interpolation of w and W in the form 
we Twp, Wad sp 


j= jel 


(4.85) 


where yf? and »{ are the Lagrange interpolation functions of degree m—1 


and #—1, respectively. In general, m: and m are independent of each other, 
aithough m=” is most common, However, when m=n =2 (i.e., linear 
interpolation is used), the derivative of w is 


(Sy _ Wa wi 
dx A, 
which is element-wise-constant. The rotation function W, being linear, is not 


consistent with that predicted by w(x). For thin beams, the transverse shear 
deformation is negligible, and we have Y = —dw/dx, which requires 


Xpo-x X—~2Xa Wwe Wi 
sf +5§ =-- 1 4, 
1h, 53 h, he (4.864) 
or, equivalently (by equating like coefficients on both sides), 
SiXp —S3x,=—(wi—wh), s§—-s?=0 {4.86b) 
which in turn requires 
Wwe WE 
sjasg=-—- (4.87) 
h, 
This implies that (x) is a constant: 
Xgp—Xx x- 
W(x) = fF 4 A ast (=59 (4.88) 


However, a constant state of W(x) is not admissible, because the bending 
energy of the element, 


72 RJ (2) 
—(——] dx (4.892 
I 2 dx ) 


would be zero. This numerical problem is known as shear locking. 
To circumvent this, two alternative procedures have been developed in 
the literature: 


1. Use a consistent interpolation for w and W such that dw/dx and WY are 
polynomials of the same order (i.e., m =n + 1). 
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2. Use equal interpolation (i.e. m=n) for w and ¥, but evaluate the bending 
energy with actual interpolation of W and the shear energy 


"8 GAK, (dw _\? . 
“—_ (= + w) dx (4.89b) 


<A 


with a polynomial that is one order lower. 


The latter can be achieved computationally without using different interpola- 
tions of W in (4.892, b). In the numerical evaluation of the integral (4.89b), we 
use a quadrature rule (see Section 7.1 for details) that is necessary to calculate 
the integral 
*8 dw\? 

| GAk,() dx (4.89¢) 

aA dx r = 
exactly. For example, when the linear interpolation of w and ¥ is used, we use 
a one-point quadrature rule to evaluate (4.895) because a one-point quadra- 
ture would give the exact value of the integral (4.89¢) when GA = constant. A 
two-point quadrature is needed to evaluate the integral in (4.895) exactly. The 
use of reduced integration, i.e., one-point quadrature on the integral (4.895), 
would result in the linear term in the approximation of YW not contributing to 
the shear energy. For illustrative purposes, we take a detailed look at the 


expression 
G “8 fd 2 d 2 
CA (tw) ae AEC w) | 
2 XA dx 2 dx xg thle 


where x=2,+3h, is the midpoint of the element and A, is its length. 
Substituting (4.85) into this expression (with m =n = 2), we have 
GAK, ht, (" — wi Na —X x “ta 
Oat (2 + 585 +5§-—+* 

2 ar a 7 


eozaths2 
_GAK,h, we-we sit sy’ 
a (a eS) 4.90) 


which is a weaker requirement than (4.87), Le., if (4.87) holds then (4.90) also 
holds, but (4.90) dees not imply (4.87). We note that (4.87) must hold only for 
problems for which the transverse shear energy (4.89) is negligible. 
In summary, we use either consistent interpolation (mt =n +1) or equal 

interpolation with reduced integration in the evaluation of the transverse shear 
stiffness coefficients in the Timoshenko beam element. We consider both forms 
of elements here. 

Substitution of (4.85) for w and WY, and w, = py and w,= yf? into the 

weak forms (4.84), we obtain the finite element equations: 


i (4.91a) 
K2w,+ > Kis; Fi 
i=1 ~ 
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where 


ar a dx = Kj 
(4.916) 


= in (zl So oUF GAR Py?) de 


A=[" FWP de+ Oo,  FF=Qai 


Equations (4.91@) can be written in matrix form as 


lie fal Ye ~ {ty} (4.92) 


A CONSISTENT INTERPOLATION ELEMENT (CIE), To illustrate the use of 
consistent interpolation, we select wS? to be Lagrange quadratic polynomials 
and w{” Lagrange linear polynomials. For this choice of interpolation, [K*'] is 
3x3, {K”] is 3x2, and [K**] is 2x2. The explicit forms of the matrices, 
when Ei and GAK, are constant, are 


7-8 1 —5 =] 
(KY == 3 16 -8 |, [x = SER 4-4 
. 1-8 7 1 5] (4.93) 
FIf 1-1] GAK,A.f2 1 
22) gite 
[K"] a | 6 F 1 


The element equations become 


-= an = : ~2 Ws hs Q 
GAK, = = = - = W =i hp +i OQ; 
3 : ’ oe 44 Sy 0 Q: 

-3 -3 > -24% oe 52 0 Q4 
(4.94) 


where a= EI/GAK,, O is any specified transverse force at node 3, and 
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Q;, Qs) are shear forces and (Q2, Q4) vending moments at the end nodes 1 
and 2 of the element. 

Note that node 3, which is the middie node of the element, is not 
connected to other elements, and the only degree of freedom there is the 
transverse deflection. Thus, there are different number of degrees of freedom 
at different nodes of the element, and this therefore complicates the assembly 
of elements and its implementation on a computer. Hence, we eliminate the 
node 3 dependence in the system of element equations by condensing out WW. 
We obtain 


-iGAK, -1GAK, 
IGAK, IGAK, 


i 
IGAK,h += 


EI 
IGAK,h = 


where [= f+ Q. This is obtained by solving the second equation of (4.94) for 
w,; and substituting for w, in the first four equations of (4.94). The forces f; are 
obtained using 
fi= | F(xypidk, yi [pS }° = quadratic inierpolation functions (4.96) 
tA 
The element equations (4.95) can be assembled in the same manner as the 
classical beam equations, with two degrees of freedom {w,s) per node. 
However, it should be noted that w is interpolated with quadratic polynomials. 
For constant f =f, the specified jJoad vector in (4.95) takes the form 
[because fi = shh, fo= Lin, FS = Shor, Qo= 0; see (3.40b)4 
afoh 
a} eh . 
Bil? 
which is precisely the same as that obtained in the classical beam element [see 
(4.15)j. 


(4.97) 
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AN EQUAL INTERPOLATION, REDUCED INTEGRATION ELEMENT 
(RIE}, When equal interpolation is used (m1 = 7), all submatrices in (4.92) are 
of the same order: 2 Xn, The element coefficient matrices Kj} and Kj? are 
evaluated exactly, as is the first part of Kj. The second part of K?? is to be 
evaluated using reduced integration. For the choice of linear interpolation 
functions, and for constant values of GAK, and EI, the matrices have the 
following explicit values: 


GAK,— 1 -1i inj = CAR) 4] 

he Lat i} [K']= 4 1 1 
1 " GAR he ‘| 

-1 1 4 11 


[K"]= 


(4.98) 


[x7] = | 


where one-point integration is used to evaluate the second part of [K”]. Note 
that [K"], [K™], and the first part of [K*] are also evaluated exactly with 
one-point quadrature when EJ and GAK, are constant. Hence the uniform 
one-point integration for [K°*] satisfies all requirements, 

The element equations are 


GAK, GAK, 


, —4IGAK, —— = -3GAK, w, | * 
EI Er 
-1GAK, sGAKh +7 ~ 4GAK, 2GAK,h —=— s' 
GAK, 
CARS gaz, PAKS gag, Hw 
h h 
- EI EI 
—iGAK, 4GAKh ——- iGAK, sGAKh +— Sz 
ye Q,)* 
0 Q, 
= + 4,99 
aftiat “% 
0 Q4 


It is interesting to note that the element stiffness matrix in (4.99) is the 
same as that in (4,95) obtained from the consistent interpolation with quadratic 
approximation of w and linear approximation of VY, except that the nodal 
variables are listed in a different order. The only difference is the load 
Tepresentation. In the consistent interpolation, the load vector is equivalent to 
that of the Euler—-Bernoulli beam theory, whereas, in the equal interpolation 
with reduced integration element, the load vector does not contain any 
moment components due to the distributed load. 

The quadratic interpolation of both w and Y with full integration of the 
element coefficient matrices also suffers slightly from the shear-locking 
phenomenon. A uniform two-point quadrature rule has the desixed effect on 
{K"}, [K™], and [K™]; ie., (K"], [K™], and the first term of [K”] will.be 
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evaluated exactly. and the second term of [K”’] approximately. As the degree 
of approximation and/or the number of elements in the mesh is increased, the 
shear locking will disappear and reduced integration is not necessary. 


Example 4.5, Here we reconsider the indeterminate beam problem of Example 4.2 
(see Fig. 4.7), and analyze it with the reduced integration clement (RIE) and consistent 
interpolation clement (CIE). Unlike the Buler-Bernoulli beam element, the Timo- 
shenko beam element does not yield exact values af the nodes, even when EI and 
GAK, are constant. This is because of the coupled nature of the equations relating w 
and W. 

The beam is modeled using two (hy = 4, fh, = 6) and four (hy = 2, 2 =2, ha=3, 
h,= 3) linear elements with reduced integration. The element equations for a typical! 
element are the same as those in (4.99), where fF for the elements with distributed force 
are given by - ~ 

ety 4 
fix ['[ABawie@lae for 2.4 (4.100) 
Fy r 


a4 


where x is a coordinate such that x =*-+4. We obtain 


for the two-element case and 


n= BE w= ME) 


for the four-element case (As = Aa). 


Exact solution 

FE solution (2L) 

BE solution (4L} 
LIM = 10, k = 0.0 


Transverse deflection w(x) 


FIGURE 4.14 . 
Comparison of the transverse deflection obtained using ‘Fimoshenko beam elements with the exact 
deflection of a cantilever beam (see Fig. 4.7). - 
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Figure 4.14 shows plots of transverse deflection versus x for the case with & =0 
(i.e., a centilever beam), beam length-to-height ratio L/H = 10°, and E/ = 10° ft" tb. 
The ratio L/H is a measure of the thinness of the beam, When it is large (i.e., for very 
thin beams}, the transverse shear deformation is negligible and the Euler—Bernoulli and 
Timoshenko beam theories give the same results. For small values of L/H, say 10 (i.e., 
GAK, = 4% 10° lb), Timoshenko beam theory predicts larger deflections, and for the 
problem at hand the difference is not noticeable enough to be seen if the deflections 
from both theories were included in Fig. 4.14. The finite element solutions shown in the 
figure are obtained with the reduced integration elements. 

Figure 4.15 contains results of a convergence study, which includes two and four 
finear and quadratic element meshes for the case of K/E7=1.0 and L/H = 10, The 
reduced integration elements are used. The scale used for plotting the deflections is 
such that the difference between the finite element solutions and the exact solution can 
be seen clearly. The mesh of four quadratic elements gives the converged solution, 'To 
show the effect of the transverse shear deformation, the exact solution for the thin 
beam (L/H = 10°) is also shown in Fig. 4.15. It is clear from the results that the 
convergence is rapid and the quadratic elements yield faster convergence. 

The accuracy of the reduced integration element (RIE) relative to the full 
integration element (FIE) and the consistent interpolation element (CIE) can be seen 
from the results shown in Fig. 4.16 (for L/H=10 and k/Ef=1). Clearly, the CIE 
element gives more accurate results, followed by the reduced integration element. 
Recali that the stiffness matrices of the two elements are identical, the only difference 
being in their force vectors {see (4.95) and (4.99)]. Of course, in the CIE element, the 
transverse defection is interpolated using quadratic functions. The plots shown in Fig. 
4.17 indicate that the reduced integration is necessry even for quadratic elements, 
although they are not as sensitive to locking. 


0.001 


—— Exact (L/H = 10, KET = 1) 


FE solutions 
(kiZi = 1, Li = 10} 


-6.001 


Transverse deflection w 


FIGURE 4.15 
Convergence of the finite element solution to the exact solution of the beam in Fig. 4.7 (A/ET=1); 
the Timoshenko beam element is used. 
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0.001 T7- HE @L} 


—O— RIE QL) CIE (2 elements) 
--9-+ FIE (41) ~~ CIE (4 elements) 
RIE (41) Bxact solution 


0.000 tags 


a o ne 
Rea Ct e-o-o-o-e-o ge 


nw 


—0.001 


Transverse deflection (w/ED) x 10° 


Distance x (ft) 


FIGURE 4.16 

Comparison of the transverse deflection w(x} obtained with reduced integratian elements {RIB}, 
full integration elements (FIE), and consistent interpolation elements (CIE) with the exact 
solution: 2L, two linear elements; 4L, four linear elements. 


0.001 


——- Reduced integration 
—-— Full integration 


z 
= } FES-2L 
g 0.00 MEG Pec ce-c-n- 
= 
a 
ped 
5 
g -0.001 
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f 
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FIGURE 4.17 


The effect of full and reduced integration on the accuracy of the finite element solution (FES) 
obtained using the Timoshenko beam element. - 
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The following general observations can be made about various finite 
element models based on the Timoshenko beam theory: 


1, The reduced integration element (RIE) exhibits less lacking compared with 
the full integration element (FIE}. 

2. As the number of elements in the mesh is increased or the degree of 
approximation is increased (i.e., higher-order elements are used), the finite 
element solutions obtained by both RIE and FIE elements improve; i.c., 
the effect of locking is reduced with mesh refinements and higher-order 
elements. 

3. The consistent interpolation element (i.e., quadratic approximation of w 

and Jinear approximation of W) with full integration yields a more accurate 

solution than that predicted by the RIE element. This is due to a better 
representation of the distributed load. 

The element with quadratic appreximation of both w and WY and reduced 

integration of the coefficients yields more accurate resnits than the 

consistent interpolation element with quadratic approximation of w and 
linear approximation of Y and with full integration of the coefficients. 


4 


The frame element based on shear deformation beam theory can be 
obtained by superposing the bar and beam stiffnesses. 


4.55 INCLUSION OF CONSTRAINT EQUATIONS 


When the support plane of a roller support is at an angle to the giobal 
coordinate system (see Fig. 4,18), the boundary conditions on the displace- 
ments and forces at the roller are 


u,=0, QF=Qo (4.101) 


where ue, is the normal component of the displacement, @/ is the tangential 
component of the force at node 1 of the element £2°, and Qp is any specified 
tangential force. These conditons niust be expressed in terms of the global 


FIGURE 4.18 
; Transformation of specified boundary conditions from a local 
Wy = weos @ — using coordinate system to the global coordinate system. 


Hw, =ucos 8 + w sing 
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components of displacements and forces by means of the transformation (4.53) 
and (4.55): 


ui— —ujsin B+ v3cos B =0 (4.1022) 
0% = Qf cos B + O5 sin B = Qo (4.1025) 


where (uf, #3) and (Qt, Q%) are the x and z components of the displacements 
and forces at the support. 

Equations (4.102) can be incorporated into the global system of 
equations as follows. Consider the assembled system of equations, 


Kit, + Ki,U,+- sf 4+Ki,U, =F 


KU, + KnUat+-+ + KonUn = (4 103) 


Kui + K,2t + ose + Kin U, = Ff, 


where U;, are the global generalized displacement degrees of freedom and # are 
the sums of the applied (f%) and internal (Q/) generalized force degrees of 
freedom. Suppose that the roller support is at the first node of the element 22°, 
and that the corresponding displacement degrees of freedom are U;, U,, and 
Ux. The forces Q{, Q5, and Q% corresponding to these displacements end up 
in the forces F;, K, and Fx, respectively. Hence, to include the force boundary 
condition of (4.1024), we must add cos f times the Ith global equation to sin f 
times the Jth equation: 


(cos B) Kn eA + KpU,+ weet K,U; + Ky; +..et Kin Uy) = (cos BY 
{sin BY Kn uh + Kplat eat K,,U; + KU; +.uat K Uw) = (sin BYE 


and obtain 
(Ky, 00s 8 + Kysin By t+... + (Kiy cos B + Kyy sin BU 
= (F, cos 8 + F, sin B} 
= (f% cos B + f$sin B) + (Qi cos B + Q3 sin B) 
= (fi cos 8 +f3 sin B) + Qo (4.104) 


We replace the Jth equation with this and replace the Jth equation with 
(4.1022): 


(sin B)U; + (—cos B)U, =0 (4,105) 


These modifications of the global set of algebraic equations violate the 
symmetry of the resulting global stiffness matrix. 

To retain the symmetry of the global stiffness matrix, an alternative 
method of incorporating the conditions (4.102) is presented here. Equations 
(4.102a) or (4.105) can be viewed as the constraint equations among the global 
displacements, which have a companion relation among the associated forces, 
ice., (4.102b). In the following paragraphs, we present a general procedure by . 
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which constraint equations of the type 


{U7} , 
{roy fT (4.1060) 
among the primary variables | 
_ uy 
(= {Fo | (4.1065) 


can be implemented in the assembled system of equations (4.103). In (4.106), 
{U7} denotes the # x1 vector of generalized nodal displacements that are 
selected as the independent nodal variables, and {U*} denotes the mx 1 
yector of generalized nodal displacements that are selected as the dependent 
nodal variables, The matrix operator [A] is of order (1 + #1) Xn. 

For example, consider a frame problem with N nodes and a total of 3N 
(=m + #) degrees of freedom in the problem. If one of the supports is a roller 
support, there will be one constraint equation of the type (4.102a). If the 
global node number corresponding to the roller is J then p =3(/ — 1) + 1 is the 
first degree of freedom at the support. Hence, the constraint condition 
(4.1024) can be expressed in terms of the generalized global displacement 
degrees of freedom U, and U,.,; as 


—U, sin B + U,4, cos 6 =0 (4.107) 


Suppose that U, is selected a5 the independent variable and U,,, as the 
dependent variable. Then the number of independent variables is n = 3N +2, 
and there is onfy one dependent variable (i.e., m= 1). For this case, the 
constraint (4.106a) has the form 


U, 10... 0 0 0... olf y, 
U; O1...0 0 0... of] & 
U 00... 0 1, 0... ol) gu 
P= oa > 1 (4.108) 
Uae 00... - O} | U,42 
Unen| [0 0... 0 tanp Oo... O}lu,. 
Uo4i C pth column 


Equation (4,106a) represents a transformation similar to (4.55a), 
between two sets of global generalized nodal displacements, with [A] being the 
transformation matrix. Therefore, the discussion presented in the paragraph 
following (4.58) can be used to transform the equations in m +n variables to 
those in only n variables. 

Consider the assembled equations 


[K]{U} = {F} (4.109) 
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_which can be rearranged as 
er} =@) (4.110) 
where {U*} and {U*} denote the vectors defined in (4.1062), Using the 
transformation (4.106a}, we obtain 
[KWAKU"} = fF) (4.111) 


To obtain a symmetric coefficient matrix, we premultiply both sides with [A]’, 
and arrive at 


[AVIRA = 4 3 


or . 
[RUU'} = {F} ‘ (4.112) 
where 
(RI=(APIRUAL (PF) = (AIF (4.112b) 


Equations (4.112) are now ready for the implementation of boundary 
conditions and solution. , 

As an example, consider the frame element in Fig. 4.18. We have one 
constraint equation, 


U, = U,tan B 


The transformation equation (4.108) has the form 


U; 100 0 98 
u, 

Uy 010 0 0 
u, 
{jo 01 0 OF, 
U; 000 1 94), 
ul) [oo 0 0 1 
Us 0.0 0 tang o1V? 


and the stiffness matrix [X] is the same as [K], with the fifth and sixth rows and 
columns interchanged: 


Ky -«+ Kis Kis Kis 


[K] =} Kayo + Kay Kay Kas 
Kett' Ke Kes Kes 
Ksy- °° Ks, Ks Ks 
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The transformed stiffness matrix and force vector are, from (4.1126), of order 
5x5 and 5x 1, respectively, The elements of [K] and {/} are given by 


i 
Ka = Ka + Ke tan p 
Rig Kig + Kig tan B 
Ray = Kay + (Kag + Kea) tan 8 + Ke, tan? B 
F=-F (=1,2,3,5), =F + tan 


K,=8; @©7=12,3,5 


}eana.see 


During the imposition of the boundary conditions of the problem, the force F, 
will be replaced by Qo. 


4.6 SUMMARY 


In this chapter, finite element models of the classical (i.e., Euler~Bernoulli) 
and Timoshenko beam theories have been developed. The classical beam 
theory is governed by a fourth-order differential equation, and therefore 
results in a weak form whose primary variables contain the transverse 
deflection and its first derivative. Therefore, Hermite interpolation of the 
transverse deflection is required in order to impose the continuity of the 
deflection and its derivative at the nodes between elements. In the case of the 
Timoshenko beam theory, there are two second-order equations governing the 
transverse deflection and the rotation. The weak forms of the equations 
require Lagrange interpolation of the transverse defiection and rotation. Since 
the rotation function is like the (negative of the) derivative of the transverse 
defiection, the degree of the interpolation used for the rotation should be one 
less than that used for the transverse deflection. Such selective interpolation of 
the variables is called consistent interpolation. When the same interpolation 
functions are used to approximate the transverse deflection and the rotation, 
the resulting stiffness matrix is often too stiff—especially when the number of 
elements used is small—to yield good solutions. This is due to the inconsis- 
tency of interpolation of the variables, and the phenomenon is known as shear 
locking. It is overcome by the use of reduced integration to evaluate the 
stiffness coefficients associated with transverse shear strains. Both reduced 
integration elements (RIE) and consistent interpolation elements (CIE) have 
been developed here. It has been shown that consistent interpolation with 
linear approximation of the rotation and quadratic interpolation of the 
transverse deflection yields the same stiffness’ matrix as that obtained with a 
reduced integration element with linear approximation of the rotation as well 
as the deflection. However, the load vector of the consistent interpolation 
element, for a uniformly distributed transverse load, is equal to that of the 
Hermite cubic element of the classical beam theory. 

The plane truss element and frame elements of the classical and 
Timoshenko beam theories have also been discussed. A plane truss element is 
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a bar element that carries only axial loads and is oriented, in general, at an 
angle from the horizontal axis (the global x axis is taken to be horizontal). The 
bar element is first modified by adding columns and rows of zeros correspond- 
ing to the transverse displacements, so that it has two degrees of freedom 
(axial and transverse displacements) pet node. The arbitrary plane truss 
element is then obtained by transforming the stiffness matrix and force vector 
from element coordinates to global coordinates, which are taken to be 
horizontal and vertical. Thus, a plane truss element has two degrees of 
freedom (horizontal and yertical displacements) per node, and carries only 
axial toads. The frame element is a superposition of the beam and bar 
elements, and has three degrees of freedom (axial displacement, transverse 
deflection, and rotation about an axis perpendicular to the plane of axial and 
transverse coordinates). The general plane frame element is oriented, at an 
angle from the horizontal position, and its equations are obtained by 
transforming the equations of the frame element in local coordinates. 

Finally, a procedure for including constraint conditions among the 
displacements and/or forces has been presented. 


PROBLEMS 


4.1-4.16, For the beam problems shown in Figs. P4.1—P4.16, use the Euler—Bernoulli 

beam element, and give: 

(a) the assembled stiffness matrix and force vector; 

(b) the specified global displacements and forces, and the equilibrium conditions, 

{c) the condensed matrix equations for the primary unknowns (i.c., generalized 
displacements) and the secondary unknowns (.¢., generalized forces) 
separately. 

Solve for the unknown displacements if there are less than four unknown 

displacements (use Cramer’s rule}, and evaluate the bending moment M°= 

El d*w/dx? at point C using the finite element interpolation of w (when the 

condensed equations are not solved, express M¢ in terms of the nodal values of 


EI = constant; Point C is at x = jh FIGURE P4.1 


jo=———- 5 m——++— 5 m —— 
Point Cis atx = 7.5m 
FE = 200 GPa, G = 79 GPa, A = 2.86 107? m¢, 7 = 20 x 10°¢ mi? 


FIGURE P42 
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FIGURE P44 
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FIGURE P45 
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fo = 100 Nm 


EI = 2 x 10°N mi’; Point C is atx = 7.5m 
FIGURE P4.14 
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FIGURE P4.16 


the appropriate element). Use the minimum number of elements required in each 
problem. 
Answer: (Problem 4.1) U, = fih*/48EI, U, = —(foh?/96ED). 

4.17-4.2E. Repeat Problems 4.1-4.5 using the Timoshenko beam element (with 
reduced integration}. Use a value of 2 for the shear correction factor. Note that 
accurate results can be obtained only with a sufficiently large number of elements, 
when compared with the Euler—Bernoulli element. 

4,22. Consider a simply supported beam on an elastic foundation (with foundation 
modulus &) and subjected to uniform transverse loading. Determine the 
transverse displacement at midspan using one Enler—Bernoulti beam element. 

4,23, Consider the axisymmetric bending of a linear elastic circular plate of constant 
thickness. The governing differential equation according to the thin plate 
assumption is (see Section 7.3 for additional details) 


1d d*w dw\ 1d ( dw | Dydw 
i= —_— -_2 +———]|= 
rdr* de? * Ps #) rar" drt or 7) f 


(, 1 


where D,;, Diz, and D,, are the plate material stiffnesses {constant}, # is the 

transverse deflection, and r is the radial coordinate. Develop 

(a) the weak form of the equation over a typical element 2° =(r4, fe); the 
quantities in parentheses should not be integrated by parts: 

(b) the finite element model of the equation in the form ° 


[K*]{u*} = (f*} + {2°} 
Make sure that [K*] is symmetric (i.e., the bilinear form in (a) should be 
symmetric). Comment on the interpolation functions that are admissible for the 
element. 


4.24. The differential equations governing axisymmetric bending of circular plates 
according to thick plate theory are 


“12 fates) 


14 (0,28 ¢2ew)] 4} (nM Pew) + As(e sZt)» 
+f | (Da ar + ; w) | += (Dn ort WY) + As, E+ =) 


where A;,, Dy, Dy, and Dy are plate material stiffnesses, is the rotation 
function, w is the transveise defiection, and f is the transverse load. Develop 

(a) the weak form of the equations over an element: 

(5) the finite element model of the equations. 
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4.18, Solve the problem of a thin (radius-to-thickness ratio roft = 100} clamped 
isotropic (v = 0.3) circular plate with uniformly distributed toad using the element 
developed in Problem 4.23. Exploit symmetry, and use two thin plate (Euler- 
Bernoulli) ciements in the computational domain, 

4,26. Solve the circular plate problem of Problem 4,25 using a two-element mesh of 
Timoshenko elements (use & = §). 

4,27. Consider the fourth-order equation (4.1) and its weak form (4.4). Suppose that a 
two-node element is employed, with three primary variables at each node: 
(w, 6, x), where 6=dwfdx and x= @w/dx*. Show that the associated inter- 
polation (Hermite) functions are given by 


2h? — 20x5h? + 30x*h — 12x° $ thx — 12x73 + 16x*h* - 6x7h 


pa as 2h 
Nw 
th’ — oh + 30th) — xh? 20h? + 30xth — 12° 
$s= ae > = 2h 
_ axth? — ith + Gh ht 2th? $0" 
$s= 375 Fa Ps = whe 


where x is the element coordinate with the origin at node 1. Also compute the 
element stiffness matrix and force vector. 

4,28. Consider the weak form (4.4a) of the Fuler-Bernoulli beam element. Use a 
three-node element with avo degrees of freedom (wv, 4), where @=—dw/ dx. 
Derive the Hermite interpolation functions for the element. Compute the 
element stiffness matrix and force vector. 

4.29-4.36. For the truss and frame problems shown in Figs. P4.29-P4.36, give (a) the 
transformed element matrices; (b) the assembled element matrices; (c) the 
condensed matrix equations for the unknown peneralized displacements and 
forces. 


2 Py = 10 kips 


A, = 3 in? 

40 ft Ag=4 in? 
E = 30,000 ksi 
p= 0.3 


FIGURE P4.29 


EA is the same for all 
P, = 8 kips members 
——- 


E = 30 x 10° psi, »y = 6.3 
On A= 3.0i0 


= 
fy 


i 2 vty 
le-10 st ~f10 ft +4 


FIGURE 4.30 - 


BENDING OF BEAMS 


P, = 9 kips 
3 E = 30x 10° psi, v = 0.3 

A, = As = Ag = 5 in? 

Ay = Ag = Ag = Ag = 6 in? 


| Ay all Ay = 2 in? 
Al 2 / \4 
P, = 19 kips 
Las ftoee 15 feel 15 ft] 
FIGURE P4.31 
& kN 
y = 3.0 
E = 200 GPa 
10 EN A= i?’ mm? 
El, EA ate the f= 10 mm 


same for the two 
members 


in? 3 Kips ft7! (43.78 kN m7) 
oCEETtI titi; 


+ 


EA is the same for al] members 


FIGURE P4.33 
40 kips 
12 ft 13 
0.5 kips it~ ~~ ve = B3 
E=3% 10° psi 
I= 100 in* 
= a 
16 ft 16 ft A= 100 in 
L 64 


r— 20 ft —+ 
FIGURE P4.M 
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1.5 kips t7? (21.9 KN m_‘) 


2cT Ltpe LEP yt y= 03 
E = 30 x 10° psi 
6 fe (1.83 m) T= 10 int 
8 kips (35.6 kN) gp A= 10 in? 


(same for all) - 


4 
|g ft (5.49 m)-——- 


5 kips fe“? 


FIGURE P4.35 


BI, EA are the 
same for both 
members 


y = 03 


: 
{ 


am 
=P 


vg be — 


FIGURE P4.36 


Answer: (Problem 4.29) U;= 0.022073 in, U,= —0.002169 in, Pils 
—9428 lb, P} = 7454 Ib. 
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FINITE 
ELEMENT 
ERROR 
ANALYSIS 


§.1 APPROXIMATION ERRORS 


The exrors introduced into the finite element solution of a given differential 
equation can be attributed to three basic sources: 


i, 


2. 


3 


Domain approximation error, which is due to the approximation of the 
domain. 

Quadrature and finite arithmetic errors, which are due to the numerical 
evaluation of integrals and the numerical computation on a computer, 


Approximation error, which is due to the approximation of the solution 
(see (iv) in the Note to Remark 10 in Section 3.2.7): 


NN 
eH, = >, Ud, (5.1) 


fst 


where U; denotes the value of uv at global node J, and ®, denotes the 
global interpolation function associated with global node J (see Fig. 3.35). 


In the one-dimensional problems discussed thus far, the domains 


considered have been straight lines. Therefore, no approximation of the 
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domain has been necessary. In two-dimensional problems involving nonrectan- 
gular domains (as will be seen in Chapter 8), domain (or boundary) 
approximation efrors are introduced into the finite element solutions. In 
general, these can be interpreted as errors in the specification of the data of 
the problem because we are now solving the given differential equation on a 
modified domain. As we refine the mesh, the domain is more accurately 
represented, and, therefore, the boundary approximation errors are expected 
to approach zero. 

When finite element computations are performed on a computer, 
round-off errors in the computation of numbers and errors due to the 
numerical evaluation of integrals are introduced into the solution. In most 
linear problems with a reasonably small number of total degrees of freedom in 
the system, these errors are expected to be small (or zero when only a certain 
decimal point accuracy is desired}. . 

The error introduced into the finite element solution U/* because of the 
approximation of the dependent variable u in an element £2° is inherent to any 
problem 


Nom M 
ur ity= 2p MYT DW Ure (5.2) 
exii=1 j=1 

where u, is the finite element solution over the domain (#,, = U* in 0°), N is 
the number of elements in the mesh, M is the total number of global nodes, 
and # is the number of nodes in an element. We wish to know how the error 
E=u-u,, measured ina meaningful way, behaves as the number of elements 
in the mesh is increased. It can be shown that the approximation ercor is zero 
for the single second-order and fourth-order equations with element-wise- 
constant coefficients [see (5.30)—(5.35)]. 


5.2 VARIOUS MEASURES OF ERRORS 


There are several ways in which one can measure the “difference” (or 
distance) between any two functions u and u,. The pointwise error is the 
difference of # and #, at each point of the domain, One can also define the 


difference of u and u, to be the maximum of all absolute values of the 
differences of # and u, in the domain &2 = (a, B): 


lu — Xpll = max, lx} — Up(x)| (5.3) 


This measure of difference is called the supmetric. Note that the supmetric is a 
real number, whereas the pointwise error is a function and does not qualify as 
a distance or worm in a strict mathematical sense. The norm of a function is a 
non-negative real number. 

More generally used measures (or norms) of the difference of two 
functions are the energy norm and the L2 norm {pronounced “L-two norm’”’). 
For any square-integrable functions uw and u, defined on the domain @= 
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(a, b), the two norms are defined by 


br 


la i 


du du, 


2 We 


energy norm -|lu — uf. = ( 


b We 
L,norm — |lu— uallo= ({ |e —~ ug l? dz] (5.5) 


where 2 is the order of the differential equation being solved. The term 
“energy norm” is used to indicate that this norm contains the same-order 
derivatives as the quadratic functional (which, for most solid mechanics 
probiems, denotes the energy) associated with the equation. Various measures 
of the distance between two functions are illustrated in Fig. 5.1. These 
definitions can easily be modified for two-dimensional domains. 


5.3 CONVERGENCE OF SOLUTION 


The finite element solution u, in (5.1) is said to converge in the energy norm to 


the true solution w if 
| It ~ tills Sch” for p>O | (5.6) 


where c is a constant independent of uw and 4,, and fi is the characteristic 
length of an element. The constant p is called the rate of convergence. Note 
that the convergence depends on h as well as on p; p depends on the order of 
the derivative of u in the weak form and the degree of the polynomials used to 
approximate u [see (5.15) below]. Therefore, the error in the approximation 
can be reduced either by reducing the size of the elements or increasing the 
degree of approximation. Convergence of the finite element solutions with 
mesh refinements {i.e., more of the same kind of elements are used) is termed 
h-convergence. Convergence with increasing degree of polynomials is called 
p-convergence, 


u(x) 


H,(X) 


FIGURE 5.1 

Different measures of error E = 
u — u, between the exact solution w 
and the finite element solution u,,. 
The maximam norm and the L, 
b norm are illustrated. 


I 
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5.4 ACCURACY OF THE SOLUTION 


Returning to the question of estimating the approximation error, We consider a 
Qmth-order differential equation in one dimension (m= 1, second-order 
equations, mt = 2, fourth-order equations}: 

im dé dtu 
-1y-5(a) = for O<x<b 5.7 
> (1 gala ge) “F (6.1) 


where the coefficients @,(x) and a(x) are assumed to be positive. Suppose that 
the essential boundary conditions of the problem are 


u(0)=u(L)=0 Gn =h 2) (5.8) 
(TL no” Ge) 
dx/\,=o dx 
The variational formulation of (5.7) and (5.9) is given by 


Roya a'y diu 
o=| (5 arg) dx (5.10) 


-0 (m=2) ” * 5.9) 


x=L 


The quadratic functional corresponding to the variational form is 


Ku)= [ ; [2 a 4) | dx - [ uf dx (5.11) 


Now consider a finite element discretization of the domain by N elements 
of equal length A. If u,, denotes the finite element solution in (5.1), we have, 


from (5.11), 
Ia) = [ 5 a( 2) | dx [ u,f dx (5.12) 


In the following paragraphs, we show that the energy / associated with 
the finite element solution approaches the true energy from above, and we 
then give an error estimate. We confine our discussion, for the sake of 
simplicity, to the second-order equation (7 = 1). 

From (5.11) and (5.12), and 


-- (a) 
fe ax 1 is 
we have 


I(ue,) — £08) = [ ; [a.(“#) - a,() ‘ oF (u - us| de 


[EEO S624 
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-[E1G)- Gl attew}a 


E, 2 2 
=f #4 *) (3) _ ad 
tale. Nae) ae de | 
é 2 
_{% on) 
=| a. 5) 220 (5.13) 


Thus, 


The equality hoids only for 4 =u,. Equation (5,14) implies that the conver- 
gence of the energy of the finite clement solution to the true energy is from 
above. Since the relation in (5.14) holds for any u,, the inequality also 
indicates that the true solution u minimizes the energy. A simiiar relation can 
be established for the fourth-order equation (m = 2), 

Now suppose that the finite element interpolation functions ©, {i= 
1,2,..., M4) are complete polynomiais of degree k. Then the error in the 
energy norm can be shown to satisfy the inequality [see Reddy (1986, 1991), p. 


401] 
Whelln = le — alle Sch’, p=k+1—m>0 (5.15) 


where ¢ is a constant. This estimate implies that the error goes to zero as the 
pth power of # as A is decreased (or the number of elements is increased). In 
other words, the logarithm of the error in the energy norm versus the 
logarithm of # is a straight line whose slope is K+1—m. The greater the 
degree of the interpolation functions, the more rapid the rate of convergence. 
Note also that the error in the energy goes to zero at the rate of K+1— nt; the 
error in the L, norm will decrease even more Tapidiy, namely, at the rate of 
k+1, i.e., derivatives converge more slowly than the solution itself. 

Error estimates of the type in (5.15) are very useful because they give an 
idea of the accuracy of the approximate solution, whether or not we know the 
true solution. While the estimate gives an idea of how rapidly the finite 
eiement solution converges to the true solution, it does not tell us when to stop 
tefining the mesh. This decision rests with the analysts, because only they 
know what a reasonable tolerance is for the problems they are solving. 

As an example of estimating the error in the approximation, i.e. (5.15), 
consider the linear (two-node) element for a second-order equation (# = 1). 
We have for an element . 


"= 401-5) + tes (5.16) 


where s=<*/h and ¢ is the local coordinate. Since uy can be viewed as a 
function of u, via (5.16), one can expand wu, in a Taylor series around node 1 to 
obtain 


Wg—u, tui t4urt... - (5.17) 


204 FINITE ELEMENT ANALYSIS OF ONE-DIMENSIONAL PROBLEMS 


where u! = du/ds. Substituting this into (5.16), we obtain 
uy, Hy tuys + GMS Lo (5.18) 


Expanding the true solution in a Taylor series about node 1, we obtain 


usu, tuys tous +... (5.49) 
Therefore, we have, from (5.18) and (5.19), 
1 uj 1 ul 
-~ujs-(s—s? OR ons — sh? “= 
jun — ul 5 SS) OR, a | 5 (ssh nes lade (5.20) 
d j du 
| mee — uv) Sr — 5. 
lig (4 ) af me 7a ; 620 
These lead to 
{lu — UalloS oh?,  le-#alhk cof (5.22) 


where the constants cy and ¢, depend only on the length L of the domain. 
The reader may carry 4 similar error analysis for the fourth-order 
equation. 


Example 5.1. Here we consider a computational example to verify the error estimates 
in (5-22). Consider the differential equation 


Stan for O<a<1 (5.23) 
with 
(0) = u(1) =0 
The exact solution is 
a(x) =x(1—-x) ; (5.24) 


while the finite element solutions are, for N= 2, 


fe for O<xh 


te 11200 fh) for h<x<2h 
for N=3, 
e(x{h) for Ox =h 
1g 4 U(Z—xfh) + ANI 1) for hx <2h (5.25) 
2h2(3 — xh) for 2h=x =3A 
and, for ¥= 4, 
3h7(x fh} for OExsh 
, $h2(2 —xfh) + 4b? @ lh - 1) for Asx =2h 
id 


Ay —xih) + 3h-x[h —2) for 2hsx<3h 
3h2(4—afh) for 3h <x 4h 


pore 
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TABLE 5.4 
The Z, error and error in the energy norm of the 
solution to (5.23) (Example 5.1) 


h logy’ lela « lopiollele — fete logio llell: 
4-090: 0.04564 —1.341 0.2887 —0.5396 
§ -O477 0.02028 ~1,693 0.1925 -—0,7157 
3 0.601 0.01142 ~1,943 0.1443 —- 0.8406 


For the two-element case (/ = 0.5), the errors are given by 


A ‘a 
, lu — wal [ Ge —2?- aye +f (x —x* — 2h? + xhy dx 
‘oO a 


= 0.002083 
du dial? f* 2k (5.26) 
af A _ _ 2 _ 2 
“ 1, [e 2x Ay ax + | (2x + hyde 
~ 0.08333 


Similar calculations can be performed for N= 3 and N=4, Table 5.1 gives the errors 
for N =2, 3, and 4. 
Plots of log |fe||, and log {/e||; versus log A show that (see Fig. 5.2) 
log |lellb=2logh# +ioge,, log lle, =log A + loge, (5.27) 


In other words, the rate of convergence of the finite element solution is 2 in the L, 
norm and f in the energy norm, verifying the estimates in (5.22). 


Much of the discussion presented in this section can be carried over to 
curved elements and two-dimensional elements. When the former, i.e., 


tog [ell 


log |lella = log c, + 2 log A 
log llells 


log leila = log cg + log A 


log c 


Jog #t 


‘FIGURE 5.2 


Plats of the L, and energy norms of errors versus the mesh size. The log—log plots give the rates of 
convergence in the respective norms, The rates of convergence are given by the slopes of the lines 
(the plots shown are for linear elements). 
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elements with nonstraight sides, are involved, the error estimate also depends 
on the Jacobian of the transformation. Because of the intreductory nature of 
the present study, these topics are not discussed here. Interested readers can 
consult Cairlet (1978), Wait and Mitchell (1985), Oden and Reddy (1982), 
Strang and Fix (1973), and Reddy (1986, 1991). 

‘As noted earlier, in the case of both second- and fourth-order equations 
in a single unknown and with constant coefficients, the error between the exact 
solution and the finite element solution at the nodes is zero. This is not 
accidental. We can prove that when the coefficients a and b are constant, the 
finite element solutions of the equations 


“ig (ta) 1 629 
Sogo  ™ 


coincide with the exact solutions at the nodes. The proof is presented below 
for the second-order equation. 
Consider the equation 


-a bas for O<x<b (5.30) 
with 
u(0}=0, u(L)=9 (5.31) 


The giobal finite element solution is given by (U, = Un = 0} 
N-1 
uy = > U,®; (5.32) 
f=f 


where @, are the linear global interpolation functions shown in Fig. 3.3(8). 
From the definition of the variational problem, we have 


i d®, du, 
So = h {[=2,... - 5. 
{ ( he af) dx =0 for eac [=2, ,N-1 ¢ 33) 


where f =f/a. The exact solution also satisfies this equation. Hence, by 
subtracting the finite element equation (5.33) from the exact solution, we 
obtain 


© du du, dD, 
du diy Ot ee (L=2,...,N- 
i ( a) dx ds (1=2,...,N 1) 


Since we have ®,=0 for x>(U+ 1k and xs (J—1)A, and d@,/dx = i/h 
for (f— 1) <x SSA and d@,/dx = —i/h for IhSxs (E+ 1h, it follows that 


ih fdu aun) 1 C+D! rd duty 1 
au oun Sax | (4 Ss)(—7) a =0 34 
| oe (5 dx )he In | Md dx JNA * (5.34) 
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for 7 =2,3,...,N—1. Denoting e(x) = u(x) — u,(x), we have 


1 1 
5 (er era) + (=F) lens) =0 
or 


; 
Gea ter ers) =0 (= 2,3,...,N 1) (5.35) 


where €,= €(/h) (i.e., the value of € at x =Jh). Since €)= ey =0 (because 
both uw and u,, satisfy the essential boundary conditions), it follows from the 
above homogeneous equations that the solution is trivial €;=e€,=...= 
€y-1= 0. This implies that the finite element solution coincides with the exact 
solution at the nodes. 


5.6 SUMMARY 


Various types of errors in the finite element approximation of differential 
equations have been discussed and different measures of the error (or 
difference between two functions) have been defined. Error estimates for the 
second-order differential equations have been presented. Jt has been shown 
that the finite element solutions of differential equations with constant 
coefficients are exact at the nodes. The proof has been presented for a singie 
second-order differential equation. This result does not hold for coupled 
second-order differential equations with constant coefficients. 


PROBLEMS 


5.1. Show that the error estimate for the fourth-order equation (4.1) is given by 
Itw — Walls = ch? 


where c is a constant, w, is the finite element solution obtained by using the 
Hermite cubic interpolation, and w is the exact solution of the problem. 


§.2, Cansider a Lagrange quadratic element extending between x = —A and x = and 
having the three nedes at x = —h, x = ah, and xy = h. The transformation between 
x and a normalized coordinate § is piven by 


x=hlS + afl — &)] 
If the dependent variable uw is interpolated by a quadratic polynomial in £, show 
that the error ¢ =u — 4, is given by 
ca 
€{]), =-——- 
eth 32k 
Hint: First show that 


Ine — t,,[S au 
A|=C aren de 
and then 
du 2 au dy d L d 
= + ii i 7 2 Fae ay hl —omEV dE 
dp SW ol 206) pat hh 206) es, FR aabyae 
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5.3. The error in the finite element approximation is often measured ia terms of the 
energy associated with the problem under consideration. For the second-order 
problem considered in (3.1), the energy of the problem is given by the functional 


I= y Tt) (i) 


where N is the total number of elements in the finite clement mesh and J, is the 
functional given in (3.11). The error in the solution is defined to be the difference 
between the true ar exact solution 4, and the finite element solution #,, and the 
error in the energy is defined by 


E=u-™%, iEh= > I{E} (ii, iii) 


If the finite clement approximation ¥, is an interpolant of the tree solution ty, 
determine the error in the solution and the energy of (3.1) when (@) 4, is a linear 
interpolant and (6) x, is a quadratic interpolant. 

Hint: Use pertinent references at the end of the chapter to determine the 
interpolation error in terms of the mesh parameter (spacing) ht, and use the result 
(iii) to determine the error in the energy in the form 


Weill = Chi” 


where cy and p are constants; p determines the rate of convergence (p > 90) or 
divergence (p <0). 
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EIGENVALUE 
AND 
TIME-DEPENDENT 
PROBLEMS 


6.1 EIGENVALUE PROBLEMS 
6.1.1 Introduction 
Determination of the values of the parameter A such that the equation 
Au) = ABC) (6.1) 


where A and B denote linear differential operators, has nontrivial solutions x is 

called an eigenvalue problem. The values of 4 are called eigenvalues and the 

associated functions u are called eigenfunctions. For example, the equation 
#4 in, with ae B=1 

which arises in connection with the axial oscillations of a bar or the transverse 

oscillations of a cable, constitutes an eigenvalue problem. Here A denotes the 

square of the frequency of vibration w. 

In general, the determination of the eigenvalues is of engineering as well 
as mathematical importance. In structural problems, the eigenvalues denote 
either natura! frequencies or buckling loads. In fluid mechanics and heat 
transfer, eigenvalue problems arise in connection with the determination of the 
homogeneous parts of the solution. In these cases, eigenvalues often denote 
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amplitudes of the Fourier components making up the solution. Eigenvalues are 
aiso useful in determining the stability characteristics of temporal schemes, as 
discussed in Section 6.2. 

In this section, we develop finite element models of eigenvalue problems. 
In view of the close similarity between the equations of eigenvalue and 
boundary value problems, the steps involved in the construction of their finite 
element models are entirely analogous. Differential eigenvalue problems are 
reduced to algebraic eigenvalue problems by means of the finite element 
approximation. The methods of solution of algebraic eigenvalue problems are 
then used to solve for the eigenvalues and eigenvectors. 


6.1.2 Formulation of Eigenvalue Problems 


he 
Consider the parabolic partial differential equation ° 
gu 9 Ou r 
Bt 8 (pq 24) <9, | 
pea =(ka 2) = ale, (6.2) 


which governs transient heat transfer in one-dimensional systems (e.g., a plane 
wall). Here « denotes the temperature, & the thermal conductivity, o the 
density, A the cross-sectional area, c the specific heat, and q the heat 
generation per unit length. The homogeneous solution (i.e., the solution when 
q = 0) of (6.2) is often sought in the form of a product of a function of x and a_ 
function of ¢ (i.¢., through the separation of variables technique): 


u(x, 2) =S(x)T) (6.3) 


Substitution of this assumed form of solution into the homogeneous form of 
(6.2) gives 


Separating the variables (assuming that pcA and kA are functions of x only), 


vat 1 1d (498) 
T dt pcASdx ax 
Note that the left-hand side of this equation is a function of ¢ only while the 
right-hand side is a function of x only. For two functions of two independent 
variables to always be equal, both must be equal to the same constant, say —A: 


(6.4) 


dT 1 1d/,,d8 
(iat fs kaS)\=~2 
Tdi pcA Sax ( dx (6.52) 
Of 
aT d{..d8 
eat, a («a =| _ApcAS =0 (6.5b) 
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The negative sign in the constant A is based on the physical requirement that 
the soluiion S(x) be harmonic in x while T(#) must decay exponentially with 
increasing f, The solution of the first equation is T= Tye". When k, A, p, 
and c are constants, the solution of the second equation is 


S(«) = By sin Vix + B, cos Vax, i=" 


ah 
The constants A, 7, #,, and B are determined with the help of initial and 
boundary conditions. 
In view of the above discussion, the solution of (6.2) is of the form 


u(x, = Ue" (6.8) 


This form is consistent with the solutions we derived above, with 
U(x) = S(x)h. Substituting (6.6) into the homogeneous form of (6.2), we 
obtaia 


d 
_— (za o)e™ —ApcAU(xje* =0 


or 


(6.7) 


We wish to determine A and nonzero U(x) such that (6.7) holds and the 
boundary conditions of the problem are met. Equation (6.7) describes an 
eigenvalue problem, A being the eigenvalue and U(x) the eigenfunction, 

The axial motion of a bar can be described by the hyperbolic equation 


vu 8 ou 
paSs~=(EA =) = q(x, t} (6.8) 


Here u denotes the axial displacement, E the modulus of elasticity, A the 
cross-sectional area, p the density, and q the axial force per unit length. 

The natural axial oscillations of the bar are periodic, and they can be 
determined by assuming a solution of the form 


u(x, = U(xje, with i= V—-1 (6.9) 


where w denotes the frequency of natural axial motior (or vibration), and 
U(x) denotes the configuration of the bar, called the mode shape, during the 
vibration. For each value of «, there is an associated mode shape. Substitution 
of (6.9) into the homogeneous form of (6.8) gives 


d d 
_ 277 ee | emit a 
| pAwtU (za =) |e 0 
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or 


(6.10) 


where A=. Equation (6.10) is an eigenvalue problem, which involves 
determining the square of natural frequencies A and mode shapes U. This 
equation also arises in the solution of (6.8) by means of separation of 
variables, as discussed in connection with the parabolic equation. Note that 
(6.7) and (6.10) are of the same form. Only the coefficients are different. 

Equations similar to (6.10) can be derived for the transverse vibrations of 
a beam using the Euler-Bernoulli or the Timoshenko beam theories. For the 
Euler—Bernoulli beam theory, we assume 


w(x, = Woe 


Ae 
va 


where w is the frequency of natural transverse motion and W(x) is the mode 
shape of the transverse motion. Substitution of this form into the equation of 
motion of the Euler-Bernoulli beam theory 


53) 70 | (6.11) 


gives 


(6.12) 


where A=”. For the Timoshenko beam theory, we assume 
wx, = Wa’, Wa O)= S(xje™ 
and substitute into the equations of motion of the theory 


aw 3 aw 
1-3 foan( 9) 
PO oP al AK ax 0 


p28 2 (er) + Gax(F+¥)=0 
Pia ax ax ax = 


to obtain the eigenvalue problem 


(6.13) 


d dw 

ar [eax(S + s)| - ApAW = 0 
dds dw (6.14) 
-<(a1F) + cak(=+ s) - Apis =) 


The study of buckling of beam-columns also leads to an eigenvalue 
problem. For example, the equation governing the equilibrium of a beam 
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subjected to an axial force P, according to the Euler—Bernoulli beam theory, is 


@ 
(ai) +P 


d* 


d*w 
2 720 (6.15) 


which is an eigenvalue equation with A= P as the eigenvalue, which represents 
the buckling load. Often one is interested only in the smallest value of 4, 
called the critical buckling load. For the Timoshenko beam theory, the 
buckling equations are 


(6,16) 
ay dw 
)+ax(¢ 


+w)=0 


This completes the formulation of eigenvalue problems associated with 
the model problems studied in this book. In the next section, we develop the 
finite clement modeis of (6.7), (6.10), (6.12), and (6.14}-(6.16). 


6.1.3 Finite Element Models 


An examination of the eigenvalue equations derived in the previous section 
shows that they are a special case of the equations studied in Chapters 3 and 4. 
For example, consider 


~£ (0%) =f (6.17) 
The eigenvalue equation associated with this is 
df a 
-+ (a) = Aegl (6.18) 


where @ and cp are quantities that depend on the physical problem: for heat 
transfer, 


a=kA, cy=pcA 
where c is the specific heat, while, for a bar, 
a=FA, cy=pa 


Similarly, the eigenvalue equations associated with the transverse vibrations 
and buckling of beams are special cases of their static counterparts. Therefore, 
the finite element models of the eigenvalue equations can readily be 
developed. It is important to note that the spatial derivative operators of the 
static (i.e., non-time-dependent) and eigenvalue equations are the same. The 
difference between (6.17) and (6.18) is that, in place of the source term f, we 
have Ac gU in the eigenvalue equations. This difference is responsible for 
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another coefficient matrix, in addition to the usual coefficient matrix [K°], in 
the eigenvalue problems. The derivation of the finite element models of 
eigenvalue equations is presented next. 

Over a typical element 2°, we seek a finite element approximation of u in 
the form 


U= 2 uF yi(x) (6.19) 
The weak form of (6.18) is 
“sfdw dU 
0= a (Fo Aca) dx — O,w(x,) — 2," (xa) (6.204) 


where w is the weight function, and Q1 and @,, are the -usual secondary 


variables (Qf = 9, i #1, #) 
 O.- (« =) (6.206) 
ta “a 


a=-(«F) dx 


Substitution of the finite element approximation into the weak form gives the 
finite element model of the eigenvalue equation (6.18): 


[K*]{u"} — AfMe]{u"} = {2°} (6.214) 


where 
* dyi dw [" 

= { a—-— dx, My=| ¢ wip; dx (6.215) 

i [ dx ax ij en ao J 
Equation (6.21@) represents the finite element model of the eigenvalue 
equations (6.18) and (6.10). 

The finite element model of (6.12) is 
[K¢]{u} — ALM} 4°} = 1°} (6.224) 


where {u*} and {Q*} are the columns of nodal generalized displacement and 
force degrees of freedom of the Euler-—Berroulii beam element: 


[any [S(era)l, 
dx / da 
{uj=4 We 7, {Q%}= (eae), (6.22b) 
(- am [- dx (x1 dx? )| 
.” Gar 


where the subscripts 1 and 2 refer to element nodes 1 and 2 (at x =x, and 
x =X,). The matrices [K*] and [M*], known as the stiffness and mass matrices, 
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are defined by 


i=[" EI ae oo ay, Mj= pA@igs dx (6.22c) 


where $f are the Hermite cubic interpolation functions (see Chapter 4 for 


details}. 
The finite element model of (6.14), with equal interpolation of w and S, 


18 


i) ee 8) (29) eam 
™ K}} = he cake a dx,  Kip= c ; oak st wi dx 
Kea" (GAK yiyj+ er! oY) ax 
m= {" —pAvivide, MP = in “ plyiys dy (6.23b) 
vi=|- GaK( + s)| s=[cax(S+ s)| 
wre(or), se-(a 


Note, that for sufficiently farge ratios of length Z to height A of the beam, the 
Timoshenko beam element gives the results of the Euler—-Bernoulli beam 
element. For example, for L/H 100, the effect of shear deformation’ is 
negligible, and both elements give approximately the same solution. 

The finite element models of (6.15) and (6.16) are the same as those in 
(6.224) and (6.234), respectively, with 4=P, and [M*] and [M"] (and 
[M*?] = [0]) replaced by [G*] and [G4], respectively, where 


xB dat ddt *e dap? dapt 
Gi= { 1 Se ay, _ [ ee a (6.24) 


The coefficient matrix [G*] is known as the stability matrix. 

The numerical form of the stiffness matrices [K*] were given in the 
previous sections [see, e.g., (3.34a), (3.40a), (4.15), and (4.98)]. Expressions 
for the mass matrices Mj and stability matrices Gj for the Lagrange elements 
are also available from the previous derivations [see, ¢.g., (3.342) and (3.35)]. 
The mass and stability matrices for the Hermite cubic interpolation, 


F ea 
Mj = [ edibf de, § G5= [ a, Soe a (6.25) 
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can be evaluated numerically for element-wise-constant values of ¢, and @,: 


156 —-22h 54 134 


ch | -22h 4h? 13h —3h? 
M)=—~ . 
(Ml=550| 54 13h 156 22h (6.262) 


13h -3h? 22h = 4h? 


36 —3h -36 —3h 
 @|—3h 4h? 3h -PP 
(Ol = oh -36 3h 36 3h (6.266) 


—-~3h —h® 3h 4h? 


The assembly procedure and imposition of boundary conditions ‘in the 
eigenvalue analysis remains the same as for static problems. The boundary 
conditions are necessarily homogeneous. , 

The standard error estimates for the fundamental eigenvalues and 
eigenfunctions of the problems discussed here are [see Strang and Fix (1973)] 


4 < BP < 4m + chet Lonny Oye tire 


\Ju° — u" We =< chk + tomy LOY an (6.27) 
where (A®, u°) is the exact solution, (4*, n") is the finite clement solution, 7 is 
the order of derivatives appearing in the weak form, & is the degree of 
polynomials used in u', and # is the characteristic length of the element (see 
Chapter 5 for the notation and definitions of errors}. 


6.1.4 Applications 


Here we consider a couple of examples of eigenvalue problems to illustrate the 
concepts described in the previous section. We consider one example of a 
heat-transfer-type problem and one of free vibration of beams. 


Example 6,1, Consider a plane wall, initially at a uniform temperature T,, which has 
both surfaces suddenly exposed to a fluid at temperature 7.. The governing differential 
equation 


fT 1éT k 
ox aw at’ ares (6.28) 
and the initial condition is 
Th, 0) = T 


where @ is the diffusion coefficient, & the thermal conductivity, p the density, and ¢, the 
specific heat at constant pressure. Equation (6.28) is also known as the diffusion 
equation. 

We consider two sets of boundary conditions. 
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Set 1. If the heat transfer coefficient at the surfaces of the walt is assumed to be 
infinite, the boundary conditions can be expressed as 


TO,OH=T, TWO=K for i>o (6.29q) 
Set 2, If we assume that the wall at x = L is subjected to ambient temperature, we 
have 


T(0, )=T., [xa = + BA(T ~ t.)| =0 (6.296) 


xa 


Equation (6,28) can be normalized while making the boundary conditions 
homogeneous, Let 
z pom | Tok 
. L’ Le ” hy- Tk, 
The differential equation (6.28), boundary conditions (6.29), and the initial condition 
become 


Ou au 
ae + a G (6.304) 
#06,0=0, #1. 9=6, wir, 0)51 (6.305) 


d 
u(0, £) = 0, (F+ Hu| 
where the bars over x and ¢ are omitted in the interest of brevity. 
Solution of {6.302,b) by separation of variables leads to solution of the 
eigenvalue problem 


= a (6.30c) 


xn] 


Cu 
Re AU =, UO)=0, Uvd)=0 (6.31) 
The finite element model of this equation is given by (6.21), with a =1 and c,=1. For 
the choice of linear and quadratic interpolation functions, the element equations 
(6,212) become [see (3.34) and (3.40)} 


(F. Ee W ~ F alia} = (oy (linear element) 


i 7 -8 #£ h 4 2 -1 uy ot 
ak -8 16 -8I-A 30 2 16 2 upe=4 0 {quadratic element) 
° i -8 7 -1 2 4 uy Os 


For a mesh of two linear elements (the minimum needed), with A, =4,=0.5, the 
assembled equations are 


1-1 0 21 o0l\fu, ray 
a4-1 2°-1J-asii 4 alle abe]d o 
0-1 1 01 2}/ly, o% 


The Set 1 boendary conditions U(0) = 0 and U(1) =0 require U, = U,=0. Hence, the 
eigenvalue problem reduces to the single equation 


(4-G))U,=0, or A,=12.0, U,#0 
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For a mesh of one quadratic element, we have (4 = 1.0) 
ie —4116=0, or A, = 100 


The corresponding eigenfunction amplitude is U,=1.0 (or any aonzero constant}, so 
that the eigenfunctions are as follows: for linear elements (4 = 0.5), 


tye for Osx <0.5 
UG) = 1—x 
Unt = for 58x <1.0 


while, for a quadratic element (# = 1.0), 


U(x}= Upi= 42 (1 a) for O=x 51.0 
“ 
The exact eigenvalues are A, = (iry and A,= a = 9.8696, The exact eigenfunc- 
tions for Set { boundary conditions are U,(x) = sia mx and U, = sin a. 
The eigenvalues and eigenfunctions can be used to construct the solution of the 
transient problem. For example, the solution of (6.28) with Set 1 boundary conditions is 


u(x, )= > T.U,@)e = >, F, sin vax enn 
a=l n=l 


where T, are constants to be determined using the jnitial condition of the problem. The 
finite element solution of the same problem, when one quadratic element is used, is 
given by 


up(x, O=4e(l— xe Th 


For a mesh of two linear elements, the Set 2 boundary conditions translate into 
U,=0 and Q2+U,=0, The condensed equations are 


Ct Glatt atab-ta 
(2 al-al aft 


The characteristic polynomial of the above eigenvalue problem is obtained by setting 
the determinant of the coefficient matrix equal to zero: 


or 


4-48 —(2+4)) ae 
“arh aon [7% I 
or 
TA? —2414+8=0 
The roots of this equation are 
124 V88 |; 
Aa= 124. V88 (A, = 0.374167, &, = 3.0544) 


and the eigenvalues are (A= 12A) 
Ay= 4.4900, A, = 36.6529 
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The eigenvectors are computed from the equations 


[ 4- BA, -(2 + al bale = {of 
-@ + Ar) 3- BA, U, 0 
For example, for 4, = 4.4900, we have 
2.5033 U4" — 2.374209 =0 
or 
(U%} = (1,000, 1.0544) = (0.6881, 0.7256) (normalized) 
Hence, the eigenfunction corresponding to A, = 4.4900 (# = 0.5) is 
UE) = (reer. for 08% 50.5 
0.6881(1 —x)/h + 0.7256(2x —1)/2h for 0.5%x<1.0 
The exact eigenfunctions for Set 2 boundary conditions are , 
U(x) = sin VA,x 
and the eigenvalues 4, are computed from the equation 


i+ VA, cot VA, =0 


Table 6.1 gives a comparison of the eigenvalues obtained using meshes of linear 
and quadratic elements with the exact values. Note that the number of eigenvalues we 
can obtain is equal to the number of unknown nodai values. As the mesh is refined, not 
only do we increase the number of eigenvalues but we also improve the accuracy of the 
preceding eigenvalues. Note aiso that the convergence of the numerical eigenvalues to 


TABLE 6.1 
Eigenvalues of the heat conduction equation (6.28) for two sets of 


boundary conditions 
Set 1: u(0)=0, UC) =0 
Set 2 (in parentheses): U(0)=0, (dU/dx + U)|,.1=0 


Mesh A dy Ag Ay Ag Ag dy 


aL 12.0000 
(4.4900) (36.6529) 


4L 10.3866 48.0000 126.756 
(4.2054) (27.3318) (85.7864) (177.604) 


8L 9.9971 41.5466 99.4855 192.000 328.291 507.025 686.512 
(4.1380) (24.9088) (69,1036) (143.530) (257.580) (417.701) (607.022) 
10 10.000 
(4.1545) (38.5121) 
20 9.9439 40.000 128.723. 
(4.1196) (24.8995) | (81.4446) (207.653) 
4Q 9.8747 39.7754 91.7847 160.000 308.253 514.891 794.794 


(4.1161) (24.2039) (64.7705) (129.261) (240.539) (405.253) (658.137) 


Exact 9.8696 39.4784 88.8264 197.9137 246.740 355.306 © 483.611 
(4.1159) (24.1393) (63.6591) (122.889) (201.851) (300.550) (418.987) 
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FIGURE 6.1 

The first three mode shapes (or 

eigenvectors}.as predicted™by the 

mesh of eight linear elements for 

the heat transfer problem in Ex- 

0.0 0.2 0.4 0.6 0.8 1.0 1aample 6.1, Set 1 boundary 
x conditions. 


&L, Eight linear elements 
H=1.0 


the exact ones is from the above, i.e., the finite element solution provides an upper 
bound to the exact eigenvalues. For structural systems, this can be interpreted as 
follows. According to the principle of total minimum potential energy, any approximate 
displacement field would overestimate the total potential energy of the system. This is 
equivalent to approximating the stiffness of the system with a larger value than the 
actual one. A stiffer system will have larger eigenvalues (or frequencies}. The first three 
mode shapes of the system are shown in Figs. 6.1 and 6.2. 

We close this example by noting that the eigenvalue equation (6.31) can also be 
interpreted as that arising in connection with the axial vibrations of a constant 
cross-section member. In that case, U denotes the axial displacement and A= a plE, a 
being the frequency of vibration. The boundary conditions in (6.30c) can be interpreted 
as the left end of the bar being fixed and the right end being connected to a linear 


2 


FIGURE 6.2 

The first three mode shapes as 

predicted by a mesh of eight li- 

near elements for the heat trans- 

fer problem with convection 

60 a2 O04 O6 O08 La 1.2 (H = 10). See Example 6.1, Set 2 
Xx boundary conditions. 
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Linear elastic spring FIGURE 6.3 

with spring constant = An elastic bar with an end spring. The axial vibrations in 
this case can be shown to be governed by the same 
eigenvalue problem as that used for the heat transfer 
x, ie problem with convective boundary condition at x = (Set 


L 2 boundary conditions in Example 6.1}. 


elastic spring (see Fig. 6.3). The constant H is equal to k/EA, & being the spring 
constant. Thus, the results presented in Table 6.1 can be interpreted as the square of 
the natural frequencies of a uniform bar {multiplied by p/E). 


In the next example we study transverse vibrations of cantilever beams 
using the Timoshenko beam theory. The effect of shear deformation is brought 
cut by considering two different ratios of length to height of the beam. In 
problems with more than one independent variable and certain coarse meshes, 
the computed eigenvalues are not always the lowest eigenvalues of the 
problem. This is due to the restrictions placed by the particular mesh on the 
mode shapes it can model. 


Example 6.2, Consider a uniform beam of rectangular cross-section, length L, width B, 
and height H. The beam is fixed at one end, say at x = 0, and free at the other, x =Z. 
We assume that Poisson’s ratio is y= 0.25. We wish toa determine the first four natural 
frequencies associated with the transverse deflection w. 

The finite element model of the Timoshenko beam theory is given by (6.232). 
The number of eigenvalues we wish to determine dictates the minimum number of 
elements to be used. If we use one linear element, we shall have four degrees of 
freedom, with two degrees of freedom at the fixed end being specified as zeros. Thus, 
we can only obtain two eigenvalues. If two linear elements are used, there are six 
degrees of freedom, with two of them known to be zero, and we can obtain four 
eigenvalues. However, the four computed cigenvalues may not be the lowest four. 
Indeed, a mesh of two linear elements can only represent the first two mode shapes of 
the cantilever beam (see Fig. 6.4). In order to represent the first four mode shapes, we 
must use at Jeast four linear elements. 


Mode shape 2 


FIGURE 6.4 

Two possible nonzero mode shapes that can 
be represented by a mesh of two linear 
(Lagrange) elements, 


Mode shape | 
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Because of the algebraic complexity of the element matrices for meshes of 4, 8, 
and 16 linear elements and 2, 4, and 8 quadratic elements that are used to study the 
convergence characteristics of the eigenvalues of the beam, the element matrices and 
assembled equations are not presented here. For all meshes used, the boundary 
conditions at the fixed end require w(0) =0 and (0) =6, or 


i=0, t=0 


The frequencies abtained by solving the resulting eigenvalue problems are shown 
in Table 6.2 for evo different values of the length-to-height ratio L/H. The value 
L/H = 100 makes the effect of shear deformation negligible and yields essentially the 
Euler-Bernoulli beam theory results. Since the frequencies are normalized, & = 
wL?(pA/EN™, it is necessary only to select the values of v and L/H. For 
computational purposes, we take v=6.25, pl=1.0, HI=10, and L=1.6, and 


compute 
‘ 


£ 5 4KI ipl ¢ 
“a4 Oe H?' pA=—TR 
where B and H are the width and height, respectively, of ‘the beam. Thus for 
L/H=100 (or H=10’), we take GAK=4x10' and pA=12x10°, and, for 
L{H =10, we have GAK =4* 10? and pA = 12x 10°. 

We note from Table 6.2 that the finite element results converge with i- 
refinement (i.c., when more of the same kind of elements are used) and also with 
p-refinement {i.c., when higher-order elements are used). The p-tefinement shows 
more rapid convergence of the fundamental (Le., first) frequency (see Fig. 6.5}. The 
rates of convergence are consistent with the error estimates in (6.27). The mesh 
refinements with either more or higher-order elements refine the higher frequeacies 
more than the fundamental frequency (see Table 6.2). Note also that the effect of shear 
deformation is to reduce the natural frequencies. This is because of the increased 
flexibility in the Timoshenko beam theory compared with the Euler-Bernoulli beam 
theory. The first four mode shapes of the cantilever beam, as obtained using the 
16-element mesh of linear elements, are shown in Fig. 6.6. 


GAK 


TABLE 6.2 
Natural frequencies of a cantilever beam according to the Timoshenko and 


Euler-Bemoulli beam theories [@ = @L*(pA/ Ery'") - 


L/H = 100 LiH =10 

Mesh a, & fs i, a, By as ay 

4L 3.5406 25.6726 98.3953 417.1330 3.5137 24.1345 80.2244 189.9288 
BL 3.5223 22.8851 68.8937 151.8431 3.4956 21.7004 60.6297 119.2798 
16L 3.5174 22.2350 63.3413 127.5434 3.4908 21.1257 56.4714 104.6799 
20 3.5214 23.3226 78.3115 328.3250 3.4947 22.0762 67.0884 181.0682 
4Q 35161 22.1054 63.3271 133.9828 3.4895 21.0103 56.4572 108.6060 
80 3.5158 22.0280 61.7325 121.4458 3.4892 20.4421 55.2405 100.7496 


> VFBTT 3.5158 22.0226 61.6179 120.6152 3.4892 20.9374 55.1530 100.2116 

Exact, EBTT 3.5158 22.0315 61.6774 120.8300 3.5092 24.7425 59.8013 114.2898 
EBTt 3.5160 22.0345 61.6972 120.9019 3.5160 72.0345 «61.6972 120.9019 

+ TBT, Timoshenko beam theary; EBT, Euler—Bernoulli beam theory (with cotary inertia). 

} Rotory inertia neglected; the resuits are independent of the ratio Lf FH. 
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re oh . 
a (linear) 
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Element size A 
FIGURE 6.5 


Plots of error in the frequencies computed using linear and quadratic finite elements (for 
length-to-height ratios L/H = 10 and 100). 
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FIGURE 6.6 


First four natural mode shapes of a cantilever beam, as predicted using a 16-elerment mesh of 
Enear Timoshenko beam elements (L/H = 10). 
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6.2 TIME-DEPENDENT PROBLEMS 


6.2.1 Introduction 


In this section, we develop the finite element models of one-dimensional 
time-dependent problems and describe time approximation schemes to convert 
ordinary differential equations in time to algebraic equations. We consider 
finite element modeis of the time-dependent version of the differential 
equations studied in Chapters 3 and 4, These include the second-order (in 
space) parabolic (.e., first time derivative) and hyperbolic (i.c., second time 
derivative) equations and fourth-order hyperbolic equations arising in comnec- 
tion with the bending of beams. Recall that second-order parabolic equations 
arise in heat transfer and fluid mechanics (see Sections 3.3.1 and 3.3.2), while 
second- and fourth-order hyperbolic equations arise in solid mechanics 
problems. 

The finite element formulation of time-dependent problems involves two 
steps: 


1, Spatial approximation, where the solution « of the equation under 
consideration is approximated by expressions of the form 


ule, ) + UC, N= 3, HOvIe) (6.32) 


and the spatial finite element model of the equation is developed using the 
procedures of static or steady-state problems, while carrying all time- 
dependent terms in the formulation. This step results in a set of ordinary 
differential equations {i.c., a semidiscrete system of equations) in time for 
ihe nodal variables f(t) of the element. Equation (6.32) represents the 
spatial approximation of « for any time ¢. When the solution is separable 
‘ato functions of time only and space only, u(x, ) = TO)X(), the 
approximation (6.32) is clearly justified. Even when the solution is not 
separable, (6.32) can represent a good approximation of the actual 
solution, provided a sufficiently small! time step is used. 

4. Temporal approximation, where the system of ordinary differential equa- 
tions are further approximated in time, often using finite difference 
formulae for the time derivatives. This step allows conversion of the 
system of ordinary differential equations into a set of aigebraic equations 
among Wj at time f54. > (s + 1) At, where At is the time increment and s is 
an integer. 


All time approximation schemes seek to find wu, at time fat using the 
known values of x, from previous times: 


compute {upses using {u}s {u}s—1 vf 
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Thus, at the end of the two-stage approximation, one has a continuous spatial 
solution at discrete intervals of time: 


U(x, £) = > ull) (s=0,1,...) 


Here we study the details of these two steps by considering a model 
differential equation that contains both second- and fourth-order spatial 
derivatives and first- and second-order time derivatives: 


of ou et eu au 
~2 (aS) 45 s(o= Sa) Heo tere 
ar ox 


53 a (6.332) 


+ oss =f, ) 


subject to appropriate boundary and initial conditions. The boundary condi- 
tions are of the form 


specify u{x,f) or — = (e i+ <(6 ps) 
and (6.335) 


¥ 
specify “(6 t) or ba 


atx=0, L, and the initial conditions involve specify 
c u(x, 0) and cot#(x, 0}+ c,u(x, 0) (6,33¢) 


where 4 = 3u/dt, Equation (6.33) contains, as special cases, time-dependent 
second- and fourth-order equations. Second-order equations arise, for ex- 
ample, in determining the transverse motion of a cable (a = T; b =O, c, =p, 
c,=0, cg=90), the longitudinal motion of a rod (a=EA, b=0, c,=0 if 
damping is not considered, c, = pA, cg= 0), and the temperature transients in 
a fin (a=kA, 6=0, c,=pA, c.=0). A fourth-order equation arises in 
determining the transverse motion of a beam (a =0, b=EI, cg=k, ¢,=0, 
C2 = pA). 


6.2.2 Semidiscrete Finite Element Models 


The semidiscrete formulation involves approximation of the spatial variation of 
the dependent variable, which follows essentially the same steps as described 
in Section 3.2. The first step involves the construction of the weak form of the 
equation over a typical element. 

Following the three-step procedure of constructing the weak form of a 
differential equation, we can develop the weak form of (6.33a) over an 
element. Integration by parts is used on the first term once and on the second 
term twice to distribute the spatial derivatives equally between the weight 
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function w and the dependent variable u: 


o- [wf -2 (0%) + (05s) ute UY Hu | ax 
pL ae ax) GV ax? Co Or B "2 Be? 


au eu 
ox ax? oe ae oo Hewat ow aa wf | dx 


+ [of (084) +2 (63)] + 32(-5) |. 
ax/ ax \ Ox? ax ax} 1., 


_ [ [= au. aw, wu 
SA 


=["{ dw Ou |, Pw au wi + wg So — up) a * 
Oe ax ax ae OOM Ot com ar 
ow P aw\ 
— Oyw(va) — Oswlre)- 0(-2)] - (-=) 6.34a 
sv6es) ~ Oaw6sn)—Ox(-S2)| -O(-Z)] 640 
where 
7 au 2 ( | =( eu 
O.-| Oat on ae dle’ Oo=\boa)\., 
dus f, Bu au 
Oy —[-a+ F (653) Qu--(o57)),, 640) 


Next, we assume that u is interpolated by an expression of the form 
(6.32). Equation (6.32) implies that, at any arbitrarily fixed time ¢>0, the 
function u can be approximated by a linear combination of the wf, with u7(‘) 
being the value of u at time ¢ at the jth node of the element @°. In other 
words, the time and spatial variations of u are separable. This assumption is 
not valid, in general, because it may not be possibie to write the solution 
u(x, t} as the product of a function of time only and a function of space only. 
However, with sufficiently small time steps, it is possible to obtain accurate 
solutions ta even those problems for which the solution is not separable in time 
and space. The finite element solution that we obtain at the end of the analysis 
is continuous in space but not in time. We only obtain the finite element 
solution in the form 


ule, y= B wilevrte)= XG) vie) (21,2...) 638) 


where (13)° is the value of u(x, f) at time f= ¢, and node j of the element 2°. 


et 
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Substituting w = yx) and (6.32) into (6.344), we obtain 
_ TA dy, AVE poe (2 dp, 
0m fea 2G ie) 
+ co > u/s) a | (Sit yy) + oS S We 2 wy) - wif | dx 


ea), 


~ Orpiles) — Osler) — 0.{— ) 


= > [ws + K2+ M9)u,; + Mi we + M2 “ |- E (6.36) 


In matrix form, we have 


[K] {a} + [AP] {2} + [M?](a)} = (F) (6.37) 


where 
[K]= [K'} + [K?] + [f°] (6.37b) 


M}= | copy; dx 


Mi= cy, dx, Mi= | copy, dx 
*A ™ (6.37) 


*e dapd *a 2 
EY ay Ki= } 9a 


I 
Ky= dx dx 


nf" wif dx + Q; 


This completes the semidiscrete finite element formulation of (6.33} over 
an element. 


6.2.3 Time Approximations 


As special cases, (6.37¢) contains the parabolic equation (set [M47] = [0}) and 
the hyperbolic equation (set [M4"] = [0]). The time approximation of (6.372) for 
these two cases will be considered separately: in Case 1, c.=0; in Case 2, 
c,=0. 


CASE 1: PARABOLIC EQUATIONS. Consider. the parabolic equation [set 
[M’*] equal to zero in (6.37a)] 
[M*]i} + [K]{u} = (F} (6.382) 
subject to the initial condition | 
{u}o= {uo} (6.38b) 
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where {uz}, denotes the value of the enclosed quantity u at time ¢=0, whereas 
{ug} denotes the column of values io. 

‘The most commonly used method for solving (6:38) is the w family of 
approximation, in which a weighted average of the time derivative of a 
dependent variable is approximated at two consecutive time steps by linear 
interpolation of the values of the variable at the two steps: 


(i-— e){#}. + o{4}.41> hee Ue for O< v=1 {6.39a) 
s+1 


where { }, refers to the value of the enclosed quantity at time f =f, = Lj_1 Ak, 
and At, =f, — ¢,- is the sth time step. If the time interval [0, Zo] is divided into 
equal time steps then #,=s At. Equation (6.39a} can be interpreted ass 


{theo = {tu}, + Atta ls40 


; 6,395 
{thsea= (i - aj{i}.ta{i}se, for Q<asl 


For different values of «, we obtain the following well-known numerical 
integration schemes: 


Q, the forward difference (or Euler) scheme (conditionally 
stable); order of accuracy = O(At) 
a=(4, the Crank-Nicolson scheme (stable); O((At)’) 
Z the Galerkin method (stable); O((Ad)’) 
1, the backward difference scheme (stable}; O(AS) 


(6.40) 


Equation (6.39a) can be used to reduce the ordinary differential 
equations (6.384) to algebraic equations among the u, at time i,+41. Since 
(6.382) is valid for any ¢> 0, it is valid for f= ¢ and f=t,4, ([M'] = [A4)): 


[Mitts + (K] (us = (Fhe (6.412) 
[Mit }sa1 + [Kale }eon = (Fh (6.416) 


where it is assumed that the mass matrix is independent of time. After 
multiplying (6.39a) throughout by Af,a1, We premultiply both sides of the 
equation with [4] and obtain 


Aleas of M](te}eus + tsar (2 — EMI}, = MIC} ssa — (435) 


Substituting for [M]{a},.1 and [M4]{4}, from (6.414) and (6.41b), respectively, 
in the above equation, we obtain 


Afsst a({F}s+s 7_ [K],+1€t}s41) + At.4i(1 _ o\({F}s _ [x]. {u}s) 
= [M({ujsa1— {u}s) 
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Rearranging the terms into known and unknown ones, we obtain 


| [Rlhoi{u}ees = [K],{u}, + {P}sce1 (6. 42a} 


[Ales = [At*} + ai[K],41, [K], = [M'] _ a.[K], 
(Py 5.041 = Abas [{F}a1 + GO — o){F},] (6.42%) 
@:=@Atw, a=(L—a) At, 


where 


Note that, in deriving (6.42), it has been assumed that [M4] is independent of 
time and that the time step is nonuniform. 

Equations (6.42) are valid for a typical element. The assembly, imposition 
of boundary conditions, and solution of the assembled equations are the same 
as described before for static (or steady-state) problems. Calculation of [KX] 
and {F} at time f=0 requires knowledge of the initial conditions {uw}, and the 
time variation of {F}. Note that, for a =0 (the forward difference scheme}, 
we obtain (K] = [M"'], When the mass matrix [M'] is diagonal, (6.424) become 
explicit, and one can solve for {#},,; directly without inverting [RX]. The mass 
matrix obtained according to the weak form, called the consistent mass matrix, 
is not diagonal. There are several ways to diagonalize mass matrices; these will 
be described in Section 6.2.4. 


Stability and accuracy. Since (6.39a) represents an approximation, which is 
used to derive (6.42a), error is introduced into the solution {u},41 at each time 
step. In addition to the truncation error introduced in approximating the 
derivative, tound-off errors can be introduced because of the finite arithmetic 
used in our computations. Since the solution at time f.41 depends on the 
solution at time ¢,, the error can grow with time. If it grows unboundedly with 
time, the solution scheme is said to be unstable. If it is bounded (i-e., it 
increases for one time step and decreases for another time step, but never 
exceeds a certain finite value), the solution scheme is said to be stable. The 
numerical scheme (6.42) is said to be consistent with the continuous problem 
(6.38) if the round-off and truncation errors go to zero as Ai— 0. Accuracy of 
a numerical scheme is a measure of the closeness between the approximate 
solution and the exact solution, whereas stability of a solution is a measure of 
the boundedness of the approximate solution with time. As one might expect, 
the size of the time step can influence both accuracy and stability. When we 
construct an approximate solution, we like it to converge to the true solution 
when the number of elements or the degree of approximation is increased and 
the time step At is decreased. A time approximation scheme jis said to be 
convergent if, for fixed ¢, and Az, the numerical value {u}, converges to its irue 
value {u(f,.)} as At-> 0, Accuracy is measured in terms of the rate at which the 
approximate solution converges. If a numerical scheme is stable and consis- 
tent, it is also convergent [see Isaacson and Keller (1966)]. 

A numerical scheme is said to be conditionally stable if it is stable only 
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when certain restrictions on the time step are satisfied. For all numerical 


schemes in which a <4, the @ family of approximations is stable only if the 
time step satisfies the following (stability) condition: 


At <Atq=—-— (6.43) 


~ (1—2@)a 


where A is the largest eigenvalue of the finite element equations (6.38). Note 
that the same mesh as that used for the transient analysis must be used to 
calculate the eigenvalues. ; 

When w=0, the numerical scheme is called an explicit scheme. The 
name comes from the fact that when the mass matrix [M] is diagonal, (6.42) 
can be solved without inverting [K] (because [A] = [M] is diagonal). When 
w +0 the scheme is said to be implicit, indicating that [K} has to be inverted 
(whether or not [M4] is diagonal). Such a classicfication of time integration 
schemes seems to have originated with finite difference methods. When these 
methods are used for spatial discretization, the mass matrix [M] ends up as a 
diagonal matrix. However, in the finite element method, irrespective of the 
time integration scheme used, the consistent mass matrix [M] is not diagonal 
and hence it is necessary to invert [K]. When the consistent mass matrix is 
replaced by an equivalent diagonal mass matrix (see Section 6.2.4), an explicit 
scheme results in an explicit set of algebraic equations that can be solved 
without inverting the coefficient matrix {K]. 


CASE 2: HYPERBOLIC EQUATIONS. For this case ¢,=0 (e., [M"] = [6)), 
and (6,37a) takes the form 


[M?]{a} + [K]{u} = (F} (6.44) 
The hyperbolic nature is dictated by c, #0, not by c, = 9; in fact, in structural 
systems, both c, and c, can be nonzero, For example, consider the case where 
[M'] is the damping matrix in a structural system; see Problem 6.24. 

There are several numerical integration methods available to integrate 
second-order {i.e., hyperbolic) equations. Among these, the Newmark family 
of time integration schemes is widely used in structural dynamics. Other 
methods, such as the Wilson method and the Houbolt method, can be used to 
develop the algebraic equations from the second-order differential equations 
(6.44). 

In the Newmark method, the function and its first time derivative are 
approximated according to 


{wher = {a}, + At {2}. + HAD Dery 
{iehsen > {i}, + {fi} 40 At 


{ti}eco= (1-8) {a}. + He} (6,455) 


and a and y (=28) are parameters that determine the stability and accuracy 


(6.454) 


where 
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of the scheme. The following schemes are special cases of (6.45a,): 


a=3, y=26=%, the constant-average acceleration method (stable) 
a=4, y=26=4, | the linear acceleration method (conditionally stable) 
w=}, y=26=0, _ the central difference method (conditionally stable) 
w=3, y=268=§, the Galerkin method (stable) 

3, you2f=2, the backward difference method (stable) 


(6.45¢c) 


For all schemes in which ¥<a@ and a =4, the stability requirement is 


| Ars Ate = ohne I"? | (6.46) 


where ,,,, is the maximum natural frequency of the system (6.44). 
The use of (6.45) in (6.44) gives the following system of algebraic 
equations: 


| Realear= Feet | (6.47) 


where 


[Alas = [K],41+ @3[M},., 
{Ph .001 = (F}cc1 + {Ms ailaa{u}, taa{t}, +as{i},) | (6.475) 


a=— = a= 2 =i 1 
PT y(An? “yar BY 


Again, (6.47) are valid over a typical element. 

Note that the calculation of [A] and {#} requires knowledge of the initial 
conditions {#}o, {#}9, and {i}. In practice, one does not know {i}. As an 
approximation, it can be calculated from (6.44) (we often assume that the 
applied force is zero at tf =0): 


(80 = [M71-'CF yo — [K] {ut}o) (6.48) 


At the end of each time step, the new velocity vector {i},,, and acceleration 
vector {i},,; are computed using the equations 


{i}s41 = a5((u} sar {u}.) — ag{it 1 as{i}, 


{t}.41 = {tt}, + ap{it}, + afi} say 
a= ad _ x) At 


(6.49) 


a,= a At, 


The remaining procedure stays the same as in static (i.¢., non-time- 
dependent) problems. 
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6.2.4 Mass Lumping 


Recal! from the time approximation of parabolic equations that use of the 
forward difference scheme (i.e., a = 0) results in the following time marching 
scheme [see (6.42)]: 


[M*|{u} x= (Me) — At [K*]) {a}, + At FI, (6.50) 


The mass matrix [M*] derived from the weighted-integral formulation of the 
governing equation is called the consistent mass matrix, and it is symmetric, | 
positive-definite, and nondiagonal. Solution of the global equations associated 
with (6.50) requires inversion of the assembled mass matrix. If the mass matrix 
js diagonal then the assembled equations can be solved explicitly, 


N 
(Usa = Mz;'| Mi(U,), — At SS Kus(Uy)e + At (Fs (6.51) 
f=] A 


thus saving computational time. The explicit nature of (6.51) motivated 
analysts to find rational ways of diagonalizing the mass matrix. 

There are several ways of constructing diagonal mass matrices fsee 
Hughes (1987)]. Diagonal mass matrices are known as fumped mass matrices. 
The error estimates in (6.27) are generally not valid for lumped mass matrices. 
The row-sum and proportional lumping techniques are discussed here. 


ROW-SUM LUMPING. The sum of the elements of each row of the consistent 
mass matrix is used as the diagonal element: 


(6.52) 


| ppiwy ax -[ py dx 


where the property Lj. pj = 1 of the interpolation functions is used. When f 
is constant, (6.52) gives 


heli 9 
[M‘\,.= Z [ 0 4 for the Lagrange linear element 


(6,534) 


ra _ phe 
[a], = © 


10 0 
0 4 0| for the Lagrange quadratic element 
001 " 


Compare these lumped mass matrices with the consistent mass matrices 


A,[2 
[Mle = uo | tl | for the Lagrange linear element 
(6.538) 
h 4 2 -1 
* [Mc= O 2 46 2) for the Lagrange quadratic element 
-1 2 4 


Here subscripts L and C refer to lumped and consistent mass matrices, 
respectively. 
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PROPORTIONAL LUMPING. Here the diagonal elements of the lumped mass 
‘matrix are computed to be proportional to the diagonal elements of the 
consistent mass matrix while conserving the total mass of the element: 


Mi=a [ evivids, a=([ pax) (>, [ pyiyi ds) | (6.54) 


For constant p, the proportional lumping gives the same lumped mass matrices 
as those obtained in the row-sum technique for the Lagrange linear and 
quadratic elements. 

The use of a jumped mass matrix in transient analyses can save 
computational time in two ways. First, for forward difference schemes, lumped 
mass matrices result in explicit algebraic equations, not requiring matrix 
inversions. Second, the critical time step required for conditionally stable 
schemes is larger, and hence less computational time is required when lumped 
mass matrices are used. To see this, consider the stability criterion in (6.46) for 
the case a=4, 8=0. For a one linear element model of a uniform bar af 
stiffness EA and mass pA, fixed at the left end, the eigenvalue problem with a 
consistent mass matrix is 


rhs ile atch -(3 
Al-1i Jj 6 it 2I/1G oO} 
Since U, = 0 and G!=0, we have 

1,FA /pAh_3E 

hi 3 ph? 
Substituting this into the critical time step relation (6.46), we have, 
(Ata jc = 2/@nax = A(4p/3E)? 
If we use the lumped matrix, @ is given by 
w= QE/p)"*fh 


and the critical time step is 
| (Ate) = h(2p/E)” > (Atade | (6.55) 


6.2.5 Applications 


Here we consider two examples of applications of finite element models of 
one-dimensional problems. Problems are taken from heat transfer and solid 
mechanics. Other field problems can be related to heat-transfer-type problems. 


Example 6.3, Consider the transient heat conduction problem with equation 


oie Hu 


Be oe B39 for O<x<1 (6.562) 
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boundary conditions | 
3 i 
u(0, ) =9, = (i, )=0 (6.56b) 
and initial condition 
u(x, = 1.0 {6.56¢} 


The problem at hand is a special case of (6.334) with a= 4, b=0, =0, 5-745 
and f +0, The finite element model of (6.56) is given by (6.384): 


[M‘](a} + [Ke} = {0°} {6.57a) 
where 
“ * days dpi 
m= | pi; a, =f aoe a , (6,576) 


For the choice of tinear interpolation functions, (6.57a@) becomes 


h[2 1 i i 1 “af (24 
= — = . 
ar alte: Al-1i tlw) la (6.57¢) 
where f is the length of the element. Use of the @-family of approximation (6.39) 
results in the equation [see (6.42)} 


((ME] + Bt [KT dena = (MT At (1— @)[K*}){#"}. 
+ Ata{Q"hs+1 + (1 _ «){Q*}s) (6.584) 
where A¢ is the time step. 


For a one-clement model, we have 


At At 
thea pi- as [| Ui 


A h 
Ai Ad 
ta-a— = hte IU, 
h ° h , atk 
jr-- a) shea-a)— |f ui 0 
= At At + At (6.58b) 
gh+Q— a) h-(— a) UL], Q> 


where 0, = e(Q)sa1t+ A — #)(Q}).. The boundary conditions of the problem require 
(U),=0, (Q3),=0 forall s>0 (ie., 1>9) . 
while the initial condition requires 
(o=1, Wa=1 for ¢=0 


Since the initial condition should be consistent with the boundary conditions, we take 
(U,)o = 0.0. Using the boundary conditions, we can write for the one-element mode! 
(A = 1.0) 


(14+ A!) nar = [4-0-9 Uo. 6.59) 
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which can be solved repeatedly for U, at different times, s=0, 1,.... 

Repeated use of (6.59) can cause the temporal approximation errer to grow with 
time, depending on the value of a. As noted earlier, the forward difference scheme 
(a =0) is a conditionally stable scheme. The critical time step is given by 


Aloe = 2f Ainax 
where Avwx is the maximum eigenvalue associated with (6.57¢): 
—ALM]{U} + [K]U} = {0} 
For the madel at band, this reduces to 
~hU, +h, =0, of A=3/h? =3 


Hence Af., = 6.6667. Thus, in order for the forward difference solution of (6.59) to be 
stable, the time step should be smaller than Ars, = 0.6667; otherwise, the solution will 
be unstable, as shown in Fig. 6.7. 

For unconditionally stable schemes (a = 3), there is no restriction on the time 
step. However, to obtain a sufficiently accurate solution, the time step must be taken 
as a fraction of Av... Of course, the accuracy of the solution also depends on the mesh 
size A. As this is decreased (i.c., the number of elements is increased), At,, 
decreases, 

Figure 6.8 shows plots of (1, 4 versus time for w=96.5 and Af =0.05. Solutions 
predicted by meshes of one and two linear elements and the mesh of one quadratic 
element are compared with the exact solution. The convergence of the solution with 
increasing number of elernents is clear. The finite element solutions obtained with 
different methods, time steps, and meshes are compared with the exact solution in 
Table 6.3, 


At = 0.675, iL 
a= 0,0 


Time # 


FIGURE 6.7 

Transient solution of a parabolic equation according to the forward difference scheme (Af = 0,675, 
one Enear element). The solution is unstable because the time step is larger than the critical time 
step. 
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: Ar = 0.05 
a, t by a = 0.5 


0.2 


6.0 
0.0 0.2 0.4 0.6 0.8 1,0 


Time t 
FIGURE 6.8 
Transient solution of a parabolic equation according to linear and quadratic finite elements. 


TABLE 6.3 

A comparison of the finite element solutions obtained using various time 
approximation schemes and meshes with the analytical solution of a parabolic 
equation arising in conductive heat transfer 


Quadratic elements 
1L Linear elements (a = 0.5) (a =0.5, 7= 0.05} 


nl a Exact 


f a=0 oa=1 IL 2L 4L SL 19 2Q 40 solution 


0.00 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1. 1.0000 
0.05 0.9500 0.8696 0.8605 1.0359 0.9951 0.9933 1.0870 6.9942 0.9928 0.9969 
0.10 0.7225 0.7561 0.7404 0.9279 0.9588 0.9554 6.9819 0.9550 0.9549 0.9493 
0.15 0.6141 0.6575 0.6371 0.8169 0.8639 0.8707 0.8693 0.8831 0.8725 0.8642 
0.20 6.5220 O.5718 0.5482 0.7176 0.7557 0.7694 0.7679 0.7633 0.7731 0.7723 
0.25 0.4437 0.4972 0.4717 0.6300 0.6759 0.6824 0.6780 0.6933 0.6855 0.6854 
0.30 0.3771 9.4323 0.4059 0.5533 0.5906 0.6037 0.5987 0.6006 0.6070 0.6068 
035 0.3206 0.3759 0.3492 0.4858 0.5250 0.5325 0.5286 0.5394 0.5358 Q.5367 
0.40 0.2725 0.3269 0.3005 0.4266 0.4608 0.4713 0.4668 0.4710 0.4741 0.4745 
0.45 0.2316 0.2843 0.2586 0.3746 0.4083 0.4158 0.4121 0.4201 0.4188 0.4194 
0.50 0.1969 9.2472 0.2225 0.3289 0.3592 0.3676 0.3638 0.3687 0.3701 0.3708 
0.55 0.1673 0.2149 6.1914 0.2888 0.3176 0.3247 0.3213 0.3275 0.3273 0.3277 
(60 0.1422 0.1869 0.1647 0.2536 0.2798 0.2868 0.2837 0.2883 0.2890 0.2897 
0.65 0.1209 0.1625 0.1418 0.2227 0.2472 0.2535 0.2505 0.2556 0.2556 0.2561 
0.70 6.1028 0.1413 0.1220 0.1955 0.2180 0.2238 0.2212 0.2253 0.2258 0.2264 
0.75 0.0874 0.1229 0.1050 6.1717 0.1924 0.1979 0.1953 0.1995 0.1996 0.2001 
30 0.0743 0.1069 0.0903 0.1508 0.1607 0.1747 0.1725 0.1761 0.1764 0.1769 
0.35 0.0631 6.0929 9.0777 0.1924 0.1498 0.1544 0.1523 0.1557 0.1559 0.1563 
6.90 0.0536 0.0808 0.0669 0.1162 0.1392 0.1363 9.1345 0.1375) (0.1378 0.1582 
0.95 0.0456 0.0703 0.0575 0.1020 0.1166 0.1205 0.1187 0.1216 0.1218 0.1222 - 
4.00 0.0388 0.0611 0.0495 0.0896 9.1029 0.1065 0.1048 0.1074 0.1076 0.1080 


On ee eee 
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The next example concerns a hyperbolic equation. 


Example 6.4. Consider the transverse motion of a beam clamped at both ends, 
according to the Euler—Bernoulli beam theory, 


4 
Zn, EM 9 for 0<x<1 (6.602) 
aw ow 
wi0, =, ee ,H)=0, wil,j=6, Or (1, ‘) =0 (6.606) 
w(x, 0) = sin xx — ax(1—x), ae 0} =0 (6.60¢) 


Note that the initial deflection of the beam is consistent with the boundary conditions, 
The initial slope is given by 


a 
S (%, 0) = 2 0s wx — (12x) (6.604) 


Because of symmetry about x = 0.5, we consider only half of the beam for finite 
element modeling. In this case, the boundary condition at + = 6.5 is (8w/4x}f(0.5, )= 
0. For a one-element model with the Euler-Bernoulli beam element, we have 

156 -22h 54 13h 1] a, 
ho] 22h 4h? ~13h —3A7 |] 
420| 54 13h 156 22h |) a, 

13h 3A? 22h 4h? ii, 

6 —-3h -6 -3A]fH, 1 
2/|-3h 2h? 3h ih? up 0, 
| -6 3h 6 3A.])u5 Qs 

—3h fh? 3h 2h? | ay Cy 
The boundary conditions for the one-element medel translate into 


v,=0, i,=0, U,=0, O,=0 for all ¢> 4 


+ 


while the initia! conditions 
U, =(, U, = 6, U; = 0.2146, U,=0 
%=0, G%=0, U=06, U,=0 
The time marching scheme (6.474) for this case takes the form 
(Kas + @3M]ss)(U5), 41 = (Bs 2n1 = Mas(asUs + 0,0, + ass), 


} for ¢=0 


where a4, as, and a; are defined in (6.472). The second derivative U, for time t=0 
(.e., when s = 0) is computed from the equation of motion: 


. Kuso (2 ) 420 
t= = ~(t* x 0,2146) 2” = ~ 110.932 
(Udo Ma, Pe eno 


The stability criterion (6.46) requires, for y <3, that the time step Af be less than 
At... For the present model, @,»a. is computed from the eigenvalue problem 


(Ks; 7 "MU, =Q@ or wo” = Ma3/ Kaz = $16,923 
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eee Ar = 9.005 
—s— At = 0.15 
—o— At = 0.175 


One element in haif-beam 
a = 6,5, 6 = : 


0.0 0.2 0.4 0.6 0.8 1.0 1.2 ‘ 
Time ¢ 


FIGURE 6.9 

Transient response of a beam clamped at both ends, according to the linear acceleration method 
(~=6.5 and B =1). The critical time step for the method using one element is 0.1524. The 
remainder of the Ad = 0.005 plot is not shown. 


Hence, the critical time step for 2 = 0.5 and ¥ = 3 (i.e., the linear acceleration scheme) 
is 


Ater = V12/ @mae = 0.15236 


Although there is no restriction on time integration schemes with w= 0.5 and y> 0.5, 
the critical time step provides an estimate of the time step to be used, 

Figure 6.9 shows plots of w(0.5, ?) versus time for the scheme w@=0.5, y=3- 
Three different time steps, Af = 0.175, 0.150, and 0.005, are used fo ilustrate the 
accuracy. For At= 0.175 > At, the solution is unstable, whereas for At = 0.15 < Af., it 
is stable but inaccurate. The period of the solution is given. by 


T =tn/@ = 0.27635 


For a time step At = 0.005, the solution is predicted very accurately. 

For two- and four-element meshes, the critical steps are computed by computing 
the maximum eigenvalues of the corresponding discrete systems. ‘The critical time steps 
for the two meshes are 


(At,.J2 = 0.00897, (At. = 0.00135 


where the subscripts refer to the number of elements in the mesh. Figure 6.10 shows a 
comparison of the transverse deflections obtained with the two Euter-Bernoulli 
elements (At = 0.005) and the Galerkin method (see Chapter 2) for a complete period 
(0, 0.28). 

The problem can also be analyzed using the Timoshenko beam element, which 
requires us to select the coefficients GAK, EI, pA, and pl consistent with those in the 
differential equation (6.11). Comparing (6.602) with {6.11), we have EI=1.0 and 
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0.20 


— Galerkin solution 


... Finite element solution ff 
{2 Hermite elements) 


0.15 
ii 


0.10 
S 0.05 
= 

= 

3 0.00 

8 

Lert 

[i] 

BE _o.95 
~0.10 
-0.15 
~0.20 

FIGURE 6.10 


Transient response of a beam clamped at both ends and subjected to an initial transverse 
deflection (Af = 0.005, «@=0.5, and @ = 0.25). 


pA = 1.0. Therefore, GAX can be computed as 


El 125 4 


GAK ~ ff Mo 4 
2+ v6 H? 


BHK Ei 6.61) 


~ 20+ ¥) 
where B is the width and H the height of the beam, and J = 48H°, v=0.25, and K =3 
are used in arriving at the jast expression. Similarly, 


pl =p, BH? = -4pAH? (6.62) 


For L/H = 100 (since L = 1.0, #=0.01), the shear deformation effect is small; while 
for L/H=10 (or H=G.1), it is significant enough to warrant its inclusion in the 
analysis. 

Table 6.4 gives values of w(0.5, ?) as obtained using the Euler—~Bernoulli and 
Timoshenko elements for various numbers of elements. The time step is taken to be 
At=(.005, which is larger than,that required for stability of the four-element mesh of 
the Euler-Bernoulli beam clement when +=}. Figure 6.11 shows plots of w(0.5, ) 
obtained with twa quadratic Timoshenko elements for £/H=100 and i0. The 
Timoshenko elements have better stability characteristics {i.e., larger At.) than the 
Buler-Bernoulli beam element for small ratios L/H. This is because, as L/H is 
decreased, the w,,,, predicted by the Timoshenke beam theory is smaller than that 
predicted by the Euler—Bernoulli beam theory. The critical time steps for the mesh of 
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TABLE 6.4 
Effect of mesh and shear deformation on the transient response of a beam 


clamped at both ends (At = 0.005) 


rp 


Timoshenko element 
Euler—-Bemculli beam element @2Q) 
* ———— Galerkin 
x=025, §=16 #=0.5, § =0.25 ow=0.5, B=025 in space 
Time and exact 
t t 2 4f 1 2 4 LJH=100 LAH =10 in time 


00 0.2146 0.2146 0.2146 0.2146 0.2146 §,2146 0.2146 0.2146 6.2146 
O.01 0.2091 0.2088 0.2098 0.2091 0.2098 0.2008 0.2100 0.2116 0.2157 
002 0.1928 0.1951 8.1950 0.1928 6.1951 @,1951 @,4953 6.1951 0.1988 
0.03 0.1666 0.1696 60,1681 0.1667 0.1695 0.1698 0.1695 0.1690 0.1716 
0.04 0.1319 0.1346 0.1181 0.1320 0.1348 6.1350 0.1342 9.1427 0.1356 
0.05 «0.0604 0.0930) —-0.0795 0.0905 0.6931 0.05935 6.0929 0.1067 0.0925 
0.06 0.0442 0.0481 -1,7165 —0,0443 0.0482 0.0483 0.0484 0.0657 0.0447 
0.07 6.043 0.0014 —17.877 0.0041 0.0014 0.0018 0.0016 0.0234 —0.0055 
g.08 0.0525 0.0462 —179.92 0.0523 -0.0459 -O.0455 —O.0H69" 0.0267 ~0.0553 
0.09 -0.0980 -0.0026 -1796.9 -0.0078 -0.0023 -0.0916 -0.0937 —O.07K —1.1023 

‘ 0.1383 -0.1942 -0.1936 -O.189 -O.1100 —O144l 


O.i1 -6.1719 —0.1685 . -O.1717 0.1685 -6.1682 -0.1680 -O.1461 —0.1783 
O12 -0.1964 0.15933 : —0.1963 0.1933 ~0.1952 —-B.1931 -O.1717 = - 0.2034 
0.13 —-O02105 —8.2088 . —0.2108 02088 0.2087 G.2100 «0.8969 = —- 0.2179 


p . —0.2144 —0,2150 -0.2148 -0.2169 —-@.2110 —@.2211 
O45 0.20709 -0.2113 Diverged -0.2071 -0.2112 -O.2181 -0.2117 —0.2146 = +0.2129 


f At, = 0.00135 


Deflection w(0.5, 1) 


0.0 0.1 0.2 


Time ¢ 


FIGURE 6.11 
Transient response of a beam clamped at both ends, according to the Timoshenko beam theory 
(Af = 0.005, two quadratic elements are used, a = 0.5, and B = 0.25). 
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two quadratic elements are 
(Af )too = 0.00665,  (Af.,)r9 = 0.00644 
where the subscripts refer to the ratio L/H. This completes the example. 


6.3 SUMMARY 


In this chapter eigenvalue problems and their formulation for one-dimensional 
second- and fourth-order equations (beams) have been discussed, finite 
element models of the equations have been developed, and applications to 
heat transfer and the natural vibration of beams have been presented. Except 
for the solution procedure, the finite element formulation of eigenvalue 
problems is entirely analogous to boundary value problems. 

Finite element models of time-dependent problems described by para- 
bolic and hyperbolic equations have also been presented. A two-step proce- 
dure to derive finite element models from differential equations has been 
described, In the first step, we seek spatial approximations of the dependent 
vatiables of the problem as linear combinations of nedal vatues that are 
functions of time and interpolation functions that are functions of space. 
This procedure is entirely analogous to the finite element formulation 
presented for boundary value problems in Chapters 3 and 4. The end result of 
this step is a set of ordinary differential equations (in time) among the nodal 
values. In the second step, the ordinary differential equations are further 
approximated to replace the time derivatives with the yalues of the functions at 
different times. 


PROBLEMS 


Section 6.1 


6.1. Determine the first two longitudinal frequencies of a rod (E, A, L) fixed at one 
end and spring-supported at the other: 
Ou ca 


EA axt + pA 


du 
=0, (ZA— 
#(0)=0 ( x + iu) 


il 
32 7 for O<x <b 


=0 


zu 


Use (a) two linear finite elements and (6) one quadratic element, 
Answer; {a} The characteristic equation is 747 — (10 + 4c)A + (1+ 2c) =9, 
C=kh/EA, A= (ph? /6E)o. 

6.2, Determine the smallest natural frequency of a beam with clamped ends, and of 
constant cross-sectional area A, moment of inertia f, and jength E. Use the 
symmetry and two Euler-Bernoulli beam elements in the half-beam. 

6.3, Re-sclve the above problem with two linear Timoshenko beam elements in the 
hali-beam. 

6.4, Consider a beam (A, J, E, L) with its left end clamped and its right end supported 
by an elastic spring. Determine the fundamental natural frequency using (a) one 
Buler—Bernoulli beam and (b) one Timoshenko beam element. 
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6.5. Determine the critical buckling load of a cantilever beam (A, /, L, EF) using (a) 
one Euler--Bernoulli beam element and (b) one Timoshenko beam element. 
6.6. Determine the fundamental natural frequency of the truss shown in Fig. P4.24. 
6.7. Determine the fundamental natural frequency of the frame shown in Fig. P4.27, 
6.8. Determine the first two longitudinal natural frequencies of a rod (A, &, L, at), 
fixed at one end and with an attached mass riz at the other. Use two jinear 
elements. ; 
Hint: Note that the boundary conditions for the problem are u(0) = 0 and 
(EA uf x + Mz Fufae)|..1 = 0. 
6.9. The equation governing the torsional vibration of a circular rod is 
ey ck 
Gi a2 +m ar =Q 
- Ne 
where ~ is the angular displacement, J the moment of inertia, G the shear 
modulus, and m the density. Determine the fundamental torsional frequency of a 
rod with disk (J,) attached at each end. Use the symmetry and (a) two Enear 
elements, (b) one quadratic element. 
6.10. The equations governing the motion of a beam according to the Timoshenko 
beam theory can be written as 
aw mow 


z E eine Se 

att are? (1 * ia) aap t” kG ar 
where a? = El/mA and b? = I/A. Assuming that b?m/kG <1 G.e., neglecting the 
last term in the governing equation), formulate the eigenvalue problem for the 
determination of natural frequencies, and develop the finite element model of the 
eigenvalue problem. 

6.11. Use the finite element model of Problem 6.10 to determine the fundamentai 
frequency of a simply supported beam. 

6.12. Find the critical buckling load P,, by determining the eigenvalues of the equation 


az 
pies pe =0 for 0<x<L 


ax* ax 
dw 
= f— = 
x=0 (e | 0 


Use one Buler—-Bernoulli element in the half-beam. 
Answer: P.,=9.9439EI/L’, 


w({O} = w(L)=0, (ar a 


Section 6.2 


6.13. Consider the partial differential equation arising in connection with unsteady heat 
transfer in an insulated rod: 


au «68 f Ou 
—-—la_l= <x<ab 
ar (05) f for 0<x 


u(Q} = uo, [aS + peu ua) +a 7 


x= 


6.34, 


615 a 


6.16. 


6.17, 


6,18. 


6.19. 


6.20. 
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Following the procedure outlined in Section 6.2, derive the semidiscrete 
variational form, the semidiscrete finite element model, and the fully discretized 
finite element equations for a typical element. 

Using a two-element (linear) model and the semidiscrete finite element equations 
derived in Problem 6.13, determine the nodal temperatures as functions of time 
for the case in which 24 =1, f=0, uy=1, and 4 =0. Use the Laplace transform 
technique [see Reddy (1986)] to solve the ordinary differential equations in time. 
Consider a uniform bar of cross-sectional area A, modulus of elasticity &, mass 
density i, and jength 4. The axial displacement under the action of time- 
dependent axial forces is governed by the wave equation 


Determine the transient response fi.e., find u(a, 4] of the bar when the end x =0 
is fixed and the end x= is subjected to a force ®. Assume zero initial 
conditions. Use one linear clement to approximate the spatial variation of the 
solution, and sclve the resulting ordinary differential equation in time exactly to 
obtain 
H2(x, = EE (1 cos at), a=V3r 

Re-solve Problem 6.15 with a mesh of two linear elements. Use the Laplace 
transform method to solve the two ordinary differential equations in time. 
Solve Problem 6.15 when the right end is subjected to an axial force ® and 
supported by an axial spring of stiffness &. 

Answer: 


_ . _ 3K _ £( uy" 
#2{f) = c(1 — cos fr), ¢ = ALB? p=V3- 1+ 


A bar of length L moving with velocity vp strikes a spring of stiffness &. 
Determine the motion u{x, #) from the instant the end x =0 strikes the spring. 
Use one linear element. 
A uniform rod of length L and mass #1 is fixed at x = 0 and loaded with a mass M 
at x=. Determine the motion u(x, of the system when the mass M is 
subjected to a force P,. Use one linear element. 

Answer: 


ae a [3M 7 
f)=e(i —cos 47), =——, A= 32 (= ) 
uf(f)=e(i—cosar),  ¢ AE v3> zt™ 
The fiow of liquid in a pipe, subjected to a surge-of-pressure wave {i.c., a water 
hammer), experiences a surge pressure p, which is governed by the equation 


-1 
SP PP _g as +2) 
a. Ox 7) bE. 
where m is the mass density and XK the bulk modulus of the fluid, D is the 
diameter and 6 the thickness of the pipe, and £ is the modulus of elasticity of the 
pipe material. Determine the pressure p(x, £} using one linear finite element, for 
the following boundary and initial conditions: 


PO,9=po, pP(Z,)=0,  p(x,0)=po 
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4.21. 


6.22. 


6.23 


* 


6.24, 


6.26. 
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Consider the problem of ‘determining the temperature distribution of a solid 
cylinder, initially at a uniform temperature 7 and cooled in a medium of zero 
temperature (i.c., T.=0). The governing equation of the problem is 


ar 1a 21) 
PCr aus =0 


The boundary conditions are 


=0 


rok 


or or 
—(O,i= —_ 
ay )=0, (u5-+87) 


The initial condition is T(r, }= 7%. Determine the temperature distribution 
T(r,#) using one linear element. Take R= 250m, MW=130°C, k= 
2158 Ww t’Ct, 6 =525 Wm? °C, p= 2700 kgm”, and ¢=0.9 kJ kg ec", 
What is the heat loss at the surface? y 
Determine the nondimensional temperature O(7, ¢) in the region bounded by two 
long cylindrical surfaces of radii R, and Rz. The dimensionless heat conduction 
equation is ¢ 


“=(r5 a6 
— += 


0 
ror or at 


with boundary and initial conditions 


eR, )=0, 6 N=1, 9,0)=0 
Show that (6,44) and (6.45) can be expressed in the alternative form [see (6.47)] 
[AN o+s = {Fh _ [X1{o}, 
where 
[A] = B(AN"[K]+ IM], {b} = {uh}, + At (2). + G ~ BAN. 

Using the Newmark integration scheme (6.45), express the equation 

[M]{a} + [C]{v} + [K]{u} = (F} 
in the form : 

[A] {a} = (bent 
[A] = [K} + 4.[M]+ afc} 

(Pha = {Pheu + [M](ao{u}, + a, {a}. + arffih) + [C}as{te}, + aga}. t axkii},) 


2% ga% 4 =St(S-2) 
as B At’ 6B 2 a7 “y B 


where 


. A uniform cantilever beam of length L, moment of ineztia 7, modulus of elasticity 


E, and mass m begins to vibrate with initial displacement 
w(x, 0) = wor /L* 


and zero initial velocity. Find its displacement at the free end at any subsequent 
time. Use one Euler-Bernoulli beam element to determine the solution. Solve 
the resulting differential equations in time using the Lapiace transform method. 


Re-solve Problem 6.25 using one Timoshenke element. 
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6.27, Use the Newmark integration scheme to reduce the ordinary differential 
equations of time in Problem 6.10 to algebraic equations. 
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NUMERICAL 

INTEGRATION 

AND 

COMPUTER . 
IMPLEMENTATION 


7.1 ISOPARAMETRIC FORMULATIONS 
AND NUMERICAL INTEGRATION 


7.11 Background 


Exact evaluation of the integrals appearing in element coefficient matrices and 
source vectors is not always possible because of the algebraic complexity of the 
coefficients a, b, and c in differential equations. In such cases, it is natural to 
seek numerical evaluation of these integral expressions. Numerical evaluation 
of the coefficient matrices is also useful in problems with constraints, where 
reduced integration techniques are used (see, ¢.g., the reduced integration 
element of the Timoshenko beam theory, Section 4.4). ; 

Numerical evaluation of integrals, called numerical integration or 
numerical quadrature, involves approximation of the integrand by a polyno- 
mial of sufficient degree, because the integral of a polynomial can be evaluated 
exactly. For example, consider the integral, 


$= in F(x) dx (7.1) 
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We approximate the function F(x) by a polynomial: 


F(x) = » Frpylx) (7.2) 


where F denotes the value of F(x) at the /th point of the interval [x4, xz] and 
wx) are polynomials of degree N —1. The representation can be viewed as 
the finite element interpolation of F(x), where F, is the value of the function at 
the [th node. The interpolation can be of the Lagrange type or the Hermite 
type. 

Substitution of (7.2) into (7.1) and evaluation of the integral gives an 
approximate value of . For example, suppose that we choose linear 
interpolation of F(x). Then N=2, ~, = (a —x)/A, W2=(x —x4)h, and 

F=3KA+H), K=FQs), E=Flxs) (7.3) 
Thus, the value of the integral is given by the area of a trapezoid used to 
approximate the area under the function F(x) (see Fig. 7.1). Equation (7.3) is 


known as the trapezoidal rule of numerical integration. If we use the Lagrange 
quadratic interpolation of F(x), we obtain 


$=tF+4h+H), R= F(t), 
Fo=F(x,t+3h), K=F(x,) 
which is known as Simpson’s one-third rule. 


Equations (7.3) and (7.4) represent the form of numerical quadrature 
formulae. In general, a quadrature formula has the form 


$= i: F(x) dx = > F(e)W; (7.5) 


(7.4) 


FIGURE 7.1 

Approximate evaluation of an in- 

tegral using the trapezoidal mute: (2} 

x= Xa a Xp Two-point formula; (5) three-point 
(5) formula. 
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where x, are called the quadrature points and W; are the quadrature weights. 
These formulae require functional evaluations, multiplications, and additions 
to obtain the numerical value of the integral. They yield exact values of the 
integral whenever F(x) is a polynomial of order 7 — 1. 

In this section, we describe several numerical integration techniques and 
formulations in which the geometry as well as the dependent variables are 
approximated using different degrees of polynomials. We begin with the 
discussion of a local coordinate system. 


7.1.2 Natural Coordinates 


Of all the quadrature formulae, as will be discussed in the subsequent sections, 
the Gauss—Legendre one is the most commonly used. The details of, the 
method itself will be discussed shortly. The formula requires the integral to be 
cast as one to be evaluated over the interval [—1, 1]. This requires the 
transformation of the problem coordinate x to a local coordinate — such that 
(see Fig. 7.2): 


when X=x4, &=—1; when x=Xz,, &=1 
The transformation between x and & can be represented by the linear “stretch” 
transformation 

x=atb€é 
where @ and b are constants to be determined such that the above conditions 
hold: 
x,=a+b(-1), x97 a+6(1) 

Solving for a and 6, we obtain 

b=4Mxg—ta)=th, @=Aegtxa) arate 


Hence the transformation takes the form 
x=x4+4h.(1+ &) (7.6) 


where x4 denotes the global coordinate of the left end node of the element £2° 
and h, is the element length (see Fig. 7.2). The local coordinate & is called the 
normal coordinate or natural coordinate, and its values always lie between -1 
and 1, with its origin at the center of the element. . 

The local coordinate & is useful in two ways: (i) it is convenient in 
constructing the interpolation functions; (ii) it is required in numerical 
integration using Gauss—Legendre quadrature. 


FIGURE 7.2 
x= x, Global coordinate x, local coordinate ¥, and 
f=-1 €21 normalized loca! coordinate &. 
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The derivation of the Lagrange family of interpolation functions in terms 
of the natural coordinate € is made easy by the property 1 in (3.28) of the 
interpolation functions: 


. ft ifiay 
w(6)={9 if iXj 7.2) 


where &, is the € coordinate of the jth node in the element, For an element 
with n nodes, y, (/=1,2,...,) are functions of degree n ~ 1. To construct 
y); satisfying (7.7), we proceed as follows. For each w,, we form the product of 
n—-1t linear functions EF-€& (j=1,2,...,@-1rt+l,...,4, 748: 


Wy = eS — SMS — 2) +++ (E ~ aS — Seer) + (ES — &) 


Note that +, is zero at all nodes except the ith. Next we determine the constant 
e, such that y,=1 at & = &;: 


C= [(&; _ Es); 7 Eo) st (&; 7 Ei); _ E41) oer (&; ~ I 


Thus, the interpolation function associated with node i is 


yf) = = EOE = Be) E> SE = Ser) (E> Be) 
Net (E- ENE— ©) (8 — SMG ba) (GE) 


Interpolation functions that satisfy (7.7) are said to belong to the 
Lagrange family of interpolation functions, and the associated finite elements 
belong to the Lagrange family of finite elements. The interpolation functions »,; 
in (3.165) and (3.18) provide an example of the Lagrange interpolation 
functions (7 = 2). Figure 7.3 shows the linear, quadratic, and cubic Lagrange 
interpolation functions expressed in terms of the natural coordinate (for 
equally spaced nodes). 


(7.8) 


7.1.3 Approximation of Geometry 


Recall from (3.31c) and (4.12c) that the element matrices involve the 
derivatives of the interpolation functions with respect to the global coordinate 


ty = il - €) 

¥y = aC + €) 

a = —1€(1 ~ £) 

te = (2 + é)(1 — £) 
ts =1e(1 + 


w#=-K1-H6+HME-4  gourE 73 

ve = Gl + 21 4)G- €) Lagrange family of 1-D interpola- 
dy = 20 + 6) — €)¢ + €) tion functions in terms of the nor- 
te = ~-EG + HE- HU + g) _ Malized coordinate. 
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x. A transformation of the form 


x=f() (7.9) 


is required in order to rewrite the integrals in terms of & (-1=§ <1). The 
function f is assumed to be a one-to-one transformation. An example of f(&) is 
provided by (7.6): 


f(E)=x4 4 th. + &), 


In this case, f(E) is a linear function of § Hence, a straight line is transformed 
into a straight line. When f is a nonlinear function, a straight line is mapped 
into a curve of the same degree as the transformation. 

It is natural to think of approximating the geometry in the same way as 
we approximated a dependent variable. In other words, the transformation 
x =f(&) can be written as c 


x= 3 stdK8) ' (7.10) 


where xf is the global coordinate of the ith node of the element @° and f are 
the Lagrange interpolation functions of degree m—1. Equation (7.10) 
tepresents the shape (or geometry) of an element, and the #f are therefore 
calied shape functions. Equation (7.10) maps a geometric shape from & space 
into x space, i.e., for any given §, (7.10) gives the corresponding x. When the 
clement is a straight line, (7.10) is exactly the same as (7.6). 

The transformation (7.10) is usefui in evaluating integrals by the Gauss 
quadrature, It should be noted that the transformation is not used to change 
the actual geometry of the element; the transformation is used to write integral 
expressions involving x in terms of expressions involving &: 


<9 1 
| F(x) dx = { P(E) dé (7.11) 
XA ~1 
so that the Gauss quadrature can be used to evaluate the integral over [—1, 4]. 


The differentia! element dx in the global coordinate system x is related to 
the differential element d& in the naturai coordinate system E by 


de = dk = dé 


§ 
where Y, is called the Jacobian of the transformation. We have 
dx d {SB ,s m dws 
§.-La = (3 thi) = Dx 7.12 
de dg EY) = 2 a a1) 


For a linear transformation, i.c., when ape are the linear Lagrange interpola- 
tion functions (#1 = 2), we have 


pi=a(l—§), p= 30+ &) 


$= xi(-}) + 8G) = 405-2) = he (7.13) 
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It can be shown. that #,=3h, whenever the element is a straight line, 
irrespective of the degrée of interpolation used in the transformation (7.10). 


7.1.4 Ysoparametric Formulations 


Recail that a dependent variable u is approximated in the element Q° by 
expressions of the form 


ua)= > uspicx) (7.14) 


In general, the degree of approximation used to describe the coordinate 
transformation (7.10) is not equal to the degree of approximation (7.14) used 
to represent a dependent variable, i.e., #2 we. In other words, two 
independent elements can be used in the finite element analysis: one for the 
approximation of the geometry x and the other for the interpolation of the 
dependent variable u. Depending on the relationship between the degree of 
approximation used for the coordinate transformation and that used for the 
dependent variable, the finite element formulations are classified into three 
categories: 


1, Subparametric formulations: m <n 
2. Isoparametric formulations: m =n (7.15) 
3. Superparametric formulations: m >a . 


In subparametric formulations, the geometry is represented by lower-order 
elements than those used to approximate the dependent variables. An example 
of this category is provided by the Euler-Bernoulli beam element, where the 
Hermite cubic element is used to approximate the transverse deflection, while 
the geometry is approximated, when straight beams are analyzed, with linear 
interpolation functions. In isoparametric formulations (the most common in 
practice), the same element is used to approximate the geometry as well as the 
dependent unknowns: y,(x) = ww). In the superparametric formulations, the 
geometry is represented with higher-order elements than those used to 
approximate the dependent variables. This formulation is seldom used in 
practice. 


7.1.5 Numerical Integration 


The evaluation of integrals of the form 


[ , F(x) dx (7.16) 


by exact means is either difficult or impossible owing to the complicated form 
of the integrand F. Numerical integration is also required when the integrand 
is to be evaluated inexactly (as in the Timoshenko beam element} and when 
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the integrand depends on a quantity that is known only at discrete points (e.g., 
in nonlinear problems). 

The basic idea behind all numerical integration techniques is to find a 
function P(x) that is both a suitable approximation of F(x) ‘and simple to 
integrate. The interpolating polynomiais of degree x, denoted by P,, which 
interpolate the integrand at n + 1 points of the interval [a, 5], often produce a 
suitable approximation and possess the desired property of simple in- 
tegrability. An illustration of the approximation of the function F (x) by the 
polynomial P,(x) that exactiy matches the function F(x) at the indicated base - 
points is given in Fig. 7.4(a). The exact value of (7.16) is given by the area 
under the solid curve, while the approximate value 


[ Pia ax . 


F(x) 


F(x) 


FIGURE 7.4 

Numerical integration by the 

Newton—Cotes quadrature: (a) ap- 
x proximation of a function by FAtaH 
* x2 x3 (6) the trapezoidal mile; (c) 

(e) Simpson’s rule. 
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is given by the area under the dashed curve. It should be noted that the 
difference (i.e., the error in the approximation) E = F(x) ~ P,{x) is not always 
of the same sign, and therefore the overall integration error may be smafil 
(because positive errors in one part cancel negative errors in other parts), even 
when P, is not a good appreximation of F. 

The commonly used integration methods can be classified into two basic 
groups: 


1. The Newion-Cotes formulae that employ values of the function at equally 
spaced base poinis. 


2, The Gauss quadrature formufa that employs unequally spaced base points. 
These are described here. 


THE NEWTON-COTES QUADRATURE. For r equally spaced base points, the 
Newton-Cotes integration formula is given by 


” n(x) dx = (6-2) > F(x,)w, (7.17) 


where w, are the weighting coefficients and x, are the base points, which are 
equally spaced, For r = 1, (7.17) gives the rectangle formula. For r = 2, it gives 
the familiar trapezoidal rufe, in which the required area under the solid curve 
in Fig. 7.4(4) is approximated by the area under the dotted straight line [i-e., 
F(x) is approximated by P,(x)]: 


[" Fe) ae-3Fe)+FGDL B= 000°) (7.18) 


where & denotes the error in the approximation and # is the spacing between 
two base points. The notation O{h), read as “order of #”, is used to indicate 
the order of the error in terms of the spacing 4. For r=3, (7.17) gives the 
familiar Simpson’s one-third rule (see Fig. 7.4e): 


[~ F(x) dx =4ALF(x,) + 4F 2) + FQ@3)], E= OCH) (7.19) 


The weighting coefficients for r= 1,2,..., 7 are given in Table 7.1. Note 
that DM w,=1. The base point location for r=1 is x; =a+4(b—a}= 
3(a + b). For r > 1, the base point locations are 


M&=4, ds=atAx, ..., a,=a+(r—1)Av=b 


where Ax = (b — a)/{r — 1).- 

A comment is in order on the use of the Newton—Cotes integration 
formula (7.17). For evén r (i.e., when there is an even number of intervals or 
an odd number of base points), the formula is exact when F(x) is a polynomial 
of degree r +1 or less; for odd r, the formula is exact for a polynomial of 
degree r or less. Conversely, a p“-order polynomial is integrated exactly by 
choosing r =p +1 base points. 
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TABLE 7.1 
Weighting coefficients for the Newton—Cotes formula (7.17) 


Fr Wy Wy Hs Ws Wy We wy 
1 1 

2 4 3 

3. 3 é 

4 4 z 3 3 

5 ot % aa 3 w 

‘+k & & & & & 

1 & @ & 8 & tH & 


THE GAUSS-LEGENDRE QUADRATURE. In the Newton—Cotes quadrature, 
the base point locations have been specified. If the x, are not specified then 
there will be 2r + 2 undetermined parameters, the weights w, and base points 
x, Which define a polynomial of degree 2r+1. The Gauss—Legendre 
quadrature is based on this idea, The base points x, and the weights 3, are 
chosen so that the sum of the 7 +1 appropriately weighted values of the 
function yields the integral exactly when F(x} is a polynomial of degree 2r + 1 
ar less. The Gauss—Legendre quadrature formula is given by (see Fig. 7.5) 


(7.20) 


tt pel 


é = é 7 
-0.57735 (a) 0.57735 


FIGURE 7.5 
g= (b) é The two-point (a2) and three-point (+) Gauss— 
0.774597 


0.774597 Legendre quadratures. 
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TABLE 7.2 


Weights and Gauss points for the Gauss— 
Legendre quadrature 


[ F@)dE= SFE) 


Points &, r Weights w; 
6.0000000000 One-point formula 2 0000000000 
£0.5773502692 Two-point formula 1.0000000000 
0.6000000000 Three-point formula  O.8888888889 
+0.7745966692 @.5555555555 
+0,3399810435 Four-point formula 06521451548 
+0, 8611363116 0.3478548451 
¢.0000060000 Five-point formula 05688888839 
+0.5384693101 04786286705 
40.9061798459 0.2369268850 
+0.2386191861 Six-point formula 0.4679139346 
£0, 6612093865 0.3607615730 
£0,9324695142 0.1713244924 


polynomial P,,,(£)], and F is the transformed integrand 


F(8) = F(x(@)H(8) (7.21) 


The weight factors and Gauss points for the Gauss-Legendre quadrature 
(7.20) are given, forr =1,..., 6, in Table 7.2. 

The Gauss-Legendre quadrature is more frequently used than the 
Newton-Cotes quadrature because it requires fewer base points (hence a 
saving in computation) to achieve the same accuracy. The error in the 
approximation is zero if the (2r + 2)th derivative of the integrand vanishes. In 
other words, a polynomial of degree p is integrated exactly by employing 
r=4(p41) Gauss points. When p +1 is.odd, one should pick the nearest 
larger integer: 


r=[K(p+D] (7.22) 


In finite element formulations, we encounter integrals whose integrands F 
are functions of x, ,(x) and derivatives of y,(x) with respect to x. For the 
Gauss—Legendre quadrature, we must transform F(x) dy to F(&) dé to use 
(7.20). For example, consider the integral 


eal atx) eee: 
=f a(x) ae dx dx (7.23) 
Using the chain rule of differentiation, we have 
dye awe H 
vile) _avitE) a _ g..dvi(8) 7.24) 


dx d& dx dé 
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Therefore, the integral can be written, with the help of (7.10), as 


I d e € 
Ki=[ O55 oe (7.25) 
a > FeEnw, (7.26) 


where 


Lavidyy g_S dvi 
$ d& dé’ i= aE 
For the isoparametric formulation, we take p= apf. The transformation from 
x to £is not required for the Newton—Cotes quadrature. . 

As noted earlier, the Jacobian matrix wili be the same (4, = 4h,) when 
the element is straight, even if the coordinate transformation is quadratic or 
cubic. However, when the element is curved, the Jacobian is a function of € 
for transformations other than linear. 

It is possible to determine the number of Gauss points required to 
evaluate the finite element matrices 

5 ad 2d € ZB 28] 

i | EVO Me { pis dx, Ff -{ widx (7.28) 
dx dx A 


7A TA 


fi=a (7.27) 


exactly using linear, quadratic, and cubic interpolation functions. For linear 
interpolation functions, the integrand of K% is constant, requiring only 
one-point Gauss quadrature. The integrand of the mass matrix Mj is quadratic 
(p =2), requiring [r = 4(p +)1 = 3] two-point quadrature. The coefficients ff 
are evaluated exactly by one-point quadrature, Similarly, for quadratic and 
cubic elements, we can estimate the number of Gauss points needed to 
evaluate K%, MG, and ff exactly. The results are summarized beiow. Note that, 
in estimating the quadrature points, it is assumed that the Jacobian is a 
constant, which holds true when the element is a straight line. 


a 


Number of Gauss quadrature points needed 


i TS, 


Blement 

type Ky MS fF 
Linear 1 2 1 
Quadratic 2 3 2 
Cubic 3 4 3 


i EE 


_ Tf the matrices in (7.28) have variable coefficients or the elements are 
curved fand hence $, = ¥(§)], the degree of the variation of the integrands 
changes and the number of Gauss points needed to evaluate the integral 
exactly changes. If the elements are straight, and the coefficients a = a(x) and 
c=c(x) together with f =f(x) are no more than linear in x, then the number 
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of Gauss points for evaluating the coefficients 


, “a awe ayy eo i: €,),2 
Ky [ a ax dx dx, M; a cy; dx (7.29) 
remain the same as listed in the above table. However, the evaluation of f¢ 
requires one point more than before. Conversely, the two-point quadrature for 
linear elements, three-point quadrature for quadratic elements, and four-point 
quadrature for cubic elements would exactly evaluate Ki with a quadratic 
vatiation of a(x), My with linear variation of e(x), and f? with quadratic 
variation of f(x). 

The use of Gauss quadrature on (7.28) yields the following values (exact 
up to the fifth decimal place) when the element is straight and the 
isoparametric formulation is used: 


Quadratic (three-point fermula) 
2.33333 —2.66667 0.33333 


[K]=— —2.66667 5.33333 —2.66667 
“| 0.33333 2.66667 2.33333 
,,] 1.33333. 0.66667 —0.33333 
[M]=—5] 0.66667 5.33333 0.66667 (7.30) 
—0.33333 0.66667 1.333433 
0.166667 
{F} =h,§ 0.666667 
0.166667 


Cubic (four-point formula) 


3.700 ~4.725 1.350 0.325 
1] -4.725 10.800 —7.425 1.350 
fel 1.350 —7,425 10.800 —4,725 
—0.325 1,350 —4.725 - 3.700 
0.761905 0.589286 —0.214286 0.113095 
ey = 0.589286 3.857143 —0.482143  ~0,214286 (7.31) 
10 | —0.214286 -0.482143 3.857143 0589286 
0.113095 ~—0.214286 0.589286 0.761905 
0.125 
0.375 
0.375 
0.125 


In Section 7.2, we study the computer implementation of the steps 
invoived in the finite element analysis of one-dimensional problems. As a part 


{Fy =h, 


258 FINITE ELEMENT ANALYSI!S OF ONE-DIMENSIONAL PROBLEMS 


of the element calculations there, the computer implementation of the 
numerical integration ideas presented in this section will be studied. A model 
finite element program (FEM1DV2) for the solution’ of one-dimensional 
problems is also described, and its application is demonstrated via several 
examples. Appendix 1 contains a source listing of program FEM1DV2. 


7,2 COMPUTER IMPLEMENTATION 


7.2.1 Introductory Comments 


Chapters 3-6 were devoted to the finite element formulations of two classes of 
boundary value, initial value, or eigenvalue problems in one dimension: 
~ 
_ 
1. Second-order differential equations (e.g., heat transfer, fluid mechanics, 
1-D elasticity, bars, and the Timoshenko beam theory);- 
2, Fourth-order differential equations governing the Euler-Bernoulli beam 
theory. 


The frame element, obtained by superposing the bar element and the beam 
element, was discussed in Chapter 4. 

By now, it should be clear to the reader that the steps involved in the 
finite element analysis of a general class of problems (e.g., single second-order, 
single fourth-order, and a pair of second-order equations) are systematic and 
can be implemented on a digital computer. Indeed, the success of the finite 
element method is largely due to the ease with which the analysis of a class of 
problems, without regard to a specific problem, can be implemented on a 
digital computer. For different geometries, boundary and initial conditions, 
and problem data, a specific problem from the general class can be solved by 
simply supplying the required input data to the program. For example, if we 
develop a general computer program to solve equations of the form 


ou vu 8 ou em ru 
“at 2 ae ax (2 ms) + 3y C 52) tou=f (7.32) 


then all physical problems described by (3.1) and (4.1) and their time- 
dependent versions can be solved for any compatible boundary and initial 
conditions. 

The purpose of this section is to discuss the basic steps involved in the 
development of a computer program for second- and fourth-order one- 
dimensional differential equations studied in the preceding chapters. The ideas 
presented here are used in the development of the model program FEM1IDV2 
(a revised version of FEM1D from the first edition of this book), and they are 
meant to be illustrative of the steps used in a typical finite element program 
development. One can make use of the ideas presented here to develop a 
program of one’s own. 
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PREPROCESSOR 


* Read the input data 
¢ Beho the input data 
« Write the inpul data 
and plot the mesh 


PROCESSOR 


Compute element 
coefficient matrices 
and column vectors 

« Assemble element 
equations 

* Impose boundary 
conditions 

* Solve equations or 

find eigenvalues 


POSTPROCESSOR 


+ Compute solution 
at points other 
than the nodes 

* Compute the gradient 
of the solution 

* Print/plot the results FIGURE 7.6 

Mn ene we eee The three main functional units of a finite clement program. 


ee ee ee i i eee eee eee eee eee 


7.2.2 General Outline 


A finite element program consists of three basic parts (see Fig. 7.6): 


1. Preprocessor 
2. Processor 
3, Pastprocessor 


In the preprocessor part of the program, the input data of the problem 
are read in and/or generated. This includes thie geometry (e.g., length of the 
domain and boundary conditions), the data of the problem (e.g., coefficients in 
the differential equation), finite element mesh information (e¢.g., element type, 
number of elements, element length, coordinates of the nodes, and connec- 
tivity matrix), and indicators for various options (e.g., print, no print, type of 
field problem analyzed, static analysis, eigenvalue analysis, transient analysis, 
and degree of interpolation). 
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In the processor part, all steps in the finite element method, except for 
postprocessing, discussed in the preceding chapters are performed. These 
include the following: 


1. Generation of the element matrices using numerical integration. 
2. Assembly of element equations. 
3. Imposition of the boundary conditions. 


4. Solution of the algebraic equations for the nodal values of the primary 
variables. 


In the postprocessor part of the program, the solution is computed by 
interpolation at points other than nodes, secondary variables that are derivable 
from the solution are computed, and the output data are processed in a desired 
format for printout and/or plotting. 

The preprocessor and postprocessors can be a few Fortran statements io 
read and print pertinent information, simple subroutines (€.g.. subroutines to 
generate mesh and compute the gradient of the solution), or complex 
programs linked to other units via disk and tape files. The processor, where 
typically large amounts of computing time are spent, can consist of several 
subroutines, each having @ special purpose (e.g., a subroutine for the 
calculation of element matrices, a subroutine for the imposition of boundary 
conditions, and a subroutine for the solution of the equations}. The degree of 
sophistication and the complexity of a finite element program depend on the 
general class of problems being programmed, the generality of the data in the 
equation, and the intended user of the program. It is always desirable to 
describe, through comment statements, all variables used in the computer 
program. A fiow chart of the computer program FEMIDV2 is presented in 
Fig. 7.7. In the following sections, a discussion of the basic components of a 
typical finite element program is presented, and then the basic ideas are 
illustrated via FORTRAN statements (see Appendix 1). . 


7.2.3 Preprocessor 


The preprocessor unit consists of reading input data and generating finite 
element mesh, and printing the data and mesh information. The input data to 
a finite element program consist of element type IELEM (ie., Lagrange 
element or Hermite element), number of elements used (NEM), specified 
boundary conditions on primary and secondary variables (number of boundary 
conditions, global node number and degree of freedom, and specified vaiues of 
the degrees of freedom), the global coordinates of nodes *;, and element 
properties (e.g., coefficients 4,, Be, Ce, f., etc.). Ifa uniform mesh is used, the 
length of the domain should be read in, and giobal coordinates of the nodes 
can be generated in the program. 

The preprocessor portion that deals with the generation of finite element 
mesh (when not supplied by the user) can be separated into a subroutine 
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(MESHID), depending on the convenience and complexity of the program. 
Mesh generation includes computation of the global coordinates X, and the 
connectivity array [B]= [NOD]. Recall that the connectivity matrix describes 
the relationship between element nodes to global nodes: 


NODU, J) = global node number corresponding to the Jth node of 
element I 


This array is used in the assembly procedure as weil as to transfer information 
from element to the global system and vice versa. For example, to extract the 
element nodal coordinates x? of the element Q" from the global coordinates 
X,, we can use the array NOD: 

x2=X,, 1=NOD(, 2) , © 


The arrays {LX} and {GLX} are used in FEMiDV2 for {x7} and {X;7}, 
respectively. : 


72,4 Calculation of Element Matrices (Processor) 


The most significant part of a processor is where we generate’ element 
matrices. The element matrices are computed in various subroutines 
(COEFNT and TRSFRM), depending on the type of problem being solved, 
These subroutines typically involve numerical evaluations of the clement 
matrices [K°] and [M*] (program variables ELK and ELM) and the element 
yector {f°} (program variable ELF) for various field problems. The Gauss 
quadrature described in Section 7.1.5 is used to evaluate element matrices and 
vectors, and the arrays are assembled as soon as they are computed. Thus, a 
loop on the number of elements in the mesh (NEM) is used to compute 
element matrices and assemble them (subroutine ASSMBL). It is here that the 
connectivity array NOD plays a crucial role, By putting element matrices into 
global locations one at a time, we avoid the computation of all element 
matrices at once. 

Element matrices for different model equations (MODEL) and type of 
problem (NTYPE) are generated by assigning values as foilows: 


1. MODEL=1, NTYPE=0: all field problems described by the model 
equation (3.1), including radially symmetric heat-transfes-type problems. — 

2, MODEL =1, NTYPE=1: radially symmetric elastic disk problems (see 
Problem 3.33). 


3. MODEL=2, NTYPE=0 (RIE) or 2 (CIE): the Timoshenko theory of 
beams. 


4. MODEL =2, NIYPE =1 (RIE) or 3 (CIB): the Timoshenko theory for 
bending of circular plates. 


5, MODEL=3, NIYPE=0: the Euler--Bernoulli theory of beams. 


6. MODEL =3, NTYPE=1: the Euier-Bernoulli theory for bending of 
circular plates. 
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7, MODEL =4, NTYPE =O: the two-node truss element. 
8 MODEL =4, NTYPE =1: the two-node Euler—Bernoulli frame element, 
9. MODEL =4, NTYPE =2: the two-node, Timoshenko frame element. 


The time-dependent option is exercised through variable ITEM: 


TTEM=0 static analysis 
ITEM =i first-order time derivative (i.e., parabolic) problems 
ITEM=2 second-order time derivative {i.c., hyperbolic) problems 


The element matrices are evaluated using the Gauss quadrature, except for 
MODEL = 4, where the explicit forms of element coefficients are programmed 
in the interest of computational efficiency. 

The element shape functions SF and their derivatives GDSF are 
evaluated at the Gauss points in subroutine SHP1D, The Gaussian weights and 
points associated with two-, three-, four-, and five-point integration are stored 
in arrays GAUSWT and GAUSPT, respectively. The nth column of 
GAUSWT, for example, contains the weights corresponding to the n-point 
Gauss quadrature rule: 


GAUSPT@, n) = ith Gauss point corresponding to the -point 
Gauss rule 


The variable NGP is used to denote the number of Gauss points, which is 
selected to achieve good accuracy, As noted earlier, the linear, quadratic, and 
cubic interpolation functions require two, three, and four quadrature points, 
respectively, to evaluate the element coefficients exactly. Thus, if IELEM is 
the clement type, 


1 for linear 
TELEM= 42 for quadratic (Lagrange elements) 
3 for cubic 


then NGP=IELEM + 1 would evaluate Kj, M§, aud fi [see (7.29)] exactly 
when c(x) is linear, and a(x), b(x), and f(x) are quadratic functions. The 
Hermite cubic element is identified with IELEM = 0, for which case NGP is 
taken to be 4. 

The coefficients a(x) = AX, b(x)=BX, and c(x)=CX, together with 
f(x) = FX in the differential equation (7.32) are assumed to vary with x as 
foilows: 


AX=AKO+AX1#X - (@=a,+4;x) 
BX = BXO + BX1*X (Bb = by + Bix) 
CX = CX0+ CX1*X (c =co + €4x) 


FX= FXO + FX1*X+FR2sXK*X (fsfy+fix +fx7) 


For radially symmetric elasticity problems, (AX0, AX1) [or (BX0, BX1) for 
circular plates] are used to input Young’s modulus & and Poisson’s ratio v. 
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The Gauss quadrature formula (7.20) can be implemented on the 
computer as follows. Consider Kj of the form 


or dui ayy 
Ke= [ [acxy LESH + ccxrwrs| dx (7.33) 


Let us use the following program variables for the quantities in (7.33): 


apy 
ax 


ELK(,J)=K%, SF)=f, GDSF(I)= 


AX=a(x), CX=c(x), ELX()=.7 


NPE =x, the number of nodes in the element * 
After transforming x to &, ‘ 
x= Daxtyi [= xa toh + 8) (7.34) 
imi 
the coefficients K% in (7.33) take the form [see (7.25)] 
’ 1 dw? 1 dy; 
i= fae Liscervevisas 38 
NGP 
= > FED (7.35b) 
f=1 


where F% denotes the expression in the square brackets in (7.352), # is the 
Jacobian, and (£;, W;) are the Gauss points and weights. 

Examination of (7.355) shows that there are three free indices: i, j, and J. 
We take the Gauss-point loop on / as the outermost one. Inside this loop, we 
evaluate FZ, at the Gauss point E, for each i and j, multiply with the Jacobian 
$ =4h, and the weights W,, and sum: 


ELKG, j) = ELK(G, f) + FED IW: (7.36) 


To accomplish this, we must initialize all arrays that are being evatuated using 
the Gauss quadrature: 


DO 10 F = 1,NPE 
DO 10 I = 1,NPE 
10 ELK{I,J) = 0.0 


This initialization is made outside the do-loop on number of Gauss points. 
The computation of coefficients Fj, in (7.35b) requires evaluation of a, c, 

y,, and dy,/d& at the Gauss point &;. Hence, inside the loop on I, we call 

subroutine SHP1D to evaluate y,, dy,/dx = (dp,/d&)/F. We now have ail 


NUMERICAL INTEGRATION AND COMPUTER IMPLEMENTATION 265 


quantities needed to compute Kj in (7.358): 


DO 100 NI = 1,NGP 
XI = GAUSPT(RI,NGP} 


Call subroutine SHP1D to evaluate the interpolation functions 
{(6F) and their global derivatives (GDSF} at the Gauss point xI 


ont 


CALL SHP1D(XI,NPE,$F,GDSF,GJ) 
CONST = GI*GAUSWT(NI,NGP) 


a 


X= 0.0 
DO 20 I=1,NPE 
20 X = X + SFEI}*ELX(I} 


AX=AX0 + AX1#X 
CX=scXO + CK1*X 
DO 30 J = 1,NPE 
ELF(J} = ELF(J) + CONST*SF(J}*EX 
DO 30 t = L,NPE 
30 ELK(I,7)}=ELK(1,7)+CONST4 (AX*GDSF (I) #GDSF (J) +CX*SF (I) *S¥(J}) 


In the same way, all other coefficients (e.g., M i; and f#) can be evaluated. 
Recall that the element properties (i.e., K§, M;, and f7) are calculated by 
calling a suitable subroutine (COEFNT or TRSFRM) for the field problem 
being analyzed within a loop on number of elements. As soon as the element 
properties are available for a particular element, they are put into their proper 
locations (i.e., assembled) with the help of array NOD. The assembly is 
explained in the next section. 


7.2.5 Assembly of Element Equations (Processor) 


The assembly of element equations should be carried out as soon as they are 
computed, rather than waiting till element coefficients of all elements are 
computed. The latter requires storage of the element coefficients of each 
element. In the former case, we can perform the assembly in the same loop in 
which a subroutine is called to calculate element matrices. 

A feature of the finite element equations that enables us to save storage 
and computing time is the assembly of element matrices in upper-banded form, 
When element matrices are symmetric, as is the case in most problems of 
interest in this book, the resuiting global (or assembled) matrix is also 
symmetric, with many zeros away from the main diagonal. Therefore, it is 
sufficient to store only the upper Aalf-band of the assembled matrix. The 
half-bandwidth of a matrix is defined as follows. Let N, be the number of 
matrix elements between the diagonai element and the last nonzero element in 
the rth row, after which all elements in that row are zero; the half-bandwidth is 
the maximum of (N,+1)x NDF, where NDF is the number of degrees of 
freedom per node: 


db, m= max [{(N, “+ 1) x NDF] 
1Si=n 
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where # is the number of rows in the matrix (or equations in the problem}. 
General-purpose equation solvers are available for such banded systems of 
equations. 

The half-bandwidth NHBW of the assembled (i.e., global) finite element 
matrix can be determined in the finite element program itself. The local nature 
of the finite element interpolation functions (i.e., pf are defined to be nonzero 
only over the element 22°) is responsible for the banded character of the 
assembled matrix. Recall from earlier discussions that if two global nades do 
not belong to the same element then the corresponding entries in the global 
matrix are Zeros: 


Kyz=@ if global nodes J and J do not correspond to local nodes 
of the same element 


~ 
This property enables us to determine the half-bandwidth ‘NHBW of the 
assembled matrix: 
NHBW= max. {abs [NOD(W, 1) ~NODIN, J +1;)XNDF (7.374) 
eN<NEM 
jet J<NPE 
where 


NEM = number of elements in the mesh 
NPE = number of nodes per element (7.37b) 
NDE = number of degrees of freedom per element 


Clearly, for one-dimensional problems with elements connected in series, 
the maximum difference between nodes of an element is equal to NPE—1. 
Hence, 


NHBW = [(NPE — 1) +1] NDF =NPE x NDF (7.38) 


Of course, NHBW is always less than or equal to the total number of primary 
degrees of freedom, i.e., the number of equations, NEO, in the finite element 
mesh of the problem. , 

The iogic for assembling the element matrices K% into the upper-banded 
form of the giobal coefficients Ky, is that the assembly can be skipped 
whenever J<I and J>NHBW. The main diagonal, f= J, of the assembled 
square matrix (i.e., full storage form), becomes the first column of the 
assembled banded matrix (i.e., banded storage form), as shown in Fig. 7.8. 
The upper diagonals (paraliel to the main diagonal} take the position of 
respective columns in the banded matrix. Thus, the banded matrix has 
dimension NEQ x NHBW, where NEQ denotes the total number of equations 
in the problem. 

_ The element coefficients Kj and f? of a typical element 9" are to be 
assembled into the global coefficient matrix [K] and source vector {F}, 
respectively, If the ith node of the element is equal to the /th global node, and 
the jth node of the element is equal to the Jth global node, we have 


K,2Ki, K=Fi (forNDF=1) (7.39a) 
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Full storage mode Upper-haif-banded mode 


“ Half-bandwidth = NHBW 
x* x % All blanks XX XX 
xxx contain zeros x x x 
. XX KX 
AX R a All entries above 
XXX -" this diagonal x KX 
xX xX X X_ contain zeros Xx K K X 
‘ \ 
X XK YS x x x 
‘ x 
x x x x XX XX 
XX Xs XK xX 
s ~ 
XX XX x ¥ x Xx 
x x x xx Xx 
Symmetric x . 
x xX KX XX 
‘ A 
x x XxX X24 
‘ , t 
x xxv} 
f 
y ----4 
Main diagonal 
NEQ xX NEQ NEQ x NHBW 
FIGURE 7.8 


Finite element coefficient matrix storage in upper-half-banded form. 


The values of { and J can be obtained with the help of array NOD: 
F=NOD{m, i), J=NOD{a, j) (7.395} 


Recail that it is possible that the same J and J may correspond to a pair of i and 
j of some other element Q”. In that case, KP will be added to existing 
coefficients K,, during the assembly. For NDF > 1, the logic still holds, with 
the change 


Kixryxc) = Kesp-nut+g-v) (P, q=1,2,..., NDF) (7.402) 
where 
NR = (7-1) X NDF +p, NC=(7-1)XNDFi¢ (7.40b)} 


and f and J are related to / and j by (7.39). A Fortran listing of the subroutine 
ASSMBL can be found in FEMiIDV2 in Appendix 1. 


7.2.6 Imposition of Boundary Conditions (Processor) 


Imposition of boundary conditions on the primary and secondary globai 
degrees of freedom can be carried out through a subroutine (BONDRY), 
which remains unchanged for 2-D or 3-D problems. There are three types of 
boundary conditions for any problem: 


1. Essential boundary conditions, i.¢., boundary conditions on primary 
variables (Dirichlet boundary conditions). 
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2. Natural boundary conditions, i.e., boundary conditions on secondary 
variables (Neumann boundary conditions). 


3. Mixed boundary conditions (Newton boundary conditions), 


The procedure for implementing the boundary conditions on the primary 
variables involves modifying the assembled ccefficient matrix (GLK) and 
right-hand column vector (GLF) by three operations: 


Step 1 moving the known products to the right-hand column of the matrix 
equation. 

Step 2 replacing the columns and rows of GLK corresponding to the 
known primary variable by zeros, and setting the coefficient on the 
main diagonal to unity. 

Step 3 _—s replacing the corresponding component of the right-hand ‘column by 
the specified value of the variable. 


Consider the following N algebraic equations in full matrix form: 


Ky Ky Ky ...|/(% rai 
Ky Kn Ky ... [JU _ JR 
, 


K5, Ksq Kay ... U; 


where U, and F, are the global primary and secondary degrees of freedom, and 
Ky, are the assembled coefficients. Suppose that Us = 6, is specified. Recail 
that when the primary degree of freedom at a node is known, the correspond- 
ing secondary degree of freedom is unknown, and vice versa. Set Kss5 = 1 and 
F, = U,; further, set Ks; = Kiyg =O for 7=1,2,..., Nand J #5. For § =2, the 
modified equations are 


Ky 0 Kis Kis .-. Kin] (U; f 
oO 10 0... 6 U, 0, 
Kx, 0 Ky, Kyg ... Ka, Usp = f, 
Ky 0 Kas Kaa toe Ky, U, f, 


where 
f=F- Kal, G=1, 3, 4, 5,..+, aj b#2) 


Thus, in general, if Us = Us is known, we have 
Kss = 1, Fy = Us; h=k~ KisGs: Kg = Kis =0 


where (= 1,2,...,5-1, 84+1,...,2 (#5). This procedure is repeated for 

“every specified primary degree of freedom. It enables us to retain the original 
order of the matrix, and the specified boundary conditions on the primary 
degrees of freedom are printed as part of the solution. Of course, the jogic 
should be implemented for a banded system of equations. 
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The specified secondary degrees of freedom (Q,) are implemented 
directly by adding their specified values to the computed values. Suppose that 
the point source corresponding to the Rth secondary degree of freedom is 
specified to be f,. Then 


Fr = fie t+ Fe 
where fp is the contribution due to the distributed source f(x); fe is computed 


as a part of the element computations and assembled. 
Mixed-type boundary conditions are of the form 


du 
dx 


which contains both the primary variable uw and the secondary variable 
adujdx. Thus a du/dx at the node P is replaced by —k,(u, — &,): 


Q, = —kp(U, — U,) 
This amounts to modifying K,, by adding &, to its existing value, 
Kop —Kyp + k, 


a—-+k@-—a)=0 (# and & are known constants) (7.41) 


and adding &,U, to E,, 
fk, FE, + ky U, 
All three types of boundary conditions are implemented in subroutine 


BONDRY for boundary, initial, and eigenvalue probiems. The following are 
used in subroutine BONDRY (see Appendix 1): 


NSPV number of specified primary variables 

NSSV number of specified secondary variables 

NNBC number of Newton boundary conditions 

VSPV column of the specified values 0% of primary variables 

YSSV column of the specified values #, of secondary variables (7.42) 
VNBC column of the specified values k, 

UREF column of the specified values U, 


ISPV array of the global node and degree of freedom at the 
node that is specified (ISPV(I, 1) = global node of the 
ith boundary condition, ISPV(I, 2) = degree of freedom 
specified at the global node, ISPV(1, 1}] 


Similar definitions are used for ISSV and INBC arrays. 


7.2.7 Solutien of Equations and Postprocessing 


Subroutine SOLVE is used to salve a banded system of equations, and the 
solution is returned in array GLF. The program performs the Gaussian 
elimination and back-substitution to compute the solution. For a discussion of 
the Gaussian elimination used to salve a set of linear algebraic equations, the 
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reader is referred to the book by Carnhan, Luther, and Wilkes (1969). On 
most computing systems, a variety of equation solvers are available, and one 
can use any of the programs that suits the needs. See Appendix 1 for a listing 
of subroutine SOLVER. 

Postprocessing involves computation of the solution and its gradient at 
preselected points of the domain. Subroutine PSTPRC is used to evaluate the 
solution and its derivatives in any element: 

“vi) 
dx 


u(x) = x usapi(x), (= I = > uy ( 
(m= L 2, 3) (7.436) 


(7.43a) 


j=i 
for the Lagrange elements and 


fil eae a y* it e a” e 
vo=d qo, Le=3 ule) 


¥ 


x j=l cc” x 
for the Hermite cubic elements. The nodal values uj of the element Q2° are 
deduced from the global nedai values U;, as follows: ¢ 


w=, f= NoD¢e,j), when NDF =1 
For NDF > 1, Lis given by J =[NODf(e, j)— 1] x NDF and 
Ujap = Urey (Pp = 1, 2, recs NDF) 


The values computed using the derivatives of the solution are often 
inaccurate because the derivatives of the approximate solution become 
increasingly inaccurate with increasing order of differentiation. For example, 
the shear force computed in the Buler—Bernoulli beam theory, 


df, dw a d (, &ot 
rake) Suk oe) 

dx de? 26 ae dx? (7.44) 
will be in considerable error compared with the true value of ¥. The accuracy 
increases, rather slowly, with mesh refinement and higher-order elements. 


When accurate values of the secondary variables are desired, it is recom- 
mended that they be computed from the element equations: 


f= 2 Kiwi—fi @=1%-..00) (7.45) 
i= 


However, this requires recomputation or saving of element coefficients Ky and 


fi 


7.3 APPLICATIONS OF THE COMPUTER 
PROGRAM FEMIDV2 


7.3.1 General Comments 


The computer program FEMIDV2, which embodies the ideas presented in the 
previous section, is intended to illustrate the use of the finite element models 
developed in Chapters 3-6 to a variety of one-dimensional field probiems, 
some of them not discussed in this book. FEMIDV2 is a modified version of 
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FEM1D from the first edition of this book. It was developed as a learning 
computational tool for students of the course. In the interest of simplicity and 
ease of understanding, only the model equations discussed in this book and 
their immediate extensions are included in the program (see Appendix 1). 

Table 7.3 contains a summary of the definitions of coefficients of various 
model problems and their corresponding program variables. The table can be 
used as a ready reference to select proper values of AXO, AX1, and so on for 
different problems. 


7.3.2 Hlustrative Examples 


Here we revisit some of the example problems considered earlier to iliustrate 
the use of FEMiDV2 in their solution. Only certain key observations 
concerning the input data are made, but complete listings of input files for each 
problem are given. In the interest of brevity, the output files for most problems 
are not included. Table 7.4 contains a description of the input variables to 
program FEM1DV2. 


Example 7.1 Steady heat transfer in a fin. The problem is governed by 


ze 


dé 
Fe teb=O for 0O< x <b 


8(0) = 6s, (2) 79 (Set 1) 
8(0) = @, (< + f a) - =0 (Set2) 


where @ is the nondimensional temperature, and L, c, 6, 6, and & are 


L=025m, ¢=256m%, 6,= 100°C, 


7,46 
B=64Wm?c', k£=50Wm tec (7-46) 


Thus the problem is governed by the model equation (3.1). 

Hence, MODEL =1, NT'YPE=0, and ITEM =@ (for a steady-state solution). 
Since. a=a@)=1.0 and c=co= PB/k =256 are the same for all elements, we set 
JCONF=1, AXO0=1.0, and CX0= 256.0. All other coefficients are zero [pb =0 and f 
(=4}= 0] for this problem. For a uniform mesh of four linear elements (NEM =4, 
TELEM = 1), the incrernents DX(1) are [DX(1) is always the coordinate of node 1]: 


{DX} = (0.0, 0.0625, 0.0625, 0.0625, 0.0625} 


(because 4L = 0,25/4 = 0.0625). 

Set 1 boundary conditions are U,=0 and 03=0. Since the natural boundary 
condition (Q3 = 0) is homogeneous, there is no need to add a zero to the corresponding 
eniry of the source column (K+ O3— KR). There are no mixed {i-e., convection) 
boundary conditions. Hence, NSPV=1, NSSV=0, and NNBC=0Q. The specified 
boundary condition on the primary variable is at node 1 and degree of freedom 1: 
ISPV{1, 1) =1 and iSPV(1, 2) = 1. The specified value is VSPV(1) = 100.0. 
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TABLE 7.4 
Description of the input variables to the program FEM1D V2} 


* Data Card 1: 
PYTLE - Title of the problem being solved (#0 characters) 
* Data Card 23 , 


MODEL - Model equation being solved (see below} 
TYPE - Type of problem solved (see below) 


MODEL=1, NTY¥PE=0: A problem of MODEL EQUATION 1 
MODEL=1, NTYPE=1: A circular DISK (PLANE STRESS} 
MODEL=1, NT¥YPE>i: A circular DISK {PLANE STRAIN} 
MODEL“=2, NTYPE=0: A Timoshenko BEAM {RLE¥) problem 
MODEL=2, NT¥PE=1: A Timoshenko PLATE (RIE) problem 
MODEL=2, NT¥YPE=2: A Timoshenko BEAN (CIEF#) problem 
MODEL=2, NTYPE>2: A Timoshenko PLATE (CIE) probleir 
MODEL=3, NTYPE=0: A Euler-Bernoulli BEAM problen 
MODEL=3, NTYPE>O: A Euler-Bernoulli Cireular plate 
MODEL=4, NTYPE=0: A plane TRUSS problem 

MODEL=4, NTYPE=1: A Euler-Bernowl1li ‘FRAME problen 
MODEL=4, NTYPE=2: A Timoshenko (CIE) FRANE problem 


# - Reduced Integration Element (RIE) 
#¥ - Consistent Interpolation Element (GIE} 


IPEM - Indicator for transient analysis: 


ITEM=0, Steady-state solution 

TTEN=1, Transient analysis of PARABOLIC equations 
ITEM=2, Transient analysis of HYPERBOLIC equations 
ITEM=3, Eigenvalue analysis 


* Data Card 3: 
IELEM - Type of finite element: 
IELEM=0, Hermite cubic finite element 
IELEM=1, Linear Lagrange finite element 
IELEM=2, Quadratic Lagrange finite element 
NEN - Number of elements in the mesh 
* Data Card 4: 


IcoNt - Indicator for continuity of data for the problem: 


ICOQNT=1, Data (AX,BX,CX,PX and mesh} is continuous 
ICONT=0, Data is element dependent 


NPRNT - Indicator for printing of element/global matrices: 


NPRNT=0, Not print element or global natrices 
put postprocess the solution and print 
NPRNT=1, Print Element i coefficient matrices only 
but postprocess the solution and print 


{ SKIP means that you omit the input data. It does not mean that you teave a blank, In the “free format’ used 
heré, variables of cach data card are read from the same fine; if the values are not found on the same line, the 
computer will look for them on the next fine(s). Each data card shoutd start with a new ling. Note that the 
variable names included in the data sets of Tables 7.5-7.14 are only for the convertience of the reader—they are 
not read by the computer. 


TABLE 7.4 (Continued) 
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NPRNT=2, Print Element 12 and global matrices but 
HOT postprocess the solution 


NERNT>2, Not print element or global matrices and 


‘NOT postprocess the solution 


SKIP Cards 5 through 15 for TRUSS/FRAME problems (MODEL = 4), and 
read Cards 5 through 15 only if MODEL.NE.4. SKIP Cards 5 through 9 


if data is discontinuous {ICONT = 0) 


* Data Card 5: 


DE(I}) — Array of element lengths. DX{1) denctes the global 
coordinate of Node 1 of the mesh; DX(I) (I=2,NEM1} 
genotes the length of the (f+1)st element. Here 
NEMI=NEM+1, and NEM=nunber of ¢lements in tha mesh. 


Cards 6 through 9 define the coefficients in the model eguations. 
All coefficients are expressed in terms of GLOBAL coordinate x, 
See Table 7.3 for the meaning of the coefficients, especially for 


deformation 
* Data Card 6: 


AXO 
AXL 


* Data Card 7: 


Exo 
BKL 


* Data Card 8: 


CxO 
Xt 


SKIP Card 9 

* Pata Card 49: 
FXO 
FX1 
PX2 


SKIP Cards 1 
10 through 1 


of circular plates and Timoshenko elements, 


- Constant term of the coefficient AX 
- Linear term of the coefficient Ax 


~ Constant term of the coefficient BX 
— Linear term of the coefficient BX 


- Canstant term of the coefficient cx 
- Linear term of the coefficient cx 


for eigenvalue problems f{i,e. ITEM=3} 


- Constant term of the coafficient FX 
- Linear term of the coefficient FX 
- Quadratic term of the coefficient FX 


0 through 15 if data is continuous (ICONT.NE.O}, Cards 


3 are read for each element (i.e., NEM times}. 


coefficients are expressed in terme of the GLOBAL coord 


* Data Card 10: 


{GLX} 


* Data Card il: 


{NOD} 


~ Global x-coordinates of the FIRST and LAST nodes 
of the element 


- Cannectivity of the alement: 
NOD(N,I}=Global node number corresponding te the 
I-th node of ‘Element H {(I=1,NPE} 
NPE denotes the Number of nodes Per Element 


* Data Card 12: 


{DCAX} 


- Constant and linear terms of the coefficient Ax 


* Data Card 13: 


{DCBX} 


- Constant and linear terms of the coefficient BX 


All 
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TABLE 7.4 (Continued) 
* Data Card 14: 
{DCCX}- Constant and linear terms of the coefficient CX 
* Data Card 153 ; 
{DCFX}- Constant, linear and quadratic terms of FX 


READ Cards 16 through 21 for TRUSS/FRAME problems (MODEL = 4). 
SKIP Cards 16 through 21 if MODEL.NE.4 


* Data Card 14: 
NHM - Number of nodes in the finite element mesh 


SKIP Cards 17 through 19 for TRUSS problems (NTYPE = 0}. Cards 
19 through 19 are read for each element, i.a., NEM times 


* Data Card 17: , 
PR - Poisson’s ratio of the material# - 
SE ~ Young's modulus of the material ‘ 
SL - Length of the element 
SA -— Cross-ectional area of the element 
SI - Momant of inertia of the element 
cs = Cosine of the angle of orientation of the element 
sy - Sine of the angle of orlentation of the element 


Angle is measured counter-clock-wise from x axis 
# PR is not used for the Euler ~Bernoulll element 


* Data Card 18: 


HE - Intensity of the horizontal distributed force 
VF - Intensity of the transaversaly distributed force 
PF - Point load on the element 

XB - Distance from node 1, along the length of the 


element, to the point of load application, PF 
CNT = Cosine of the angie of orientation of the load PF 
SNE - Sine of the angle of orientation of the load PF 
angle is measured counter-clock-wise from the 
element x axis 


* Gata Card 19: 
{NOD} - Conmmectivity of the slement: 
Non(N, I} = Global node number corrasponding to the 
i-th nade of Element N (I=1,NPE) 


READ Cards 20 and 21 only for TRUSS problems (NTYPE = 0). Carda 
20 and 21 are read for each element;i.e. NEM times 


* Data Card 20: 


SE - Young’s modulus of the material 

sL - Length of the element 

SA - Cross-ectional area of the element 

cs - Cosine of the angle of orientation of the element 

SN - Sine ef the angle of orientation of the element 
Angle is measured counter-clock-wise from x axis 

HF - Intensity of the horizental distributed force 


"* Data Card 21: 
{NOD} -— Connectivity of the element: 


NOD(N,I} = Global nede number corresponding to the 
Ith node of Element N {I=1,NPE} 
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TABLE 7.4 (Continued) 


* Pata 


SKIP 
Card 


* Data 


SKIP 


* Data 


SKIP 
Card 


* Data 


+ Data 


SKIP 


Card 22: 
NSPV - Number of specified PRIMARY degrees of freedom 
Card 23 if no primary variables is specified (NSPV=-0}. Repeat 


23 NSPY times 


card 23: {I = 1 to NSPV} 

ISPV(I,1) - Node number at which the PV is specified 

ISPV(i,2) — Specified local primary DOF at the node 

VEPV(I) - Spacified value of the primary variable (FV) 
(will not read for eigenvalue problems) 

Card 24 for eigenvalue problems (i.e. when ITEM=3) 


Card 24: 
NSSV - Number of specified (nonzero) SECONDARY variables 
Card 25 if no secondary variable is specified (NSSV=0). Repeat 


25 NSSV times 


card 25: (I = 1 to NSSV) 

ISSV{(I,1) + Node number at which the SV is specified 
ISSV(I,2) - Specified local secondary DOF at the node 

Vas (I) - Specified value of the secondary variable (PV) 
Card 26: 

NHBC - itumber of the Newton (mixed) boundary conditicns 


Card 27 if no mixed boundary condition is specified {NHBC=0}. 


The mixed boundary condition is assumed to he of the form: SV+VNBC 


*(PV-UREF) = 0. Repeat Card 28 NNBC times | 


* Bata 


SKIP 


-value problems 


* Data 


Card 27: (I = 1 to NNEC} 


INBC(I,1) - Node number at which the mixed B.C, is specified 
INBC{I,2) + Local DOF of the FY and s¥ at the node 

VNBC({I} - Value of the coefficient of the PV in the B.c, 
UREF (I) ~ Reference value of the PY 


Card 28 if ITEM=0 (read only for time-dependent and eigen- 


a RT 


Card 28: 


cro ~ Constant part -of CT = CTO + CT1*X 
CPi --Linear part of CF = CTO +°CTLAX 


SKIP remaining cards if steady-state or eigenvalue analysis is to 


be performed (ITEM=6 or ITEM=3) 


* Data Card 29: 


oT - Time increment (uniform) 
ALFA - Parameter in the time approximation scheme 
BETA —- Parameter in the time approximation scheme 


* Data Card 30: 


ENCOND- Indicator for initial conditions: 
INCOND=6, Homogeneous (zere) initial conditions 
IHCOND>O, Nonhomogensous initial conditions 
NTIME - Number of time steps for which solution ia sought 
INTVL - Time step intervals at which solution is to printed 
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SKIP Cards 31 and 32 if initial conditions are zero (INCONP=0} ___ 
* Data Card 31: 
{GUO} — Array of initial values of the primary variables 


SEIP Card 32 for parabolic equations (ITEH=1) 


* Pata Card 92: 


{GU1} - array of initial values of the first time-deriva- 
tives of the primary variables 


i p 


For Set 2 boundary conditions, we have one essential boundary condition and 
Me 


one mixed boundary condition: , 


U, =0, ai+Fu,-u)=0 
Hence, NSPV =1, NSSV=06, and NNBC=1, and the values in the mixed boundary 
conditions are input as 
VNBC(f) = B/k = 1.28, UREF(1) = U.=0.0, INBC(i,1)=5, INBC(1,2)=1. 


The output file for Set 1 boundary conditions is presented in Table 7T.{a). The 
input files are echoed in the output. The input file for Set 2 boundary conditions is 
given in Table 7.5(8). 


Example 7.2 (Example 3.2) Radially symmetric heat transfer in a solid cylinder, The 
governing equation of the problem is given by [see (3.78)] 


d d 
_ (2ner=) =2ngo for O<r<R, . (7.47) 


d 
(2zcke *) - = 


with k=20Wm °C, qo=2X10Wm™, T, = 100°C, and R,=0.01m (see Table 
3.3), We have MODEL = 1, NTYPE =0, and ITEM=0 (for a steady-state solution}, 
and the data is continuous (ICONT =1) in the demain for a mesh of two quadratic 
elements (IELEM = 2, NEM = 2). The data is 


a=2nkroa,=0, ac2nk; b=075,=6.0, b,=0.0 
c=0c=0.0, ¢, 50.0, f=2aqr2f=0.0, f\=20g, f=0.0 
Thus, we have [for values k = 20 Wim! °C™*, qg=2* 10° W m? 


AXO=0.0 AX1= 125.6637, BXO=0.0, BX1=0,0 
_CX0=6.0, CX1=0.0, FX0=0.0, FXI= 12.566488, FX2=0.0 


0, F(R)J=T (7.48) 


The array {DX} and boundary information are given by 


{DX} = {0.0, 0.0025, 0.0025, 0.0025, 0.0025} 
NSPV=1, ISPV(1,1)=5, ISPV(1,2)=1, VSPV(1)=100 


— 
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TABLE 7.5 
Output from FEM1D V2 for the problem in Example 7.4 


{a} Set L boundary conditions (edited output) 


#2% ECHO OF THE INPUT DATA STARTS 44% 


Example 7.1: Steady heat transfer in a fin (Set 1 boundary conditions) 
10 9 MODEL, NIYPE, ITE 
1 64 ITELEM, HEM 
iol ICOHT, NPRHT 
+ .0625 0.0625 6.0625 0.0625 DX(T) 
. A] AXO, AX1 
10 BXO, BX 
tt) CxO, CXL 
ao g.0 FXO, FX1, FK2 


o 
o 
o 
fT) 
a. 
1 NSPY 
1 4 100.0 ISPV(1,J} {3=1,2}, VSPV(1)} 
a NSSsV 

A NNBC 

a*4% ECHO OF THE INPUT DATA ENDS #*#4 


OUTPUT FROM PROGRAM FEM1DV2 BY J. WN. REDDY 


Example 7.1: Steady heat transfer in a fin (Set 1 boundary conditions) 
#e% ANALYSIS OF MODEL 1, AND TYPE © PROBLEM *#*# 


Element type (0, Hermite,>0, Lagrange}..= 
No. of deg. of freedom per node, NDF.... 
No, of elements in the mesh, NEM....,... 
No. of total DOF in the model, NEQ...... 
No. of specified primary DOF, NSPYV...... 
Ho. of specified secondary DOF, NSSV.... 
No, of specified Newton B. C.; NNBC..,.. 


Vu 
oR aE 


Boundary information on primary variables: 
1 1 0, 100008403 
Global coordinates of the nodes, {GLX}; 
G.COQ0OCE+O0 G,62500F-01 0.12500E+00 O.18750E+00 9, 25000E+00 


Coefficients of the differential equatiscn: 


AXO = 0,1900E+01 AX] = 9§,O000E+00 
BXO = 0. 00008400 BX1 = &,Q000E+00 
CxO = 0,25698+03 CX1 = ©, 0000E+00 
FXO = 0O,.0000#8+00 FX1 = ©. 0000E+00 FX2 = 0.00008+00 


SOLUTION (values of PVs) at the NODES: 
O.1LOOO0E+03 O.35158E+02 O.125048+02 O.4856DE+01 0,.303508401 
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TABLE 7,5 (Continued) 
TABLE 7.5 (Continvety 


Pp. Variable 


S. Variable 


QO, G000GE+00 
0.78L25E-02 
O.156258-01 
6, 23438E-01 
O.31250E-021 
G,390623E-0% 
0.46875E-01 
0.54688E-01 
0.62500E-91 
¢,62500E-01 
@.703138-014 
O.78125F-01 
0.85938E-01 
O,93750E-01 
0,10156E+00 
0.10938E+00 


0.10000E+03 
O.91895Et62 
0, 837898402 
O.756B84E102 
0. 67579E+0a 
O.59473E+Q2 
6,51368E+02 
0.49263 R+02 
0, 35158E+02 
0.351 58E+O2 
0.32326E102 
0.29494E+02 
0, 26663E+02 
GO, 23831E+02 
0. 20999E+02 
O.18168E+t02 


-O. LOS75E+04 
—0.10375E+04 
-0.10375E+04 
~0, LOS 75E+04 
“0, 10375E+04 
-0,103758t04 
-0.10375E+04 
-0.10375E+04 
-@. 10375E+04 
~0, 36245E+03 
-0.36245E+03 
-0,36245E+03 
“0. 36245E03 
~0-36245E+403 
-0.36245E+03 
-0,36245E+03 


D.LATISE+O0 6.15336E+02 -0.36245E+03 ‘ 
O.1Z500E+00 O.12504E+t02 -0,36245E+03 
O,12500F+00 0,12504E+02 -0.12237E+03 


0.13282 E00 
0.14063728700 
0.14844E+00 
0.15625E+00 
0.164062+00 
O,17188E+00 
0.17969B5+00 
0.18750E+00 
0. 1L8750E+00 
0.1953 1LE+06 
6. 203L3E+00 
O.21094B+00 
9.218 75E+00 
0.22656Bt00 
9.234392+00 
0, 24219E+00 
0, 25000E+00 


0. 11548E+02 
O.20592E+02 
0.96362E+01 
6. 86801E+01 
O.77241E+01 
O.67681Et01 
O.58i20E+01 
0,.48560Et01 
0. 48560E+01 
0.46284E+01 
0.44008E+017 
G.4AL731Et91 
0.39455E+01 
O.371L79EF01 
O.34903Et01 
0. 32626E+01 
0.30350E+01 


-O,122375+03 
-O0.12247E+03 
-0,L2237E+03 
-0,.12237E+09 
-0.12237E193 
-0,.122337E+03 
“0,12237E+03 
-0,12237E+03 
-0.29136E+02 
-0.291365+02 
-0,29136E102 
-O,29136E+02 
-0,29136E+02 
—0,29136E+02 
-0,Z29136Et02 
-0.29136E+02 
-0, 291366102 


OE OOSENNFSFsFse 


(d} Set 2 houndary conditions (input data only) 


Example 7,k! Steady heat transfer in a fin (Seat 2 poundary conditions} 


1 90 0 MODEL, NTYPE, ITEM 
1 4 IELEH, NEM 
1 2 ICONT, NPRNT 
0.0 06,0625 0.0525 00,0625 0.0625 DX (} 
1,0 0.0 AXO, AXL 
0.0 9.0 BxO, BXL 
256.0 0.0 exo, CXL 
0.0 0.0 4.0 FXO, FX1, FX2 
1 NSPV 
1 1 100.0 IsP¥(2,J}, VSPV¥(1} 
° NssV 
1 NNBC 
5 1 1.28 0.0 INBC(1,3}, VNBC(1), UREF(1) 


ap 
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TABLE 7.6 
Input file for the problem i in Example 7.2 


Example 7.2: Radially syanetric heat transfer in a solid cylinder 
1 it] MQDEL, NIYFE, ITE 


2 2 ELEM, NEM 
106i ICOHT, HPRNT 

0.0 @.005 4.005 DX {I} 

0.9 125.6637 AXG, AKL 

0.0 6.0 BXO, BX1 

0.0 6.0 exe, CXL 

0.0 12.56637E8 0.0 PHO, FEL, FX2 
1 NePy 
5 1 106.0 ISPV(i,0), VSPV{1)} 
0 NSsV 
0 HNBC 


_ . The input file of the problem is presented in Table 7.6 (cf. Table 3.3}. Note that 
the finite element solution obtained with two quadratic elements is more accurate 
(essentially the same as the exact) than the solution obtained with four linear elements. 


The fluid mechanics problem in Example 3,3 is very simple, and the 
reader should be able to generate the input file very easily to solve it with 
FEMIDV2. 


Example 7.3 Deformation of a rotating disk, For this case, we have MODEL= 1, 
NTYPE = 1, and ITEM= 0. For a mesh of two quadratic elements (ie., IEL=2 and 
NEM = 2), we use ICONT = 1 and 


{DX} = (0.0, O.25R, 0,25R, 0.25R, 0.25R} 


where 2 is the radius of the disk. For a uniform and homogeneous disk of thickness H 
and made of isotropic material, we take the moduli £, = £, = £. Since we are seeking 
tesults in nondimensional form, we take 


R=10, F=10, v=03, H=1.0 
Thus, we have 
AXO(=E)=1.0, AX1(=E,)=1.0 
BX0(=¥y2)=0.3,  BX1(=H)=1.0 
CX0=0.0, CXl1=0.0 
The body force is f = pws =f, + fir + AG. Hence, taking pw” = 1.0, 
FXO=0.0, FXL=1.0, FX2=0.0 


The boundary conditions are #{0)=0 (by symmetry) and ro,=0 at r=R 
(stress-free condition). Since the secondary variable is homogeneous, there is no need 
to impose it—only the boundary condition on the primary variable is to be imposed. 
We have 


NSP¥=1, NSSV=0, NNBC=0 
ISPVG,D=1, ISPV(1,2)=1, VSPV(i}=0.0 
The input fle for this problem is presented in Table 7.7. 
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TABLE 7.7 
Input file for the problem in Example 7.3 


Example 7.3: Deformation of a rotating disk 
a1 1 £0 MODEL, NTYPE, ITEM 

2 2 IELEM, NEM 

1 1 ICONT, NPRNT 

50 0.50 DX(T)} 

0 AXO, AX1 

19 BXO, BX1 

o exo, CXL 

oO 0.6 FXO, FXL, FK2 


PORES 


1 NSPY 
1 ISPV(1,2}, VSPV(1} 
a NSSV 
Oo wnac 


HH 
oa 
a 


Example 7.4 (Example 4.2) Clamped and spring-supported beam ‘in Fig, 4.7. We 
solve the problem using the Euler—-Bernoulli beam element (MODEL = 3, NTYPE = 4, 
IELEM=0) and the Timoshenko beam element (MODEL=2, NTYPE=0 or 2, 
IBLEM = 1,2, or 3}. 

Since the loading is discontinuous, we set ICONT=0. A minimum of two 
elements are required to model the problem (i.c., NEM = 2}. 

If we take Ef = 1.66 {i.c., 10° f 1b) then 
E 5S Ef 5 


GAR =F wy ONG 


6 1+vH? 
For L/H = 10, we have H = 1.0 because L = 10 ft. For the choice v = 0.25, we have 
GAK =4EI/H? =4x 10° lb 
Thus, we use 
AX0=0.6, AXi=0.0, BXO (=£D=1.056 
Bxi=0.0, CX0=0.0, CXi=0.0 
for the Euler—Bernoulli beam and 
AX0 (= GAK)=4.0H6, AX1=0.0, BXO (= £1)=1.0E6 
BX1=0.0, Cx0=0.0, CX1=0.0 


for the Timoshenko beam. 
The distributed transverse load is zero in element 1, and it is 


f= -2a-9 


in element 2. Hence, 


FXO = 0.0, FX1 = 0.9, FX2=0.0 inelement 1 
FXO = 66.666, FX1=—16.666, FX2=0.0 in element 2 


‘The global coordinates of nodes and the connectivity matrix entries for each 
element are obvious from the geometry. For the Euler-Bernoulli beam element the 
number of nodes is always equal to 2 (NPE=2Z), whereas for the Timoshenko beam 
element, the number of nodes depend on the degree of interpolation (or element type) 
selected: NPE =IELEM + 1. 
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The boundary conditions for this problem are 
worm (ODL 


Therefore, we have (NSSV = 0} 
NSPV=2, ISPV(,D=1, ISPV(1,2}=1, VSPV(1Ij)=0.0 
I8PV(2,1)=1, ISPV(2,2)=2, VSPV{2)=0.0 
NNBC=1, INBC(1,1)=3, INBC(1,2)=1 
VNBC(t) (=k) =1086 (for k/EIT=1) and 0.0 (for k =0.6) 
UREF(1) = 0.0 
Tables .7.8 and 7.9 give the input files for the Euler—Bernoulli and Timoshenko 


elements. Note that the Euler—Bernoulli element is a Hermite cubic element, whereas 
the Timoshenko element is only a Lagrange linear element. 


=0, (V+kw)/ =0 
zai 


Example 7.5 (Example 4.4) Analysis of a plane frame. Here we consider the 
two-member frame structure shown in Fig. 4.13(a). We shall analyze it using the 
Euler—Bemoulli frame element (MODEL = 4, NT'YPE = 1) and the Timoshenko frame 
element (MODEL =4, NFYPE= 2). The former gives an exact solution for all frame 
structures with constant cross-section members, The Timoshenko frame element, on 
the other hand, does not yield accurate results unless several elements per member of 
the structure are used. 

The input files of the problem are presented in Tables 7.10 and 7.11. The 
eight-element mesh of Timoshenko elements gives results comparable to the two- 
element mesh with the Euler—Bernoulli frame elements (results are not included here). 


The next example deals with the use of FEMiDY2 for time-dependent 
problems (i.e., ITEM =1 or 2). 


TABEE 7.8 
Input file for the problem in Example 7.4 


Example 7.4: Clamped and spring-supported beam (E~B element; k=1.0E4) 
3.00 #@ MODEL, NTYPE, ITEM 
0 2 ISLEM, NEM 
eo ol ICOHT, HPRNT 
GLE{T} 
NODf1,J) 
AXO, AX1 Data for 
BxO, BX Element 1 
CxO, OXi 
FRO, FX1, FX2 
GEX{I} 
NOD (2,7) 
AXO, AX1 Data for 
BxO, BX1 Element 2 
cxo, Xi 
7 -16,.666667 0.4 FXRO,FX1, FZ 
SPY 
ISPV(1,d}, ¥SPV(1} 
IsPv(2,3}, VSPy (2) 
NSSV ‘ 
HNBC (with transy. spring) 


a 
hb 
- We 
i= 


a 


eo aAooo ecoeoss 
"* " . tee ew 
ood poorosa 
2 
o 


Aor Sow hOOHP ORG 


wPoOP RW 
hs 
oo 


1 1,0804 0.9 
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TABLE 7.9 
Input file for the problem in Example 7.4 


a 


Example 7.4: Clamped and spring-supported beam (TIM element; k=1.0H4} 


zo a 

1 2 

@oi 

a.0 4.0 

1 2 

4.0E6 0.0 
1.0E6 0.0 (L/H = 10} 
0.0 0.0 

0.0 0.0 0.0 
4,0 10.0 

2 3 

4,0E6 4,0 

1.0E6 0.6 

o.0 0.0 
66,666667 -16.666667 0.6 
2 

1 1 0.0 

i 2 6.0 

0 

1 

2 1 1.054 0.0 


MODEL, NTYPE, 
IELEM, NEM 
Icont, NPRNT 
CL¥ (I) 
Nop(1,2} 
AXO, AXE 
BXO, BXL 
exo, CXL 
FXO, Fki, PX2 
GLX {1) 
NOD(2,7} 
AXO, AX1 
BXO, BX1 
CKO, CXE 
FXO, FXL, FX2 
NSPY 
ISPV(1,J), VSPV(1) 
TSPv(2,d), VSPV(2) 

HS5¥ c 

HNBC (with tranv. spring) 
INBC(1,3), ¥NBC(1}, UREF(L) 


ITEM 


Pata for 
Elemant 1 


Data for 
Element 2 


in 


Example 7.6 (Example 6.4) Transient heat conduction in a plane wall. Consider the 
transient heat conduction problem of Example 6.4 [see (6.56)]: 


du Sn 
a gO for O<x <1 (7.494) 
ou 
u(0,)=0, =U, =o (Set 1) (7.49b) 


TABLE 7.10 
Input file for the problem in Example 7.5 


er 


Example 7.55 


oOorPeaoWoo 
-. ' 


OPE ub ee Pome Oo 


Analysis of a plane 


1 #9 
2 
1 
3 1.0F6 144.0 10.0 10.0 
Q@ -0.0139988 0,0 0.0 0.6 
2 
1.GE6 180.0 16.09 10,0 
0.0 -4.0 90.0 0.6 
3 
1 0.0 <--- 
2 0.0 
3 0.0 
1 6.0 
2 0.0 
3 0.4 feo 
2 -2.0 


frame (E-3 element) 


MODEL, NI¥PE, ITEM 

IELEM, NEM 

ICORT, NPRNT 

NEM 

PR, SE, SL, SA, SI, C8, SN 
HF, VF, PF, XB, CST, SNT 
NOD(1,d)} 


Same as above for Element 2 


HSEYV 


IsP¥, VSPV 


NSssyv 
Issy, VSsv 
NBC 
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TABLE 7.0 
Input file for the problem i in Example 7.5 


Example 7.5; Analysis of a plane frame (TEM element) 
2 #0 


4 MODEL, HTYPE, ITEM 
a 2 ‘ IELEM, HEM 
o 4 IconT, NPRNT 
3 NNN 
0.3 1.086 144.0 10,0 10,0 %.6 1.0 PR, SE, SL, SA, SI, CS, SN 
0.0 -O,0198888 O.09 ©O.0 O.09 O.O HY, VF, PF, XB, CST, SHT 
1 2 NopD(1,7) 
o.3 1.0E6 180.0 10.0 10.0 O.8 o.6 
0.0 0.6 -4.0 90.90 0.6 06.8 Same as above for Element 2 
2 3 
6 NSPV 
1 i 0.0 Se 
1 2 6.0 
1 3 0.0 
4 1 0.0 ISpy, VSPVY 
3 2 0.0 
3 3 0.0 Soocaeese 
1 NSsy 
2 2 -Z.0 IssV, VSSV¥ 
is) NNEC 
Gu 
#@,)=0, (5+ u) =0 (Set) (7.49c) 
x=1 


ux, O}=1 
In Example 6.4, only Set 1 boundary conditions were considered. 
We have MODEL = 1, NTYPE = 0, ITEM = 1, CONT = 1, NSPV = 1, NSSV = 
0, and NNBC = 0 for Set 1 and NNBC = | for Set 2. The coefficients of the differentiat 
equations are (a = 1.0, 6 =0.0, c= 0.0, ¢,=1.0 and f =0) 
AXO=1.0, AX1=0.0, BXO0=6.0, BX1=0.0 
CxO=0.0, CX1=0.0, FXO0=0.0, FX1=0.0 
FX2=0.0, CT0O=10, CT1=0.0 
The boundary and initial conditions (since INCOND = 1) are input as 
ISPVG,1)=1, ISPVQ,2)=1, VSPV(I)=6.0 
GUO) = {0.0, 1.0, 1.0, .. .} 
From the discussions of Example 6.4, we use At=0.01 (DT=0.01) and print the 


sohition for every time step (i.e., INTVL = 1). 
The input file of the problem for Set 1 boundary conditions is presented in Table 


7.12. 


Example 7.7 (Example 6,2) Natural vibrations of a cantilever beam. For this problem, 
the boundary conditions are given by 


a 
v{0) = 0, (+) = for the Evler—Bernoulli beam theory 
=D 
wi)=0, WiOH)=0 for the Timoshenko beam theory 


The input data for all variables is the same as in the static analysis. In addition, we must 
input cj» and ¢,. For the Timoshenko beam theory [see (6.13)], ¢ denotes the inertia 
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TABLE 7.12 
Input file for the problem in Example 7.6 


a 


Example 7.6: Transient heat conduction in a plane wall 
i ¢600621 MODEL, NIYPE, ITEM 
1 2 IELEM, MEM 
11 ICONT, NPRNT 
5 0.5 Dx{T) 
0 AMO, AX1 
a BXO, BX1 
0 exo, Cx1 
0 0.0 FXO ,FXL, FK2 
NSPY¥ 
ISPV(I,J), VSPV(I} 
Hsov 
HHBC 
eT¢, CTl 
0.9 DT, ALPA, BETA 
2 ; INCOND, NFINE, INTVL «4 
1.0 GUO (I} ’ 


OFOPSORPHP ODORS 
H 
o 
o 


pA, and c,, denotes the rotatory inertia pI. The eigenvalue solver used in FEMIDV2 
requires the matrix [B] in [A] {x} = A[B]{x} to be positive-definite. Hence, Co and cy 
should be nonzero, otherwise, the mass matrix ccefficients associated with Y will be 
zero. 

The input files for the natural vibrations of the cantilever beam by the two types 
of elements are given in Tables 7.13 and 7.14. The reader can investigate the 
convergence characteristics of the elements in improving the accuracy of the fundamen- 
tal frequency with the use of FEMIDV2. 


7.4 SUMMARY 


In this chapter three main items have been discussed: numerical integration of 
finite element coefficient matrices and vectors, logical units of a typical finite 
element program and their contents, and applications of the finite element 
program FEM1DV2. The numerical evaluation of the coefficients is required 
because of (a) variable coefficients of the differential equations modeled and 
(b) special evaluation of the coefficients, as was requited for the Timoshenko 


TABLE 7.13 
Input file for the problem in Example 7.7 


Example 7.7: Natural vibrations of a cantilever beam (E-B; with RI} 


5 0 3 MODEL, NTY¥YPE, ITEM 
o 4 TELEM, NEM 
11 TCONT, NPRNT 
0.0 0.25 0.25 0.25 0,25 Dx (I} 
0.0 0.4 AXG, AX1 
1.9 0.0 HxO, BXL 
0.0 o.0 XO, CX1 
. 2 NSPY 
1 i IsPy(1,7) 
1 2 ISPV(2,d) 
0 NNBC 
1200.0 1,0 CFO, CTL (L/H=10) 


a Tee 
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TABLE 7.14 
Input file for the problem in Example 7.7 


Example 7.7: Natural vibrations of a cantilever beam (TIM element) 
2 0 3 ‘ MODEL, NTYPE, ITEM 
1 4 IELEM, NEM 
tol IconT, NPRNT 

5 0.25 0.25 0.25 DX{T) 

AXG, AXE 
BXO, BX1 
CXG, CXL 
NSPY 
161 ISPv(i,3) 
1 2 ISPV(2,7) 
a NNBC 
12.0E2 1.0 cTO, CTL (L/H=103 


beam element with equal interpolation. The Newton-Cotes and Gauss— 
Legendre integration rules have been discussed, The integration rules require 
the transformation of the integral expressions from the global coordinate 
system to a focal coordinate system. This transformation requires interpolation 
of the global coordinate x. Depending on the relative degrees of interpolation 
of the geometry and the dependent variables, the formulations are classified as 
subparametric, isoparametric, and superparametric. 

The three logical units—preprocessor, processor, and postprocessor— 
have been discussed. The contents of processor, where most finite element 
calcuiations are carried out, have been considered in detail. Fortran statements 
for numerical evaluation of integral expressions, assembly of element 
coefficients, and imposition of boundry conditions have been discussed. 

A description of the finite element computer program FEMIDV2 has 
been presented, and its application to problems of heat transfer and solid 
mechanics has been discussed. 


PROBLEMS 


Section 7.1 


In Problems 7.1-7.5, compute the matrix coefficients using (a) the Newton—Cotes 
integration formula and (b} the Gauss—Legendre quadrature, Use the appropriate 
number of integration points, and verify the results with those obtained by the exact 
integration, 

71. 


a du. d e 
Ka=[ (1+ x) PE a, Gu=f (L4x) erie dx 


A 


where y, are the linear (Lagrange) interpolation functions. 
Answer: Ky. = —h [1+ 4, 4+x2)], Go = bil +x, + dh). 
7.2, Repeat Problem 7.1 for the quadratic interpolation functions. 
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73. 


74. 


7.5, 
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7 & z aH 
Ku= | (<3) ds, Gum | (w,y de 


where , are the Hermite cubic interpolation functions. 

Answer: r=2: Ky, =12/h? (exact), G,, = 0.398148A. 
Repeat Problem 7.3 for the case in which the interpolation functions are the 
fifth-order Hermite polynomials of Problem 4.21. 

Answer: Ky, = 44°, G,, = 4A (exact for five-point quadrature). 


kf (Ye 


*A 


Me 
where w,=sin (4a(£ +32}]). Use three- and five-point Gaus$§ quadrature to 
compute K,,. 


Section 7.2 


Computer exercises (use FEMIDYV2) 


7.6, 


7.7. 


7.8. 


79. 


7.40. 


FAL. 


7.12. 


7.13. 


7.14. 


7.45, 


Solve the problem in Example 3.1 (Set 2} using two, four, and six linear 
elements. Tabulate the results along with the exact solution. Use the following 
data. L=002m, &£=20Wm'*C™, g=10 Wm’, 7.=50°C, B= 
500 Wm °C". 

Solve the problem in Example 3.1 (Set 2} using one, two, and three quadratic 
elements. Compare the finite element results for the temperature and heat flux 
with the exact solutions at the nodes. 

Solve the heat transfer problem in Example 3.2 (Set 2), using four tinear elements 
and two quadratic elements, and tabulate them with the exact solution at nodes 
(see Table 3.3}. 


Solve the problem in Example 3.4 using four quadratic elements, and compare 
the solution with that obtained using eight linear elements and the exact solution. 
Solve the one-dimensional flow problem of Example 3.4 (Set 2), for dP/dx = 
—24, using four linear elements and two quadratic elements. Compare the finite 
element results with the exact one. 


Solve the Couette flow problem in Example 3.3 using (2) four linear elements and 
(6) two quadratic elements. Compare the finite element solution for the 
temperature with the exact soluticn. 
Solve the problem of heat flow in a rod (Problem 3.19) using (a) four linear 
elements and (6) two quadratic elements, and compare the results with the 
analytical solution. 

Solve Problem 3.26 using (a) four linear elements and (6) two quadratic 
elements, and compare the finite element solution with the exact solution at 
nodes. 

Solve the problem of axisymmetric deformation of a rotating circular disk using 
(a) four near elements and (b) two quadratic elements (see Example 7.3). 
Assume that the body foree is given by f = pw’r. 

Solve Problem 3.28. 
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7.16. Scive Problem 3.30. 

7.17, Solve the problem in Example 3.4 using (a) four finear and (5) two quadratic 
elements. Determine the stress at the fixed end, 

7.18-7,29, Solve the beam problems 4.14.12 using the minimem number of Hermite 
cubic elements, 

7.30, Analyze a clamped circular plate under a uniformly distributed transverse load 
using the Euler—Bernoulli plate element. Investigate the convergence using two, 
four, and six elements by comparing with the exact solution 


$5 -O 


where D = EH*/12(1 —v’}, qo is the intensity of the distributed load, @ is the 
radius of the plate, H is its thickness, and v is Poisson's ratio (v = 0.25), 

7.31, Repeat Problem 7,30 with (a) two, four, and six linear and (6) one, two, and 
three quadratic Timoshenko plate elements (RIE) for a/H = 10 and 100. 

7.32. Repeat Problem 7.30 with the Timoshenko plate element (CIE) for a/H = 10 and 
100. 

7.33, Consider an annular plate of outer radius @ and and inner radius 5, and thickness 
Hf, If the plate is simply supported at the outer edge and subjected to a uniformly 
distributed moment My at the inner edge (see Fig. P7.33), analyze the problem 
using the Euler—Bernoulli plate element. Investigate the accuracy using two and 
four elements and comparing with the analytical solution (vy = 0.25) 


5b? Ma? - r) _ a’h*M, I (2) 
21+ VD@—b) (—-wWDi@—b) \a 
See Problem 7,30 for the definition of D. 


wir} = 


Radius @ 


Line load 
along the 
inner edge = FIGURE P7.33 


7,34. Repeat Problem 7.33 with (a) two and four linear and (6) one and two quadratic 
Timoshenko (RIE) elements for a/H = 10 and 100. 

7.35. Consider the simply supported annular plate described in Problem 7.33. Suppose 
that the inner edge is loaded with a uniformly distributed shearing force Q,y. Use 
meshes of two and four Euler-Bernoulli plate elements to analyze the problem. 

7.36. Analyze Problem 7.35 with (a) two and four linear and (6) one and two quadratic 
Timoshenko (REE) plate elements for a/H — 10 and 100. 

7.37. Repeat Problem 7.36 with the Timoshenko (CIE) plate element. 
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7,38. Consider a simply supported circular plate of radius a, loaded at the center with a 
load P. Analyze the problem with two, four, and six Euler-Bernoulli plate 
elements and compare with the analytical solution (v = 0.25) 


w= sD Slate (ar) + rIn (*)| 


Note that OG} = P/2z. 

7.39. Analyze Problem 7.38 with four and eight linear Timoshenko (RIE) plate 
elements for a4/H = 10 and 100. 

7.40. Analyze the simply supported annular plate in Problem 7.33 when it is subjected 
to a uniformly distributed load of intensity go. Use the Euler-Bernoulli plate 
element. 

7.41. Analyze the annular plate in Problem 7.40 using two and four Timoshenko (CIE) 
plate elements. 

7,42-7,49, Solve the truss and frame problems in Figs. P4.29-P4.36. 

7,50. Consider the axial motion of an elastic bar, governed by the second-order 
equation 


for O< x <L 


with the following data: length of bar Z=500 mm, cross-sectional area A= 
= 


1mm, modulus of elasticity E=20,000N mm’, density p = 0.008 Ns’ mm™, 
boundary conditions 


ou 
u(0, 2) = 6, EA (L,o=1 


and zero initial conditions. Using 50 linear elements and At=0.002s, determine 
the axial displacement and plot the displacement as a function of position along 
the bar for ¢=0.8s. , 
7,81, Consider the following nondimensionalized differentia! equation governing the 

plane wall transient [see Myers (1971), p. 161]: 

*T aT 

-~ 5+ —=6 f <ax< 

ae + 3 or 0<x<1 
with boundary conditions T(0,=1 and 7T(t,=0, and initial condition 
T(x, 0) =0. Solve the problems using (@) four, six, and eight lincar elements, and 
(b) two, three, and four quadratic elements. Compare the finite element solutions’ 
with the exact solution. 


Note. Program FEM1DV2 canonot be used without modification to solve Problems 
7 52-754, 


7,52, Consider a simply supported beam of length L subjected to a point load 


, at 
P= Posin — for Ostsr 


HW] for f=¢ 
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at a distance c from the left end of the beam (assumed to be at rest at ¢ = 0}. The 
transverse deflection w(x, ¢) is given by [see Harris and Crede (1961), pp. 8-53] 


wx, = 
PES Asin sin | t (<in™ 


=sin—— sin ——_.- sin — sin ant) | for OSisr 
WEA OL” OL lig tae tT 2t ; 


aR LIS 1 _ tte in E7tX [2 cas (nt /T;) 
“4 or 
i 


we ee TL Pani 


sin «,(f — a)| for f= 


where 


o, Pr EDP 


Use the data y= 1000Ib, r=20x 10°*s, L=30in, E=30X 10% lbin 2, p= 
733 x 10°*Ibin™, At=10%s, and assume that the beam is of square cross- 
section 0.5in by O.5in. Using five Euter—-Bernoulli elements in the half-beam, 
obtain the finite element solution and compare with the series solution at midspan 
for the case ¢ = 42, 

7.53. Repeat Problem 7.52 for c= 4L and eight elements in the full span. 

7.54, Repeat Problem 7.52 for P(/) = P, at midspan and eight elements in the full span. 

7.55. Consider a cantilevered beam with a point load at the free end. Using the load 
and data of Problem 7.52, find the finite element solution for the transverse 
deftection using Euler—Bernoulli beam elements. 

7.56. Repeat Problem 7.52 for a clamped beam with the toad at the midspan. 

7.37-7.61, Solve Problems 7.52-7.56 using Timoshenko beam elements. Use v = 0.3. 
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CHAPTER 


8 


SINGLE-VARIABLE 
PROBLEMS 


8.1 INTRODUCTION 


The finite element analysis of two-dimensional problems involves the same 
basic steps as those described for one-dimensional problems in Chapter 3. The 
analysis is somewhat complicated by the fact that two-dimensional problems 
are described by partial differential equations over geometrically complex 
regions. The boundary I of a two-dimensional domain Q is, in general, a 
curve. Therefore, the finite elements are simple two-dimensional geometric 
shapes that can be used to approximate a given two-dimensional domain as 
well as the solution over it. Thus, in two-dimensional problems, we not only 
seek an approximate solution to a given problem on a domain but we also 
approximate the domain by a suitable finite element mesh. Consequently, in 
the finite eiement analysis of two-dimensional problems, we shall have 
approximation errors due to the approximation of the solution as well as 
discretization errors due to the approximation of the domain. The finite 
element mesh (discretization) consists of simple two-dimensional elements, 
such as triangles, rectangles, and/or quadrilaterals, that allow unique deriva- 
tion of the interpolation functions. The elements are connected to each other 
at nodal points on the boundaries of the elements. The ability to represent 
domains with irregular geometries by a collection of finite elements makes the 
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method a valuable practical tool for the solution of boundary, initial, and 
eigenvalue problems arising in various fields of engineering, 

The objective of this chapter is to extend the basic steps discussed earlier 
for one-dimensional problems to two-dimensional boundary value problems 
involving a single dependent variable. Once again, we describe the basic steps 
of the finite element analysis with a model second-order partial differential 
equation, namely the Poisson equation, governing a single variable. This 
equation arises in a number of fields, including electrostatics, heat transfer, 
fiuid mechanics, and solid mechanics (see Table 8.1). 


8.2 BOUNDARY VALUE PROBLEMS 
8.2.1 The Model Equation 


Consider the problem of finding the solution u of the second-order partial 
differential equation 


a ou Ou rs) ou ou 
~ ay (a, apt #2 x) ay (4a 5+ OS!) + Agi —f=90 (8.1) 


for given data ay @, j = 1, 2), doo and f, and specified boundary conditions. The 
form of the boundary conditions will be apparent from the weak formulation. 
As a special case, one can obtain the Poisson equation from (8.1) by setting 
4, =adynFa and Ay. =z) =A, = 0: 


-V¥-@Vo=f in Q (8.2) 
where ¥ is the gradient operator. If i and j denote the unit vectors directed 


along the x and y axes, respectively, the gradient Operator can be expressed as 
(see Section 2.2.2) 


22 4,9 
¥=i—+j—- 
. ax * by 
and (8.2) in the cartesian coordinate system takes the form 
af on af ou 
OX (« =x) ay (« >) “f (83) 


In the following, we shall develop the finite element mode! of (8.1), The 
major steps are as follows: 


1. Discretization of the domain into a set of finite elements. 

2. Weak (or weighted-integral) formulation of the governing differentiai 
equation, 

3. Derivation of finite element interpolation functions. 

4, Development of the finite element model using the weak form. 


5. Assembly of finite elements to obtain the global system of algebraic 
equations. 
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6. Imposition of boundary conditions, 
7. Salution of equations. 
8. Post-computation of solution and quantities of interest. 


Steps 6 and 7 remain unchanged from one-dimensional finite element analysis 
because at the end of Step 5 we have a set of algebraic equations whose form is 
independent of the dimension of the domain or nature of the problem. In the 
following sections, we discuss each step in detail. ° 


3.2.2 Finite Element Discretization 


In two dimensions, there is more than one simple geometric shape that can be 
used as a finite element (see Fig. 8.1). As we shall see shortly,. the 
interpolation functions depend not only on the number of nodes in the element 
but also on the shape of the element. The shape of the element must be such 
that its geometry is uniquely defined by a set of points, hich serve as the 
element nodes in the development of the interpolation functions. As will be 
discussed later in this section, a triangle is the simplest geomeiric shape, 
followed by a rectangle. 

The representation of a given region by a set of elements (ie., 
discretization or mesh generation) is an important step in finite element 
analysis. The choice of element type, number of elements, and density of 
elements depends on the geometry of the domain, the problem to be analyzed, 


Discretization 
error 


FIGURE 8.1 

Finite element discretization of an 
imegular domain: (a) discretiza- 
tion of a domain by triangular 
and quadrilateral elements; (b} a 
typical triangular element 
(boundary I’, the unit normal fi 
(8) on the boundary of the element). 
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and the degree of accuracy desired. Of course, there are no specific formulae 
for obtaining this information. In general, the analyst is guided by his or her 
technical background, insight into the physics of the problem being modeled 
(c.g., a qualitative understanding, of the solution), and experience with finite 
element modeiing. The general rules of mesh generation for finite element 
formulations include the following: 


1. Select elements that characterize the governing equations of the probier. 

2. The number, shape, and type (i.e., linear or quadratic) of elements should 
be such that the geometry of the domain is represented as accurately as 
desired. 

3. The density of elements should be such that regions of large gradients of 
the solution ate adequately modeled (i.e., more or higher-order elements 
should be used in regions of large gradients). 

4, Mesh refinements should vary gradually from high-density Tegions to 
low-density regions. If transition elements are used, they should be used 
away from critical regions (i.e., regions of large gradients). Transition 
elements are those that connect iower-order elements to higher-order 
elements (e.g., linear to quadratic). 


Additional discussion of finite element meshes and types of elements (linear 
and higher-order Lagrange elements, transition elements, etc.) will be pre- 
sented in Chapter 9. 


§.2.3 Weak Form 


In the development of the weak form, we need only consider an arbitrarily 
typical element. We assume that ° is such an element, whether triangular or 
quadrilateral, of the finite element mesh, and we develop the finite element 
model of (8.1) over Q°, Various two-dimensional elements will be discussed in 
the sequel. 

Following the three-step procedure presented in Chapters 2 and 3, we 
develop the weak form of (8.1) over the typical element Q*. The first step is to 
multiply (8.1) with a weight function s, which is assumed to be once- 
differentiable with respect to x and y, and then integrate the resulting equation 
over the element domain 9°: 


a a 
o=[ |-2a@-£ + -f| 
oe 3, 6A ay Fool Ff i dx dy (8.4a) 
where 
au ou Gu Ou 
ray By to ay’ Boda at aay (8.46) 


In the second step, we distribute the differentiation equally between u and w. 
To achieve this, we integrate the first two terms in (8.4a) by parts. First we 
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note the identities 


2 wry 2 e452 ar aw, 2 

ax (wh) = ax Ko+w Be or Wo oe rot ay (wh) (85a) 
a ow ob of aw a 

2 == = _w—=—— h-—(wE 

ay (wH) ay F,+w ay or w ay ay BK ay (wE)  (8.5b) 


Next, we recall the component form of the gradient (or divergence) theorem in 
(2.17b): 


a 
[ = (wh) ax dy = 4 wn, ds 
or OX Tt 


a 
I. ay (wk) dx dy = $ win, ds 


where n, and 2, are the components (i.e., direction cosines) of the unit normal 
vector 


ai=n,tn,j=cos ait sin aj (8.7) 


on the boundary I*, and ds is the arclength of an infinitesimal line element 
along the boundary (see Fig. 8.16). Using (8.5) and (8.6) in (8.4a), we obtain 


a a 9 a a a 
g=- | [= (an ae ans) + ” (az. 5 + ans) + agg Wt — wf | dx dy 
ne ox ox 


ax ay ay dy 
due. On au au 
-§ w[n(ar Stans) + ny(an Zi+ aa 5) | (8.8) 


From an inspection of the boundary term in this equation, we note that the 
specification of u constitutes the essential boundary condition, and hence u is 
the primary variable. The specification of the coefficient of the weight function 
in the boundary expression 


ou ou ou ou 
Gn = Thy an get ans) +n, an set dna) 


(8.9) 


oy ax oy 


constitutes the natural boundary condition; thus, q, is the secondary variable 
of the formulation. The function g, =¢,(s) denotes the projection of the 
vector ayVu along the unit normal fi. By definition, g, is positive outward 
from the surface as we move counter-clockwise along the boundary I*, The 
secondary variable g, is of physica! interest in most problems. For example, in 
the case of heat transfer through an anisotropic medium, a; are the 
conductivities of the medium, and g,, is the heat flux normal to the boundary of 
the element (into the element). 


SINGLE-VARIABLE PROBLEMS 301 


The third and last step of the formulation is to use the definition (8.9) in 
(8.8) and write the weak form of (8.1) as 


au) dws a 
o= | |S (an Se + an) *( Maa se) + agit — wf | dr dy 
fa" 


+ -— — 
ex ax oy ay 21 ax oy 
— ¢ wq, ds 
L tea 
(8.100) 
or 
B(w, u) = t(w) (8.105) 


where the bilinear form B(-, -} and linear form /(-) are 


ow ou au ow ou ou 
Btw, uw) = [. [= (a, axt ay. x) + ey (<a Be + as 5) + dow | dx ay 
(8.10¢) 


i@w)= { wf dx dy + 4 wq,, ds 
se re 


The weak form (also called the variational problem) in (8.10) forms the basis 
of the finite element model of (8.1}. The quadratic functional associated with 
the problem can be obtained from (2.43b) when B(:,-) is symmetric [see 
Mikhlin (1964), Reddy and Rasmussen (1982), and Reddy (1986)]: 


i{u) = 4B(u, u) —1(u) 


The bilinear form in (8.10c) is symmetric when a). = a1. 


8.2.4 Finite Element Medel 


The weak form in (8,10) requires that the approximation chosen for u should 
be at least linear in both x and y so that there are no terms in (8.10) that are 
identically zero. Since the primary variable is simply the function itself, the 
Lagrange family of interpolation functions is admissible. Suppose that wu is 
approximated over a typical finite element 0° by the expression 


u(x, y) = U(x, y) = > ujpyx, y) (8.11) 


fel 


where 4 is the value of U* at the jth node (x,,-y,) of the element, and yy are 
the Lagrange interpolation functions, with the property 


wily, yy = Oy (8.12) 


The specific form of 7 will be derived for linear triangular and rectangular 
elements in Section 8.2.5, and higher-order interpolation functions will be 
derived in Chapter 9. 
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Substituting the finite element approximation (8.11) for u into the weak 
form (8.10), we obtain 


. aw 5 ap, a Oy; 
v= [loadin en Sint 
oe ax Ai 2 uy; ax + an ds ij by 


2 (ayy Sit and 20) 
+——la uj +a us 
ay as ds ’ Ox nd, Tay 


+ dopW >, Uy — wf dx dy -4 wa, ds (8.13) 

fel r 
This equation must hold for any weight function w. Since we need 2 
independent algebraic equations fo solve for the a unknowns 4), Wa, 6.65 Uns, 
we choose # independent functions for w: w= Jy, Yas ++ +> Pry This particular 
choice is a natura! one when the weight function is viewed as a virtual variation 
of the dependent unknown (i.e., w = du = Di. du; yr). For each choice of w, 
we obtain’an algebraic relation among (#1, t2,... , Ua). Wé label the algebraic 
equation ‘resulting from substitution of y, for w into (8.13) as the first 
algebraic equation. The ith algebraic equation is obtained by substituting 
w = tp, into (8.13): 


~ OY; f 8e; ayy; 
0 SILLS ont 
21 ee bax Gx 7? By 
Oy; (Op; oy 
+ ay (en ae + ao, So) + aot | ax ay by 


-| fyde dy Wands E=1, 2-21) 
a F* 


or 
D Kjuj=fi+ OF (8.14a) 
jet 

where 


ay.f OW, SBA Ow OW ay 
K-[ [3 (as St an SH) + an et oa) + ath | de dy | 


pi=[ feted, 1-9 avid 
gat 


(8.14b) 


In matrix notation, (8.14) takes the form 


[K*]{u"} = {f°} + (29 (8.14c) 


Note that Ki= Ki G.e., [K] is symmetric) only when ay = 421. Equation 
(8.14c) represents the finite element model of (8.1). This completes the 


Lewes 
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development of the finite element model. Before we discuss assembly of 
elements, it is informative to consider how the interpolations wf are derived 
for certain basic elements. and evaluate the element matrices in (8.14). 


8.2.5 Interpolation Functions 


The finite element approximation U*(x, y) of u(x, y) over an element Q* must 
satisfy the following conditions in order for the approximate solution to be 
convergent to the true one: 


1. U* must be differentiable, as required in the weak form of the problem 
(i.e., all terms in the weak form ate represented as nonzero values). 

2. The polynomials used to represent U* must be complete (i.e., all terms, 
beginning with a constant term up to the highest order used in the 
polynomial, should be included in U*). 

3. All terms in the polynomial should be linearly independent. 


The number of linearly independent terms in the representation of U* dictates 
the shape and number of degrees of freedom of the element. Next, we discuss 
some of the basic polynomials and associated elements for problems with a 
single degree of freedom per node. 

An examination of the variational form (8.10) and the finite element 
matrices in (8.142) shows that yf should be at least linear functions of x and y. 
For example, the polynomial 


U(x, y) ey + eax +c3y (8.15) 


contains three linearly independent terms, and it is linear in both x and y. To 
write the constants c; G@ = 1, 2, 3) in terms of the nodal values of U*, we must 
identify three points or nodes i in the element °. These three nodes must also 
uniqueiy define the geometry of the element. Obviously, the geometric shape 
defined by three points in a two-dimensional domain is a triangle. Thus the 
polynomial (8.15) is associated with a triangular element, and | there are three 
nodes identified, namely, the vertices of the triangle. 
On the other hand, the polynomial 


U(x, y) = 0, + Cox tesy + egxy (8. 16} 


contains four linearly independent terms, and is linear in x and y, with a 
bilinear term in x and y. This polynomial requires an element with four nodes. 
There are two possible geonietric shapes: a triangle with the fourth node at its 
center (or centroid), or a rectangle with the nodes at the vertices. A triangle 
with a fourth node at the center does not provide a single-valued variation of u 
at interelement boundaries, resulting in incompatible variations of « there, and 
is therefore not admissible. The linear rectangular element is a compatible 
element. 
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A polynomial with five constants is the incomplete quadratic polynomial 
U° (x, ¥) = Cy + Cox + egy + cary + e5(x? + y’) (8.17) 


which can be used to construct an element with five nodes (e.g., a rectangle 
with a node at each corner and at its midpoint); however, the element does not 
give single-valued variation of u. Also, note that the x? and y” terms cannot be 
varied independently of each other. 

The quadratic polynomial 


U*(x, y) ey + Cox +esy + caxy + 5x” + cgy* (8.18) 


with six constants can be used to construct an element with six nodes. For 
example, a triangle with a node at each vertex and a node at the midpoint of 
each side is admissible. It is known as the quadratic triangular element. 
Examples of three-, four-, five-, and six-node elements are shown in Fig. 8.2. 

Here we derive the linear interpolation functions for the three-node 
triangular element and the four-node rectangular element. The procedure used 
is the same as that for one-dimensional elements. The interpolation functions 
for near, quadratic and cubic triangular and rectangular elements can be 
found in many books, and the present study is intended to illustrate the 
procedure used to derive the interpolation functions. Additional discussion on 
the generation of interpolation functions is presented in Chapter 9. 


LINEAR TRIANGULAR ELEMENT. Consider the linear approximation (8.15). 
The set {1, x, y} is linearly independent and complete, We must rewrite the 
approximation (8.15) such that it satisfies the conditions 

U(x, yi=ur G=1,2, 3) (8.19) 


where (xf, yf) (i= 1, 2, 3) are the global coordinates of the three vertices of 
the triangle 2°. In other words, we determine the three constants c; in (8.15) in 


FIGURE 8.2 
Finite elements in two dimensions: (a) a three-node element; {#) four-node elements; {c) a 
five-node element; (d) a six-node element. 
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terms of uf from (8.19); 
Uy = u(y, Yi) = Cy + ax + Oy) 
Hy = u(x, yy) = ¢€,+09%.+ ¢3¥, (8.20) 
Hs = U(X4, Ya) = Cy + 09X34 Ca Jy 
where the element label e on the us, xs, ys, and cs is omitted for simplicity. 


Throughout the following discussion, this format will be followed. In matrix 
form, we have 


Hy Lx vw Ife 
ee 1 X2 Ye Cz (8.21) 
us j 43° O¥s C3 


Solution of (8.21) for ¢; @ =1, 2, 3) requires inversion of the coefficient 
matrix in (8.21). The inverse does not exist when any two sows or columns of 
(8.21) are the same. This happens only when all three nodes lic on the same 
line. Thus, in theory, as long as the three vertices of the triangle are distinct 
and do not lie on a line, the coefficient matrix is invertible, However, in actual 
computations, if any two of the three nodes are very close relative to the third, 
or the three nodes are almost on the same line, the coefficient matrix can be 
nearly singular and numerically noninvertible. Hence, one should avoid 
elements with narrow geometries (sce Fig. 8.3) in finite element meshes, 

Inverting the coefficient matrix in (8.21), we obtain 


1 4% W 
[Ay “34, B, Bz Bs |, 2A,=a,+ a, + @; (8.22) 
“Ly v2 ¥3 


and, solving for ¢, in terms of u;, 


fe} = {A} {x}, 
La 2 


~F Loek 


—_————- L ————1__ acure 83 
Triangular geometries that should be 
(b} avoided ia finite element meshes. 
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we obtain 


y= (uy + agit, + agiza) 


2A, 


= = (Bru, + Bautz + Baits) | (8.234) 


1 
ts “2A. (Vitti + Yella + Ys"), 


where A, is the area of the triangle (or 2A, is the determinant of [A]), and a, 


B;, and y; are the geometric constants w 
f 


Oy = XV Ney 
B= Y;- Ye (i #j#k; and é, j and & permute ina natural order) 
Yi = ~O — Xx) 
(8.23b) 


Substituting for c, from (8.234) into (8.15), we obtain 


1 
U%(x, y) = 3A, [Corps + gt + gts) + (B1it1 + Batts + Paus)x 


+ (y,41 + Yolo + Yaits)y] 


3 
=> wiviee y) (8.24) 


i 


FIGURE 8.4 
Linear interpolation functions for the three-node triangular element. 
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where 1; are the linear interpolation functions for the triangular element, 


1 
ye = 7A. (af + Bix + yy) G = 1, 2, 3) (8.25) 


and a, B;, and + are constants defined in (8.236). The tinear interpolation 
functions yf are shown in Fig. 8.4. They have the properties 


wap y)=6;, Gj=1,2,3) 


: S OM; So OpF 
fx J, =, Hg 
» vi > ax »y oy 


(8.26) 


Note that (8.24) determines a plane surface passing through u,, #2, and Hy. 
Hence, use of the linear interpolation functions wf! of a triangle will result in 
the approximation of the curved surface u(x,y) by a planar function 
Uf =Liurp? as shown in Fig. 8.5. We consider an example of the 
computation of wr, 


Example 8,1, Consider the triangular element shown in Fig. 8.6. Let 


cy, 
UG, y)=qteaxteay=f{l x yhre, 
C3 


i (x, y} = Louies 


1 
‘ ’ { .- 
# ~ 
®. yf: me fiw 
a Aen Sd x 
Finite element mesh _--*~ ~ f SY 


of the domain a ocala 


FIGURE 8.5 
Representation of a continuous function ufx, y) by finear interpolation functions of three-node 
triangular elements. 
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G, 4)3 


FIGURE 38.6 
A triangular element with element nodes and 
coordinates (for Example 8.1). 


Evaluating this polynomial at nodes 1, 2, and 3, we obtain the equations, from (8.21) 


wy 12 ifjc C1 uy , 
we=bl 5 3lyaer, oP =A] SY ae 
uy 1 3 4 ke, C5 5 
where 
t 11 -5 i 
[Ay'=5]-1 3 -2 
—2 -i 3 


Substituting into U, we obtain ({A]~’ =[A*) 


Hy uy 3 
Ud, yy=(1 x YHA path he we} wet = >» viet 
ts ls i=1 
where 
yh = At, + Anx + Ady 
and A* are the elements of the inverse matrix [A]~'. 
Alternatively, from the definitions (8.235), we have 
@=5x%4-3x3=11, a =39x1-2x4=-5, a,22xK3-S5SX1=1 
fi23-45—-1, p.=4-1=3, fs-1-3=-2 
2A. = % + o,4+ 057 
The interpolation functions are 
vi=iQ1—x—2y),  paH-S+3x—y),  yS=4(L—-2e +3y) 


LINEAR (FOUR-NODE) RECTANGULAR ELEMENT. Here we consider an 
approximation of the form (8.16) and use a rectangular element with sides a 
and b (see Fig. 8.7a), For the sake of convenience, we choose a local 
coordinate system (¥, p) to derive the interpolation functions. We assume that 


UK, ¥) = Cy + Cok + C39 + C4ky (8.27) 
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(4) 


FIGURE §.7 
Linear rectangular element and its interpolation functions: (a) geometry of the element; (6) 


interpolation functions, 


and require 
h,= (0, 0) ESC1 


uz = Ula, O=e,+c.0 


(8.28) 
a= Uta, b) =) + ¢o4 + 4) + egab 
ig = uU(0, b) =; + cb 
Solving for ¢, (@=1,..., 4), we obtain 
Cp, =e 
a 
(8.29) 
Ug — iy Hs — Ha t+ ym i 
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Substituting these into (8.27), we obtain 


° c)nu.fp-2—2 32) (=-<2) xy (2-22) 
UC, ¥) u,(1 a bab) AG ab) ab NB ab 
4 
= ity By + Uae + Usa + Ugg = 2 NEV (8.30) 
where 
(8.31a) 
he 
, 

or, in concise form, 

vite, y= (1yt(1-2 2) (1-25) (8.315) 


where (é,, ¥,) are the (#, ¥) coordinates of node i. The interpolation functions 
are shown in Fig. 8.7(b). We again have 


4 
vie, w= 6) GIL Bal (8.32a,b) 
where (#;, 7) are the coordinates of node j in the (%, ¥) system. 
Note that the linear interpolation functions for the four-node rectangular 
element can also be obtained by taking the tensor product of the 1-D linear 
interpolation functions (3.18) associated with sides 1-2 and 2-3: 


{1-2 st=Ly | (8.33) 


The procedure given above for the construction of the Lagrange 
interpolation functions involves the inversion of an 1X n matrix, where 7 is the 
number of nodes in the element. When x is large, the inversion becomes very. 
tedious. The alternative procedure discussed in Chapter 3 for one-dimensional 
elements proves to be algebraically simple. Here we illustrate the alternative 
procedure for the four-node rectangular element. Equation (8.32a) requires 
that 


yi, ¥i) = 0 (i = 2, 3, 4), wilrs, y1) =1 


That is, w{ is identically zero on lines ¥=a@ and f = b. Hence, yi, ¥) must 
‘be of the form 


VIE |) = cla - NO -3) 
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Using the condition wi{x,, y,) = #{(0, 0}= 1, we obtain c, =1/ab. Hence, 
Vig D => (aH -y) = (1-=)(1-2) 
Me YP Ob ; y= a b 
Likewise, one can obtain the remaining three interpolation functions. 


8.2.6 Evaluation of Element Matrices, and Vectors 


The exact evaluation of the element matrices [K“] and {f*} in (8.145) is, in 
general, not easy. Therefore, they are evaluated using numerical integration 
techniques described in Section 74.5. However, when @y, Ao, and f are 
element-wise constant, it is possible to evaluate the integrals exactly over the 
linear triangular and rectangular elements discussed in the previous section. 
The boundary integral in {Q°} of (8.14b) can be evaluated whenever q,, is 
known, For an interior element (i.e., one that does not have any of its sides on 
the boundary of the problem), the contribution from the boundary integral 
cancels with similar contributions from adjoining elements of the mesh 
(analogous to the QF in one-dimensional problems). A more detailed 
discussion is given below. 

For the sake of brevity, we rewrite [X*] in (8.14) as the sum of four basic 
matrices [S$ °°] (w, 8B =9, 1, 2): 


[KT = deol S°] + ayy[S"] + ayfS?] + an [82]? +an[S7] (8.34) 


where [ }’ denotes the transpose of the enclosed matrix, and 


Sif = [ Yi,eWip dx dy (8.35) 


with % = Ow/ Ox, X1=%xX, and Xx=y; Yr = y All matrices in (8.34) and 
interpolation functions in (8.35) are understood to be defined over an element; 
i.¢., all expressions and quantities should have the element label ¢, but these 
are omitted in the interest of brevity. We now proceed to compute the 
matrices in (8.34) and (8.146) using the linear interpolation functions derived 
ia the previous section. 


ELEMENT MATRICES FOR A LINEAR TRIANGULAR ELEMENT. For a 
triangle, the following exact integral formulae are available for evaluating the 
integrals. Let 


Lan { xy" dx dy (8.36) 
A 
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Then we have (the element label on A is omitted) 


fo =A (area of the triangle) 


a 
fo=Ak, £=42 a, n=AS, 9=3 Dy 


Using the linear interpolation functions (8.25) in (8.35), and noting that 
a a 


dx 2A’ dy 2A 8.38) 
we obtain . 
1 1 1, 
Sy = 4A BB, = SP= 4A By, SP = aa Vis 
x | . , 
SP =F, [Lea + (ay + ADE + Cain, + ar) (8.39) 


+ , [ooBB + FilyiB; + ¥;8)) + heaven} 


In view of the identity «+ 6+ y,f=4%A [which follows from (8.235) and 
(8.37)]|, for an element-wise-constant value of f =f, we have 


fig df.(a; + B+ ¥9) = 4A. (8.40) 


This should be obvious, because for a constant source f,, the total magnitude 
of the source on the element is equal to £A,, which is distributed equally 
among the nodes. Once the coordinates of the element nodes are known, one 
can compute a, §;, and y; from (8.235) and substitute into (8.39) to obtain the 
element matrices, which in turn can be used in (8.34) to obtain the element 
matrix [K*]. For example, when a;2, @, and agp are zero, and a), and a2, are 
element—wise-consiant, we have 


(8.41) 


€ 1 e epee 7 ec, 
Ky= 4A. (ai, BiB; + a yi¥7) 


ELEMENT MATRICES FOR A LINEAR RECTANGULAR ELEMENT. When ay 
(i,j =0, 1,2) and f are constants, we can use the interpolation functions of 
(8.31a} expressed in the local coordinates « and ¥, which are related to the 
global coordinates by 


X=H+x§, yHoy+yi, dedi, dy=dy (8.42) 


where (xj, yj) are the global coordinates of node 1 of the clement Q° with 
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respect to the global (x, ») coordinate system. For example, we have 
on xfta pyre a pb 
sp=[[ wayacay= [| vvaray 
x4 vt 0 “9 


where a and b are the lengths along the x and ¥ axes of the element. Consider 
the coefficient 


-[Lomeo-[[ 6-90-20 Daw 


@ £\? 6 zy? ab ab 
= —--— ‘a i-2) j= —-— 
LG *) ae ['( b) 9-337 9 


Similarly, we can evaluate all the matrices [S**] with the aid of the integral 


identities 
a =, 2 aa - 
[0-4 di =4a, [ =(.-®) a= 30 
os 8 o@s 4 (8.43) 
« X\ 4. 4 fo ; 
1——] 4 = 4a, —di=4a 
tH a OG a 
We have 
2-2-1 #1 1 1-1 -1 
b{/—2 2 1-1 it] -1 -1 1 1 
iy 2 Rye 
(Sv1-% 1 1 2 2) -i -1 1 1 
—i -2 2 1 1 -1 -1l 
i -1 -—2 4212 
2 —2 -1 oo, 00|2 4 2 1 
[s"] 6b] -1 -2 2 i! [s"] 36/1 2 4 2 (8.44) 
—2 -1 1 2 2124 


(fy=Yyeb{1 11 47 


EVALUATION OF THE BOUNDARY INTEGRALS. Here we consider the 
evaluation of boundary integrals of the type 


Ql=h aswis)ds (8.45) 


where q;, is a known function of the distance s-along the boundary I, It is not 
necessary to compute such. integrals when a portion of F* does not coincide 
with the boundary I of the total domain Q, On portions of T° that are in the 
interior of the domain Q, g} on side {é, jf} of the element 9¥ cancels with gf on 
side (p, g) of the element 92/ when sides {i, 7) of Q* and (p, g) of Q/ are the 
same (i.c,,' at the interface of Q° and Q/). This can be viewed as the 
equilibrium of the internal “flux” {see Figs. 8.86,c). When I” fails on the 
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4n (specified) 


4, (specified) 


— True boundary 
of the domain 


(b) (c) 


FIGURE 38.8 

Computation of boundary forces and equilibrium of secondary variables at interelement 
boundaries: (a) finite element discretization; (6} equilibrium of forces at interfaces; {c) 
computation of forces on the true boundary. 


boundary of the domain ©, qf is either known, in general, as a function of s, 
or is to be determined in the post-computation. In the latter case, the primary 
variable will be specified on the portion of the boundary where gq, is not 
specified. 

The boundary T° of linear two-dimensional elements is a set of linear 
one-dimensional elements. Therefore, the evaluation of the boundary integrals 
in two-dimensional problems amounts to evaluating line integrals. It should 
not be surprising to the reader that when two-dimensional interpolation 
functions are evaluated on the boundary, we obtain the corresponding 
one-dimensional interpolation functions. For example, consider the linear 
triangular element shown in Fig. 8.9. The linear interpolation functions for this” 
element are given by (8.25). Now let us choose a coordinate system (s, ¢) with 
its origin at node 1 and the coordinate s paraflel to the side connecting nodes 1 
and 2. The two coordinate systems (x, y) and (s, ¢) are related by 


x=, +hysteut 
py Hazt bos + cot 


The constants a,, 61, €1, @2, bz, and cz can be determined with the following 
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conditions: 
when s=0, f=0, x=xX,, y=y) 
when s=4,¢=0, x=X2, y=\2 
when 5 =c, i=b, X=X%3, Y=Js 
We obtain 


f 


x(s, =x, + (2- n)= + (E- tx, ~ ex, +x] 5 
(8.46) 


y¥@ Ort O2—- Y= ++ |(E-t)n-En +9] 4 


These equations allow us fo express w(x, y) as w,(s,f), which can be 
evaluated on the side connecting nodes 1 and 2 by setting t = 0 in 1,(s, 0): 


vps) = i(s, 0) = WiCx(s, 0, y(, 0)) 
Want. yOnt(—-w= 


For instance, 


wir Zfarrallt-dnede]er[ Dred 
= 55 (a + a+ a3)(1-5) = 1-5 ) 


where the definitions of a,, 6,, and y, have been used to rewrite the entire 
expression. Similarly, 


8 

Yo(s) = a’ ps(s) =9 
where a =/ty, is the length of side 1-2. We note that w,(s) and w.{s) are 
precisely the linear one-dimensional interpolation functions associated with the 


line element connecting nodes 1 and 2. Similarly, when wx, ¥) are evaluated 
on side 3-1 of the element, we obtain 


5 ny 
sj), = 0, s}=1-——— 
wis) ia Yo wsls} hha 
where the s coordinate is taken along the side 3-1, with origin at node 3, and 
hy, is the length of side 1-3. Thus evaluation of Qf involves the use of 


appropriate 1-D interpolation functions and the known variation of g, on the 
boundary: 


Or={  wisdanls) d+ | isdants)do-+ f w(sdants) ds 
= 0% + On + Oi (8.47) 
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FIGURE 8.9 
. The linear triangular element in the gioba! (x, ¥) 
Y r r———* x and local (3, f) coordinate systems. 


where J, ; denotes the integral over the line connecting node i to node j, the s 
coordinate is taken from node i to node /, with origin at node i, and Q%, is 
defined as the contribution to Qf from q% on side J (see Fig. 8.9) of the 
element £2°: 


Qi= 7 eae ds (8.48) 


side 


For example, 


Qi=h als)ds=| Cauda ds+0+[ (a.dsrvr ds 
ibe 1-2 a1 


The contribution from side 2-3 is zero, because 1, is zero on side 2-3 of a 
triangular element. For a rectangular element, Qf has contributions from sides 
1-2 and 4-1, because #, is zero on sides 2—3 and 3-4. 


Example 8,2, Consider the evaluation of the boundary integral Q; in (8.45) for the four 
cases of q{s) and finite elements shown in Fig. 8.10. For each case, we must use the 
q(s) and the interpolation functions associated with the type of boundary element (i.e., 
linear or quadratic). 


Case 1. ¢(s) = go = constant; linear element: 


Hig 
Q1=b avids=Go[ yids +040 (=3,2,3) 
FE a 


where 


s § 
wolos, vary py, =0 
We have 
Oi =o, (= Qin), OF =4qoh. (= Oh), 3=0 


Case 2. q(s} = qos/h, (linear variation); linear element: 


e i an Re . 
D=9 gw ds=B | sy,ds (@=1, 2,3) 
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Case 3 


Case 4 


FIGURE 58.10 
Evaluation of boundary integrals in the finite element analysis (Example 8.2). 


where 


We have 
O= holt. (= Qi), Q3= Sole (= O51) O35=6 


Case 3. g(s) = qo = constant; quadratic element: 


Oi=$ go. as (=1,2,...,6) 


ar ec 


and yy, #5, and iJ, are zero on side 1-2~3. We have 
ee = eGolt. (= Otd GQ = edolte (= Or) Q,= Matt, (= On) 
Case 4. g{s) as shown in Fig. 8.10; linear element: 
Ry 
Gi=$ a(s)yias = | dog vnds-+ | ny ds +0 
[ 1-2 E2 2-3 


=0;,+08 (Qis = Q) 
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We obtain, 


: & s 
Qi=| go(1--) ds +0+0=dgohe (= 28) 
WW hy hy 
5 Ss 5 
ta { gid +| (1-=)ds+0 
03 [ons s not lin 
= Moline + hqaltin (= O51 + Qh) 


ai 
sn 0+ | gue ds +0= fgitn (= 0%) 
| 


8.2.7 Assembly of Element Equations 


The assembly of finite element equations is based on the same two princigles 
that were used in one-dimensional problems: ¢ 


1, Continuity of primary variables : 
2. “Equilibrium” (or “balance”) of secondary variables 


We illustrate the procedure by considering a finite element mesh consisting of 
a triangular element and a quadrilateral element (see Fig. 8.11a). Let K} 
(i,/=1,2,3) denote the coefficient matrix corresponding to the triangular 
element, and let Kj (i,j =1,..., 4) denote the coefficient matrix corresponding 
to the quadrilateral element. From the finite clement mesh shown in Fig. 
8.11(a), we note the following correspondence (i.e., connectivity relations} 


Global > Local 

Ky Ki} 

Ry Kit 

Ko Kai + Kij 
Ky4 0 

Kis 9 

Kay Ki + Kia 
Kis Kyi 

Kus Kah + Ki 
Ky 0 

Kas KS + Ki? + Ki + Ky} 
Kas Kit & 
sg 0 

Kay K+ KB 


(4) 


FIGURE 8.11 

Assembly of finite element coefficient matrices using the correspondence between gtobal and 
element nodes (one unknown per node): (a} assembly of two elements; (&} assembly of several 
elements. 


Lo... 
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between the global and element nodes: 


123 4 (8.49) 


iBl=[; 45 3 


where X indicates that there is no entry. The correspondence between the 
local and global nodal values is (see Fig. 8.11a) 


lee I we 2 12 2_ 2. 
m= U, ugeey=th, wy=ug= Uy, us=U,, ug=U; (8.50) 


which amounts to imposing the continuity of the primary variables at the nodes 
common to elements 1 and 2. 

Note that the continuity of the primary variables at the interelement 
nodes guarantees the continuity of the primary variable along the entire 
interelement boundary. For the case in Fig. 8.11(@), the requirement 


ui=uj and w}=uz guarantees Us) = U%(s) 


on the side connecting global nodes 2 and 3. This can be shown as follows. The 
solution U*(s) along the line connecting global nodes 2 and 3 is linear, and is 
given by 


U'(s} = a(1-2) +ui2 
(s}= 43 h H3 h 
where s is the local coordinate along side 2-3 with its origin at global node 2 
and h is the length of side 2-3 (or side 2). Similarly, the finite element solution 


along the same line but from element 2 is 
8 
st Nee 
U(s)= (1 ~ 4 +103— 1S trent 


hi . foe 
pode B&B qe xe aan 


Since uj =u} and wi = 43, it follows that U'(s}= U*(s) for every value of s* '*" 


along the interface of the two elements. 

Next we use the balance of secondary variables. At the interface between 
the two elements, the fluxes from them should be equal in magnitude and 
opposite in sign. For the two elements in Fig. 8.11(a), the interface is along 
the side connecting global nodes 2 and 3. Hence, the internal flux gi on side 
2-3 of element 1 should balance the flux g% on side 4-1 of element 2 (recail the 
sign convention on g4): 


(Gn)as=(Gna1 OF (Qn)oa=(—Gais (8.51) 


In the finite element method, we impose the above relation in a weighted- 
integral sense: 


GnWs ds ~-| qnW'i ds, [. givids=—| giyids (8.522) 
iy fn, Ady 


dy 


a . a I 
= Oy + UG U-%) Cowmec tu 
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where Af, denotes the length of the side connecting node p to node q of the 
element °. The above equations can be written in the form 


i Guia ds + [ gayi ds = 0, | gnvsds+ | qipzds=0 (8.525) 
hy a, ly iets 


or 
QOnt+Qia=0, O2+QU=0 (8.52c) 


where Q%, denotes the part of Qf that comes from side J of element e [see 
(8.48)]: 


Ob=|  givias 
side J 


~ 
The sides of triangular and rectangular elements are number¢d as shown in 
Fig. 8.11. These balance relations must be imposed in assembling the element 
equations. We note that Of is only a portion of OF [see (8.47)]. 

The element equations of the two elements are written first. For the 
model problem at hand, there is only one primary degree of freedom 
(NDF = 1) per nede. For the triangular element, the element equations are of 
the form 

Kiwi + Kigu3 + Kisu3 =f} +04 
Kiwi + Kiui + Kiui =f} + Qi (8.534) 
Kiet + Kigua + Koga = f+ Q3 
For the rectangular element, the element equations are given by 
Kiwi + Kyou + Kisu3 + Kid = fit Qi 
Ki ua + Ki + € guts + Kid = f3 + G2 
K3,uj + K5nuz + K3qu3 + K3qug = f3 + Q3 
Raut + Kagud + Kasu3 + Khug= fo + O35 
In order to impose the balance of secondary variables in (8.52), we must add 


the second equation of element 1 to the first equation of element 2, and also 
add the third equation of element 1 to the fourth equation of element 2: 


(Khyul + Khouh + K3,u3) + (Ki,u3 + K7u3 + Kiut + Kt,u3) 

= (f2+ 23)+ Fi+ Qi) 
(Kjyuj + K3gt3 + Khgu3) + (Kany + Kong + Kau} + Kqqut) 

= (f3+ Q3)+ (fa + O3) 
Using the global-variable notation in (8.50), we can rewrite the above 
equations as follows [this amounts to imposing continuity of the primary 
variables in (8.50)]: 
Ky, + (Kin + Kit + (Kin t Kita + KRU, + Kis = f2 + fit (Q2+ Q7) 
Ki, + (Kin + KE)U, + (Kia + KG)U3 + KGU, + KBUs = f3 4 fi + (Q3+ 0D 


(8.53b) 
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Now we can impose the conditions in (8.52) by setting appropriate portions of 
the expressions in parentheses on the right-hand sides of the above equations 
equal to zero: 


02+ Oi= (Oh + Oh + Qs) + (O02, + 0%, + 0254 Qis) 
"= Qn + Qa + (Qin + O34) + Oh, + Oh + 02 
03+ O4= (Oh + Git O35) + (04, + 02,4 OF 4+ 4) 
= Q3, + O45 + (O}. + 0%.) + C2, + OD + OF 
The underlined terms are zero, by the balance requirement (8.52c). The 
remaining terms of each equation will be either known because g,, is known on 
the boundary or will remain unknown because the primary variable is specified 
on the boundary. 

In general, when several elements are connected, the assembly of the 
elements is carried out by putting element coefficients Ki, fi, and OF into 
proper locations of the global coefficient matrix and right-hand column vectors. 
This is done by means of the connectivity relations, i.e,, the correspondence of 
the local node number to the global node number. For example, if global node 


number 3 corresponds to node 3 of element 1 and node 4 of element 2 then we 
have 


Fy= F3+F=f5+ f+ Q3+ 03, Ky = Ka + Ki, 


If globai node numbers 2 and 3 correspond, respectively, to nodes 2 and 3 of 
element 1 and nodes 1 and 4 of element 2 then the global coefficients K.3, Ko; 
and K;3 are given by 


Kn=KpntKh, Ky= Kit Kis, Kys = Ki3 + Ki, 
Similarly, the source components of global nodes 2 and 3 are added: 
ORS FL+F, R=Fi+F 


For the two-element mesh shown in Fig. 8.11(a), the assembled equations are 


Kh Kin Ki; 0 0 U, Fi 

Ky KptKi, Kist Kis Ki, K?,] 1, Fp + Fi 

Ki, KitKi, Kiyt+Ki, Ki, Ki| 40.) = FU+F; (8.54) 
i) Ki, Ki, = Kh KE} | U, F3 
0 Ki, Ki, Ki, Kh Ws FR 


The assembly procedure described above can be used to assemble 
elements of any shape and type. The procedure can be implemented on a 
computer, as described for one-dimensional problems, with the help of the 
array [B] (program variable is NOD). For hand calculations, the procedure 
described above must be used. For example, consider the finite element mesh 
shown in Fig. 8.11(6). Location (4, 4) of the global coefficient matrix contains 
K3, + Ki, + Ki, + Ki. Location 4 in the assembled column vector contains 
F3+ Fi + Fi + Fj. Locations (1,5), (1,6), (1,7), (2,5), (2,6), (2,7), (3,6), (3,7), 
and (5,6) of the global matrix contain zeros because K,, = 0 when global nodes 
fand J do not correspond to nodes of the same element in the mesh. 
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This completes the first five steps in the finite element modeling of the 
model equation (8.1). The next two steps of the analysis, namely, the 
imposition of boundary conditions and solution of equations, remain the same 
as for one-dimensional problems. Postprocessing of the solution for two- 
dimensional problems is discussed next. 


8.2.8 Postprocessing 


The finite element solution at any point (x, y) in an element Q is given by 


u(x, y= > wrvite y) (8.55) 


1 


and its derivatives are computed as 


aut aye = aut 


= ee = 2 OV; 
ax fy 7 ax’ ay j 


ly 


in 

u (8.56) 
=1 
Equations (8.55) and (8.56) can be used to compute the solution and its 
derivatives at any point (%, y) in the element. It is useful to generate, by 
interpolation from (8.55), information needed to plot contours of U" and its 
gradient. 

The derivatives of U* will not be continuous at interelement boundaries, 
because continuity of the derivatives is not imposed during the assembly 
procedure. The weak form of the equations suggests that the primary variable 
is #, which is to be carried as the nodal variable. If additional variables, such 
as higher-order derivatives of the dependent unknown, are carried as nodal 
variables in the interest of making them continuous across interelement 
boundaries, the degree of interpolation (or order of the element) increases. In 
addition, the continuity of higher-order derivatives that are not identified as 
the primary variables may violate the physical features of the problem. For 
example, making 9u/Qx continuous will violate the requirement that q, 
(=a, 9u/ax) be continuous at the interface of two dissimilar materials, 
because a,, is different for the two materials at the interface. 

For linear triangular elements, the derivatives are constants within each 
element: ; 


i 
Y= oA. (a; + Bx t+ yy) 


¥j (8.57) 
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For linear rectangular elements, 2U/*/ Ox is linear in ¥, and QU*/dy is linear in 
& [see (8.316): 
Oh 1, 34H), 8H __1(y_ E48) 
ar a &. oy b a 
= n s(1- ¥ oad au ig ( K+ 5) 
2 ; — = _ i 
PE ay Bm 4 a 


@ jul 


(8.58) 


where and ¥ are the local coordinates (see Fig. 8.74), Although 3U°/d% and: 
au*/dy are linear functions of y and x, respectively, in each element, they are 
discontinuous at interelement boundaries. Consequently, quantities computed 
using derivatives of the finite element solution U* are discontinuous there. For 
example, if one computes g{ = aj, 0U*/dx at a nade shared by three different 
elements, three different values of q7 are expected. The differences between 
the three values will diminish as the mesh is refined. Some commercial finite 
element softwares give a single value of q, at the node by averaging the values 
obtained from various elements connected at the node. 


8.2.9 Axisymmetric Problems 

In studying problems involving cylindrical geometries, it is convenient to use 
the cylindrical coordinate system (r, 8,2) to formulate the problem. If the 
geometry, material properties, boundary conditions, and loading (or source) of 
the problem are independent of the angular coordinate @, the problem 
solution wili also be independent of 6. Consequently, a three-dimensional 
problem is reduced to a two-dimensional one in (r, z) coordinates. Here we 
consider a model axisymmetric problem, develop its weak form, and formulate 
the finite element model. 


MODEL EQUATION. Consider the partial differential equation 
14 ou 8 du 
~F 5 (ms d Fi) ~z(4m5:) + dog = I(r, 2) (8.59) 
where oo, 441, Gaz, and f are given functions of r and z. This equation arises in 
the study of heat transfer in cylindrical geometries, as well as in other fields of 
engineering and applied science. Our objective is to develop the finite element 
model of the equation based on the weak form of (8.59). 


WEAK FORM. Following the three-step procedure, we write the weak form of 
(8.59): 


@ a=] w[-2 2 (rau) —S (an sn) aot —f J dre 


ror az a 
ow au 8 a - 
{ii} o=[ (Sry + Se rn Wiriogtt — wef dr dz 


ou au 
—$ w(ran ay n, +d ah n,) ds 


, owen . awau 
(iii) O= [. (a> ar Op = +4 2 Ae = t+ digg wu wh) dr dz — 7 wq, as 
(8.60) 


424 FINITE ELEMENT ANALYSIS OF TWO-DIMENSIONAL PROBLEMS 
where w is the weight function and q,, is the normal flux, 


, ou , ou 
Qn = r(au aM + doy Be n) (8.61) 
Note that the weak form (8.60) does not differ significantly from that 
developed for the model equation (8.1) when a1. = do; = 0. The only difference 
is the presence of in the integrand. Consequently, (8.60) can be obtained as a 
special case of (8.10) for dog = Geox, 414 = 11%, G22= Aor, and f=fx; the 
coordinates ry and z are treated like x and y, respectively. 


FINITE ELEMENT MODEL. Let us assume that u(r, z) is approximated by the 


finite element interpolation U* over the element £2”: 
a 


it f 
ux U(r, z)= >, ufpi(r, z) (8.62) 
i=l 


The interpolation functions w*(r, z) are the same as those developed in (8.25) 
and (83a) for linear triangular and rectangular elements, with x=r and 
y =z. Substitution of (8.62) for u and yf for w into the weak form gives the ith 
equation of the finite element model: 


a Q 4 € o e e 
o-> [ [ (a4. OVE 4 gy 2 a + dowipf r dr dz |uj 
‘Sa 


"er or 2 ax a 


j= 
-| wifr dr dz -4 vig, ds (8.63) 
qe Fr 
or 
O= 3 Kini —fi- Oi (8.64) 
i= 
where 


-_ aplayi, , awiavi,, ; 
Ky= | (ay or Or + fio Bz oz + doo hi WP} rdr dz 
(8.640) 


fi=| vifrdrds, OF= > vine ds 


Exact evaluation of the integrals in Kj and 7 for polynomia! forms of 4, and fr 
ig possible. However, we evaluate them numerically using the numerical 
integration methods discussed in Chapter 7 (see Section 7.1.5), and reviewed 
in Chapter 9, This completes the development of the finite element mode! of 
an axisymmetric problem. 


8.2.10 An Example 


The model equation in (8.1) arises in many fields of engineering and applied 
sciences, and some examples are given in Table 8.1. The application of the 


SINGLE-VARIABLE PROBLEMS 325 


finite element model developed in Sections §.2.2-8.2.8 to a problem is 
discussed here. This example will be particularly useful for readers who are 
interested in the mathematical aspects rather than the physical background of 
the problem. 


Example 8.3. Consider the Poisson equation 


aoe) =f, in Q (8.65) 


—Vu=fp oF -( 
in a square region © (see Fig. 8.12¢), The boundary condition of the problem is 
#=0 on f (8.66) 


We wish to solve the problem using the finite element method. 
A problem possesses symmetry of the solution about a Ene only when there is 
symmetry cf (#) the geometry, (6) the material properties, (c} the source variation, and 


, 


Line of symmetry 


= 


Domain used for the 
triangular-element 
meshes 


2 att 
“ay” . 
(2) (c) 
FIGURE 8.12 
Finite element analysis of the Poisson equation in a square region: (a) geometry and 
computational domain, and boundary conditions of the problem; (6) a coarse finite element mesh 
of linear triangular elements; (¢) a refined mesh of linear triangular elements (Example 8.3). 
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(d) the boundary conditions about the line. Whenever a portion of the domain is 
modeled to exploit symmetries available in the problem, a portion of the boundary of 
the computational domain is a line of symmetry. On lines of symmetry, the normal 
derivative of the solution (i.c., the derivative with respect to the coordinate normal to 
the line of symmetry) is zero: 


au ou ou 
On = hy, + ay n, =0 (8.67) 

The problem at hand has symmetry about the x=@ and y =0 axes; it is also 
symmetric about the diagonal line x=y (see Fig. 8.12a). We can exploit such 
symmetries in modeling the problem. Thus, we can use a quadrant for meshes of 
rectangular elements and an octant for meshes of triangular elements of the domain to 
analyze the problem. Of course, it is possible to mix triangular and rectangular 
elements to represent the domain as well as the solution. 1 of 

Solution by linear triangular elements. Owing to the symmetry along the diagonal 
x =y, we model the triangular domain shown in Fig. 8.12(a). As a first choice, we use a 
uniform mesh of four linear triangular elements to represent the domain (see Fig. 
8.126), and then a refined mesh (see Fig. 8.12c) to compare the solutions. In the 
present case, there is no discretization error involved in the problem because the 
geometry is exactly represented. 

Elements 1, 3, and 4 are identical in orientation as well as geometry. Element 2 is 
geometrically identical with element 1, except that it is oriented differently. If we 
number the local nodes of element 2 to match those of element 3 then ail four elements 
have the same element matrices, and it is necessary to compute them only for element 
1. When the element matrices are calculated on a computer, such considerations are 
not taken into account. In solving the problem by hand, we use the correspondence 
between a master element (element 1) and the other elements in the mesh to avoid 
unnecessary calculations. 

We consider element 1 as the typical element, with its local coordinate system 
(#, 9). Suppose that the element dimensions, i.e., length and height, are @ and 5, 
respectively. The coordinates of the element nodes are 


(,4)=0,0), Gs %)=(@,9), Cs F)=@ 4) 
Hence, the parameters o;, £,, and y; are given by 
&=F,73-3,f,=0b, = %57,-3,9,=0, a3 =F 7. —- F271 =9 
Bi=hR-h=-5 Pr=wA-W=b, Pr=n-w=0 (8.68) 
y=-@.—-%)=0, y= -Gs-T)=~4, y= —-G-f2)=a 


The element coefficients Kj and f; are given by 


Lf 78 0 fab 1 
[K]=—| -0? a +e? -a? |, (f= 41 (8.692) 
ot re 6 ty 


-The element matrix in (8.69a) is valid for the Laplace operator ~¥° on any 
tight-angled triangle with sides a and 6 in which the right-angle is at node 2, and the 
diagonal fine of the triangle connects node 3 to node 1. Note that the off-diagonal 
coefficient associated with the nodes on the diagonal line is zero for a right-angled 
triangle. These observations can be used to write the element matrix associated with the 


bee. 
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Laplace operator on any right-angled triangle, i.e., for any element-node numbering 
system. For example, if the right-angled comer is numbered as node 1, and the 
diagonal-line nodes are numbered as 2 and 3 {following the counter-clockwise 
numbering scheme}, we have (note that ¢ denotes the length of side connecting nodes 1 
and 2) ‘ 
a+b? —b? —¢@ 
K‘)=-——_ _ bt B? 
iK|=5 f 0 (8.695) 
—a 0 a 
For the mesh shown in Fig. 8.12(6), we have 
[KY=(RY=[RY=(K, (FD = (P= OF = Fd 
For a4 = 4, the coefficient matrix in (8.694) takes the form 
i-i 0 
-_l 
[K]=5|-1 2 -1 (8.70) 
a -1 i 
The assembled coefficient matrix for the finite element mesh is 6x6, because 
there are six global nodes, with one unknown per node, The assembled matrix can be 


obtained directly by using the correspondence between the global nodes and the local 
nodes, expressed through the connectivity matrix 


1 2 3 
5 3 2 
[B)= 2465 (8.71) 
3.5 6 
The assembled system of equations is 
1-1 0: 0 0 07f4, 1 oO} 
“i 4 -2{-1 0 Olly, 3 O.+ O5+ OF 
1).0.52. 450.72 0M GL gJ3l Joi+oi+ or 
3; 0 -1 01 2-10 Us (=34}1{ + OF (8.72) 
0 G -2:-1 4 -1//0, 3 Qi+ 03+ 05 
0 @ Of @ -1 +444 ku, 1 03 
The sums of the secondary variables at global nodes 2, 3, and 5 are 
03+ 3+ 0i=0, 
Q3+ 03+ Oi=0, (8.73) 
Qi + 03+ f=, 


At nodes I, 4, and 6, we have Of =0,, Q3=@,, and O=@,. 
The specified boundary conditions on the primary degrees of freedom of the 
problem are : 


U,= U,=U,=0 {8.74) 
The specified secondary degrees of freedom are (ail due to symmetry) 
6.=0, @=0, 6,=0 (8.75) 


Since U,, Us, and U, are known, the secondary variables at these nodes, ie, O,, Os, 
and Q,, ate unknown, and can be obtained in the post-computation. 
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Since the only unknown primary variables are (U,, U,, and U,), and (U4, U;, and 
U,) are specified to be zero, the condensed equations for the primary unknowns can be 
obtained by deleting rows and columns 4, 5, and 6 from. the system (8.72), In 
retrospect, it would have been sufficient to assemble the element coefficients associated 
with the global nodes 1, 2, and 3, ic., writing out equations 1, 2 and 3: 


Ki Kh Kh ih fi 0 
Ki, KitKhtKi Kt KE the =7Foththi p+ 40 (8.76) 
Ki, Kin + Ki, Ki, + Kit Kij uy, fit ferfi 0 


The unknown secondary variables O,, Gs, and QO, can be computed either from 
the equations (i-e., from equilibrium) 


cor fi 0 3 0 uv, 
Osp=-4fitfitfigt| 0 Kit Ki, Kit+Kn VU (8.77) 
Os fi 0 0 Kj, U; 
or from their definitions (8.73) and (8.47). For example, we have, 
O.-O3=[ guides | aavtey+ | aivdas (8.78) 
1-2 23 a1 
where 
ou ou ou 
x {= “ = = —= 
(@nh-2 (= A+ ay ry) 12 0 (n. G, ay 0) 
ou Cu Bu 
a= (Sint Sin) =F Gat, n=O) 
@Da=1-7, Ds=0 
23 
Thus, 


where du/@x from the finite element interpolation is 
mu oS B 
ax > 1A, 


We obtain (42,=a, Bf = —a, 2A,;=a", U,= U;=9) 
hn . 393 
Os re > ujf} = —0.5U, (8.782) 
i= 


Using the numerical values of the coefficients Kj, and fj (with f= 1), we write the 
condensed equations for U,, U,, and [4 as 


0s -05 0 |(U,) , [1 
“0.5 2.0 -10 1) yp =5743 (8.79) 
0 -10 20}Lu 3 
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Solving (8.79) for U; (i = 1, 2,3), we obtain 


mw) ,[3 1 a5 [f1) , (75 0.31250 
Upasgpi- 1 05 aps y55 ¢=4 0.22917 (8.80) 
U; 0.5 0.5 O75 ({3 4.25 0.17708 
and, from (8.77), we have ASG 
0}, if) 0-05 olfy, -0, won 
Ont+Qnpa-=-f3pti 0 0 ~1/) Wp=4-0.302083— (st) 
0% i 0 0 cilu —0.041667 


By interpolation, @3,, for example, is equal to —O.51%, and it differs from Q3, 
computed from equilibrium by the amount f3 (= #4). 

Solution by linear rectangular elements. Note that we cannot exploit the symmetry 
along the diagonal x = y to our advantage when we use a mesh of rectangular elements. 
Therefore, we use a 2% 2 uniform mesh of four linear rectangular elements (see Fig. 
8.13) to discretize a quadrant of the domain. Once again, no discretization error is 
introduced in the present case. 

Since all elements in the mesh are identical, we shall compute the element 
matrices for only one clement, say element 1. We have 


= (1-281 27), Ye= 21-29), Po=4ay, wy = (1 28)2p 
HS fs Ou, ay, 4 BH ayy _ 
Ki=[ [ (+ ar ae t ay oF ) at dy (8.82) 


=[ [paca 


iy 
Four-element mesh Sixteen-element mesh 


0%, 8s 


FIGURE 8.13 
Finite element discretization of the domain of Example 8.3 by linear rectangular elements. 
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Evaluating these integrals, we obtain {see (8.44): [Kt] =[S"] + [87 ]} 


4 -1 -2 ~1 t a 

if-t 4 -1 -2 ifil. fos 
K‘}== Fj} == 83 
[KI=¢) 5 1 4 -1h © oye a0 * 035 (8.834) 

-1 2 -1 4 los 


where 


2 fs 
Of= | [qo wz, Plp—o dk +] [9wikt, Plena d¥ 
FA F2 


“Ed Fi 
+f taPvG Mh-odt+ | WOU Dead (8.835) 
v4 


#3 
7 
and (,, jj) denote the local coordinates of the element nodes (and a #2, —%,=*3;—X 


and & =f, fi = Ja — Fe). 

The coefficient matrix of the condensed equations for the primary unknowns can 
be directly assembled. There are four unknowns (at nodes 1, 2, 4, and 5). The 
condensed equations are 


= {8.84a) 
Ks. Ks. Koy Koss iiUs K 
where K;, and F, are the giobal coefficients 
Ky,=Ki, Ky=Kb Ku=Kin Ku=Kn 
Ky=Kht+Ky, Ku=Kiy, Ko=Kit Kis 
Kaa Kit Ki, Kas = Kis + Kiar Key = Ki,4+ Kip+ Kit K3, (8.845), 
FR=fitOl Refit fi+Qs+Qi B=fAtfit Qi+ a 
Rafit fit fit fit Qi4 + Git 


The boundary conditions on the secondary variables are 


Oi=0, @4+Q{=0, Qi+ai=0 (8.854) 
and the balance of secondary variables at globat node 5 requires 
03+ 04+ 02+ OT=0 (8.855) 


Thus, we have 

4 -1 -1 -277%, 
—2 2 ih 
-1 —-2 8 -27/14 
—2 —-2 -2 16440; 


‘— 
J 

fet 

or 


(8.86) 


“1 i 
& hoe 


The solution of these equations is 


U,=0.31071, U,=0.24107, U,= 0.24107, U, = 0.19286 (8.87) 
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The secondary variables 0, G,, and Os at nodes 3, 6, and 9, respectively, can be 
computed from the equations (0; = G3, 6,= 027+ 9%, On= 03) 


U, 
O; fe | | Ka Ks Kor Kas] 1 5 
Osp— “Vit fir t| Ka Ke Kea Kel} (8.882) 
Os i Ko Kyo Koy Kes }| 7 
: 3 
where 
Ky, = 9, Ky=Kn, K,,=0, Ks, = K}s 
Koa=0, Ke=Kh, Ke=0, Kos =Kis+ Ki, (8.88) 
Ky.=90, Ka=0, Ky=9, Kos = Ki 
We have . 
. U, 
0; 1} ,[® -1 9 -2 U 0.16697 
0. 1 0 06 -2 UL 0.12679 
4 


The finite element solutions obtained using two different meshes of triangular 
elements and two different meshes of rectangular elements are compared in Table 8.2 
with the 50-(erm series solution (at x =Q for varying y) in (2.102) (set k =1, go=fp = 1) 
and the one-parameter Ritz solution in (2.101); see also Fig. §.14. The finite element 
solution obtained using 16 triangular elements (in an octant) is the most accurate one 
when compared with the series solution. The accuracy of the triangular element mesh is 
due to the large number of elements it has compared with the number of elements in 
the rectangular element mesh for the same size of domain, 

The solution and its gradient can be computed at any interior point of the 
domain. For a point (x, y) in the element 9°, we have 


. UG, y)= > HPP, Y) (8.902) 
Gy ==-= —_ uj a a(x, ¥) =< = sD ui (8.90b) 


TABLE 8.2 
Comparison of the finite element solutions u(0, y) with the 
series solution and the Ritz solution of (8.65) (Example 8.3) 


Triangular elements Rectangular elements Series 

—_--————.s§ Ritz solution 

¥ 4elements 16clements delements 16 elements (2.101) (2,102) 
0.0 = 0.3125 06,3013 0.3107 0.2084 0.3125 0.2947 
G.25 0.2709} 0.2805 0.2759F 0.2824 0.2930 0.2789 
6.50 0.2292 0.2292 0.2411 0.2322 0.2344 6/2293 
0.75 0.1146 0.1393 0.1205} 0.1414 0.1367 0.1397 
1.0 ¢.0000 0.0000 0.0000 0.0000 0.0000 9.0000 


t Interpolated values. 
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u(x, 0} 
0.35 


u(x, 0) = u(0, ¥) 


0.25 


6.20 


du 
—-{x, } = a 
ax 


6.15 o 4 elements FEM 0.6 , 
o f6elements | triangles 05 
--- Ritz solution (2.101) ' 
G.10}- Series solution (2,102). | 0.4 
Fa wt 


16 elements | °° 
(eeanges) ad 
[ “16 elements 
(triangles) 01 


0.00 - 
0.0 01 02 03 O4 05 06 0.7 08 09 106 


FIGURE 38.14 


Comparison of the finite element solution with the two-parameter Ritz solution and the series 


solution (8.65) and (8.66) (Example 8.3). 


Note that for a linear triangular element, g, and q, are constants over an entire 
element, whereas g, is linear in y and gq, is linear in x for a linear rectangular element. 


For example, consider element 1. For triangular elements (4 elements), 


1 3 
qi=—- >) aif! = 2(U,— U,) = —0.166 67 
2A . 
i i 
a} =5- > ulyl = 2Uy— U,) = —0.104 17 


i=\ 


while for rectangular elements (4 elements), 
4 dwt 

gi= ut an —2U, U1 — 2y) + 20,(1 —2y) + 4yU; — Ay, 
i=} 

qi(0.25, 0.25) = —0.11785 

g= dui a —2U,(1 — 2x) + 2U,(4 — 2x} + 4x; — 42, 
f= 

q3(0.25, 0.25) = —0,11785 


(8.912) 


(8.91b) 


Plots of g,, obtained using the 16-element meshes of linear triangular and rectangular 


elements, as a function of x (for y = 0.125) are also shown in Fig. 8.14. 
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The computation of isolines, i.e., lines of constant u, for linear finite 
elements is straightforward. Suppose that we wish to find the u = wu, (constant) 
isoline. On a side of a linear triangle or rectangular element, the solution u 
varies according to the equation 


5 — ef 


(sy =ut+ s 
where s is the local coordinate with its origin at node 1 of the side, (u{, u§) are 
the nodal values (see Fig. 8.15), and A is the length of the side. Then, if u =u 
lies on the line (Le., u[<ag<u§ or w§<ug<ui), the point s, at which 
L* (sq) = ug is given by 


Hg — BU)A 
so = Hoth (8.92) 
Hy Hy 
Similar equations apply for other sides of the element. Since the solution varies 
linearly between any two points of linear elements, the isoline is determined by 
joining two points on any two sides of the clement for which (8.92) gives a 
positive value (and sg <i). 
For quadratic elements, isolines are determined by finding three points 5; 
in the element at which U°(s,) =u, (i= 1, 2, 3): 
So —b+(b?—4ac)* 
= = . 
h Pa 0 {8.93a) 
where 
€=ui-—uy, b= —3up+4ui—u§, a =2(u[—2us+us) (8.936) 


Equation (8.932) is to be applied on any three lines in the element until three 
different values 4 > sy) > are found. 

The computational problem considered here fi.e., (8.65)] has several 
physical interpretations (see Table 8.1). The problem can be viewed as one of 
finding the temperature uv in a unit square with uniform internal heat 
generation, where the sides x =0 and y =0 are insulated and the other two 
sides are at zero temperature (see Section 8.4.1}. Another interpretation of the 
equation is that it defines the torsion of a cylindrical bar of 2in square 
cross-section (see Section 8.4.3). In this case, x denotes the stress function W, 


3 gn 
2 2 
5a 
ne 
I 
FIGURE 8.15 


Isolines for triangular and quadrilateral elements (linear elements), 
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and the components of the gradient of the solution are the stresses (which are 
of primary interest): 


where G is the shear modulus and @ is the angie of twist per unit length of the 
bar. 

A third interpretation of (8.65) is provided by groundwater (seepage) and 
potential flow problems. In this case, u is the piezomeiric head $, stream 
function y or velocity potential @ (see Section 8.4.2), The x and y components 
of the velocity for the groundwater flow are defined as 

a a 
w= ay 28, a= am “ 
ax 
where @,, and az, are the permeabilities of the sail along the x and y directions, 
respectively. ‘ 

Examples of each of these field problems will be considered in Section 

8.4, 


8.3 SOME COMMENTS ON MESH 
GENERATION AND IMPOSITION OF 
BOUNDARY CONDITIONS 


$3.1 Discretization of a Domain 


The representation of a given domain by a collection of finite elements 
requires engineering judgement on the part of the finite element practitioner. 
The number, type (e.g., linear or quadratic), shape (e.g., triangular or 
rectangular), and density (i.c., mesh refinement) of elements used in a given 
problem depend on a number of considerations. The first is to discretize the 
domain as closely as possible with elements that are admissible. As we shall 
see later, one can use one set of elements for the approximation of a domain 
and another set for the solution. In discretizing a domain, consideration must 
be given to an accurate representation of the domain, point sources, 
distributed sources with discontinuities (i.e., sudden change in the intensity of 
the source), and material and geometric discontinuities, including a re-entrant 
corner. The discretization should include, for example, nodes at point sources 
(so that the point source is accurately lumped at the node), re-entrant corners, 
and element interfaces where abrupt changes in geometry and material 
properties occur. A second consideration, which requires some engineering 
judgement, is to discretize the body or portions of the body into sufficiently 
small elements so that steep gradients of the solution can be accurately 
calculated. The engineering judgement should come from both a qualitative 
understanding of the behavior of the solution and an estimate of the 
computational costs involved in the mesh refinement (i.e., reducing the size of 
the elements). For example, consider inviscid flow around a cylinder in a 
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Uy 


FIGURE 8.16 
Flow of an inviscid fluid around 
a cylinder (streamlines). 


channel. The flow entering the channel at the left goes around the cylinder and 
exits the channel at the right (see Fig. 8.16). Since the section at the cylinder 
is smaller than the inlet section, it is expected that the How accelerates in the 
vicinity of the cylinder. On the other hand, the velocity field far from the 
cylinder (e.g., at the inlet) is essentially uniform. Such knowledge of the 
qualitative behavior of the flow allows us to employ a coarse mesh (i.e., 
elements that are relatively large in size) at sites sufficiently far from the 
cylinder, and a fine one at closer distances to the cylinder (see Fig. 8.17). 
Another purpose of using a refined mesh near the cylinder is to accurately 
represent the curved boundary of the domain there. In general, a refined mesh 
is required in places where acute changes in geometry, boundary conditions, 
loading, material properties or solution occur. 

A mesh refinement should meet three conditions: (1) all previous meshes 
should be contained in the refined mesh; (2) every point in the body can be 
included within an arbitrarily small element at any stage of the mesh 
refinement; and (3) the same order of approximation for the solution may be 
retained through all stages of the refinement process. The last requirement 
eliminates comparison of two different approximations in two different meshes, 
When a mesh is refined, care should be taken to avoid elements with very large 
aspect ratios (j.e., the ratio of the smallest to the largest side of the element) 


rs el 


FIGURE 8.17 
Finite element mesh considerations for inviscid flow around a cylinder. A typical mesh for a 
quadrant of the domain. 
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or small angles. Recall from the element matrices (8.41) and (8.68) that the 
coefficient matrices depend on the ratios of @ to 6 and 6 to a. If the value of 
afb or b/a is very large, the resulting coefficient matrices are ill-conditioned 
(i.e., numerically not invertible). Although the safe lower and upper limits on 
b/a are believed to be 0.1 and 10, respectively, the actual values are much 
more extreme (say, 1000), and they depend on the nature of the physical 
phenomenon being modeled, For example, in the inviscid flow problem 
discussed above, large aspect ratios are allowed at the entrance of the channel. 

The words “coarse” and “fine” are relative. In any given problem, one 
begins with a finite element mesh that is believed to be adequate (based on 
experience and engineering judgement) to solve the problem at hand. Then, as 
a second choice, one selects a mesh that consists of a larger number of 
elements (and includes the first one as a subset) to solve the problem once 
again. If there is a significant difference between the two solutions, one sees 
the benefit of mesh refinement, and further refinement may be warranted. If 
the difference is negligibly small, further refinements are not necessary. Such 
numerical experiments with mesh refinements are not always feasible in 
practice, mostly because of the computational costs involved. In cases where 
computational cost is the prime concern, one must depend on one’s judgement 
concerning what is a reasonably good mesh, which is often dictated by the 
geometry and qualitative understanding of the variations of the solution and its 
gradient. Since most practical problems are approximated in their engineering 
formulations, one should not be overly concerned with the numerical accuracy 
of the solution. A feel for the relative proportions and directions of various 
errors introduced into the analysis helps the finite eiement practitioner to make 
a decision on when to stop refining a mesh. In summary, scientific (or 
engineering) knowledge and experience with a given class of problems is an 
essential part of any approximate analysis. 


8.3.2 Generation of Finite Element Data 


An important part of finite element modeling is mesh generation, which 
involves numbering the nodes and elements, and the generation of nodal 
coordinates and the connectivity matrix. While the task of generating such data 
is quite simple, the type of the data has an effect on the computational 
efficiency as well as on accuracy. More specifically, the numbering of the nodes 
directly affects the bandwidth of the final assembied equations, which in turn 
increases the storage requirement and computational cost if equation solvers 
with the Gauss elimination procedure are used. The elements can be 
numbered arbitrarily, because this has no effect on the half-bandwidth. In a 
general-purpose program with a preprocessor, options to minimize the 
bandwidth are included. The saving of computational cost due to a smaller 
bandwidth in the solution of equations can be substantial, especially in 
problems where a large number of nodes and degrees of freedom per node are 
involved. While element numbering does not affect the half-bandwidth, it may 
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affect the computer time required to assemble the global coefficient matrix— 
usually, a very small percentage of the time required to solve the equations. 

The accuracy of the finite element solution can aiso depend on the choice 
of the finite element mesh. For instance, if the selected mesh violates the 
symmetry of the problem, the resulting solution will be less accurate than one 
obtained using a mesh that agrees with the physical symmetry of the problem, 
Geometrically, a triangular element has fewer {or no) lines of symmetry 
compared with a rectangular element, and therefore one should use meshes of 
triangular elements with care (e.g., one should select a mesh that does not 
violate the mathematical symmetry present in the problem). 

The effect of the finite element meshes shown in Fig. 8.18 on the solution 
of the Poisson equation in Example 8.3 is investigated. The finite element 
solutions obtained by the three meshes are compared with the series solution 
in Table 8.3. Clearly, the solution obtained using mesh 3 is less accurate. This 
is to be expected, because mesh 3 is symmetric about the diagonal line 
connecting node 3 to node 7, whereas the mathematical symmetry is about the 
diagonal line connecting node 1 to node 9 (see Fig. 8.18). Mesh 1 is the most 


FIGURE 8.18 
Various types of triangular-clement meshes for the domain of Example 8.3: (a) mesh 1; (6} mesh 
23 (c) mesh 3. 
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TABLE 3.3 
Comparison of the finite element solutions ob- 


tained using various linear triangular-element 
meshes} with the series solution of the problem 
in Example 8,3 


Finite element solution 
Series 
Nede Meshi Mesh 2 Mesh 3 solution 


1 0.34250 6.29167 £),25000 0.29469 

2 0.22917 0.20833 0.20833 0.27934 

4 0.22917 0.20833 6.20833 0.22934 

5 0.17708 0.18750 0.16667 0.18114 
av 

+ See Fig. 8.18 for the finite element meshes. ra ~ 


desirable of the three, because it does not violate the mathematical symmetry 
of the problem. ‘ 

Next, the effect of mesh refinement with rectangular elements is 
investigated, Four different meshes of rectangular elements are shown in Fig. 
8.19. Each mesh contains the previous mesh as a subset. The mesh shown in 
Fig, 8.19(c) is nonuniform; it is obtained by subdividing the first two rows and 
columns of elements of the mesh shown in Fig. 8.19(b). The finite element 
solutions obtained by these meshes are compared in Table 8.4. The numerical 


{a) 
(c} 
FIGURE 8.19 


Mesh refinement; the meshes in (a), (6), and (d) are uniform; the mesh in (c) is nonuniform: (a) 
2x2 mesh; (6) 4% 4 mesh; (c} 6 X 6 mesh; (d) 8X 8 mesh. 
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TABLE 4.4 
Convergence of the finite element solution (with mesh 


refinement}) of the problem in Example 8.3 


Location Finite element solution 
. Series 
x y 2x2 4x4 ax6 8x8 solution 
0.0 0.0 0.31071 G,29939 0.29645 0.29560 0.29469 
0.125 0.9 — — 0.29248 0.29167 0.29077 
6.250 0.0 — 0.28239 0.28055 0.27975 0.27888 
0.375 0.0 — _— 0.26022 0.24943 0.25863 
0.56 0.0 0.24107 0.23220 0.23081 9.23005 0.22954 
8.625 — 69 — — _ 0, 19067 0.19009 
0.750 0.6 _ 0.14137 0.14064 0.14014 0.13973 
0.875 0.0 _ — — 0.07709 0.07687 
0.225 0.125 — — 0.28862 0.28781 0.28692 
0.250 0.250 — 0.26752 6.26580 0.26498 0.26415 
0.375 6.375 — — G.22060 0.22873 0.22799 
0.50 0.50 0.19286 G.i8381 G.18282 0.18179 0.18114 
0.625 0.625 _ — — 0.12813 G.12757 
0.750 0.750 _ 0.07506 0.07481 0.07332 0.07282 
0.875 0.875 — — _ 0.02561 0.02510 


t See Fig. $.19 for the finite-element meshes. 


convergence of the finite element solution of the refined meshes to the series 
solution is apparent from the results presented. 


$.3.3 imposition of Boundary Conditions 


In most problems of interest, one encounters situations where the portion of 
the boundary on which natural boundary conditions are specified has points in 
common with the portion of the boundary on which the essential boundary 
conditions are specified. In other words, at a few nodal points of the mesh, 
both the primary and secondary degrees of freedom may he specified. Such 
points are called singular points. Obviously, one cannot impose boundary 
conditions on both the primary and secondary variables at the same point. As 
a general rule, one should impose the essential boundary condition (i.e., the 
boundary condition on the primary variables} at the singular points and 
disregard the natural boundary condition {i.c., the boundary condition on the 
secondary variables), because the essential boundary conditions are often 
maintained more strictly than the natural ones. Of course, if the true situation 
in a problem is that the natural boundary conditions are imposed and the 
essential boundary conditions are a result of this then consideration must be 
given to the former. 

Another type of singularity that one encounters in the solution of 
boundary value problems is the specification of two different values of a 
primary variable at the same boundary point. An example of such a case is 
provided by the probiem in Fig. 8.20, where u is specified to be zero on the 
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1 I 


oe) 
1 > 25° 


FIGURE &.20 
Fifect of specifying (cither of the) two values of a primary yariable at a boundary node [node 5 in 
(a) and (b) and node 9 in (c} and (2)j- 


boundary defined by the line x= (for any y), and to be unity on the 
boundary defined by the line y =1 (for any x). Consequently, at x = 0 and 
y=1, uw has two different values. In the finite element analysis, one must make 
a choice between the two values, or a weighted average of the two values caf 
be used. When a choice is made between two values, often the larger one is 
imposed. In any case, the true boundary condition is replaced by an 
approximate condition. The closeness of the approximate boundary condition 
to the true one depends on the size of the element containing the point (see 
Fig. 8.20). A mesh refinement in the vicinity of the singular point often yields 
an acceptable solution. 


8.4 APPLICATIONS 
8.4.1 Heat Transfer 


in Chapter 3, Section 3.3.1, heat transfer (by conduction and convection) in 
one-dimensional (axial and radially symmetric) systems was considered. Here 
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we consider heat transfer in two-dimensional plane and axisymmetric systems. 
The derivation of two-dimensional heat transfer equations in plane and 
axisymmetric geometries follows the same procedure as in one dimension, but 
considers heat transfer in the two directions. Details of such derivations can be 
found in textbooks on heat transfer (see the references at the end of the 
chapter}. Here we record the governing equations for various cases, construct 
their finite element models, and present typical applications. 

For heat conduction in plane or axisymmetric geometries, the finite 
element medels developed in Sections 8.2 and 8.3 are immediately applicable 
with the following interpretation of the variables: 


u = T = temperature (in °C) 
gn = negative of heat flux (in W m7?°C™') 


41, Ga, = conductivities (in Wm~'°C~") of an orthotropic medium 


whose principal material axes coincide with the (x, y) axes (8.94) 


f=internal heat generation (in Wm7*°C') 
aon = 0 


For convective heat transfer, iie., when heat is transferred from one 
medium to the surrounding medium (often a fluid) by convection, the finite 
element model developed earlier requires some modification. This is because, 
in two-dimensional problems, the convective boundary is a curve as opposed to 
a point in one-dimensional problems. Therefore, the contributions of the 
convection (or Newton-type) boundary condition to the coefficient matrix and 
source vector are to be computed by evaluating boundary integrals involving 
the interpolation functions of elements with convective boundaries. The model 
to be presented allows the computation of the additiona! contributions to the 
coefficient matrix and source vector whenever the element has the convection 
boundary condition. 


PLANE SYSTEMS. The governing equation for steady-state heat transfer in 
plane systems is a special case of (8.1), and is given by 


Elbe) - plo “fey (8.95) 


where T is the temperature (in °C), k, and &, are the thermal conductivities (in 
Wm'°C~") along the x and y directions, respectively, and f is the internal 
heat generation per unit volume (in Wm~*). For a convective boundary, the 
natural boundary condition is a balance of energy transfer across the boundary 
due to conduction and/or convection {i.e., Newton’s law of cooling): 


oT 


kk. — 
* Or 


aT 
My + Ky ao ty + BUT — Te) = Gn (8.96) 


where $ is the convective conductance (or the convective heat transfer 
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coefficient) (in Wm -*°C"'), T,, is the (ambient) temperature of the surround- 
ing fluid medium, and 4, is the specified heat flow. The first (wo terms account 
for heat transfer by conduction, the third for heat transfer by convection, while 
the term on the right-hand side accounts for the specified heat flux, if any. It is 
the presence of the term £(T — T..) that requires some modification of (8.10). 

The weak form of (8.95) can be obtained from (8.8). The boundary 
integral should be modified to account for the convective heat transfer term in 
(8.96). Instead of replacing the coefficient of w in the boundary integral by q,,, 
we use (8.96) (g, is replaced by q,, which is obtained on the element 
boundary}: 


ow oF aw 8T oT 
O= Mesa 5, oy wh) de dy - ¢. (hed, net ys ty) a 


ow OT aw aT é ~ 
= [. (k, Ox Ox + ky ‘ay dy _ wf ax dy — $ wig, — ar T.)| ds 
= Bow, T) t) (8.972) 


where w is the weight function, and &(-, -) and i(-) are the bilinear and linear 
forms 


a 
B(w, T) = (i wot ow oT 


* By Beant By By de dy +h BwT ds 


(8.97b) 
fw) = [, wf dx dy + 7 Bw. ds + 7 wg, ds 


The finite element model of (8.58) is obtained by substituting the finite 
element approximation of the form 5") 


T= 2» Tpi(x, y) (8.98) 
i=l . 
for T and #7 for w into (8.97): , 


> (K+ HiT! = Fi+ PF (8.994) 


j=l 


where 


Ope op; OW; =H 
eo koe Ua 
4 im * ax ax tk, ay oy dx dy 
R= feydedy+$ aivide=fi+ 0% (8.996) 
¢ re 


=B°> vay ds, Pj = pF $ yt. ds 


ba. 
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Note that by setting the heat transfer coefficient f equal to zero, we obtain the 
heat conduction madel with no account taken of convection. 

The additional coefficients Hj and Pf due to the convective boundary 
conditions can be computed by evaluating boundary integrals. ‘These 
coefficients must be computed only for those elements and boundaries that are 
subject to the convective boundary condition. The computation of the 
coefficients for the linear triangular and rectangular elements is presented in 
the following paragraphs. The coefficients Hj, and P? for a linear triangular 
element are defined by 

fife Ss AS, 
Hy= Bia | vivjds+ Bis | vivids+ Bi | viwhds 
re fry F5) (8.100) 
Pi=pieT? | ytas + pure |” wids+ pare [" vias 
0 0 


where 3 is the film coefficient (assumed to be constant) for the side 
connecting nodes 7 and j of the element Q’, T! is the ambient temperature on 
that side, and Ay is the length of the side. For a rectangular element, the 
expressions in (8.100) must be modified to account for four line integrals on 
four sides of the element. 


Boundary of the discretized 
domain 


Boundary flux 


FIGURE 8.21 

Triangular and quadrilateral elements, with node numbers and local coordinates for the evaluation 
of the boundary integrals. Also shown are the boundary approximation and flux representation 
using finear and quadratic elements. 
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The boundary integrals are line integrals involving the interpolation 
functions. The local coordinate s is taken along the side, with its origin at the 
first node of the side (see Fig. 8.21}. As noted earlier, the interpolation 
functions on any given side are the one-dimensional interpolation functions. 
Therefore, the evaluation of integrals is made easy. Indeed, the integrals 

hy 


Mj 
PS whi as [ wi ds 


have been evaluated in Chapter 3 in connection with mass matrix coefficients 
and source vector coefficients for linear and quadratic elements. We sum- 
marize the results here. 
For a linear triangular element, the matrices [H*] and {P*} are given by 
we 


ere | 2 1 O e,xe | 9 0 DG enue {201 
[A] fate 120 Ee 021 — 00 0 
004 Q 1 2 162 
(8.1014) 
1 0 1 
é tine e 23 7.€ e Slee 
{P*} = Pats hip b+ mens iby Pat fin o} (8.1015) 
0 1 1 
For a quadratic triangular element, we have 
4 2-100 0 o0 6G 6 090 
2 16 2 0 90 0 0 0 ao 90 G60 
Bigh¥s -1 2 40900 BSshis 00 4 2 ~1 0 
[#]="35-| 9 0 0000 37 )9 9 2 6 2 0 
0 0 000 4 00 -1 2 4090 
00 000 9 te ee 
4900 0 -1 2 
00cd 0 0 O 
Bah} 0 000 0 0 
+0 0000 0 0 (8.1024) 
-1 0 0 O 4 2 
2000 2 16 
1 0 1 
Zaire 14 ape |? size |° 
TERE STEN TEAS 
(pry = Pastetia t + Pastels } pate 0 (8.1026) 
0 1 1 
0 0 4 
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For a linear rectangular element, the matrix [H*] is of the form 
210 6 60 0 0 
Bekig| 1 2 0 Of} Bibs} 0 2 1 0 
H® 
(A" 6 06 0 0 + 6 612 0 
00 G 4 600 04 
0000 2001 
634h4,10 0 0 0 Bahki| Oo 0 0 9 
6 {0021/6 lo 0 0 of & 234) 
0 01 2 10060 2 
and {P*} is given by 
t 0 0 1 
oy BaTBhe | 1 BasTPHs | 1], BUTBAS | OL , BUTEAG | 0 
Pa yof* 2. 41 2 lif’ 2 Yo 
0 0 1 1 
(8.1035) 


Similar expressions hoid for a quadratic rectangular element. 


AXISYMMETRIC SYSTEMS. For symmetric heat transfer about the z axis 
(i.e., independent of the circumferential coordinate), the governing equation is 


given by 
-[; 5 (rk St +S (k =| = f(r, Z) (8.104) 


where r is the radial coordinate and z is the axial coordinate. The temperature 
gradient vector is defined by 


oT, 


a=r(k, = ar I+ k, =i) 


and the normal derivative of T (i.c., the negative of the heat fiux) across the 
surface is 


an=r(k, Sn, +k, en :) (8.105) 


where n, and #, are the direction cosines of the unit normal ai, 
i= ni + nj 
The weak form of (8.104) is given by 


0=28 | | aclkrg,) + +55 (k ale ffrdrds 


ow oF ow oF 
=25 (x, 3p apt k, Oe az wir dr dz ~ 2a wg, ds (8.106) 
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where the factors of 2” come from the integration with respect to the 
circumferential coordinate over (0,27), and q, is given by (8.105). The 
convective boundary condition is of the form 


an + rB(T — T.) = Gn 
Substituting for g, = ~rB(T — T.) + @,, in (8.106), we obtain 


dw aT, awaT , 
0=2x i. (x, + +k, Se — wf )rdr de — 2x w[—rBT — E+ Ge] ds 


(8.107) 
The finite element model of this equation is 
[Ke + BT} FY + {P+ {OR * (8.1082) 


where 


t 


_ ows OW; oer oer) 
Ky=2n | (k, ar Or +k, Ar Os rdr dz 


My = 2x f Biwipirds, fi=2x [ wifrdrdz — (8.108b) 
I¥ Qe 


Of= 20} duvhds, Pla IG BrTspirds 
rr rr 


Evaluation of the line integrals in [H*] and {P*} once again follows along the 
iines of Example 8.3. 

The finite element models in (8.99) and (8.108) are valid for conductive 
and convective heat transfer boundary conditions, Radiative heat transfer 
boundary conditions are nonlinear, and therefore are not considered here. For 
problems with no convective boundary conditions, the convective contributions 
[#*] and {P°} to the element coefficients are omitted. Indeed, these 
contributions have to be included only for those elements whase sides fall on 
the problem boundary with convective heat transfer specified. For example, if 
side 2-3 of the element ©° is on the boundary with convective boundary 
conditions then the only contribution to [#*] and {P*} comes from the second 
integrals in (8.100). 

Next we consider a couple of examples of heat transfer. 


Example 8.4. Consider steady-state heat conduction in an isotropic rectangular region 
of dimensions 3a by 2a (see Fig. 8.22@). The origin of the x and » coordinates is taken 
af the lower feft corner such that x is paralle! ta the side 3a and y is parallel to the side 
2a. The boundaries + = 0 and y = 9 are insulated, the boundary x = 3a is maintained at 
zero temperature, and the boundary y=2a is maintained at a temperature T= 
T, cos (ax/6a). We wish to determine the temperature distribution using the finite 
element method in the region and the heat required at the boundary x = 3a to maintain 
it at zero temperature. 
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y ; 1X 
T = Ty cos —— 
| iA oe ba 


Insulated —_ 


3a 


Insulated 


FIGURE §,22 
Finite element analysis of a beat conduction problem over a rectangular domain: (a) domain; (6) 
mesh of linear tiangwiar elements; (¢} mesh of linear rectangular ciements. 


To analyze the problem, we first note that it is governed by (8.95) with zero 
internal heat generation, f =0, and no-convection boundary conditions: 
-kVT =0 (8.169) 


Hence, the finite element model of the problem is given by (8.99) with [H*] and {P*} 
omitted: 


[K"]{u"}= {O°} (£F"} = {0}) (8.110) 
where uf is the temperature at node i of the element Q*, and 
_ OM Oy oe) + f 
Ky= |e ay ox + oy ay dv dy, Qi= D Gath ds (8.1106) 
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Suppose that we use a 3 X 2 mesh (i.e., 3 subdivisions along the x axis and 2 along the y 
axis) of near triangular elements and then a 3 x 2 mesh of linear rectangular elements. 
Both meshes have the same number of global nodes (12} but differing numbers of 
elements. 


Triangular element mesh (12 elements). The giobal node numbers, element numbers, 
and element nade numbers used are shown in Fig. 8.22(b}. OF course, the global node 
numbering and element numbering are arbitrary (they do not have to follow any 
particular pattern), although the global node numbering dictates the size of the 
half-bandwidth of the assembled equations, which in turn affects the computational 
time of Gauss elimination methods used in the solution of algebraic equations on a 
computer, The element node numbering scheme should be that used in the develop- 
ment of element interpolation functions. In the present study, a counter-clockwise 
numbering system was adopted {see (8.19) and Fig. 8.4]. According to the clement 
node numbering scheme used in Fig. 8.22(a), all elements in the mesh fall into one of 
two peometric shapes: one with its base at the bottom of the element and another with 
its base at the top of the element. By renumbering the element nodes, as shown in Fig. 
8.12(4}, all elements can be made to have a common geometric shape, and thus the 
element coefficients need to be computed only for a singie element. Such considerations 
are impartant only when hand calculations are carried out. 

For a typical element of the mesh of triangles in Fig. 8.22(5), the element 
coefficient matrix is [see (8.692) and (8.70)] 


1-1 @ 
i =5 -1 2-1 
0-1 1 


where & is the conductivity of the medium. Note that the element matrix is independent 
of the size of the element, as long as the latter is a right-angled triangle with base equal | 
to height. 

‘The assembly of the elements (on a computer} follows the logic discussed earlier. 
The boundary conditions require that 


j= U;=Up=0, Us=Th, Upaiv3h, Un=2h 


8.111 
8=K=H=F=0 (zero heat fow due te insulated boundary} ( ) 


We first write the six finite element equations for the six unknown ptimary 
variables. These equations come from nodes 1, 2, 3, 5, 6, and 7: 


2 -1 0 -1 0 Oo) ct iF] 
-l1 4-1 0 -2 OFF% 0 
k Oo -1 4 #0 O +-2j)Ju,, _&J 90 
5 +1 0 0 4-2 olluf 2) 8 (8.112). 
60-2 oO —2 8 -2]1u, V3 % 
Go O -2 O -2 BING, Th 
The solution of these equations is (in °C) 
U,=0.6362%, €,=0.5510%, U,=0.31817, (8.113) 


U,=0.7214%,, U,=0.62487,, U,=0.36077%, 
The exact solution of (8.109) for the boundary conditions shown in Fig. 8.22(@) is 


cosh (ay /6a) cos (x/6a) 
cosh 4 


TH y= Th {8.114a} 
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Fvaluating the exact solution at the nodes, we have (in °C) 


T= 0.6249, Th=0.5412%, T= 0.3124%, 


. 8.114b 
T;=0.7125T%, Ty 0.6171%,  T,= 0.35637, ( ) 


The heat at node 4, for example, can be compared from the fourth finite element 
equation: 


B= 03 = KyU, + Ket) + Kyl, + Kutt Kats ‘ 
+ Kighgt Kyl + Kaglgt... (8.1152) 

Noting that Ky = Ky= Ky =... = Kay = 0 and U,= 0 =0, we obtain 
O03 = 3k U, = —0.1591kT, (in W) (8.1152) 
Rectangular element mesh (6 elements). For a 3%2 mesh of linear rectangular 


elements (see Fig. 8.22c), the element coefficient matrix is given by (8.34) and (8.44) 
with ao) = 0, 4) =a@a=k, 442.=0, anda=b =i: 


4 -1 -2 =-1 
«_* —1i 4 -1 -2 “1 
[KG-E] in yg 2p HO (8. 116) 
~1 -2 -1 4 


The present mesh of rectangular elements is node-wise-cquivalent to the triangular 
element mesh considered in Fig. 8.22(6}. Hence the boundary conditions in (8.111) are 
valid for the present case. The six finite element equations for the unknowns U4, U4, 
t, Us, Us, and 0, have the same form as before. 

The equations for the unknown temperatures (i.e., the condensed equatians for 
the unknown primary variables) are piven by 


4 -1 90 -1 -2 O7FY, 
-1 8 -1 -2 -2 -21/u% 


kilo -1 8 oO -2 -2}}ut_&k 0 

6/-1 -2 oO 8 -2 Olaf 6) H+V3%H (8.117) 
2 -2 -2 2 16 2114 27,4 V3T%+Th 
0-2 -2 o -2 t6jhyu V3 ThtTe 


Their solution is 


U, = 0.61287), U,=0.5307%, U, = 0.30647, 


(8.118) 
U;=0.7030%, Us=0.6088%,  U,=0.35157, 


The value of the heat at node 4 is given by 


Q3= Kylst+ Kyl, = -£ u-% U, = —0,1682kT, (in W) 

We note that the results obtained using the 3 x 2 mesh of rectangular elements is 
not as accurate as that obtained with 3 X 2 mesh of triangular elements. This is due to 
the fact that there are only half as many elements in the former case as in the latter. 

Table 8.3 gives a comparison of the finite element solutions with the analytical 
solution (8.1142) for two different meshes of linear triangular and rectangular elements, 
and Fig. 8.23 shows plots of T(x, 0) and q,{x, 0)/%, computed using various meshes of 
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TABLE 8.5 : 
Comparison of the nodal temperatures T(x, y)/7>, obtained 


using various finite element meshes,j with the analytical 
solution of (8.109) (Example 3.4) 


Triangles Rectangles Analytical 
—— es solution 
x ¥ 3x2 6x4 3x2 6x4 (8.11d4a} 


0.0 0.0 0.0362 0.0278 0.6128 0.6219 0.6249 


a5 600 — 0.6064 _ 0.6007 0.6036 
10 00 0.5510 0.5437 6.5307 0.53986 0.5412 
LS OD — 0.4439 — 0.4398 0.4419 
2.0 O00  O3181 0.3139 O3064 03110 0.3124 
25 0.0 — 0.1625 — 0.1619 0.1617 
0.0 1.0 O7214 0.7148 0.7030 0.7102 0.7125 
ae) — 0.6004 _ 0.6860 0.6982 * 
10 10 0.6248 6.6190 9.6088 0.6159 6.6171 
1s oL0 — 6.5054 — 0.5022 6.5938 
2.0 10 0.3607 03574 6.3515 O3551 6.3563 
25 10 — 0.1850 — 0.1838 0.1844 


f See Fig. 8.22 for the geometry and meshes. 


trlangular and rectangular elements. Note that Qf are heats (in W} whereas q, is the 
flux (in Wm’) in the x direction (g, = —k 8T/ dx}. 
Next we consider an example involving convective heat transfer. 


Example §.5. Consider heat transfer in a rectangular region of dimensions a by 0, 
subject to the boundary conditions shown in Fig. 8.24. We wish to write the finite 
element algebraic equations for the unknown nodal temperatures and heats. For 
flustrative purposes, a 4x 2 mesh of rectangular elements is chosen. We assume that 
the medium is orthotropic, with conductivities &, and &, in the ¥ and » directions, 
respectively. It is assumed that there is no internal heat generation. 

The heat transfer in the region is governed by the equation 


a 3 a a 
” ae (a) - ales =0 


The finite element mode! of the equation is given by 
[K+ B]{u"} ={O°%} + (P} LF} = {0}) (8.119) 
where wf denotes the temperature at node { of the element (2°. 
The element matrices are 
2 —-2 -1 1 2 4.1 -il -2 
Ayrj-2 2 21 -1 K 1 2-2 -1 
6|-1 1 2 -2|*e|-1 -2 2 1 


1-1 -2 2 2-1 1 2 
000 

Bits |0 2 10 

[7] a ee {e=4, 8) 
600 06 


x snmioa XO {Te (q) ox snsiaa 
(ot (2) tpg atdwexg jo walqoad uononpuos jway au) Jo UOTINjOs eonAywUR sy) YA UONNjOS JWSWE|S SITUY oY JO YOSTEdwo} 
ev8 DANO 


(9) (7) 
X aquelsic] X SoueqSIC] 


GE o% OT oo 


sopsuewey Lon. 
Sa[Suetty ftps. 
[eonsjeuy ——— 


T=¥'00T =9s +-e- 
ysou ZX E  --weH 
jeoudjery —. 
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Insulated 


Insulated 
FIGURE 8.24 
Domain and boundary conditions for convective heat transfer in 4 rectangular domain. A mesh of 
linear rectangular elements is also shown (Example 8.5). \ 
? 
P 
0 
SP ans, | 1 
{P*} ~Fatols ip e=48) (8.120) 
0 
where 


r=ib/la=2b/a 


There are 10 nodal temperatures that are to be determined, and heats at all nodes 
except nodes 7, &, 9 and 10 are to be computed. To illustrate the procedure, we write 
algebraic equations for only representative temperatures and heats. 


Node 10 (for temperatures) 
Ki,U,+ (Ki, + Be)U,+ (Ket KU, 
+ (K3,4+ H+ KE, + Bb + KE,U + (KE, + HE) Us 
=(03+ Pi) + (Q34+ P= P+ Ps (known) 
Node 14 (for heat G,,4) 
Qu= 03+ OF = KU + (Kat KU) Ue t+ KU + KU t+ (Kg t K2QU a + Kos 


From the boundary conditions, we know the temperatures at nodes 11-15 (i.e., 
Ui Ui .--, Uj; are known), Substituting the values of KG, Hj, and Pi, we obtain 
explicit form of the algebraic equations. For example, the algebraic equation 
corresponding to node 10 is 


“eee ) ds} rel 
= (er +5 Ue | 2 (ker 2) 4 pb | Us + 2 | (—2er +) + (267+) ]u, 


2 *2) S| (- -*) Al _ 2k, 56 | _4 
+3 | (kar +4 +5 Unte kyr . Uste kr ; +B U1, = =HbT.. 
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8.4.2 Fluid Mechanics 


Recall from Section 3.3.2 that there are three basic differential equations of 
fluid motion. They are as follows [see (3.100), (3.103), and (3.108)]: 


Conservation of mass 


a 
SZ +¥+ piv) =0 (8.121) 


Conservation of linear momentum 


Dy 
PH, TET VP + Vet (8.122) 
Conservation of energy 
Dd 
PEt PWV W=V- (RYT) +0 (8.123) 


Here p is the density, v is the velocity vector, f is the body force vector, P is 
the pressure, t is the viscous stress tensor, e is the internal energy, k is the 
thermal conductivity, T is the temperature and © is the dissipation, 


@=VWvit 


The operator D/ Dr denotes the material time derivative, 


oo ayy 
Dt a” 


Equations (8.121)—(8.123) are supplemented with constitutive equations. 
A fluid is said to be incompressible if the volume change is zero, 


V-v=0 (8.124) 


and it is termed inviscid if the viscosity is zera, 4=0. A flow with negligible 
angular velocity is called irrotational, 


Vxv=0 (8.125) 


The irrotational flow of an ideal fluid (i.c., = constant and = 0) is called a 
potential flow, 

For an ideal fluid («= 0), the continuity and momentum equations can be 
written as , 


V-v=0 (8.1262) 
spV(¥ + ¥) — pv x (VX vy} =—VP (8.126b) 
where VP = VP —f. For irrotational flow, the velocity field v satishes (8.125), 
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For two-dimensional irrotational flows, these equations have the forms 


ou ov 

—+-—-=0 8.12 

Ay + ay (8.126c) 
dp(u? + v7) + P = constant (8.126d) 

Gu du 

ane 8. 

Sax? (8.126e) 


Equations (8.132), (8.133) and (8,126d) are used to determine u, v, and Bp. 
The problem of determining u, v, and P is simplified by introducing a 
function y(x, y) such that the continuity equation is identically satisfied: % 


(8.127) 


(8.128) 


This equation is used to determine y, and then the velocities « and vu are 
determined from (8.127) and P from (8.126d). 

The function y has the physical significance that lines of constant are 
lines across which there is no flow, i.e., they are streamlines of the flow. 
Hence, y(x, y) is called the stream function. 

In cylindrical coordinates, the continuity equation takes the form 


+-— 20 . (8.129) 


where « and v are the radial and circumferential velocity components. The 
stream function p(r, @) is defined by 


We? Ue (8.130) 


and (8.128) takes the form 


Sy 13y 1 Oy 
2 re ed — — = 
Vw te a x aang =O (8.131) 


There exists an alternative formulation of the potential flow equations 
(8.126). We introduce the function $(x, y), called the velocity potential, such 
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that the condition of irrotational flow is identically satisfied: ! 


(8.132) 


Then the continuity equation (8.126c) in terms of the velocity potential takes 


the form 


Comparing (8.127) with (8.132), we note that 


or dy ay ax 
The velocity potential has the physical significance that lines of constant ¢ are 
lines along which there is no change in velocity. The equipotential lines and 
streamlines intersect at right-angles. 

Although both ~ and @ are governed by the Laplace equation, the 
boundary conditions on them are different in a flow problem, as should be 
evident from the definitions (8.127) and (8.132). In this section, we consider 
applications of the finite element method to potential flows, i.e., the solution 
of (8.128) and (8.133). 

We consider two examples of fluid flow. The first deals with a 
groundwater flow problem and the second with the flow around a cylindrical 
body. In discussing these problems, emphasis is placed on certain modeling 
aspects, data generation, and postprocessing of solutions, Evaluation of 
element matrices and assembly is amply i!lustrated in previous examples, and 
will not be discussed, since it takes substantial space to write the assembled 
equations even for the crude meshes used in these examples. 


Example 8.6 Groundwater flow or seepage. The governing differential equation for a 
homogeneous aquifer (i.¢., one where material properties do not vary with! position) of 
unit depth, with flow in the (x, y) plane, is given by 


(ay **) -F (am 3) =f (8.135) 


8x 


where @,, and qa, are the coefficients of permeability (in mday ‘) along the x and y 
directions, respectively, p is the piezometric head Gn m), measured from a reference 
level (usually the bottom of the aquifer), and fis the rate of pumping (in m’* day~' m7). 
We know from the previous discussions that the natural and essential boundary 
conditions associated with (8.135) are 


Natural 


a a 
austen, + Giza tty = Dy, on T, (8. 1362) 
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Essential 


d= on I, (8.136) 


where I’, and I’, are the portions of the boundary T of @ such that, +P,=T. 

Here we consider the following specific problem: find the lines of constant 
potential @ (equipotential lines) in a 3000 m * 1500 m rectangular aquifer © (see Fig. 
8.25) bounded on the long sides by an impermeable material (..¢,, @@/an = 0) and on 
the short sides by a constant head of 2)m (¢,= 200m). In the way of sources, 
suppose that a river is passing through the aquifer, infiltrating it at a rate of 
0.24m?> day"'m™*, and that two pumps are located at (1000, 670) and (1900, 900), 
pumping at rates Q,=1200m' day m™' and Q,= 2400 m* day’ m™’, respectively. 
Pumping is considered as a negative point source. 

A mesh of 64 triangular elements and 45 nodes is used to model the domain (see 
Fig. $.26a). The river forms the interelement boundary between elements 
(33, 35, 37, 39) and (26, 28, 30, 32). In the mesh selected, neither pump is located at a 
node. ‘This is done intentionally for the purpose of iflustrating the calculation of the 
generalized forces due to a point source within an element. If the pumps are located at 
a node then the rate of pumping Q, is input as the specified secondary variable of the 
node, When a source (or sink) is located at a point other than a node, we must 
calculate its contribution tc the nodes. Similarly, the source components due to the 
distributed line source (i-e., the river) should be computed. 

First, consider the line source. We can view the river as a line source of constant 
intensity, 0.24-m? day‘ m™~*. Since the length of the river is equally divided by nodes 
21-25 (into four parts), we can compute the contribution of the infiltration of the river 
at each of the nodes 21-25 by evaluating the integrals (see Fig. 8.260): 


ft 
node 25: | (0.24) pi ds 
4 


A 
node 24: [ (0.24) 2 ds + [ (0.24) yi ds 
iH 


Impermeable boundary, “es =0 
¥ 


& 
1000 m 
S 
ot 
i 
a a) 
Pump 2 ri 
¥ . ; 
x (1900, 900) s 
5 Pump 1 ' py g 
5 ° River, 0.24 m7? ze 
“ (1000, 670) day~! m7 sR 
= il 
i | = 2a = 40 m day"! bg 


3000 m 
Impetmeable boundary, $e = 0 
'y 


FIGURE 8.25 
Geometry and boundary conditions for the groundwater flow problem of Example 8.6. 
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6 1 ié 2% 26 3 36 4) 


375) 


= 0.24 
fo 13 i8 
ne ey | 
'@) @ @ ® 
do Element 19 
1 7 s 
a 
N/i2 : 
(125, 0) 
(b) Cl] 
FIGURE 8.26, 


Finite element mesh, and computation of force components for the groundwater (seepage) How: 
(a) finite clement mesh of triangular clements (45 nodes and 64 elements}; (b} computation of 
global forces due to the infiltration of the river; (c) computation of global forces for pump 1, 
located inside element 19 (Example 8.6). 


A & 

node 23: { (0.24) ap ds +{ (0.24) y? ds 
Hi 7 
A & 

node 22: f (0.24) y2 ds + | (0.24) wi ds 
a 


A 
node 21: [ (0.24) yd ds 


For constant intensity gq, and the linear interpolation functions yi(s)=1—s/h and 
w5(s) =s/h, the contribution of these integrals is well known: 


* . 
{ go ds =4gqh, hk = ${(1000)? + (150092, qo= 0.24 
Hence, we have 


Fu= dof F2= Fy=Fy=qoh, Bs= gol. 


Next, we consider the contribution of the point sources. Since these are located 
inside an element, we distribute them to the nodes of the element by interpolation (see 
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Fig. 8.26c}: 


E = . Qod(x — x0, ¥ — Yo) Pilx, y) dx dy = Qowilxar Yo) 


where the two-dimensional Dirac delta function is defined by 


[ [ Fy, y}d(x — Xo, ¥ — Yo) dx dy = F(xo, Yo} 


For example, the source at pump 1 (located at xg=1000m, yo=670m) can be 
expressed as 


Q(x, v) = —120048(x — 1000, y — 670) 


The interpolation functions wf for element 19 are (in terms of the local coordinates x 
and ¥; see Fig. 8.26c) 


WE Dasa (mt Ret) + 
A=4375¥, = (375), = —375(125), as = 375(125) 
B,=0, B.=375, B,=-375, yy=-375, %2=125,  ¥3=250 
We have ¥ =x — 750 and y = y ~ 375, and, therefore, 
(250, 295) = 0.2133, z= (250, 295)= 0.5956, ps = (250, 295) = 0.1911 


Similar computations can be performed for pump 2. 
In summary, the primary variables and nonzero secondary variables are 


0,=U,=0,=U,= Os = Uy = Ug = Ug = Ugg = Uys = 200.0 
FB, = 54.08, Fo=Fs= B= 108.17, By =34.08 
F,=-255.6, K,=—229.2, Mg=—715.2, Kg= —1440.0 
By = 410.4, y= —349.6 


The secondary variables at nodes 6-11, 14-17, 19, 20, 26, 27, 30-33, and 35-40 are 
zero. This completes the data generation for the problem. 

The assembled equations are solved, after imposing the specified boundary 
conditions, for the values of @ at the nodes. The equipotential lines can be determined 
using (8.92) or a postprocessor. The fines of constant ¢ are shown in Fig. 8.27(@) and 
the velocity vectors in Fig. 8.27(b). The greatest drawdown of water occurs at node 28, 
which has the largest portion of discharge from pump 2. 

The solution of the same problem by an alternative mesh that puts pumps 1 and 2 
at nodal points is left as an exercise. 


Next, we consider an example of irrotational flow of an ideal fluid (i.e., a 
nonviscous fluid). Examples of physical problems that can be approximated by 
such flows are provided by flow around bodies such as weirs, airfoils, buildings, 
and so on, and by flow of water through the earth and dams. The Laplace 
equations (8.128) and (8.133) governing these flows are special cases of (8.1), 
and therefore one can use the finite element equations developed earlier to 
model these problems. 
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= 180 


200 m 


I 


FIGURE 8.27 
Plots of constant piezometric head and velocity vector for the groundwater flow: (¢} lines of 


constant p3 (B} plot of velocity vectors (Example 8.6). 


Beal Rigid cylinder 
Uy” (2 cm diameter} 


os 


FIGURE 38,28 
Domaia and boundary conditions for the stream function and velocity potential formulations of 


icrotational flow about a cylinder (Example 8.7}. 
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Example 8.7 Confined flow around a circular cylinder. The irrotational flow of an 
ideal fluid about a circular cylinder, placed with its axis perpendicular to the plane of 
the flow between two long horizontal wails (see Fig. 8.28} is to be analyzed using the 
finite element method. The equation governing the flow is 


—Vu=0 in Q 


where w is either (1) the stream function w or (2) the velocity potential ¢. If it is the 
former, the velocity components t = (#1, 42) of the flow field are given by 


ays _ _ oy 
ox 


4, = 42 = 


ao ap % 


y= - #2 =- f 


In either case, the velocity field is not affected by a constant term,in the solution #. To 
determine the constant state of the solution, which does not affect the velocity field, we 
arbitrarily set the functions y and @ equal to zero (or a constant) on appropriate 
boundary lines. We analyze the problem using both formulations. For both, symmetry 
exists about the horizontal and vertical centerlines; therefore, only a quadrant of the 
flow region is used as the computational domain. 


Stream function formulation. The boundary conditions on the stream function can 
be determined as follows. Streamlines have the property that flow perpendicular to them 
is zero, Therefore, the fixed walls correspond to streamlines. Note that, for inviscid 
flows, fluid does not stick to rigid walls. Because of the biaxial symmetry about the 
horizontal and vertical centerlines, only a quadrant (say, ABCDE in Fig. 8.29) of the 
domain need to be used in the analysis. The fact that the velocity component 
perpendicular to the horizontal! line of symmetry is zero allows us to use that line as a 
streamline. Since the velocity field depends on the relative difference of two 
streamlines, we take the value of the stream function that coincides with the horizontal 
axis of symmetry (i.e., on ABC) to be zero, and then determine the value of y on the 
upper wall from the condition 


where {4 is the inlet horizontal velocity of the field, We determine the value of the 
stream function on the boundary x =0 by integrating the above equation with respect 


y= 2, 


FIGURE 8.29 

Computational domain and 
boundary conditions for the 
stream function formulation of in- 
viscid flow around a cylinder (see 
Fig. 8.28). 
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to y: 
¥ dy ¥ . 
stay-[ th dy +p,= thy +9 (8.137) 
a dy 0 


because y, = 0 from the previous discussion. This gives the boendary condition on AB, 
Since the line ED is a streamline and its value at the point EB is 2U4, it follows that 
yw = 2U, on the line ED. Lastly, we assume that the vertical velocity is zero on the line 
CD (i.e., (= 0); hence 0y/ax = 0 on CD. The boundary conditions are shown on the 
computational domain in Fig. 8.29, 

In selecting a mesh, we should note that the velocity field is uniform (i.e., 
streamlines are horizontal) at the inlet, and that it has a parabolic profile at the exit 
(along CD). Therefore, the mesh at the inlet should be uniform, and the mesh close to 
the cylinder should be relatively more refined to be able to model the curved boundary 
and capture the rapid change in a. Two coarse finite element meshes are used to 
discuss the boundary conditions, and results for refined meshes will be discussed 
subsequently. Mesh T1 consists of 32 triangular elements and mesh Q1 consist of 16 
quadrilateral elements. Both contain 25 nodes (see Fig. 8.30). The mesh with the solid 
lines in Fig. 8.30 corresponds to mesh Q1, and that with both the solid and dashed lines 
corresponds to mesh T1. It should be noted that the discretization error is not zero for 
this case. 

The specified primary degrees of freedom (i.¢., nodal values of w) for meshes T1 
and Q1 are 


O=0,5...= 0; = Uo= ys = Uy = ths = 0.0 


8.13. 
U,= 1.0, Uy =U, = t4,=2.0 ( 8) 


There are no nonzero specified secondary variables; the secondary variables are 
specified to be zero at the nades on the line CD: 


fo = Fay = Fy = 0 


Although the secondary variable is specified ta be zero at nodes 21 and 25, where the 
primary variable is also specified, we choose to impose the boundary conditions on the 
primary variable instead of the secondary variables. 

Table 8.6 gives the values of the stream function and its derivative Oy/dy (=u,) 
at selected points/elements of the meshes. The finite element program FEM2DV2 (see 
Chapter 13 for details) is used in the analysis. The stream function values obtained with 
meshes T1 and Q1 are very close to each other. Recall that the derivative oip/ ay is 
constant in a linear triangular element, whereas it varies linearly with x in a linear 


FIGURE 8.30 

Meshes Ti and 01 {remove the 
dashed lines for the mesh of qua- 
driteterals} used for inviscid flaw 
around a cytinder. 
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TABLE 8.6 
Finite element results from the stream function formulation of inviscid 


flow around a cylinder (Example 8.7) 


pp 


Stream function Velocity u, = ay/dy Velocity a, = —-O6/Ox 


x ¥ Mesh TA Mesh Q1 Mesh TL Mesh G1 Mesh TL Mesh Q1 


1.3183 0.7354 0.7092 0.7095 0.9643()F 0.9852(1) 0.9922(1)-0.9989(1) 
29705 0.5444 0.4372 0.4379 (0.8032(3) 0.9002(2) 0.9371(3} _0.9408(2) 
3.8564 0.4268 0.1667 0.1650 0,3906(5) 0.6432(3)-0.7047(5)—0.7018(3) 
1.4112 1.4459 1.4241 1.4270 0.0000(7)  0.2679(4) 0.29997) 0.3197(4) 
2.4305 1.0457 0.8730 0.8823 0.4469(15}0.8746(8) 0.6469(15)  0.8364(8) 
4.0577 0.7995 0.3357 0.3384 1.636(24) -1.586(12)  1.873(24) ——-1.453(12) 
2.6931 1.5383 1.3758 1.4010 2.544(32) -2.4551(16)  2.163(32) —-2.075(16} 
3.1937 1.2057 0.7706 0.7980 % 
3.5018 1.0007 0.2520 0.2658 

§.0000 1.5714 1.2395 1.2065 

4.0000 1.2619 0.6191 0.5796 , 
4.0000 1.0714 0.1817 0.1588 


a 


7 Denotes element number; the derivatives of y and @ are evaluated at the center of this element. 


rectangular element. Therefore, the results for meshes T1 and Q1 will not be the same. 
The velocities included in Table 8.6 correspond to elements closest to the symmetry line 
(i.e., the y =0 line) and the surface of the cylinder. 

The tangential velocity 4, on the cylinder surface can be computed from the 
relation 


(0) = uw, sin @ + u, cos 9 = 28 sin é ~3¥ cos é (8.139) 
ay ax 
where 6 is the angular distance along the cylinder surface. 
Velocity potential formulation. The boundary conditions on the velocity potential 
can be derived as follows {see Fig. 8.31). The fact that u.=—op /dy=0 (no 
penetration} on the upper wall as well as on the horizontal! line of symmetry gives the 


{ 86 


FIGURE 8.31 
Computational domain end boundary conditions for the velocity potential formulation of inviscid 
flow around a cylinder (see Fig. 8.28). 
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boundary conditions there. Along AE, the velocity u, = —3¢/ax is specified to be Up. 
On the surface of the cylinder, the normal velocity, «,,=— a/9n is zero. Thus all 
boundary conditions, so far, are of the fiux type. On the boundary CD, we must know 
either @ or Op/dn = Sp/dx. It is clear that —86/dx =n, is not known on CD. 
Therefore, we assume that # is known, and we set it equal to ¢,= constant. The 
constant @ is arbitrary and does not contribute to the velocity field (because 
-d¢/ox =u, and —3¢/@y =u, are independent of ¢,). It should be noted that 
specification of ¢ at least one point of the mesh is necessary to determine the constant 
part in the solution for ¢ (i.¢., eliminate the rigid body motion). We take @ = ¢) = 0 on 
CD. 

The mathematical boundary conditions of the problem must be translated into 
finite element data. The boundary conditions on the primary variables are from the 
boundary CD, We have 


U, = Up = Uy = thy = U5 = 0.0 
The only nonzero boundary conditions on the secondary variables come from the 
boundary AE. There we must evaluate the boundary integral 


[ fua- Uo] wily) dy 


We obtain 
fry F 
a= te (1~-2) dy = uh, =0.5u, 
oO fy 
'¥ ‘2 ¥ 
D 1) Zz 
fig ¥ 
0-05 {7 ay= tity =0.5U, 
a fy 
The finite element solutions for u,=—4¢/dx obtained with meshes T1 and O1 


are listed in Table 8.4. Note that there is a difference between the velocities obtained 
with the two formulations (for either mesh). This is primarily due to the nature of the 
boundary value problems in the two formulations. In the stream function formulation, 
there are more boundary conditions on the primary variable than in the velocity 
potential formulation. 

Contour plots of streamlines, velocity potential, and horizontal velocity u,= 
dy/ay obtained with mesh Qi (and a plotter routine} are shown in Figs 8.32(a—c). A 
plot of the variation of the tangential velocity with the angular distance along the 
cylinder surface is shown in Fig. 8.33, along with the analytical potential sclution 


u, = Up(1 + R?/r*) sin 6 (8.1400) 
valid on the cylinder surface. The finite element solution of a refined mesh, mesh Q2, is 
also included in the figure. The angle @, radial distance r, and tangential velocity 1, can 
be computed from the relations 


é=tan™! (77-}, r=[4—-x)Y ty],  u=4,sin@+u,cos@ (8.1408) 


The finite element sobution is in general agreement with the potential solution of the 
problem. However, the former is not expected to agree closely, because u, is evaluated 
at a radial distance r > R, whereas the potential solution is evaluated at r = R only. 
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FIGURE §.32 
Contours of (@} stream function, (6) velocity potential, and {c} x component of velocity (with the 
stream function formulation), as obtained using mesh Q1. 


. This completes the section on fiuid mechanics problems that are cast in 
terms of a single dependent unknown, such as the stream function or velocity 
potential. We return to fiuid mechanics later in this book to consider 
two-dimensional flows of viscous incompressible fluids, The governing cqua- 
tions of such problems consist of several dependent variables and as many 
differential equations (see Chapter 11). ~ 
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FIGURE $3.33 
Variation of the tangential velocity along the cylinder surface: comparison of the finite element 
results with the potential theory solution (mesh Q2 contains 96 elements and 117 nodes). 


8.4.3 Solid Mechanics 


In this section, we consider two-dimensional boundary value problems of solid 
mechanics that are cast in terms of a single dependent unknown. These 
problems include torsion of cylindrical members and transverse deflection of 
membranes, The discussion is restricted to small deformations. 


TORSION OF CYLINDRICAL BARS. Consider a cylindrical bar (i.e., a long 
member of uniform cross-section), fixed at one end and twisted by a couple 
(i.c., a moment or torque) of magnitude M directed along the axis {z) of the 
bar (see Fig. 8.34a). Suppose that the bar is not subjected to any body forces 
and is free from external forces on the lateral surface. We wish to determine 
the amount of twist and the associated stress field in the bar. To this end, we 
first describe the deformation of the bar analytically, and then analyze the 
equation using the finite element method. 

In general, a member of noncircular cross-section subjected fo a torsional 
moment experiences warping at any section. We assume that all cross-sections 
warp in the same way {which hoids true for small twisting moments and 
deformation). This allows us to take the displacements (u, v, w) along the 
coordinates (x, y, z) to be of the form (see Fig, 8.34b) 


u=—Ozy, v=O@zx, w=Oplx,y) (8.141) 


where (x, y) is a function to be determined and @ is the angle of twist per 
unit length of the bar, 

The displacement field in (8.141) can be used to compute the strains, and 
stresses are computed using an assumed constitutive law. The stresses thus 
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{a) 


Moment 
Af 


a = 82 


x 


FIGURE 8.4 

Torsion of cylindrical members: (2) a 
cylindrical member; (6) domain of 
(b) analysis. 


determined must satisfy the three-dimensional equations of stress equilibrium 


AG, , WGy , FOz2 
+ = 


— + at 0 
ox = Oy az 
do,, . aa, 8a, 
Oy 4 SOD yp Ot . 
Ae + ay + Be 0 (8.142) 
DOy,  OGyz +. aa, _ 0. 


Ox oy az 


and the stress boundary conditions on the jateral surface and at the ends of the 
cylindrical bar. Calculation of strains and then stresses using the generalized 
Hooke’s law gives the expressions 


(8.143) 


and all other stresses are identically zero. Here G denotes the shear modulus 
of the material of the bar. Substitution of these stresses into (8.142) gives [the 
first two equations in (8.142) are identically satisfied, and the third leads to this 
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result] 


re] 


=-(cet) +3 (cod) =0 (8.144) 


throughout the cross-section 2 of the cylinder. The boundary conditions on 
the lateral surfaces I require that 


Opity + Oy,fy =O 


<f_y) (2 ) _ 
(= y ln, + ay ny, =0 
or 
ap 
an te My on F (8.145) 


Here (7,, ny) denote the direction cosines of the unit normal at a point on I’. 

In summary, the torsion of a cylindrical bar is governed by (8.144) and 
(8.145). The function @(x, y) is called the torsion function or warping function. 
Since the boundary condition in (8.145) is of the flux type, this function can be 
determined to within an additive constant. The stresses in (8.143), however, 
are independent of this constant. The additive constant has the meaning of 
rigid-body movement of the cylinder as a whole in the z direction. For 
additional discussion of this topic, the reader is referred to Sokolnikoff (1956). 

The Laplace equation (8.144) and the Neumann boundary condition 
(8.145) governing ¢@ are not convenient in the analysis because of the nature 
and form of the boundary condition, especially for members of irregular 
cross-section. The theory of analytic functions can be used to rewrite these 
equations in terms of the function ‘P(x, y), called the stress function, which is 
related to }(x, yp) by the equations 


a a 
a “ty x, = y (8. 146) 


Eliminating @ from {8.144} and (8.145) gives, respectively, the results 


rw ay 
(G+ 5) = (8.147) 
ow aw 
Sy Bay M28 (8.148) 


The left-hand side of (8.148) denotes the tangential derivative dW /ds, and 
d@‘¥/ds = 0 implies that 


W=constant on I 
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Since the constant part of Y does not contribute to the stress field, 


(8.149) 


we take Y= 0 on the boundary. 
Now the torsion problem can be stated as one of determining the stress 
function Y such that 


-VW=2 in Q 
(8.150) 


W=0 on T 


Once W has been determined, the stresses can be computed from (8.149) for a 

given angle of twist per unit length, @, and shear modulus G. + “ 
The finite element model of (8.150) follows immediately from that of 

(8.1): ; 


[K*]{u"} = (f°} + {Q°} (8.15ta) 


where uf is the value of W at the ith node of Q° and 


Kya [ (220 2H) aa 
4 -\ax dx ay oy (8.1516) 


ov 
i= 2 fl ad a ’ i= $ an Ys ds 
i [. y,dxdy, OQ On Yt 
Next we consider an example of a torsion problem. 


Example 8.8 Torsion of a square cross-section bar. It should be recalled that (8.1) can 
also be interpreted as the equation associated with the torsion of a square cross-section 
cylindrical bar of cross-sectional dimensions a by b. Note that the actual problem is 
antisymmetric as far as the loading and stress distribution are concerned; however, the 
stress function, being a scalar function governed by the Poisson equation, is symmetric 
about the x and y axes as well as the diagonal lines, When using rectangular elements, 
one quadrant of the bar cross-section can be used in the finite element analysis. The 
biaxial symmetry about the x and y axes requires imposition of the following boundary 
conditions on WY: 


igs 
=o on the ne x =0 


ay 
—=Q onthe line y —0 
ay ¥ 


In addition, on the actual boundary we have the boundary condition 


W=0 on the ines x =a, y= 
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The analytical solution of the problem is given by 


= 


v =) (-1)" cosh k,y cos &,x 


a or 3 
Px, y) = 4a (an +1) cosh ik.b (8.1522) 
_ Ges {-1)" sinhk, y cos kx 
= 152 
> —o(2n+1}¥ cosh 4k,b (8.1526) 
_ 8a. (-1)" cosh&,y sin “] 
~ weale ios (2n+1¥ cosh 1k,6 (8.152¢) 


where k, = 5(2n + ij. The problem is analyzed here for shear stresses o,, and a,, {see 
{8.149)}}. 

Here we investigate the convergence of the finite element solutions using 
gradually refined meshes of linear and quadratic rectangular elements. The results of 
this study are summarized in Tables 8.7 and 8.8. The convergence of the finite element 
solutions for the stress fenction and stresses to the analytical solutions (8.152) can be 
seen from these results. The contour lines of the surface (x, y}= constant, o,, = 
constant, and o,, = constant are shown in Fig. 8.35. 


TRANSVERSE DEFLECTION OF MEMBRANES, Suppose that a membrane, 
with fixed edges, occupies a region Q in the (x, y) plane. Initially, the 
membrane is stretched so that the tension a in the membrane is uniform and 
that @ is so large that it is not appreciably altered when the membrane is 
deflected by a distributed normal force f(x, y). The equation governing the 
transverse deflection « of the membrane is 


~a( S44 3%) = 


32 =fey) i (8.1532) 


TABLE 8.7 
Convergence of the finite element solutious for Y using linear and 


quadratic rectangular elements (four-node and nine-node elements) 
in Example 8.8 


Linear elements Quadratic elementst 

x ¥ 2X2 4x4 8x8 1xi 2X2 ax4 

0.0000 0.0000 0.15536 6.14920 0.14780 0.14744 0.14730 G.4d734 
0,0625 6.0000 _— — 0.14583 — _ ©,14538 
0.1250 0.0000 — 0.14120 9.13987 _— 0.1394) = 6.73944 
0.1875 0.0000 —_ — 0.12972 _ _— 0.12931 
0.2500 0.0000 6.12054 0.11610 6.11502 0.11378 0.41463 0.11467 
$3125 0.0000 _ _ 0.09534 oo — 6.09505 
0.3750 «60.0000 — 0.07069 0.07007 — 0.06983 0.06986 
0.43975 0.0000 —_ _—— 0.03854 = —_ O.05844 
0.1250 0.2500 — 6.11031 0.10925 _ 0.10887 6.70800 
0.2500 0.2500 0.09643 0.09191 0.09090 6.09095 4.09056 0.09057 
0.3750 6.2500 _ 0.05729 0.05650 _— 0.05626 0.05636 


t The 4% 4 mesh of nine-node quadratic elements gives a solution that coincides with the analytical 
solution to five significant decimal places, 
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TABLE 8.8 
Comparison of finite element solutions for the 


shear stress o,,(x, y) [= —,2(y, x)], computed 
using various meshes, with the analytical solution 
(Example 8.8) 


a 


Mesh 

Analytical 
x y 2X2 4x4 8x8 = solution 
0.03125 _ -— 0.0312 0.0312 
0.09375 —_ — 0.0946 0.0946 
0.15625 — — 01612 0.1611 
0.21875 _ — 0,2332 0.2331 
0.28125 6.03125 — — 0.3127 0.3124 . 
0.34375 _ — 6.4015 6.4011 a 
0.40625 | — — 0.5013 9.5008 
0.46875 — —  G,6135 0.6128 
0.06250 — 0.06175 — 0.0618 ‘ 
0.1875 ] — 1942 — 90,1939 
63125 0.0625 — 0.3529 — 0.3516 
0.4375 4 — 0.5528 — 05504 
0.1250 «00,1250 0.1179 — — 94,1193 
0.3750 «0.1250 0.4339 — — 0.4272 

with 
u=0 on T (8.153b) 


Note that this equation and boundary conditions are of the same form as those 
for the torsion of cylindrical bars {sce (8.150)}. The finite element model of the 
equation is obvious. In view of the close analogy between this problem and the 
torsion of cylindrical bars, we shall not consider any numerical examples here. 


8.5 EIGENVALUE AND TIME-DEPENDENT 
PROBLEMS 


8.5.1 Introduction 


This section deals with the finite element analysis of two-dimensional eigen- 
value and time-dependent problems involving a single variable. We use the 
results of Section 6.2 to develop finite element aigebraic equations from the 
semidiscrete finite element models of time-dependent problems. Since the 
weak form and temporal approximations have already been discussed in detail 
in Section 6.2, attention is focussed here first on the development of the 
semidiscrete finite element models and then on the associated eigenvalue and 
fully discretized models. The exampies presented are very simple, because they 
are designed to illustrate the procedure for eigenvalue and time-dependent 
problems; solution of two-dimensional problems with complicated geometries 
requires the use of numerical integration. Chapter 9 is devoted to the 
discussion of various two-dimensional elements and their interpolation func- 
tions and numerical integration methods. 
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The development of finite element models of eigenvalue and time- 
dependent problems involves, as described in Section 6.2, two main stages. 
The first, called semtdiscretization, is to develop the weak form of the 
equations over an element and to seek spatial approximations of the 
dependent variables of the problem. The end result of this step is a set of 
ardinary differential equations in time among the nodal values of the 
dependent variables. For transient problems, the second stage consists in time 
approximation of the ordinary differentia! equations (i.e., numerical integra- 
tion of the equations) by finite difference schemes. This step teads to a set of 
algebraic equations involving the nodal values at time f,., [= (s + 1) At, where 
s is an integer and Af is the time increment] in terms of known values from the 
previous time step{s). For eigenvalue problems, the second stage consists in 
seeking a solution of the form u,{t) = Ue for nodal vaiues and determining 
the eigenvalues A and eigenfunctions U;p,(x, y) (no sum on j)}f The two-stage 
procedure was clearly illustrated for one-dimensional problems in Sections 6.1 
and 6.2, It will be applied here to two-dimensional problems involving a single 
equation in a single variable. Since the emphasis in this section is on the time 
approximations, the development of the weak form and spatial finite element 
mode! will not be covered explicitly here, and the reader is referred to Sections 
8.2 and 8.3 for details. 


$.5.2 Parabolic Equations 


Consider the partial differential equation governing transient heat transfer and 
similar problems in a two-dimensional region Q with total boundary YF, 


oun «68 ou a ou 
"at ax (an x) 7 oy (2m 5) t+ agu=f(% yO (8.154) 
with the boundary conditions 
u=@ or g,=4, on Tl (¢#0). (8.155a) 
where 
ou ait 
Gn = G1 a Me tan 5% (8.155) 


The initial conditions (i.e., at ¢= 0) are of the form 
u(x, 3: 0) = uolx, y) in Q (8.156) 


Here ¢ denotes time, and ¢, a41, 4x2, 0, &, uo, f, and q, are given functions of 
position and/or time. Equation (8.154) is a modification of (8.1) in that it 
contains a time-derivative term, which accounts for time variations of the 
physical process represented by (8.1). 

The weak form of (8.154) and (8.155) over an element Q° is obtained by 
the standard procedure: multiply (8.154) with the weight function u(x, y) and 
integrate over the element, integrate by parts (spatially) those terms that 
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involve higher-order derivatives using the gradient or divergence theorem, and 
replace the coefficient of the weight function in the boundary integral with the 
secondary variable [i.e., use (8.1555)]. We obtain 


- Ou du du du 
+ —— _ 
d= [. E (St + dgu — -f) ai ae Dy t O22 ay ae $ dav ds 


(8.157) 


Note that the procedure for obtaining the weak form for time-dependent 
problems is not very different from that used for steady-state problems in 
Section 8.2.3. The difference is that all terms of the equations may be functions 
of time. Also, there is no integration by parts with respect to time, and the 
weight function v is not a function of time. 

The semidiscrete finite element model is obtained from (8.157) by 
substituting a finite element approximation for the dependent variable uw. In 
selecting the approximation for #, once again we assume that the time 
dependence can be separated from the spatial variation: 


u(x, y, 1) ~ 2 Uwe, y) (8.158) 


where u; denotes the value of u(x, y, f) at the spatial location (x;, y,) at time ¢. 
The ith differential equation (in time) of the finite element model is obtained 
by substituting v = p7(x, y) and replacing « by (8.158) in (8.157): 


o=> (ne, + Kine; ‘) ~fi- Qi (8.1592) 
j=l 
or, in matrix form, 
[Mé]{u"} + [K{u*} = {f°} + {0°} (8.159b) 
where a superposed dot on u denotes the time derivative (@ = 3u/9t), and 
e = oy; OY, Oy, ay; 
M;= L cy; dx dy, Ki= [. (ar or On + 3 by dy iy aos) dx dy 
(8.159¢) 


=| Fl,» dvdr dy 
kat 
This completes the semidiscretization step. 


EIGENVALUE ANALYSIS. The problem of finding uj(#)= Use“ such that 
(8.159) holds for homogeneous boundary and initial conditions and f =0 is 
called an eigenvalue problem, Substituting for uj(1) in (8.159), we obtain 


(—A[M*] + [K*)) {ue} = {0°} (8.169) 


Upon assembly of the element equations (8.160), the right-hand-side column 
vector of the condensed equations is zero (because of the homogeneous 
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boundary conditions), giving rise to the global eigenvalue probiem 


((K] — ALM){U} = {0} (8.161) 


The order of the matrix equations is N x N, where N is the number of nodes at 
which the solution is not known. A nontrivial solution to (8.161) exists only if 
the determinant of the coefficient matrix is zero: 


{K] — A[M]] = 0 


which when expanded, results in an Nth-degree polynomial in 4. The N roots 
A; G=1,2,..-5 N) of this polynomial give the first N eigenvalues of the 
discretized system (the continuous system, jn general, has an infinite number 
of eigenvalues), There exist standard eigenvalue routines for solving (8.161), 
which give the N eigenvalues and eigenvectors. ¢ 


TRANSIENT ANALYSIS. Note that the form of (8.159) is the same as the 
parabolic equation discussed in Section 6.2. The spatial dimension does not 
appear in (8.159a,b} because it is taken into account in the spatial approxima- 
tion. Thus, irrespective of the spatial dimension, the finite element mode! of all 
problems with a first time derivative is the same. Therefore, the time 
approximation schemes discussed in Section 6.2.3 for parabolic equations can 
be readily applied. 
Using the a-family of approximation (6.39), 


(u}our = (hs HALLAM tole] Osast) (8.162) 


we can transform the ordinary differential equations (8.159) into a set of 
algebraic equations at time f.41 


Rlai{ttees = (Phase (8.1632) 


where 


[Khas = {M] + ay[K]o+s 


(P} = At (o{F} 11+ (1 - a) F),) + (MI ~ a2 K],){4}, (8-163) 
aj=aAt, @=(l—a@)At 


Kguation (8.163a}, after assembly and imposition of boundary conditions, is 
solved at each time step for the nodal values «; at time 4 = (s + 1) At. At time 
t=0 (i.e., s = 0), the right-hand side is computed using the initial values {u}o; 
the vector {F}, which is the sum of the source vector {f} and the internal flux 
vector {Q}, is always known, for both times ¢, and ¢,,,, at all nodes at which 
the solution is unknown [because f(x, {} is a known function of time, and the 
sum of Q% at these nodes is zero}. 

It should be recalled from Section 6.2.3 that, for different vatues of a, we 
obtain different well-known approximation schemes, with given order of 
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accuracy: . 
0, the forward difference scheme (conditionally stable); O(A0) 
the Crank—Nicolson scheme (unconditionally stable); O(Ar)’ 
, _ the Galerkin scheme (unconditionally stable); O(A1)? 
i, the backward difference scheme (unconditionally stable); OCA‘) 


For the forward difference scheme, the stability requirement is 


_ 2 
(1—2a)Amax’ 


Ar< At, = a<4 (8.164) 


where Amnax is the largest eigenvalue of the finite element equations (8,161). 
We next consider examples of eigenvalue and time-dependent problems. 
Example 8.9 Eigenvalue analysis. Consider the differential equation 
au (24 2) 
at ~ 


+ . 
at ay (8.1652) 


in a square region, subject to the boundary conditions 
a 
20, y,#)=0, a 0,.5=0, u@,t9=0, ui,y,Q=0 (81655) 


and initial condition 
fx, y, 0} =0 (8.165c} 


As a first choice, we take a 1 X 1 mesh of triangular (2 elements) and rectangular 
elements. Alternatively, for the choice of triangles, we can use the diagonal symmetry 
and model the domain with one triangular element. The triangular element matrices are 


;| 2 2 8 211 
[K‘}=-|-1 2 -1], [MJ=—]1 2 1 

2 
0-1 1 41104 2 


The eigenvalue problem becomes 


2a] jf 1-1 ol\(u 0 
= [1 2 1]+5)-1 2 -1) fp &e=yo 
112 0-1 if/ly 0 


The boundary conditions require U, = U, = 0. Heace, we have 
{(-#A+)U,=0, or A=6 
The eigenfunction becomes 
Ux, y= wie, yyel—x 


which is defined over the octant of the domain. For a quadrant of the domain, by 
symmetry, it becomes U(x, y}= 0 — x)(i — y). 
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For one rectangular element, we have 


4 -1 -2 -1 4212 
1] -l 4 +1 -2 1/2 42 1 
2 M)=— 
Ke) 9g yg ap MP 36h4 2 4 2 
-1 -2 -1 4 21324 
4 21 2 4 -1 -—2 -1 U, 0 
-A}2 42 1) t/-1 4 -1 -2)|pul_jo 
3641 2 4 2] 6)-2 -1 4 -1 uf 10 
212 4 -1 —-2 -1 4 u, 0 
Using the boundary conditions U, = U,= U,=0, we obtain 
(-24*%44+9U,=0, or A=6 ht 


The eigenfunction over the quadrant of the domain is given by 
U(x, y= wiz, yy=A—x)—-y) ‘ 


For this problem, the one-element mesh of triangies in an octant of the domain gives 
the same solution as the one-element mesh of rectangular elements in a quadrant of the 
domain. 

Fable 8.9 gives eigenvalues obtained with various meshes of triangular and 
rectangular elements, along with the analytical solution of the problem. It is clear that 
the convergence of the minimum eigenvalue obtained using the finite element method 
to the analytical value is rapid compared with the convergence of the higher 
eigenvalues; i.e., the errors in the higher eigenvalues are always larger than that in the 
minimum eigenvalue. Also, the minimum eigenvalue converges faster with mesh 
refinements. The mesh used must be such that the required eigenmodes are represented 
accurately. 


Example 8.10. We wish to solve the transient heat conduction equation 


cae ae 


ay? (8.1662) 


TABLE 8.9 
Comparison of finite element solutions for eigenvalues, obtained using 


various meshes, with the analytical solution (Example 8.9) 


Triangles Rectangles 
Analytical 

A UX1 2X2 4X4 89KB LXL 2K%2 4K4 8 KE min 

4, (yy) 6.000 5.415 5.068 4.969 6.000 5.193 4.999 4.951 4.935 
Ag(Ay3) — 32.000 27.250 25.340 — 34.290 27,370 25.320 24.674 
AgQy) — 38.200 28.920 25.730 — 34.290 27,370 25,330 24.674 
Ags) = — 76.390 58.220 48.080 — 63.380 49.740 45.710 44.413 
4gQys} — 85.350 69.780 — — 84.570 69.260 64.152 
As {As} — 86.790 69.830 — — 84.570 69,260 64.152 


{ The analytical sotution is 4, = $a Cat” +7) (t,t = 4,3, 5,060. 
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subject to the boundary conditions, for +>, 


oT oT 
az i it =O, a ¥ + =0 
OP D=D 501) 


T(t, y, 8 =0, T(x, 1, 3) = (8. 1665) 


and the initial condition 
Ttx, y,O}=0 for all (x, y) in Q (8.166c) 


We choose a 4x 4 mesh of linear triangular elements (see Fig. 3.36) to model the 
domain, and investigate the stability and accuracy of the Crank—Nicolson methcd (i-e., 
a= 0.5) and the forward difference scheme (a = 0.0) for the temporal approximation. 
Since the Crank—Nicclson method is unconditionally stable, one can choose any yalue 
of At, However, for large values of Aé, the solution may not be accurate. The forward 
difference scheme is conditionally stable; it is stable if Ar< Ar,,, where 


2 2 
At. = —— =55>, = 0.00518 
Ans 386.4 
where the maximum eigenvalue of (8.166¢) for the 4 x 4 mesh of triangles is 386.4. 
The element equations are given: by (8.163), with [M/*], [K‘], and {f*} defined by 
(8.159¢)}, wherein c=1, a1, =1, @42~1, a9 =0, and f = 1. The boundary conditions of 
the problem for the 4 * 4 mesh are given by 


U, = Uso = ys = Uy = Uy = Ug = Uy = Uy = Us = 0.0 


Beginning with the initial conditions U;=0 (f=1, 2,...,25), we solve the assembled 
set of equations associated with (8.163). 

The forward difference scheme would be unstable for Ar > 6.00518. To illustrate 
this point, the equations are solved using a=0, At=0.01 and a =0.5, Af=0.01. The 
Crank—Nicolson method gives a stable and accurate solution, while the forward 
difference scheme yields an unstable solution (i.¢., the solution error grows unbound- 
edly with time), as can be seen from Fig. 8.37. For At= 0.005, the forward difference 
scheme yields a stable solution. 


1,8 


Insulated, 


T 
J) ag 
ax 


Insulated, or =O 
ay 


FIGURE 3.36 
Domain, boundary conditions, and finite element mesh for the transient heat conduction problem 
of Example 8.10. 
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0.12 — o« = 0.5, At = 0.01 A 
> —— a = 0.0, At = 0.005 oo 
SF 0.10 —-o-mg = 0.0, Af = 0.01 
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Time ¢ 
FIGURE. 8.37 


Stability of the transient solutions of the heat conduction problem in Example 8.10 analyzed using 
a 4x4 mesh of linear trianguiar elements and the Crank—Nicolson (a =0.5) and forward 
difference (a = 6.0) time integration schemes. 


0.20 02 


O15 0.1 


0.10 


8.05 


Ar = 0.05, a= 0.5 


0.0 . 0.25 9.3 0.75 1.9 
xfaty=O)or = y (atx =0) 
(a) 
FIGURE §.38 


Variation of the temperature as a function of position x and time ¢ for the transient heat 
conduction problem of Example 8.10. 
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TABLE 8,10 
Comparison of finife difference and finite element solutions 


with the exact solution of the heat conduction problem in 
Example 8.10 


Finite 
Finite element 
Finite element solution 
Exact difference solution (unsteady) 


Node solution solution Error (steady) Error at r= LO 


0,2947 0.2911 0.0036 0.3013 —0.0066 0.2993 
0.2789 0.2755 0.0034 0.2805 —O.0016 6.2786 
0.2293 0.2266 0.0027 0.2292 0.000: 0.2278 
0.1397 G. £381 0.0016 0.1392 0.0005 6.1385 
0.0000 0.0000 0.0000 0.0000 6.0600 0.0000 
0.2642 0.2609 0.0033 0.2645 —60.0003 0.2628 


I 
2 
3 
4 
5 
7 
8 
9 
10 . F . Fi A 
13 0.1811 0.1787 0.0024 0.1801 0.0010 0.1791 
4 
15 
io 
20 
25 


The Crank—Nicolson method gives a stable and accurate solution even for 
Afé= 0.05, The temperature T(x, G, ¢} is plotted versus x for various values of the time 
in Fig. 8.38(a)}. The steady state is reached at time t= 1.0. The temperature 7(0, 0, 2) 
predicted by the Crank—Nicolson method is plotted versus time in Fig. 8.38(b), which 
indicates the evolution of the temperature from zero to the steady state. Table 8,10 
gives a comparison of the transient solution at /=1.0 with the steady-state finite 
element, the finite difference, and the analytical solutions. Table 8.11 gives the finite 
element solutions for temperature predicted by 4 x 4 meshes of triangles and rectangles 
and various values of Af and a = 0.5. 


8.5.3 Hyperbolic Equations 


The transverse motion of a membrane, for example, is governed by a partial 
differential equation of the form 
eu 8 Ou 

Can ay (x =) ~ = (en $) + agu =f(x, y, 0 (8.1672) 
where u(x, y, t) denotes the transverse defiection, c is the material density of 
the membrane, a), and as, ate the tensions in the x and y directions of the 
membrane, a is the modulus of the elastic foundation on which the membrane 
is stretched (often a@)=0, i.e., there is no foundation), and f(x,y, £} is the 
transversely distributed force. Equation (8.167¢) is known as the wave 
equation, and is classified mathematicaily as a hyperbolic equation. The 
function “ must be determined such that it satisfies (8.1674) in a region £2, 
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TABLE 3,11 ; 
Comparison of the transient solutions of (8.166) 


obtained using a mesh of triangular and rectan- 
gular elements (@ = 0.5) (Example 8.10) 


Temperature along the line y= 0; T(x, 0, 0) x 10 


Time 
t Flementt x=0.0 x=0.25 x=@5 x=0.75 
0.1 T1 0.9758 0.9610 0.9063 0.7104 
Ri 0.9684 6.9556 0.8956 0.6887 
Tz 0.9978 0.9798 6.9168 0.6415 
R2 0.9841 6.9718 0.9020 0.6323 
0.2 Tl 1.8003 «1.7238 1.489% 0.9321 
Ri 1.77230 OA7216— 1.4829 0.9367 . 
T2 L779) 11.7060) 1.4644 «(0.04620 or 
R2 1.7681 1.6990 1.4626 0.9469 
03 Tl 2.3130 «2.1671 1.7961 = 1.1466 
Rl 2.2747 «92.1650 18084 = 1.1499 
Te 2.2879 3.1448 =—«1..7943 E1249 - 
R2 22479 2.14392 18088 1.1319 
1,0 T1 2.9960 2.787E 2.2804 1.3843 
Rl 2.9648 2.8053 2.3000 1.4059 
T2 2.9925 27862 2.2776 1.3849 
R23 2.9621 2.8037 2.3065 1.4053 
pp 
£T1, triangular element mesh with Ar=0.1; 2, triangular clement 
mesh with At = 0.05; RI, rectangular clement mesh with Ai = 0.1; R2, 
rectanguiar etement mesh with Ac = 0.05, 
together with the following boundary and initial conditions: ; 
u=a8 org,=4G, onF (20) (8.1676) 
au 
u(x, ¥, 0)= ole, ¥), GO ys O) = volt, ¥) (8.167c) 


where @ and @, ate specified boundary values of « and q,, [see (8.1555)}, and 
tg and vp are specified initial values of w and its time derivative, respectively. 

The weak form of (8.1674,b) over a typical element {2° is similar to that 
of (8.154) [see (8.157)], except that here we have the second time derivative. 
of a: 


ou au du du du 
0= [. [ufc ye + figtt -f) + ayy ata S| dx dy — f gov ds 
(8.168) 
where v = u(x, y) is the weight function. 


The semidiscrete finite element model of (8.1672) is obtained by 
substituting the finite element approximation (8.158) for u and v= y; into 
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(8.168): 

go =2 (a1; i a ea uj Kyu s) —fi _ oF (8.1692) 
or, in matrix form, 

[Mo] {i} + [Ko] {ue"} = (F°} + {0°} (8. 1695) 


The coefficients My, Ky, and ff are the same as those in (8.159c). 


EIGENVALUE ANALYSIS, The problem of finding u(t) = Ue" (= ¥—1) 
such that (8.169) holds for homogeneous boundary and initial conditions and 
f =0 is called an eigenvalue problem of (8.167). We obtain 


(—a"[M*] + [K*]){u"} = {0°} (8.170) 


The eigenvalues and eigenfunctions f=. Ujtp(x, y) are determined from 
the assembled equations associated with (8.170), after imposing the homoge- 
neous boundary conditions. For a membrane probiem, @ denotes the 
frequency of natural vibration. The number of eigenvalues of the discrete 
system (8.170) of the problem is equal to the number of unknown nodal values 
of U in the mesh. 


Example 8.11. Consider the free vibrations of a rectangular membrane of homoge- 
neous material, af dimensions a by 6 (in ft), material density p (in slugs ft*), and fixed 
on all its edges, i.c., #=0 on T. Although the problem has symmetry about the 
horizontal centerline and vertical centerlines of the domain (see Fig. 8.39), use of any 
symmetry in the finite clement analysis will eliminate the unsymmetric modes of 
vibration of the membrane. For example, if we consider a quadrant of the domain in 
the finite element analysis, the frequencies w,,, Gn, 11,3, 4,...) and associated 
eigenfunctions will be missed in the results [i.c., we can only obtain @,,, Gr," = 
1, 3,5,...}]. By considering the full domain, the first N frequencies allowed by the 
mesh can be computed, where N is the number of unknown nodal values in the mesh. 


FIGURE 8.39 

Geometry, computational domain, finite element mesh, and boundary conditions for the teansient 
analysis of a rectangular membrane with initial deflection: (2) actual geometry; (6) computational 
domain, finite element mesh of rectangular elements, and boundary conditions (4% 4 mesh of 
linear elements or 2X 2 mesh of nine-node quadratic elements). 
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TABLE 3.12 
Comparison of natural frequencies computed using various 


meshes of linear triangular and rectangular elements with the 
analytical solution of a rectangular membrane fixed on all its 
sides (ay = ta = 12.5, P= T= 2.5) 


a 
Triangular (linear) Rectangular (linear) 
Wun 2X2 «KS 8X8 2x2 4x4 8xE Analytical 
a, 5.0000 4.2266 4.0025 4.3303 4.0285 3.9522 3.9270 
my — 5.9083 5.2068 — 5.2899 5.0478 4.9673 
3 8.2392 68788 — 7.2522 6.6020 6.3321 
Oo. — 8.3578 7.5271 — 7.9527 7.4200 7.2410 
Oy, —~ 10.0618 54565 — 86603 80571 7.8540 
@y ~~ 12,1021 8.8856 — 9.9805 85145 7.8540 ~ 
®y — 13.2011 9.9280 — 12.7157 9.1117 8.7810 
@s, — 14.6942 11.1199 — 13.1700 10.5797 9.4574 
Oe — 15.8117 11.4425 — 14.0734 10,7280 9,9346 


If only the first eigenvalue @,, is of interest or only symmetric frequencies are 
required, one can use a quadrant of the domain in the analysis. Indeed the results of 
Example 8.9 are applicable here, with Avn = @ian The results presented in Table 8.9 
can be interpreted as the squares of the symmetric natural frequencies of a square 
a= 6 =2) membrane with p = 1 and a,, =a, =T = 1. The exact natural frequencies of 
a rectangular membrane of dimensions a by 6, with tensions ay; = a2; = T and density p 


are 
fz 2 2 2 
mon 
a sta ,n=l,2,... 
OEY ones 
To obtain all frequencies, the full domain must be modeled. 

Table 8.12 contains the first nine frequencies of a rectangular membrane of 4 ft by 
2ft, tension T=12.5lbft-!, and density p= 2.5 slugs ft, computed using various 
meshes of linear triangular and rectangular elements. The convergence of the finite 
element results to the analytical sclution is clear. The mesh of Enear rectangular 
element yields more accurate results than the mesh of linear triangular elements. 


TRANSIENT ANALYSIS. The hyperbolic equation (8.1695) can be reduced to 
a system of algebraic equations by approximating the second time derivative. 
As discussed in Section 6.2, the Newmark time integration scheme is the most 
commonly used method, and therefore it is used here. Since the mathematical 
form of (8.169) is exactly the same as that in (6.44), the results in (6.47) and 
(6.49) are immediately applicable to the former. For the sake of convenience, 
the results are repeated here. The Newmark scheme is 


{uh 541 = {u}, + At{t}, + 3(At) {li} sey 


{tt}sa1 = (h}s + ANE} ne (8.171@) 
{i}s48 = (1 _ O) {ti}; + Of} 41 
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where, for example, 


the constant-average acceleration method (stable) 


the linear acceleration method (conditionally stable) 


the central difference method (conditionally stable) 


(8.171b) 
The stability criterion is 


| At<At,=Pozade—yy”, «24, y<a (8.172) 


where 2, is the maximum eigenvalue of the corresponding discrete 
eigenvalue problem (8.170) (i.e., the same mesh and element type used in the 
transient analysis must be used in the eigenvalue analysis). Note that a more 
refined mesh will yield a lower maximum eigenvalue and a higher Af,,. 


Time marching scheme . . 
1K], {ue} 541 = fae eee (8. 173a) 


where (the superscript e is omitted for brevity in the following) 


[R]eat = [Klis + a,[M],41 


{FP}, p41 = {Fh esa + [Af},+i(a3{u}, + aa{u}, + as{it},) 
fig = Afas, as= 1-1 
¥ 


(8.173b) 


aa 
yan?’ 


Once {#},41 has been calculated from (8.173a), the velocities and accelera- 
tions at time f,,,= At (s + 1) are calculated from (6.49): 


{i} s41= as({4} e414 — {u}s) — aaltd}, — as{i}, 
Ci}er1 = (ihe + afi}, + aoe (8.174) 
a=aAt a=(l-a)A 
Note that (8.173) is valid for an clement. Therefore, the operations 
indicated in (8.173b) are carried out for an element, and [K‘]= {F*} are 
assembled as in a static analysis. For the first time step, the initial conditions 


on « and du/dt are used to compute {#}) and {i}, for each element of the 
entire mesh. The acceleration vector {ii}, is computed from (8.1695) at t= 0: 


{#}o=[M] "CF }o— [K]{U Jo) (8.175) 


It is often assumed that {F},={0}. If the initial conditions are zero, 
{u#}) == {0}, and the applied force is assumed to be zero at = 0, we then take 


{}o = {0}. 
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Example 8.12. Consider a homogeneous rectangular membrane of sides a= 4 ft and 
b=2ft, fixed on all its four edges. Assume that the tension in the membrane is 
12.5 lb ft"! (ie., a1 =@2 = 12.5) and the density is p=c=2.5 slugs ft"*. The initial 
deflection of the membrane is assumed to be ° 


uo(x, ¥) = 0.144 — x*)Qy -»?) (8.176) 


and the initial velocity is vu, =0. We wish to determine the deflection u(x, y, f) of the 
membrane as a function of time using the finite element method. The analytical 
solution of this problem is [see Kreyszig (1988), p. 684], 
409.6 : 
u(x, y, t)= Ee ig oS Omat SiN ynimx sin gray (8.1772) 


ett] Syn 


Oma = 438(50n? + 4n7)]'7 (8.1775) 


where the origin of the (x, y) coordinate system is located at the lower corner of the 
domain (see Fig. 8.39a). 

In the finite element analysis, we can utilize the biaxial symmetry of the problem 
and model one quadrant of the domain (see Fig. 8.395). We set {ip a new coordinate 
system (@, 7) for the computational domain. The inital displacement in the new 
coordinates is given by (8.176), with x and y replaced in terms of % and ¥: 


x=it+2, yoFtl 


The initial values of ui are calculated using (8.175), with {F}, = {0} and {i}, as 
given in (8.176) by wo(z, y). At 2=2 and y = 1, all nodal values for the function wv and 
its time derivatives are zero. 

As for the critical time step, we calculate A,» from the solution of (8.170) using 
the same mesh as that used for the transient analysis, and then use (8.172) to compute 
At.,. Of course, for av =4 and y = 3, there is no restriction on the time step for a stable 
solution. For a 44 mesh of linear rectangular elements, A,,..= (14.0734) (see Table 
8.12}, and Ag,, = 0.246 for the linear acceleration scheme (a =0.5, y= 4). 

Figure 8.40 shows plots of the center deflection #{O, 0, £) versus time f, and Fig. 
8.41 shows the stability of the solutions computed using the constant-average 
acceleration (@ =0.5, y=6.5) and linear acceleration {a=0.5, y=4) schemes for 
At=0,25> At... Figure 8.40 also shows a comparison of the finite clement solutions 
with the analytical solution (8.177). The finite element solutions are in pood agreement 
with the analytical one. 


8.6 SUMMARY 


A step-by-step procedure for finite element formulation of second-order 
differential equations in two dimensions with a single dependent variable has 
been presented. The Poisson equation in two dimensions has been used to 
illustrate the steps involved. These include weak formulation of the equation, 
development of the finite element modet, derivation of the interpolation 
functions for linear triangular and rectangular elements, evaluation of element 
matrices and vectors, assembly of element equations, solution of equations, 
and post-computation of the gradient of the solution. A number of illustrative 
problems of heat transfer (conduction and convection), fluid mechanics and 
solid mechanics have been discussed. Finally, the eigenvalue and time- 
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FIGURE $.40 

Comparison of the center deflection obtained using various meshes with the analytical solution of a 
rectangular membrane with initial deflection; RL4, 4%4 mesh of linear rectangular elements; 
RL2, 2X2 mesh of linear rectangular elements; ROQ2, 2*2 mesh of sine-node quadratic 
elements, 


10 


—o— a= 0.25, y= 0.35 
; wg a 25, y= 0.3333 


4 x 4 mesh; Ai = 0,25 


~ EO 


—I5 
0.0 0.5 1.0 15 2.0 2.5 4.0 


Time f 
FIGURE 3.41 


Stability characteristics of the constant-average acceleration and linear acceleration schemes (a 
4x 4 mesh of linear rectangular elements is used in a quadrant of the domain). 
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dependent problems associated with the modei equation have also been 
discussed. This chapter constitutes the heart of the finite element analysis of 
two-dimensional problems to be discussed in Chapters 10-12. 


PROBLEMS 


Note that most of the problems given here require hand calculations only. When four 
or more simultaneous algebraic equations are to be solved, they should be left in matrix 


form. New problems can be created just by changing data and meshes. 
Section 8.2 
3.4. The electrostatic potential (x, y) of electrical charges in a region & is governed 
by the Poisson equation 
-V6=f(%y) ; . 
where f is the distributed electric charge. 
(a) Develop the finite element modet of the equation. . 


8.2. 


8.3. 


8.4, 


(5) Identify the element coefficient matrices for linear triangular and rectangular 
elements from those avaitable in this book. 

(c) Write the specified primary and secondary variables at all boundary nodes 
and their specified values for the problem shown in Fig. P8.1- 


# = ¢, (constant) 


FIGURE P8.1 


Consider the partial differential equation 
ry z 2 . ou 
—Wu+er=0 in O°, with ant he =8 on F* 


Develop the weak form and finite element model of the equation over an element 
2 

Assuming that ¢ and & are constant in Problem 8.2, write the element coefficient 
matrix and source vector for (a} a linear rectangular element and (6) a linear 
triangular element. 

Develop the finite element model of the following differential equation governing 
an axisymmetric problem, 


1lfaf 3u af ou | 
—_a— | — — + — —_ = 
r cE (- x) dz (- az) f(r, 2) 
and compute the coefficients Kj and fj for a linear triangular element in terms of 
Jan Of (8.36). 
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8.5, Calculate the linear interpolation functions for the linear triangular and rectangu- 
lar elements shown in Fig. P&.5. 


FIGURE P85 


Answer: yt, = (12.25 — 2.5% — 1. Sy)/8.25. 
8.6. For the linear triangular element shown in Fig. P8.6, show that the element 
coefficient matrix associated with the Laplace operater —V’, 


ay Oy, OW; ov) 
Ki= _—_ peiren Ey 
3 LE ax ay ay ded 


ao+B -w —-B 
{K‘}==] -« «@ Of, @=-, pa; 
-p 0 8 


FIGURE P3.6 FIGURE F8.7 


8.7. For the linear rectangular element shown in Fig. P8.7, show that the element 
coefficient matrix associated with the Laplace operator is 


2ie+ 8) —-2a+8 —-(w+B} w—2p 
_1| ~2a+6 2(¢+8) @w-2B —(a+f) _6 _a 
(R= E] te + 8) 2-28 2Aa+p) -20+p) %=a’ BAS 
«-28 —-({a+B) -2v7+ 6 2(¢+8) 
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8.8. Find the coefficient matrix associated with the Laplace operator when the 
rectangular element in Fig, P8.7 is divided into two triangles by joining node 1 to 
node 3. 

§.9. The nodal values of an element in the finite element analysis of a field problem 
—Vu = fy are Ujy = 389.79, U,, = 337.19, and Uyzg = 395.08 (see Fig. P8.9). Find 
the gradient of the solution in the element. Also determine where the 392 isoline 
intersects the boundary of the element in Fig. P8.9. 

Answer: YT = 10.768, — 105.028. 


Bd 1l Node 10; (3.5, 1} 
Nade ii: (3.5, 1.5) 
Node 12: (4, 1) 


FIGURE P89 ‘ 


8.10. # the nodal values of the elements shown in Fig. P8.1G are #, = 0.2645, 
= 0.2172, it; = 0.1800 for the triangular element and u, =9.2173, #,= 0. 18790, 
paar 2232 for the rectangular element, compute u, du/dx, and dufdy at 

the point (x, y} = (0.375, 0.375). 


¥ 


@J cn 
-—— 0.5 +4 
(2) 
FIGURE P8.10 


8.11. Compute the element matrices 
ach top 
ay; dy 
st=[' —" dx dy, sp-| i dvd 
if , wD; dx iy i i da yy; dy ¥ 


where y; are the linear interpolation functions of a rectangular element with sides 
aand b. 

3.12. Give the assembled coefficient matrix for the finite element meshes shown in Fig. 
P8.12. Assume one degree of freedom per node and let [K*} denote the element 
coefficient matrix for the eth element. Your answer should be in terms of element 
matrices Kj. 
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(e) @) 
FIGURE P3.12 


8.13. Compute the global source vector corresponding to the nonzero specified 
boundary flux for the finite element meshes of linear elements shown in Fig. 


P8.13. 
lem 
4 Lem 
lem 
1.5 em 
1.5 cm 
qi 
oO 
2em 2Zem Zem 2em FIGURE F3,13 


8.14. Repeat Problem 8.13 for the finite element mesh of quadratic elements shown in 
Fig: P8.14. 


FIGURE P3.14 


8.15. A point source of magnitude Q, is located at the point (x, y) = (1.25, 2.5) inside 
the triangular element shown in Fig. P8.5(@). Determine the contribution of the 
point source to the element source vector. 

8.16, Repeat Probiem 8.15 for the rectangular element in Fig. P8.5(b). 

&.17. A line source of intensity q, is located across the triangular element shown in Fig. 
8.17. Compute the element source vector. 
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8.18 


§.19. 


8.20. 


8.21. 


8.22. 


8.23. 
8.24, 
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t (4, 5) ; 
(5, 4) Line source 


FIGURE P8.17 


, Repeat Problem 8.17 When the line source has varying intensity g(s) = gos/L, 
where s is the coordinate along the line source. 

When aj, and @, in (8.1) are bilinear functions of the giobal coordinates x and y, 
ay =ayt AX + ayy, and 4; = @2, =a) = 90, determine the explicit form of the 
coefficient matrix [K‘] in (8.14) for the linear triangular element. Express, the 
result in terms of the integrals defined in (8.36). a 

Repeat Problem 8.19 for the linear rectangular element with local coordinate 
system (%, 7). Use (8.42) and (8.43) to evaluate the integrals. You may also usé 
the coefficient matrices in (8.44). 

Determine the source vector 


fi=[ Prdeay 


for inear rectangular elements when f is a function of the form f = ay)+ 4,x + 
ay, Where x and y are the global coordinates. 

Evaluate the coefficient matrix K% and source vector fj in (8.646) for a linear 
triangular element when 4, dx. and f are constant, and 4,,=0. Note that the 
results of Problem 8.19 are useful here. 

Repeat Problem 8.22 for a linear rectangular element. 

For the mesh of linear triangular elements shown in Fig. P8.1, give the condensed 
set of equations for the unknown nodal values when f =fp= constant. Use the 
symmetry of the problem. Write algebraic equations for the secondary variables 
O} and G3 (from equilibrium). 


8.25. Repeat Problem 8.24 with the equivalent mesh of linear rectangular elements. 
8.26. Solve the Laplace equation 
Fu Fu 
-_(/—=4+——J= in & 
(3 5) om 


on a rectangle, when (0, y)=x{a, y)= u(x, 0) =0 and u(x, b)=up(x). Use the: 
symmetry and (@) 2 mesh of 2 x 2 triangular elements and (b) a mesh of 2X2 
rectangular elements (see Fig. P8.26). Compare the finite element solution with 
the exact solution 


u(x, y) = >) A, sin na sinh 
ttm] 


where 


2 * IX 
A,=————— int™ 
«a sinh maby; |, to) sin~ 
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Take gq =6= L, and it)(x) = sin zx in the computations. For this case, the exact 
solution becomes 


sin sx sinh ay 


W% Y= sinh x 


Answer: for a 2% 2 mesh of triangles, 0, = 0.23025 and U; = 0.16281; for a 
2% 2 mesh of rectangles, U, = 6.15202 and U, = G.10750. 


4 7 B= Hos) 


FIGURE P8.26 


$.27, Solve Problem 8.26 when ue(x) = 1. The analytical solution is given by 


_4 a sin Qa + Dax sin (2n + Day 
u(x, y) = ao (2n + 1) sinh (2n + 1x 


Answer: (a) Uy = 0.26471 and U, = 0.20588. 
8.28, Solve Problem 8.26 when ug(x) = 4(x ~ x7). 
Answer: U, = 0,23529 and U; = 9.16912. 
8.29, Solve the Laplace equation for the unit square domain and boundary conditions 
given in Fig. P8.29. Use one rectangular element. 


n= 1 FIGURE P8.29 
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8.40. 


8.31. 


$.32. 


8.33. 


8.34, 
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Use two triangular elements to solve the problem in Fig. P8.29. Use the mesh 

obtained by joining points (1, 0) and (G, 1). 

Solve the Poisson equation —V"e = 2 in the square whose vertices are at (0,0), 

(1,0), (1,1), and (0, 1). The boundary conditions are «(0, yay’, ule, 0) =x’, 

u(i, y)=1—y and uf{x, 1) =1—.x. Use four linear rectangular elements (a 2X2 

mesh). 

Solve Problem 8.31 using four triangular elements in the upper half of the triangle 

because of the symmetry about the x = y lines; join node 2 to 5 in Fig. P8.32. 
Answer: U,= 0.5. 


x 
1.0 FIGURE P8.32 


Solve Problem 8.31 using the mesh of a rectangle and two triangles, as shown in 
Fig. P8.32. 

Answer: U,= 0.675. 
Solve the Poisson equation —¥’u = 2 in Q, with boundary conditions v= 9 on T, 
and au/8n =0 on T;, where Q is the first quadrant bounded by the parabola 
y=i-x? and the coordinate axes (see Fig. P8.34), and I, and F, are the 
boundaries shown in Fig. P&.34. 


FIGURE PS§.34 


8.35. Show that a variable approximated by the quadratic interpolation functions of a 


rectangular element is continuous along interelement boundaries. 
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8.36. Solve the axisymmetric field problem shown in Fig. P8.36 for the mesh shown 
there, Note that the problem has symmetry about any line z = constant. Hence, 
the problem is essentially one-dimensional. Compare the finite element solution 


with the exact one. 


Insulated 


&, = k, = constant, & 


So, internal heat 
generation = constant 


To = 100°C, Ro = 0.02 m 
q = 1 x 27 Wm? 
k= 20 Wm? °c! 


Insulate 


FIGURE P§.36 


come] 


E2345 


8.37, Formulate the axisymmetric field problem shown in Fig, P8.37 for the mesh 
shown. Compute the secondary variable at r= 3R using (a) equilibrium and (b} 
the definition. Use the element at the left of the node, 


T = Th 
FIGURE P8.37 


Section 8.4 


8.38. A series of heating cables have been piaced in a conducting medium, as shown in 
Fig, P§.38. The medium has conductivities of &,=10 Wem? °C and &,= 
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8.39. 


8.40. 


8.41. 
8.42, 
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Tw = —-8C, B = 5 Wem? *cm 


2 cm 
4. f.., - ae 
— 4m —+ Qo = 250 Wem 


k, = 10 Wem! co! 
ky = 15 Wem! co? 


Insulating material 


FIGURE P8.38 


~ 

15 Woem7'°C"', the upper surface is exposed to a temperature of —5°C, and the 
lower surface is bounded by an insulating medium. Assume that each cable is a 
point source of 250 W cm. Take the convection coefficient between the medium 
and the upper surface to be p=S Wem °C. Use a 2X8 mesh of linear 
rectangular {or triangular} elements in the computational domain (use the 
symmetry available in the problem), and formulate the problem (i.e., give 
element matrices for a typical element, give boundary conditions on primary and 
secondary variables, and compute convective boundary contribetions). 

Formulate the finite element analysis information to determine the temperature 
distribution in the molded asbestos insulation shown in Fig. P8.39. Use the 
symmetry to identify a computational domain and identify the specified boundary 
conditions at the nodes of the mesh, What is the size of the assembled coefficient 


matrix? 


FEGURE P3.39 


Consider steady-state heat conduction in a square region of side 24. Assume that 
the medium has conductivity k (in Wm7'°C~') and uniform heat (energy) 
generation f (in Wm). For the boundary conditions and mesh shown in Fig. 
P8.40, write the finite element algebraic equations for nodes 1, 3, and 7, 

Repeat Problem 8.40 for nodes 4, 5, and 9. 


For the convective heat transfer problem shown in Fig. P8.42, write the four finite 
element equations for the unknown temperatures. Assume that the thermal 
conductivity of the material is k=5Wm™'°C™', the convective heat transfer 
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eonvection 


2a k=30Wm 
Heat supply |’ @” B= 6 Wm? °c! 
= P ibed To = 0.0 
ao (W m7*) 4 6} Preseribe = 1009 
temperature Ty = 1o0tmC 3 
Ty Go = 2% 1° Wm 
;®, @, f= 10 Wm" 
x a=lem 


2a 


Fnsufated 


FIGURE P&40 


coefficient on the left surface is B=30Wm?°C"', and the internal heat 
generation is zero. Compute the heats at nodes 2, 4, and 9 using (a) element 
equations (i.¢e., equilibrium) and (b} the definition (use the temperature field of 


elements 1 and 2). 
8.43. Write the finite element equations for the unknown temperatures of the problem 


shown in Fig. P8.43. 


insulated 


&= 28 Wm7? °c! 


k=5 Wm) °c? 
Ta = T> = To 
Ty) = Ty = 10° FIGURE P8.42 
¥ 
13 
k=10Wm! °c” 
=0.0 
9 
T = 150°C s0°c 


T= 250c 4 
te 


FIGURE P8.43 
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8.44, 


§.45, 


8.46. 


8.47, 
8.48 


8.49. 
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Write the finite element equations for the heats at nodes 1 and 13 of Problem 
8.43. The answer should be in terms of the nodal temperatures T, Ty.--> Tie 


Write the finite element equations associated with nodes 13, 16, and 19 for the 
probiem shown in Fig. P8.45. 


nf 2? 
[Pere 
~ilefelole, 
rete: 
300 


| ta | FIGURE P8.45 


The fin shown in Fig. P8.46 has its base maintained at 300°C and is exposed to 
ambient temperature on its remaining boundary. Write the finite element 
equations at nedes 7 and 10. 


B=4Wme?ect T= 20°C k2=5 Wm"! oc-t 


: IP 2 cm ls em 
__ Bem 


FIGURE P8.46 


Compute the heat loss at nodes 10 and 13 of Problem 8.46, 


. Consider the problem of groundwater flow beneath a coffer dam. Formulate it 
using the velocity potential for finite element analysis. The geometry and 
boundary conditions are shown in Fig. P8.48. 


Formulate the groundwater flow problem for the domain shown in Fig. P8.49 for 


’ finite element analysis. The pump is located at (8263, 400). 


8.56, 
8.51 4 


Repeat Problem 8.49 for the domain shown in Fig. P8.50. 


Consider steady confined flow through the foundation soil of a dam (see Fig. 
P8.51), Assuming that the soil is isotropic (k, = ky), formulate the problem for 


+ § m—,—-- +! & m ———-| 
F_, Impermeable sheet pile y~ 
a - 2m 


FIGURE P8.48 
Le 450 m—wl ayy = tgp = 15 m day 


a 


Impermeable 


boundaries 


od 
an =0 


2 
++ 1050 m ---_+| FIGURE P8.49 


Sueam 
(0.5 m? m7? day~4 


#1500 m 


FIGURE P8.50 


k=] m/day 


impermeable 


= Blement 59 Ay 


19 
Element 5 ia Oe _. 0 


! FIGURE P8351 
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finite element analysis {identify the specified primary and secondary variables and 
their contribution to the nades). In particular, write the finite element equations 
at nodes 8 and 11. Write the finite element equations for the horizontal velocity 
component in the fifth and tenth elements. 

8,52. Formulate the problem of flow about an elliptical cylinder using (a) the stream 
function and (b) the velocity potential. The geometry and boundary conditions 
are shown in Fig. P8.32, 

8.53, Repeat Problem 8.52 for the domain shown in Fig. P8.53, 


FIGURE P8.53 


8.54. The Prandti theory of torsion of a cylindrical member leads to 
—-Wu=2Ge@ in@; u=0 onl 


where Q is the cross-section of the cylindrical member being twisted, Tis the 
boundary of 2, G is the shear modulus of the material of the member, @ is the 
angle of twist, and wu is the stress function. Solve the equation for the case in 
which @ is a circular section (see Fig. P8.54) using the mesh of linear triangular 
elements. Compare the finite element solution with the exact one (valid for 


FIGURE P8.54 


8.55. 
8.56. 
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elliptical sectidns with axes a and &) 


Use @=1, 6=1, and 2¢6@= 10. 
Repeat Problem 8.54 for a member with elliptical section. Use a = 1 and 6 = 1.5, 


Repeat Problem 8.54 for the case in which 22 is an equilateral triangle (see Fig. 
P8.56). The exact solution is 


= —GOLS 2? + y?)— dae? — Bay?) — Fe] 


Take a =i and 2G@ = 10. 


FIGURE P#.56 


. Consider the torsion of a hollow member with square cross-section. The stress 


function 'Y is required to satisfy the Poisson equation (8.150) and the following 
boundary conditions: 


W=0 onthe outer boundary, W=2r? on the inner boundary 


where += a/c is the ratio of outside to inside dimensions. Formulate the problem 
for finite element analysis using the mesh shown in Fig. P8.57. 


y » 


Domain 
modeled 


FIGURE P8.57 


$.5%, Repeat Problem 8.57 with the mesh of linear ‘nangles (join nodes 1 and 5, 2 and 


6, and 5 and 8 in Fig. P8.570). 
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8.59. The membrane shown in Fig. P8.59 is subjected to a uniformly distributed load of 
intensity % (in N m™*). Formulate the problem for finite element analysis. 


FIGURE P8.59 


a 
8.60. Repeat Problem 8.59 for the membrane shown in Fig. P8.60. 


t 


Section 8.5 


FIGURE P3.60 


8.61, Determine the time step for the transient analysis (with a = 3) of the problem 


a . 
a Yuet in @; uw=0 in Q at t=6 


by determining the minimum eigenvalue of the problem 


-Vy=du in Q:2=9 onl 
The geometry of the domain and mesh are shown in Fig. P8.26. 
Answer: A= 24 fora 1X1 mesh. 


8.62. Set up the condensed equations for the transient problem in Problem 8.61 for the 
@ family of approximation. Use the finite element mesh shown in Fig. P8.26. 


$.63, Set up the condensed equations for the time-dependent analysis of the membrane 
* in Problem 8.60, 
8.64, (Central difference method) Consider the following matrix differential equation in 
time: 


[M]{O} + [c}{8} + [K]}{0} = (F} 


8.65 


’ 


8.66. 


8.67, 


8.68 


8.69. 
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where the mperpees dots indicate differentiation with ropes to time. Assume 


(U},= ay ({U} 1 2{U}, + {ha {U},,= xa san CE ~ {U},~1) 


and derive the algebraic equations for the solution of {U/},,,, in the form 
[A}{U}as: = (Pha — [BU}, — [DU } 1 

Define [4], [8], and [D] in terms of {M4J, [C], and [K]. 

Repeat Problem 8.64 using the Newmark time approximation scheme. 

Consider the first-order differential equation in time 


att! 
Wh — + bu =f 


Using linear approximation, u( = wip. (t) + wy), yy =i-t/At, and w= 
t/At, derive the associated algebraic equation and compare it with that obtained 
using the w family of approximation. 
(Space-time element) Consider the differential equation 
ott af ou 
—-— <b, OSES 
cS =( =| =f for O0<x OsfsT 
with 
uO, )=a(L,59=0 forOs¢sT; u(x, 0)=a,(x) for O<x<L 


where ¢=c¢(x), a=a(x), f =f(x, 2), and uy are given functions. Consider the 
rectangular domain defined by 


= {@, H:0<x< Lh, 0817} 


A finite element discretization of 9 by rectangles requires a space-time 
rectangular element (with y replaced by #). Give a finite element formulation of 
the equation over a space-time clement, and discuss the mathematical and 
practical limitations of such a formulation. Compute the element matrices for a 
linear element. 


(Space-time finite elements) Consider the time-dependent problem 


—~ y= for O<x<1, ¢>0 


u(0, ) =0, > (LO=1, ule, 0=x 


Use linear rectangular elements in the (x, t) plane to model the problem. Note 
that the finite element model is given by Eee") = {Q*}, where 


._ {fe aye ayy. ad 
Ri DP See WP) eat 
ar 
fe) 
o 


“ Su 

¥ 0% = ( a. at) 
wary ° o Ox 

For the heat transfer problem in Problem 8.45, set up the equations {for nodes 

13, 16, and 19) for the transient case (see Fig. P8.45). 


ity 
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8.70. The collocation time approximation methods [see Hughes (1987), p. 530] are 
defined by the following relations: 


{tl +0 = (i ~ a){u}, + aft} 
(cae {te}, + oo At(L — y){H}, + vCal 
{there = (u}, +o Af {ri}, + de( At}? [(1 — 28){4}, + 2818) +0] 


The collocation scheme contains two of the well-known schemes: w = 1 gives the 
Newmark scheme; 8 =%, y =3 gives the Wilson scheme. The collocation scheme 
is unconditionally stable and second-order-accurate for the following values of the 
parameters: 


axl =i —# gy 2a) 
7 YR Fea) 40? —1) 


Formutate the algebraic equations associated with the matrix differential equation 


[M]{#} +{C]{a} + [Kes =F}, 


using the collocation scheme. 
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9.1.1 Iniroduction 


In the previous chapter, we studied the finite element analysis of a model 
second-order equation and its analogues in the fields of heat transfer, fluid 
mechanics, and solid mechanics. During this study, we developed the 
interpolation functions for the basic elements, namely, the linear triangular 
and rectangular elements. These elements, which were developed in connec- 
tion with the finite element analysis of a second-order partial differential 
equation in a single variable, are useful in all finite element models that admit 
Lagrange interpolation of the primary variables of the weak formulation. 

The objective of this chapter is to develop a library of two-dimensional 
triangular and rectangular elements of the Lagrange family, i.c., elements over 
which only the furction—not its derivatives—is interpolated. Once we have 
elements of different shapes and order at our disposal, we can choose 
appropriate elements and associated interpolation functions for a given 
problem. The regularly shaped elements, calied master elements, for which 
interpolation functions are developed here, can be used for numerical 


404 
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evaluation of integrals defined on irregular elements. Of course, this requires a 
transformation of the geometry from the actual element shape to an associated 
master element. Section 9.2 deals with the transformation and numerical 
integration. With these preliminary comments, we now proceed to the 
discussion of interpolation functions for triangular and rectangular master 
elements. 


9.1.2 Triangular Elemenis 


The linear (three-node)} triangular element was developed in Section 8.2.5. 
Higher-order triangular elements (i.e., those with interpolation functions of 
higher degree) can be systematically developed with the help of the so-called 
Pascal’s triangle, which contains the terms of polynomials of various degrees in 
the two coordinates x and y, as shown in Fig. 9.1. Here x and y denote some 
local coordinates—they do not, in general, represent the global coordinates of 
the problem. One can view the position of the terms as the nodes of the 
triangle, with the constant term and the first and last terms of @ given row 
being the vertices of the triangle. Of course, the shape of the triangle is 
arbitrary—it is not necessarily an equilateral triangle, as might appear from the 
position of the terms in Pascal’s triangle. For example, a triangular element of 
order 2 (i.e., one for which the degree of the polynomial is 2) contains six 
nodes, as can be seen from the top three rows of Pascal’s triangle. The 
position of the six nodes in the triangle is at the three vertices and at the 
midpoints of the three sides. The polynomial involves six constants, which can 
be expressed in terms of the nodal values of the variable being interpolated: 


6 


u= >, uapilr, ¥) (9.1) 
ind 
Pascals triangle Degree of the Number of Element with nades 
complete terms in the 
polynomial polynomial 
1 -~*. 
i A 
A 3 
Pm —— 6 ———_+ 
2 
eo ¥ mien ———-3 1g ———____+ 4 
me yewy ayy! 4 15 
\ . 
ey ey yay —5 al 


oxy tytsy? — 6 


FIGURE 9.4 
Pascal's triangle for the generation of the Lagrange family of triangular elements. 
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where , are the quadratic interpolation functions obtained following the same 
procedure as used for the finear element in Section 8.2.5. In general, a 
pth-order triangular element has n nodes, with 


n=3(p + 1)(p +2) (9.2) 
and a complete polynomial of the pth degree is given by 


u(x, Y= 2 ax’y? = 2» uy, rts=p {9.3} 
= j= 
The focation of the entries in Pascal’s triangle gives a symmetric location of 
nodal points in elements that will produce exactly the right number of nodes to 
define a Lagrange interpolation of any degree. It should be noted that the 
Lagrange family of triangular elements (of order greater than zero) should be 
used for second-order problems that require only the dependent variables (not 
their derivatives) of the probiem to be continuous at interelement boundaries. 
It can easily be seen that the pth-degree polynomial associated with the 
pth-order Lagrange element, when evaluated on the boundary of the latter, 
yields a pth-degree polynomial in the boundary coordinate. For example, the 
quadratic polynomial associated with the quadratic (six-node) triangular 
element shown in Fig. 9.2 is 


u(x, y} = a, + ox + azy + agxy t+ asx? +agy” (9.4) 
The derivatives of u° are 


du® aut 

Sonat aay + 2asx, By ta + 2agy (9.5) 
The element shown in Fig. 9.2(a) is an arbitrary quadratic triangular element. 
By rotating and translating the (x, y) coordinate system, we obtain the (s, £) 
coordinate system. Since the transformation from the (x, y) system to the (s, f) 
system involves only rotation (which is linear) and translation, a kth-degree 
polynomial in the (x, y) coordinate system is still a kth-degree polynomial in 
the (s, £) system: 


u°(s, 2) = 4, + Ags + Agt + Agst + Ass? + At? (9.6) 


where 4 (i=1,2,...,6)} are constants depending on a, and the angle of 
rotation w. Now, by setting t= 0, we obtain the restriction of u to side 1--2--3 
of the element 2°: 


u"(s, 0) = a + dos + ass* (9.7) 


which is a quadratic polynomial in s. If a neighboring element Q/ has its side 
5-4-3 in common with side 1-2-3 of the element Q° then the function u on 
side 5—4—3 of the element 2° is also a quadratic polynomial: 


uf (s, 0) = 6, + bys + 6587 (9.8) 


INTERPOLATION FUNCTIONS, NUMERICAL INTEGRATION AND MODELING 407 


i 
# 
1-D element 


(5) 


FIGURE 9.2 
Variation of a function afong the interelement boundaries of Lagrange (triangular) elements: (@) a 
typical higher-order element; (>) interelement continuity of a quadratic function. , 


Since the polynomials are uniquely defined by the same nodal values 
U,=uf=ul, U,-ug=ul, and U;=uf=u4, we have u“{s, 0)=u/(s, 0), and 
hence the function w is uniquely defined on the interelement boundary of the 
elements Q* and Q/. 

The above ideas can easily be extended to three dimensions, in which 
case Pascal’s triangle takes the form of a Christmas tree and the elements are 
of a pyramidal shape, called tetrahedral elements. We shail not elaborate on 
this any further, because the scope of the present study is limited to 
two-dimensional elements only. An introduction to 3-D elements is presented 
in Chapter 14. 

Recall from (8.19)—(8.25) that the procedure for deriving the interpola- 
tion functions involves the inversion of an # * # matrix, where # is the number 
of terms in the polynomial used to represent a function. When # >3, this 
procedure is algebraically very tedious, and therefore one should devise an 
alternative way of developing the interpolation functions, as was discussed for 
one-dimensional elements in Chapter 3. 

The alternative derivation of the interpolation functions for the higher- 
order Lagrange family of triangular elements is simplified by use of the area 


f 
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FIGURE 9.3 : 
Definition of the natural coordinates of @ triangular element. . 

f 
coordinates L, For triangular elements, it is possible to construct three 
nondimensionalized coordinates L, (i= 1, 2,3), which reldte respectively to 
the sides directly opposite nodes 1, 2, and 3, such that (see Fig. 9,3) 


(9.9) 


where A, is the area of the triangle formed by nodes j and & and an arbitrary 
point P in the element, and A is the total area of the element. For example A, 
is the area of the shaded triangle, which is formed by nodes 2 and 3 and point 
P. The point P is at a perpendicular distance s from the side connecting nodes 
2 and 3. We have A, =4bs and A = 4bh. Hence, 


L,=Aj/A=sth 


Clearly, £, is zero on side 2-3 (and hence zero at nodes 2 and 3), and has a 
value of unity at node 1. Thus, Z, is the interpolation function associated with 
node 1. Similarly, L, and L are the interpolation functions associated with 
nodes 2 and 3, respectively, In summary, we have 


Ws; = L; (9. 10) 


for a linear triangular element. We shall use L, to construct interpolation 
functions for higher-order triangular elements. 

Consider a higher-order element with & nodes (equally spaced) per side 
(see Fig. 9.42), Then the total number of nodes in the element is 


n= k-akt (kl... tLe dkK 4D (9.11) 
i=0 


and the degree of the interpolation functions is k —1. For example, for the 
quadratic element, we have k —1=2 and n=6. Let the comer (i.e., vortex) 
nodes be denoted by /, J, and K, and fet k, be the perpendicular distance of 
node / from the side connecting / and K. Then the distance s, to the pth row 
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FIGURE 9.4 
Construction of the element interpolation functions of the Lagrange triangular elements: (a) an 
arbitrary (k — 1)th-order element; (B) linear, quadratic, and cubic elements. 


parallel to side J-K (under the assumption that the nodes are equally spaced 
along the sides and the rows) is given in nondimensional form by 


P 


~“k-1’ Sg =0, 5; 5,2, = 1 (9.42) 


5p 


The interpolation function w, should be zero at the nodes on the lines L, = 0, 
U(kK-D,...,pK(k-D (p=0,1,...,4-2), and y, should be unity at 
L,=S, Thus we have the necessary information for constructing the inter- 
polation function a: 


(Ly — 5o)(Li — 81) (Lp — 82) “+ (Lr ~ 8-2) _ 
(s;- 50) (S: — $:)(8; — 52) +++ Gr 8-2) 7 


Y= 


Similar expressions can be derived for nodes located other than at the vertices. 
In general, w,; for node i is given by 


at f 


= I fi (9.14) 


Wy 
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where f, are functions of L4, Lz, and L,, and fj is the value of f; at node i. The 
functions f, are derived from the equations of & — 1 lines that pass through ail 
the nodes except node i. The procedure is illustrated below via an example. 


Example 9,1, First consider the triangular element that has two nodes per side (Le., 
k =2). This is the linear triangular element with total number of nodes equal to 3 
(1 =3). For node 1 {see Fig. 9.40), we have k -2=0 and 


Lb — 
s=0, 3-1, y= 2=1, (9.15a) 
3, So 
Similarly, for py. and ys, we obtain 
Yreha, Hl, (9.155) 
Next, consider the triangular element with three nodes per side (k = 3). The {otal 
number of nodes is 6. For nade 1, we have , 
So=0, S:=4, S=1 
Ly Solis ‘ 9.164 
yy = tt £,@2L,— 1) ¢ ) 


8p 74g 42-48) 


The function y, (see Fig. 9.48) should vanish at nodes 1, 3, 4, 5, and 6, and should be 
unity at node 2, Equivalently, 2 should vanish along the lines connecting nodes 1 and 
5, and 3 and 5. These two lines are given in terms of £,, L,, and L, {note that the 
subscripts on Z refer to the nodes in the three-node triangular element) by £,=0 and 
£,=0. Hence, 


yp ego _ Le OE yO gy, (9.165) 
2 


Similarly, 
Ps=Lf2h,-D, Ya=4sbls, Ps L,2i;—-1), Ps=4h,L, (9. lic) 
As a last example, consider the cubic element (i.e., 4 —1=3). For w,, we note 

-that it must vanish along the lines L,=0, £,= £ and L, = 4. Therefore, 
w _h,-0b-$ 4-3 
‘4-0 1-4 1-3 


= ALy(3Ly— 1), — 2) 
Similarly, 
Ye= Tp Foo oy ~ebGh.—D 
3 3 3743 


and so on. We have 


Y4 = 31, LG _ 1), Y= 3L.3L, — 1)(3L2 _ 2) 

Ws = ZL, L3(3L,— 1); Wo = 3L2L,3L,— 1) (9.17) 
Y= 4L(3L3—1)3Ls— 2), e= Hala GLs— 1) 

Yy = §L,L,GL,—1), thin=27L,beks 


In closing this section, it should be pointed out that the area coordinates 
L, facilitate not only the construction of the interpolation functions for the 
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higher-order elements but also the integration of functions of L; over line paths 
and areas. The following exact integration formulae prove to be useful: 


{° ompnq..._mlat 
[ i lids=c Tati (b—a) (9.18) 
man _ mint p! 

ff us Lil dA tp aay (9.18) 


where 71, #, and p are arbitrary (positive) integers, A is the area of the domain 
of integration, and m! denotes the factorial of m. Of course, one should 
transform the integrais from the x and y coordinates to L; coordinates using 


x= py Ly y= vl (9.19) 
= i=1 


where (x,, y;) are the global coordinates of the ith node of the element. 


91.3 Rectangular Elements 


Analogous to the Lagrange family of triangular elements, the Lagrange family 
of rectangular elements can be developed from Pascal’s triangle in Fig. 9.1 or 
the rectangular array shown in Fig. 9.5. Since a linear rectangular element has 
four corners (and hence four nodes), the polynomial should have the first four 
terms 1, x, y, and xy (which form a parallelogram in Pascal’s triangle and a 
rectangle in the array given in Fig, 9.5}. The coordinates (x, y) are uswaily 
taken to be the element (i.e., local) coordinates. In general, a pth-order 
Lagrange rectangular element has # nodes, with 


n=(p+i) (p=0,1,...) 


and the associated polynomial contains the terms from the pth parallelogram 
or the pth rectangle in Fig. 9.5. When p =0, it is understood (as in triangular 
elements) that the node is at the center of the element (i.c., the variable is a 
constant on the entire element}. The- Lagrange quadratic rectangular element 
has nine nodes, and the associated polynomial is given by 


u(x, y) = ay + agx + agy + ayxy + asx? + ayy? 
+ ayx"y + agty” + agx*y? (9.204) 


fe) 
= 0, + 05y + 2a5x + 2azxy + agy? + 2agxy” 
(9.20b) 


ou 

ay Q3 + 44x + 2agy + 47x? + 2agry + 2agx*y 

The polynomial contains the complete polynomial of the second degree plus 
the third-degree terms x*y and xy* and also an x*y* term. Four of the nine 
nodes are placed at the four corners, four at the midpoints of the sides, and 
one at the center of the clement. The polynomial is uniquely determined by 
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specifying its values at each of the nine nodes. Moreover, along the sides of the 
element, the polynomial is quadratic (with three terms—as can be seen by 
setting y = 0}, and is determined by its values at the three nodes on that side. 
If two rectangular ‘elements share a side, and the polynomial is required to 
have the same values from both elements at the three nodes of the elements, 
then uw is uniquely defined along the entire side (shared by the two elements). 
Note that the normal derivative of u approximated by the quadratic Lagrange 
polynomials is quadratic in the tangential direction and linear in the normal 
direction (i.e., du/ax is quadratic in y and linear in x, and 8u/dy is quadratic 
in x and finear in y). Plots of yy, #2, and yw, (the nede numbers correspend to 
those in Fig. 9.6) of the nine-node rectangular element are shown in Fig. 9.7. 

The pth-order Lagrange rectangular element has the pth-degree 
polynomial 


ux, => ay’ G+k<pttyij<p) 
i=1 


= > yy; (9.21) 


and , are called the pth-order Lagrange interpolation functions, 
The Lagrange interpolation functions associated with rectangular ele- 
ments can be obtained from corresponding one-dimensional Lagrange inier- 


w= il~ ea- 2) 
= il + eX ~ 9) 
= - Hat 9) 
= 1 + 201 + 9) 


(-1, -1)° “(L. -1) 


w= - OG - 9g w= Kt - 4? - 4a) 

We= t+ on? -q oy = Xe? - HU - 9) 

bs = (1 ~ &)(1 - 9?) he = He? + EL -— 47) 

b= HP - OOP tn. = KI - Patt a) 
the = He? + )q? + 0), 


é Use (9.25}—-(9.27} to develop 
the interpolation functions. 


FIGURE 9.6 
Nade numbers and interpolation functions for the rectangular elements of the Lagrange family. 
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polation functions by taking the tensor product of the x-direction (one- 
dimensional) interpolation functions with the y-direction (one-dimensional) 
interpolation functions. Let the x and y coordinates be taken along element 
sides, with the origin of the coordinate system at the lower left corner of the 
rectangic. Then for an element with dimensions ¢ and b along the x and y 
directions, respectively, the interpolation functions are given as follows: 


Linear (p = 1) 


= x y ty (9.22) 
a (1 7 *) ab 
Quadratic (p = 2) 
(x —4a)x—a)\ ((y - 2) — bY 
yh vs v (—4a)(-a) 3b° 
nan Oe x(x —a) y(y— 5) 
Ms re in | dada -a) 467 
so" x(t ~ }a) y(y — b/2) 
a(za) 45? 
figs Aigo fi8s 
= {f} {g}7 = A&t fi82 fk (9.23) 


8: SB. fe 


where f(x) and g,{y) are the one-dimensional interpolation functions along the 
x and y directions, respectively. We obtain 


r= -BO--B6-9 
26-90-02 wy 
rel 2-DEOE. wet 26-2) 9 


Pion 
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At pth order 
Wr Wore «se We 
y i #1 r 
Zz 
- fh 82 
, : : (9.25) 
Wr . 
p+ Epit 
Wot Wopaa ++ Wn 


k=(pt+lpt+i, n=(pt+iy 


where f{x) and g,(y) are the pth-order interpolants in x and y, respectively. 
For example, the polynomial 


(E- YE ~ 8) ++ (E~ 6 E— Ere) E—Soa) 09 56) 
E,~ €:)(E:— &2) °C - §,-(E; — Ga) (€:— S41) 


(where & is the & coordinate of node /} is the pth-degree interpolation 
polynomial in & that vanishes at the points 1, §2,..., E+, Ey s Epar 
We recall that (x, y) are the element coordinates. 

It is convenient (for numerical integration purposes) to express the 
interpolation functions in (9.25) in terms of the natural coordinates § and 7: 


ie — 41) — 4 _2y— yy) ~6 
a 7 4 b 


AS) =— 


E (9.27) 


where x, and y, are the global coordinates of node 1 in the local x and y 
coordinates. For a coordinate system with origin fixed at node 1 and 
coordinates parailel to the sides of the element, we have x, = y,=0. In this 
case, the quadratic interpolation functions in (9.24) can be written in terms of 
E and # as 


y,=10-80-n)in  ws=G- 27) -9) 
2 AL-F)d— nn, vo=a(b + 8) 9°98 
Ys= A+ EA —n)En wy =a — HA + Sy (9.28) 
yo= 20 -B)1-0°)E, peel — YA + 0) 
o= a1 + EN + EN 
The reader should be cautioned that the subscripts of , refer to the node 


numbering used in Fig. 9.6. For any renumbering of the nodes, the subscripts 
of the interpolation functions should be changed accordingly. 


9.1.4- The Serendipity Elements 


Since the internal nodes of the higher-order elements of the Lagrange family 
do not contribute to the interelement connectivity, they can be condensed out 
at the element level so that the size of the element matzices is reduced. The 
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serendipity elements are those rectangular elements that have no interior 
nodes. In other words, all the node points are on the boundary of the element. 
The interpolation functions for serendipity elements cannot be obtained using 
tensor products of one-dimensional interpolation functions. Instead, an alter- 
native procedure that employs the interpolation properties in (8. 26) is used. 
Here we show how to construct the interpolation functions for the eight-node 
(quadratic) element using the natural coordinates (£, 4). 

The interpolation function for node 1 should be zero at nodes 
2,3,...,8, and unity at node 1. Equivalently, y, should vanish on the sides 
defined by the equations 1— §=0, 1-7 =0, and 1+ £+ =O (see Fig. 9.8). 
Therefore, y, is of the form 


yilE, nh = c(1 — 2) — 1 + F +9) (9.29a) 


where c is a constant that should be determined so as to yield y,(—1, ~1)=1. 
We obtain c = —4, and therefore 


wil n)=—401 — BE) — A) +E +9) (9.296) 
Similarly, we obtain 
W2= 31 — &\(1 — 9), 3= 7a + &)1- me 1+§~m) 


Wo= 4 - €) + n\(-1~ E+ 9), are E\(1+ 9) 
Wg= 41+ HUA + g\-14+ +n) 


vy = (l — €)(i — aY-1~ € - 9} 
= 701 - 21 ~ 9) 
th = {1 + (1 - ah-1+é-») 
Wa = 31 - 2k — 9%} 
Ws = (E+ EXL ~ 97) 
= 1 ~ 0 + mX-1- € + 9) 
th = (1 — #1 + 9) 
=i. + + a)(-1 + € + 9) 


See (9.32} for the interpolation 
functions 


FIGURE 9.8 . 
Node numbers and interpolation functions for the serendipity family of elerments. 
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FIGURE 9.9 
Geometric variation of the interpolation functions assaciated with nodes 1 and 2 of the eight-node 
serendipity element (see Fig. 9.8). 


Note that all the , for the cight-node element have the form 
p= Cy + OE + 049 + C48N + C5E? + cg? + 08’ + cs6q° (9.3114) 


The derivatives of y, with respect to € and # are of the form 


Bp, 
ras 2 + cay + 2e5& + 2c7EH + cn” 
(9.31) 
Ow; 2 
3 C3 + €4€ + 2egn + 07&" + 20269 


Plots of w, and w, (the node numbers correspond to those in Fig. 9.8) for the 
eight-node serendipity element are shown in Fig. 9.9, It should be noted that 
pz of the nine-node element is zero at the element center, whereas Y, of the 
cight-node element is nonzero there. 
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The interpolation functions for the cubic serendipity element, which has 
12 nodes, are 


i = (1 — EC. — )[-10 + 96? + 9), 2 = HCL — (1 — (1 ~ 38) 
Pa= Fal — gL — EVA 4+38), wae ae + €)— 9-10 + (6? + 9] 
Ps= HCL — §)A- 97) -3n), Wo se(i + 6G — 9°) — 397) 

Y= H(1—§)— 97) +39), we aah + ECL — 9°) + 397) 

Ys = 32(1— E+ 9)[-10 4 92? + 7 Pro = 321 + 9) — £7) — 38) 


= BC + G- E0438), Yom ACL + (1 + y)l-10 + 9(E* + 9) 
(9.32) 


The interpolation functions w, for the 12-node element are of the form 


a, = terms of the form in (9.314) + c9&? + yon? +c, E29 +epEH* (9.33) 


TABLE 39,1 
Interpolation functions for the linear and quadratic Langrange rectangular 
elements, quadratic serendipity element and Hermife cubic rectangular 
element} 


Element type Interpolation functions Remarks 
Lagrange elements: 
Linear ; 41+ EXCL + ym,) Nodei (= 1,...,4) 
Quadratic LEECI + EE) ny {1 + aH} Comer node 
dyn(l + yn) - &) Side node, § = 0 
FEE (1 + FE) — 9”) Side node, 4, =0 
(1 ~ (1 ~ 9°) Interior node 
Seredipity elernent: 
Quadratic 41 + EQ + an (EE, + 99; - 1) Comer node 
$(1— 271 + ,) Side node, £,=0 
3(1 + &&)(1 - 9°) Side node, 4, = 6 


Hermite cubic element: 
Interpolation functions for 


variable u BCE + &)°(EE, — 2) (9 + "Ce - 2 
derivative du/aé BEE + EEE: — DC + (2) For node é 
derivative du/3 —#e(E + &)°(8E, ~2a.dn + 1G, ~ 2) (i=1,...,4) 


derivative d°u/3& ay BEE + EEE ~ Dada + Cam - D 


Interpolation functions for 


variable u 5(Eq + 1M Ma + 12 + Sat to ~ E? ~ 9°) ; 
derivative du/9§ $8:(E0 + 1)"(Eo— 1m + 1) For node / 
derivative du/o4 5m(Eo + Dea + 1Y°GIo - DI - G=1...,4) 
§=(-x,)/a, 9 =(y—y,)e (2a and 2b are the 
Bo= SE, o= sides of the 
rectangular 
element) 


{See Fig. 9.10 for the coordinate system; (£,, 9,} denote the natural coordinates of the Mh node of the clement: 
(-» ¥.) are the global coardinates of the center of the element. 
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In the above discussion, we developed only the Lagrange interpolation 
functions for triangular and rectangular elements. The Hermite family of 
interpolation functions (which interpolate the function and its derivatives) 
were not discussed. We recall that such functions are required in the finite 
element formulation of fourth-order (or higher-order) differential equations 
(e.g., the Euler—Bernoulli beam theory of Chapter 4 and the classical or 
Kirchhoff plate theory of Chapter 12). For the sake of completeness, while not 
presenting the details of the derivation, the Hermite cubic interpolation 
functions for two rectangular elements are summarized in Table 9.1. The first 
is based on the interpolation of (u, du/dx, du/ay, Pu/dx Sy) at each node, 
and the second is based on the interpolation of (#, du/Ox, du/dy) at each 
node, The node numbering system in Table 9.1 refers to that used in Fig. 9.10. 
The notation used in Table 9.1 and Fig. 9.10 is aisa followed in the computer 
program FEM2DV2, which will be discussed ia Chapter 13. ‘ 


FIGURE 9.10 
Triangular and rectangular elements: (a) linear and quadratic triangular elements; (é) linear and 
quadratic Lagrange elements; (c} Hermite cubic clement. 
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9.2 NUMERICAL INTEGRATION 
9.2.1 Preliminary Comments 


An accurate representation of domains with curved boundaries can be 
accomplished by the use of refined meshes and/or curvilinear elements. For 
example, a nonrectangular region cannot be represented using rectangular 
elements; however, it can be represented by quadrilateral elements. Since the 
interpolation functions are easily derivable for a rectangular element, and it is 
easier to evaluate integrals over rectangular geometries, we transform the 
finite element integral statements defined over quadrilaterals to a rectangle. 
The transformation results in complicated expressions in terms of the 
coordinates used for the rectangular element. Therefore, numerical integration 
is used to evaluate such expressions. Numerical integration schemes, such as 
the Gauss—Legendre scheme, require that the integral be evaluated on a 
specfic domain or with respect to a specific coordinate system. Gauss 
quadrature, for example, requires that the integral be expressed over a square 
region & of dimension 2 by 2 and that the coordinate system (&, 77) be such 
that —1<(€, 4)<1. The transformation of the geometry and the variable 
coefficients of the differential equation from the problem coordinates (x, y) to 
the coordinates (&, 7) results in algebraically complex expressions, and this 
precludes analytical {i.e., exact) evaluation of the integrals. Thus, the 
transformation of a given integral expression, defined over the element 2°, to 
one on the domain © must be such as to facilitate numerical integration. Each 
element of the finite element mesh is transformed to ©, only for the purpose of 
numerically evaluating the integrals. The element Q is called a master element. 
For example, every quadrilateral element can be transformed to a square 
element with side 2 that facilitates the use of Gauss—Legendre quadrature to 
evaluate integrals defined over the quadrilateral element. 

The transformation between 2° and Q for, equivalently, between (x, y) 
and (&, 7}] is accomplished by a coordinate transformation of the form 


(9.34) 


x= > xioe, my =m yioré, n) 
£ = 


where 7? denote the finite element interpolation functions of the master 
element é. Although the Lagrange interpolation of the geometry is implied by 
(9.34), one can also use Hermite interpolation. Consider, as an example, the 
master element shown in Fig. 9.11. The coordinates in the master element are 
chosen to be the natural coordinates (&, 4) such that -1<(&, 4)<1, This 
choice is dictated by the limits of integration in the Gauss quadrature rule that 
is used to evaluate the integrals. For this case, the ye denote the interpolation 
functions of the four-node rectangular element shown in Fig. 9.11 (i.e., 
m = 4). The transformation (9.34) maps a point (&, 1) in the master element Q 
onto a point (x, y) in the element Q°, and vice versa if the Jacobian of the 
transformation is positive definite. The transformation maps the fine — = 1 in Q 
to the line defined parametrically by x =x(1, 7) and_y =y(1, 9) in the (x, y) 
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FIGURE 9.11 
Generation of a finite clement mesh from a master element. 


plane. For instance, consider the line & = 1 in the master element Q. We have 


4 
x(1, 2) = 2 xd, n) = x10 + 3x2(1 — 9) + 4xa(1 + 9) + 2.0 
f= 
= 3(x2 + x5) + 2(%3 — ¥2)9 (9.35) 
4 . 
y(1, m= > yb dL, 9) = Cy. + Ys) + 302 — Ye) 


Clearly, x and y are linear functions on y. Therefore, they define a straight 
line. Similarly, the lines & = —1 and 7 = +1 are mapped into straight lines in 
the element Q*. In other words, the master clement © is transformed, under 
the linear transformation, into a quadrilateral element (i.e., a four-sided 
element whose sides are not parallel) in the (x, y) plane. Conversely, every 
quadrilateral clement of a mesh can be transformed to the same four-noded 
square (master) element ( in the (&, 7) plane (see Fig. 9.6). 

In general, the dependent variable(s} of the problem are approximated 
by expressions of the form 


ute, y= 3 uivice, y) (9.36) 


The interpolation functions yw? used for the approximation of the dependent 
variable are, in general, different from the he used jn the approximation of the 
geometry. Depending on the relative degree of approximations used for the 
geometry [see (9.34)] and the dependent variable(s) [see (9.36)], the finite 
element formulations are classified into three categories. 


tf 
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1, Superparametric Qn > n); the approximation used for the geometry is of 
higher order than that used for the dependent variable. 

2, Isoperametric (m =n): equal degree of approximation is used for both 
geometry and dependent variables. 

3. Subparametric (m<n): higher-order approximation of the dependent 
variable is used. (9.37) 


For example, in the finite element analysis of the Euler-Bernoulli beams, 
we used linear Lagrange interpolation of the geometry, 


£= 3 498) <x t AEE) (9.38) 


whereas Hermite cubic interpolation was used to approximate the transverse 
deflection. Such a formulation fails into the subparametric category. Since. the 
axial displacement is approximated by the linear Lagrange interpolation 
functions, it can be said that the isoparametric formulation is used for the axial 
displacement. Superparametric formulations are rarely used. Also, the ap- 
proximation of geometry by the Hermite family of interpolation functions is 
not common, 


9.2.2 Coordinate Transformations 


It should be noted that the transformation of a quadrilateral element of a finite 
element mesh to the master element © is solely for the purpose of numerically 
evaluating the integrals. No transformation of the physical domain or elements 
is involved in the finite_element analysis. The resulting algebraic equations of 
the finite element formulation are always among the nodal values of the 
physical domain. Different elements of the finite element mesh can be 
generated from the same master element by assigning the global coordinates of 
the elements (see Fig. 9.11). Master elements of different order define 
different transformations and hence different collections of finite element 
meshes. For example, a cubic-order master rectangular element can be used to 
generate a mesh of cubic curvilinear quadrilateral elements. Thus, with the 
help of an appropriate master element, any arbitrary element of a mesh can be 
generated. However, the transformations of a master element should be such 
that there are no spurious gaps between elements and no element overlaps, 
The elements in Figs. 9.6 and 9.8 can be used as master elements. 

When a typical element of the finite element mesh is transformed to its 
master element for the purpose of numerically evaluating integrals, the 
integrand must also be expressed in terms of the coordinates (&, 7) of the 
master element. For example, consider the element coefficients 


= Ovi OV; Sv OY; ‘ | 
=| [ace NEE + 0G, nS ote, wrys] aeay 


(9.39) 
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The integrand (i.e., the expression in the square brackets under the integral) is 
a function of the global coordinates x and y. We must rewrite it in terms of € 
and 7 using the transformation (9.34). Note that the integrand contains not 
only functions but also derivatives with respect to the global coordinates (x, y). _ 
Therefore, we must relate Oyf/Ox and dyf/ay to Sy7/F and ay7/an using 
the transformation (9.34). 

The functions a(x, y) can be expressed in terms of the local coordinates 
& and 4 by means of (9.34). Hence, by the chain rule of partial differentiation, 
we have 


api _ Syl ax , avi ay 
BE ax aE By BE 


(9.404) 
out _ dvi dr , yt ay , os 
an 8=608x 8n Oy On 

or, in matrix notation, ‘ 
aut) [ae ayy ( avi 
a& |_| a& a& | J ax (9.40b) 
on on 37 ay 


which gives the relation between the derivatives of py? with respect to the 
global and local coordinates. 

The matrix in (9.40) is called the Jacobian matrix of the transformation 
(9.34): 


ax dy ]* 
a& ag 
ox Oy 
an ay 


[4] = (9.41) 


Note from the expression given for Kj in (9.39) that we must relate 
ayt/ax and dypi/ay to ay7/a& and Sy?/dn, whereas (9.40) provides the - 
inverse relations. Therefore, (9.406) must be inverted by inverting the 
Jacobian matrix: 


OW: | ops 

ox _ ait ae 
ays =[F] aut (9.42) 
ay an : 


This requires that the Jacobian matrix [¥] be nonsingular. 
Although it is possible to write the relationship (9.42) directly by means 
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of the chain rule, - | 


du _ auiae , avian 

— Oe OE ax AN Ax 

ayi_ avi ak  aytan 

dy 3 dy On by 

it is not possible to evaluate €/ax, AE/ay, n/ax, and On/dy directly from 
the transformation equation (9.34). The transformation equation (9.34) allows 


direct evaluation of 8x/3&, ax/8n, dy/dE and dy/an, and therefore L¥ij. 
Using the transformation (9.34), we can write 


(9.43) 


, mae (9.44a) 


ay fl an’ bn A an 
and 
ax ay ap, 2 Ot, 
ima| 2% ]_ 2G 23E 
ax oy Oy, Ot, 
ox oy xy oh oe 
dn an 2 “On Pe an 


=| > . ane (9.44b) 


en 8g BN Lam Ym 


Thus, given the glotal coordinates (x;, ¥;) of element nodes and the interpola- 
tion functions we used for geometry, the Jacobian matrix can be evaluated 
using (9.446). Note that the 7? are different, in general, from the yf used in 
the approximation of the dependent variables. 

In order to compute the global derivatives of Ff (i.e., derivatives of wf 
with respect to x and y) from (9.42), it is necessary to invert the Jacobian 
matrix. A necessary and sufficient condition for [4]! to exist is that the 
determinant $, called the Jacobian, be non-negative at every point (&, 7) in 


ax dy ax dy 

£ = det [¥] aE an an 3E° ° (9.45) 
From this it is clear that the functions & = &(x, y) and 7 = (x, y) must be 
continuous, differentiable, and invertible. Moreover, the transformation 
should be algebraically simple so that the Jacobian matrix can be easily 
evaluated. Transformations of the form (9.34) satisfy these requirements and 
the requizement that no spurious gaps between elements or overlapping of 
elements occur, We consider an example to illustrate the invertibility 
requirements. 
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th = 40 - 20 - 9), og = 2 + OL + mW) 
wh =41 + 2l—- a) = tL - OA + 


FIGURE 9.12 
Examples of transformations of the master rectangular element ip. 


Example 9.2, Consider the three-element mesh of quadrilaterals shown in Fig. 9,12. 
The master element is the four-node square. Elements 1 and 2 have counter-clockwise 
element node numbering consistent with the node numbering in the master element, 
and element 3 has node numbering opposite to that of the master element. Elements 1 
and 3 are convex domains in the sense that the line segment connecting any two 
arbitrary points of a convex domain lies entirely in the element. Clearly, element 2 is 
not convex, because, for example, the line segment joining nodes 1 and 3 is not entirely 
inside the element. In the following paragraphs, we investigate the effect of node 
numbering and element convexity on the transformations from the master element to 
each of the three elements. 

First, we compute the elements of the Jacobian matrix (the interpolation 
functions are given in Fig. 9.12}: 


Bhan 9 9) = Hla ~ n) ema) Hah 0) 20 +) 


8e 
in > 1 ifr (1 ~ 8) mh + +H +8) Hx ~ 8)] 


(9.46) 
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ay 4. 3, 
BET Dede gg AW — 2) +92 9) +l + 0) — p41 + 9] 
dy 4 oy, 
By eH ay Al-MCd ~ B)— HAE + €) 4 CL + 8) + y(t - 2 


Next, we evaluate the Jacobian for each of the elements. 
Element 1, We have x;=4,=0, x2=%3=2, ¥:=y.=0, y,=3, and y,=5. The 
transformation and Jacobian are piven by 


X=2p.42p,=14+5 y=3d.t5h=—14 92-15 (9.47a) 
f=det(s]=[) i |-ie-a> (9.47b) 


Clearly, the Jacobian is linear in &, and, for all values of § in —1% € <1, it is positive. 
Therefore, the transformation (9.47) is invertible. 

Element 2, Here we have x= x42, x,.=3, x,;=5, ¥,=0, y =2, and y,= y,=3. 
The transformation and Jacobian are given by 


x=3+E+intsén, y= 24+4E+y—-hEy (9.482) 


_| ity d~9) 


Fr hase inde 


=i1+-8) (9.486) 


The Jacobian is not nonzero everywhere in the master element. It is zero along the line 
£=1+ 9 shown by the shaded area in the master element in Fig. 9.12, Moreover, this 
area is mapped into the shaded area outside element 2, Thus, elements with any_ 
interior angle greater than x should not be used in any finite element mesh. 

Element 3. We have x,=2, x.=0, 43=2x4=5, y,=y,=3, and ys =%,=5. The 
transformation and Jacobian become (note that the nodes are numbered clockwise) 


x=3—2842n+36y, ya4+é (9.494) 
—i-y) 1 
Ga mae gf =~ + 38)<0 (9.496) 


The negative Jacobian indicates that a right-hand coordinate system is mapped into a 
left-hand coordinate system. Such coordinate transformations should be avoided. 


The above example illustrates, for the four-node master element, that 
nonconvex elements are not admissible in finite element meshes. In general, 
any interior angle @ (see Fig. 9.13) should not be too small or too large, 
because the Jacobian # = ([drj| |dr,| sin 8)/d& dy will be very small. Similar 
restrictions hoid for higher-order master elements. Additional restrictions also 
exist for higher-order elements. For example, for higher-order triangular and 
rectangular elements, the placing of the side and interior nodes is restricted. 
For the eight-node rectangular element, it can be shown that the side nodes 
should be placed at a distance greater than a quarter of the length of the side 
from either corner node (see Fig. 9.13). 
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y & = constant 
Wee pd = Jdé dy 
f=: |dry| [dre] sin OfdE dy 
dy diz ; 
4 = constant 
at dry 
é —— x 


. 1-90.25 
y= + déqd —}) a> 0.25 
b> 25 © 
f 
é 
g=il r 
q 
a= 1 
Q——= x 
=r 
FIGURE 9.13 


Some restrictions on element transformations. 


Returning to numerical evaluation of integrals, we have, from (9.42), 


ayi aut owt 

ax _1| 3& ay} OE 
= = 50 
apt [4] ay! {F*] ay (9.50) 

oy on an 
where $7 is the element in position (i, 7) of the inverse of the Jacobian matrix, 
a Py 
-torge [on + 2) 
= = 9,51 
sb =i9l=[Ge Se (9.51) 
The elemental area dA = dx dy in the element 02° is transformed to 

dA =dxdy =$d& dy (9.52) 


in the master element 22. 

Equations (9.42), (9.44), (9.51), and (9.52) provide the mecessary 
relations to transform integral expressions on any element O° to an associated 
master element ©. For instance, consider the integral expression in (9.39) 
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where a=a(x,y), 6=(x, y), and c=efx, y) are functions of x and y 
Suppose that the mesh of finite elements is generated by a master element Q. 
Under the transformation (9.34), we can write 


caf (2M OV, 5 PHO 
Ki= | (a Ay ax +6 ay ay + cpp; | dx dy 


x [flo 2928), 020 


+6( Get ea SEA a + a5 Syl) + ev [9 as an 


= if F(E, n) d&dn (9.53) 


where $j are the elements of the inverse of the Jacobian matrix in (9.51), and 
a4 =a(&, 7), and so on. Equations (9.42), (9.44), and (9.51)-(9.53) are valid 
for master elements of both rectangular and triangular geometry. The master 
triangular and rectangular elements for linear and quadratic triangular and 
quadrilateral elements are shown in Fig. 9.14. 


9.2.3 Integration over a Master Rectangular Element 


Quadrature formulae for integrals defined over a rectangular master element 
Op (such as that shown in Fig, 9. 14) can be derived from the one-dimensional 
quadrature formulae presented in Section 7.1.5. We have 


[re mazan=[' [fre man] as~ [3 re now] as 


Jal 
MoN 


=D > FE. 1)WiW, (9.54) 

f=1i=t 
where M and N denote the number of quadrature points in the & and 7 
directions, (&;, n;) denote the Gauss points, and W, and W, denote the 
corresponding Gauss weights (see Table 7.2). The selection of the number of 
Gauss points is based on the same formula as that given in Section 7.1.5: a 
polynomial of degree p is integrated exactly employing N = int [3(p + 1)}; that 
is, the smallest integer greater than 4(p +1), In most cases, the interpolation 
functions are of the same degree in both § and 7, and therefore one has 
M=N. When the integrand is of different degree in E and 4, the number of 
Gauss points is selected on the basis of the largest-degree polynomial. The 
minimum allowabie quadrature rule is one that computes the mass of the 
element exactly when the density is constant. 

Tables 9.2 and 9.3 give information on the selection of the integration 
order and the location of the Gauss points for linear, quadratic, and cubic 
elements. The maximum degree of the polynomial refers to the degree of the 
highest polynomial in § or % that is present in the integrands F(é, 7) of the 
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Master elements Actual] elements 


FIGURE 9.14 
Linear and quadratic master elements and their transformations. 


element matrices of the type in (9.53). Note that the polynomial degree of 
coefficients as well as $; and ¥ should be accounted for in determining the 
total polynomial degree of the integrand. Of course, the coefficients a, b, andc, 
and $7 in general, may not be polynomials. In those cases, their functional 
variations must be approximated by a suitable polynomial (for example, via a 
binomial series) in order to determine the polynomial degree of the integrand. 

The Nx N Gauss point locations are given by the sensor product of 
one-dimensional Gauss points &,: 


E, (&:, E,) (E., E2) tae (61, En) 
5 {&1, &2, so Ey} = (Se, 5) ‘ (9. 55) 
En (En, 51) vee (En» Sy) 


The values of €, 7 =1,2,...,N) are presented in Table 7,2. 
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TABLE 9.2 7 
Selection of the integration order and location of the Gauss points for linear, 
quadratic, and cubic quadrilateral elements (nodes not shown) 


Maximum Order Order of 


Element polynomial of the Location of integration points” 
type degree integration residual in master element 
ir xr 


Linear 2 2%? ous 
(r = 2) 


Quadratic 4 3x3 oun; 
{r = 3) 
Cubic 6 4x4 Of) 
(r= 4) 


t I 1 


“See Table 7.2 for the integration points and weights for each coordinate 
direction. 


The following examples illustrate the evaluation of the Jacobian and 
element matrices on rectangular elements. 


Example 9.3. Consider the quadrilateral element @' shown in Fig. 9.12. We wish to 
evaluate Oy/ax and Iy/dy at (€,4)=(0,0) and (3,3) using the isoparametric 
formulation (i.¢., %, = Y). From (9.445}, we have 


0.0 0.0 
~GQ-9} 1-yn 1+yH ~(14+)]] 2.0 0.0 
-(-& -G+8 14+& 1-€ Il20 3.0 
0.0 5.0 


ial 


Le 
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The inverse of the Jacobian matrix is given by 


ity 
t —_ 
4— 
ite] “SF 
0 a 
4—§ 
1+ 2 
fir, $i=0, Shop Fh-7y 
From (9.42), we have 
ay, Oy Lena 2p 2 oH 
ax Of 4-E dn’ dy 4-E ay 
where 
, * 
ay, ay, 
yeas FEEL + mn), easton), Sec imtl + 6B) 056) 


(&,, 7) being the coordinates of the ith node in the master element (see Fig. 9.12): 


Node & Mh 

1 -1 ~1 
2 I -1 
3 a. 1 
4 -1 1 


Then we have 


litn ‘ 
a4_ E nl + 6) 


2 
apn + 88) 


(E. 1} (0, 0) (3, 2) 


au, 
SM en, | Le (2+ nd + Snl2+ 8) 


ox 
ayy; 
> PUP yan + &) 


i 


Example 9,4. Consider the quadrilateral element in Fig. 9.15. We wish fo compute the 
following element matrices using Gauss quadrature and the isoparametric formulation: 


_ wef 288 
Sy [ vnaeay, Sit [ eS a 


72 oy, Oy, [ Oe OY 
mao} Sis wo | Seis 
SF { ay dxdy, Sy a dx dy 


(9.57) 
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* FIGURE $.15 
Geometry of the bilinear element used in Example 9.4 


We have 


_1(8-29 2H 
[A= al —2& 10128 
$=4-)G6 + &)+ En = 20448 -5y 


5-[ yap, dx dy -{f wip, F dé dy 
(9.58) 


« Oy 


LL (aston tint 


and so on, where dy,/3& and oul an are given by (9.56). Note that the integrand of 5, 
is a polynomial of order p =3 in each coordinate. Hence, N= M =2 will evaluate S, 
exactly. Evaluating the integrals in (9.57) using the 2 x 2 quadrative rule, we obtain 


Sa) F aban 


0.40995 —0.36892 -0,20479 0.16376 
sm — | 7036892 0.34516 0.25014 0.22639 
—0.20479 0.25014 0.43155 —0,47690 
0.16376 ~0.22639 -0,47690 0.53953 
0.26237 0.16389 —0,13107 —0.29520 
smj—] 046389 0.22099 —0.23991 ~0.14489 
0.13107 -0.23991 0.27619 0.09478 
—0.29520 -0,14489 0.09478 0.34530 
0.24731 0.25156 ~0.25297 0.24589 
rs'4j = | 024844 ~0.25090 0.25172 0.24762 
—0.25297 -0.24828 0.24671 0.25454 
0.25411 0.24762 —0.24546  —0.25627 
2.27780 1.25000 0.55556 1.00000 


1.25600 
0.55536 
1.00000 


2.72220 1.22220 0.55556 
1.22220 2.16670° 0.97222 
0.55556 0.97222 1.72222 


[S}= 


9.2.4 Integration over a Master Triangular Element 


In the preceding section, we discussed numerical integration on quadrilateral 
elements, which can be used to represent very general geometries as well as 
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field variables in a variety of problems. Here we discuss numerical integration 
on triangular elements. Since quadrilateral elements can be geometrically 
distorted, it is possible to distort a quadrilaterai element to obtain a required 
triangular element by moving the position of the corner node fo one of the 
neighboring nodes. In actual computation, this is achieved by assigning the 
same global node number to two corner nodes of the quadrilateral element. 
Thus, master triangular elements can be obtained in a natural way from 
associated master rectangular elements. Here we discuss the transformations 
from an arbitrary triangular element to a master triangular element. 

We choose the unit right isosceles triangle (see Fig. 9.162) as the master 
element. An arbitrary triangular element £2° can be generated from the master 
triangular element ©, by a transformation of the form (9.34). The coordinate 
lines & = 0 and 4 =0 in ©, correspond to the skew curvilinear coordinate, lines 
4-3 and 1-2 in Q°. For the three-node triangular clement, the transformation 
(9.34) is taken to be 


t 


3 


= > xin &, n), y= > wibl&, 7) (9.59) 


fel 


where #(&, 9) are the interpolation functions of the master three-node 
triangular element (see Fig. 9.166), 


wy=1-§—n, th, = €, t= 7 (9.60) 
T 
(0, 1) 
Q) 
y = ylé, 0) 
Q, 
(0, G) (i) é 
" 


a - é 


(4) 
FIGURE 9.16 
Triangular master element and its transformations: (a) general transformation; (6) lincar 
transformation of a master element to a triangular efement. 
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The inverse transformation from the element Q* to Gr is given by inverting 
(9.59): ; 


.. 
G=575 I-03 - 0) — ys ~ xD] 
2A (9.61) 


7 =5 [@ — x01 y2) + (y — yDO2— 43)) 


where A is the area of O°. 

With the help of (9.61), one can show that the interpolation functions in 
(8.25) are equivalent to the Ps in (9.60). Moreover, the area coordinates L, in 
(9.9) are also equivalent to 4. The interpelation functions for the linear and 
higher-order triangular elements can be obtained from the area coordinates, as 
described in Section 9.1. 

The Jacobian matrix for the linear trianguiar element is 


ia Aeeeneenel ba ea (0.0) 


where §; and y; are the constants defined in (8.23b). The inverse of the 
Jacobian matrix is given by 


tata 5 [Pt Pl, §= fare yef=24 (9.63) 


The relations (9.42) for the isoparametric formulation with linear 
triangular elements have the explicit form 
Oy fat Bs\ Bi Oe, yates 
ax 2A 2A’ ay 2A 


3¥2_ Br  Y2_ Yn By Bs BUs_ Ys 
Ox 2A’ dy 24° dy 24’ dy 2A 
In a general case, the derivatives of ,; with respect to the global 
coordinates can be computed from (9.43), which take the form 
Oy, Fy, AL, | Oy, OLy. 
ox OL, ox ah, ax 


(9.64) 


(9.654) 
OY _ OY; AL, OY; ALy 
By dL, dy ly ay 
or 
vy) (aN) fae ay 
ax (|_| aly | ar, Bn, 
ay, =[¥] &y, [¥] = ae ay (9.655) 
ay aL» ah, aL, 


Note that only L, and fia are treated as Hinearly independent coordinates, 
because L;=1—L, - 
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After transformation, integrals on ©, have the form 


Ser 


G(E, 9) d& dy = [ G(Ly, Lz, Ls) dLydla 
fay = 3 


which can be approximated by the quadrature formula 


1 a 
[, OG, Lo, ba) dlgdlams 3, WGS) 
Oy 4 2721 


TABLE 9.3 
Quadrature points and weights for triangular elements 
Degree of é 
Number polynomial 
of and order Locati 1 ants 
integration of the ation of integration points + 
points residual Leg Ly 144 _W Geometric locations 
1 
t alt) 35 3 1a 
2 + GO 3 3a 
3 och) i 3 0 } 5 
ee: i 
3 ; } 3, —& a 
06 02 02 | & 
4 out) 02 06 02 ~ 2 PC 
02 02 06 ~t yd’ 
Lob $0.25 a 
5 Oy fi PL b 
fl ot Bu W2 c 
7 ous) Bi Ba Oy d 
a fe Pe e 
Bo oo Ba w, f 
Bo f2  o& € 


a; = 0.797 426 985 353 
B, = 0.101 286 507 323 
oy = 0,059 715 871 789 
By = 0.470 142 064 105 


W,=0.525 939 180 344 


W3=0,132 394 £52 788 


(9.66) 


(9.67) 
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where W, and S; denote the weights and integration points of the quadrature 
rule. Table 9.3 gives the location of integration points and weights for one-, 
three-, and four-point quadrature rules over triangular elements. For the 
evaluation of integrals whose integrands are polynomials of degree higher than 
five Gn any of the area coordisates), the reader should consult books on 
numerical integration. 


Example 9.5. Consider the quadratic triangular element shown in Fig. 9.17. We wish to 
calculate Oy,/ox, Sy,/dy, Syy/ax, and ay./dy at the point (x, y)=(2,4) and 
evaluate the integral of the product (34,/ar)(@p,/ ar). 

Since the element has straight edges, its geometry is defined by the interpolation 
functions of the corner nodes ({i.¢., a subparametric formulation can be used). Note that 
if the element is curvilinear, we cannot use only three corner nodes to describe the 
geometry exactly (hence an isoparametric formulation must be used). For the element 
at hand, we have 


a 
x= Dah = Tt Ly = 2-21, + 5Ly 


fot 


a 
Y= DVL; = 2Le + OL; = 6 — 6L; — AL (9.682) 
_[-2 —6 4 _1[-4 6 
=| 5 “al r= a8 | al 


The ¥, for the quadratic triangular element are given by (9,16), with w. in (9.16c) being 
equal te w, here (compare the node numbering in Figs. 9.17 and 9.4b}. The global 
derivatives of y, are given by (9.65): 


ov avi) (r4Gh =) 

a { 1 [- ‘| OL, | _ 38 

ay,( 381-5 -2}) ay,[ | -5(42,.~1) 

ay a} (aR (9.68b) 
ays ayy 

ax -1 [7 é] aL, ah {Mole + Ah 

Sy.{ 381-5 -21)ay,[ 38 l-201,-81, 

oy Of, 

pen § 
(7, 2) FIGURE 9.17 


A x A quadratic triangular element in the global (x, y} and local 
(0, 0} coordinate systems (Example 9.5}, 
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where p, = L,(2L,—1} and ~,=4L,L, [see (9.16) and Fig. 9.4], so that 


Se avrg avs a 
aL 1 4h, i, aly , aL, _ =4L,, aL, 4h, 


For the point (2, 4), the area coordinates L, can be calculated from (9.684): 
2=TFil,t2L,, 4=25,1+ 62, 


Once L; and L, have been computed from the above relations, L, is found from the 
relation L,=1—L,—L;. We obtain 
ar = i ! iy = % , Ly = 19 


Evaluating ay,/dx and ow,/dy at the point (2,4), we obtain 


ap 2 (20_ 1)--3 / * 
& 19 “364 

oh 2S ae )=-3 ‘ 

ay 380% 997 1) = "302 (9.69) 


Bs 16 | 60 4d 
ax (oy * 19)" 361 
Os _ 20 | 20-40 
dy (19)? (i197 361 
The integral of the product (y,/ar)(Oy./dx) over the quadratic element is 
wees LS 
Orin dx dy iL. 
Since the integrand is quadratic in L, and bilinear in L, and L,, we use the three-point 
quadrature (see Table 9.3) to evaluate the integral exactly: 


—d§ pt piete 
Ff { (4L, — 1)(6L, — 4L,) dL, dL, 


Sa 223 dG) + 6-DG-9 + O-NO-H] (9.70) 


19 
The result can be verified using the exact integration formula in oa): 
Oy IPs *loxa 4 ai 4) 
— SS dx dy =~, |6*-4x x—+16X— [2A 
ih, Ox Ox ” 361 — 24 4t 6 at 
& 
19 


The area A of the triangle is equal to 19, and therfore we obtain the same result as 


above. 
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9.3 MODELING CONSIDERATIONS 
9.3.1 Preliminary Comments 


Numerical simulation of a physical process or a system requires (i) a 
mathematical model that describes the process and (ii) a numerical method to 
analyze the mathematical model. In the development of a mathematical 
model, we often make a set of assumptions about the process (e.g., 
constitutive behavior, loads, and boundary conditions} to derive the mathe- 
matical relationships poverning the system. The mathematical model is used to 
gain an understanding of how the corresponding process works. If the 
relationships are simple, it is possible to obtain exact information on quantities 
of interest. This is known as the analytical solution. However, most practical 
problems are tao complicated to allow analytical solutions of the models. 
Hence, these mathematical models must be studied by numericat methods, 
such as the finite element method. We use a computer to evaluate a 
mathematical model sumerically to estimate the quantities that characterize the 
system. 

Finite element analysis is a numerical simulation of a physical process. 
Therefore, finite element modeling involves assumptions concerning the 
representation of the system and/or its behavior, Valid assumptions can be 
made only if one has a qualitative understanding of how the process or system 
works. A good knowledge of the basic principles governing the process and the 
finite element theory enable the development of a good numerical model of 
the actual process. ; 

Here we discuss several aspects of the development of finite element 
models. Guidelines concerning element geometries, mesh refinements, and 
load representations are given. 


9.3.2 Element Geometries 


Recall from Section 9.2 that the numerical evaluation of integrais over actual 
elements involves a coordinate transformation from the actual element to a 
master element. The transformation is acceptable if and only if every point in 
the actual element is mapped uniquely to a point in the master element, and 
vice versa. Such mappings are termed one-to-one. This requirement can be 
expressed as {see (9.45}} 


SF =det[#*]>0 everywhere in the element 2° (9.71) 


where [,°] is the Jacobian matrix in (9.445). Geometrically, the Jacobian f° 
represents the ratio of an area element in the real element to the correspond- 
ing area element in the master element: 


dA=dx dy = ¥ dE dn 
EF #° is zero then a nonzero area element in the real element is mapped into 
zero area in the master element, which is unacceptable. Also, if $°<0, a 


right-handed coordinate system is mapped into a left-handed coordinate 
system. 
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In general, the Jacobian is a function of E and 7, implying that the real 
element is nonuniformly mapped into the master element, i-e., the element is 
distorted. Excessive distortion of elements is not good, because a nonzero area 
element can be mapped into a zero or nearly zero area. 

To ensure £°>0 and keep within the extreme limits of acceptable 
distortion, certain geometric shapes of elements must be avoided. For 
example, the interior angle at each vertex of a trianguiar element should not 
be equal to either 0° or 180°. Indeed, in practice the angle should reasonably 
be larger than 0° and less than 180° to avoid numerical ill-conditioning of 
element matrices. Although the acceptable range depends on the problem, the 


Vv pv 


NY 


FIGURE 9.18 

Finite elements with unacceptable vertex angles: (c} linear quadrilateral elements; (6) linear 
triangular elements; (¢)} quadratic quadrilateral and triangular elements. The angles marked are 
either too small compared with 0° or too large compared with 180°. 
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\ Node 5 can be 


\\placed anywhere 
on in this range 


{b) 


FIGURE 5,19 

Range of acceptable locations of the midside nodes for quadratic elements: (¢) cight-node 
quadratic element and six-node quadratic triangular element; (f) the quarter-point quadrifatezal 
element. 


range 15°-165° can be used as a guide. Figure 9.18 shows elements with 
unacceptable vertex angles for straight- and curved-sided elements. 

For higher-order Lagrange elements (also called C° elements), the 
location of the interior nodes contributes to the element distortion, and 
therefore they are constrained to lie within a certain distance from the vertex 
nodes. For example, in the case of a quadratic element, the midside node 
should be at a distance not less than one-quarter of the length of the side from 
the vertex nodes (see Fig. 9.19). When the midside node is located exactly at a 
distance of one-quarter of the side length from a vertex, the element exhibits 
special properties (see Problem 9.20). Such elements, called quarier-point 
elements, are used in fracture mechanics problems to represent an inverse 
square-root singularity in the gradient of the solution at the nearest vertex 
node. ; aX) 


9.3.3 Mesh Generation 


Generation of a finite element mesh for a given problem should follow the 
guidelines listed below: 
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1. The mesh should represent the geomeiry of the computational domain and 
load accurately. 


2, It should be such that large gradients in the solution are adequately 
represented. 

3. It shoufd not contain elements with unacceptable geometries, especially in 
regions of large gradients. 


Within the above guidelines, the mesh used can be coarse (i.c., have few 
elements) or refined (i.e., haye many elements), and may consist of one or 
more orders and types of elements (e.g., linear and quadratic, triangular and 
quadrilateral). A judicious choice of element order and type could save 
computational cost while giving accurate results. It should be noted that, the 
choice of elements and mesh is problem-dependent. What works well for one 
problem may not for another. An analyst with physical insight into the process 
being simufated can make a better choice of elements and mesh for the 
probiem at hand. One should start with a coarse mesh that meets the three 
requirements listed above, exploit symmetries available in the problem, and 
evaluate the results thus obtained in the light of physical understanding and 
approximate analytical and/or experimental information. These results can be 
used to guide subsequent mesh refinements and analyses. 

Generation of meshes of a single element type is easy because elements 
of the same degree are compatible with each other (see Fig. 9.20). Mesh 
refinements involve several options. The mesh can be refined by subdividing 
existing elements into two or more elements of the same type (see Fig. 9.214). 
This is called A-version mesh refinement. Alternatively, existing elements can 
be replaced by elements of higher order {see Fig. 9.21b). This is called 
p-version mesh refinement. There is also h, p-version mesh refinement, in which 
elements are subdivided into two or more elements in some places and 
replaced with higher-order elements in other places. Generally, local mesh 
refinements should be such that elements of very small size are not placed 
adjacent to those of very large size (see Fig. 9.22}. 

Combining elements of different kinds naturally arises in solid and 
structural mechanics problems. For example, plate bending elements (2-D) can 
be connected to a beam element (1-D). If the plate element is based on 
classical plate theory (see Chapter 12), the beam element should be based on 
the Euler-Bernoulli beam theory so that they have the same degrees of 
freedom at the connecting node. When a plane elasticity element (see Chapter 
10) is connected to a beam element, which is not compatible with the former in 
terms of the degrees of freedom at the nodes, one must construct 4 special 
element that makes the transition from the 2-D plane elasticity element to the 
1-D beam element {see Problem 10.8). Such an element is called a transition 
element. 

Combining elements of different order, say a linear to a quadratic 
element, may be necessary to accomplish local mesh refinements. There are 
two ways to do this. One way is to use a transition element that has a different 
number of nodes on different sides (seé Fig. 9.23a). The other way is to 
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| (a) 


FIGURE 9.20 
Connecting elements of the same order. The C® elements of the same order ensure the C° 
continuity along the clement interfaces: (a) linear elements; (b} quadratic elements. 


(4) 
FIGURE 9,21 
The h-version (a) and p-version (6) mesh refinements. 
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(6) 


(c) 


FIGURE 9.22 
Finite element mesh refinements. Meshes shown in (a) and (c) are acceptable, and those shown in 
(b} and (d} are unacceptable. The typical element of the mesh is shown in cach case. 


Linear clement Transition Quadratic element 
element 


(2} 


FLGURE 9.23 

Combining different order elements: (a) 
use of a transition clement that has three 
sides linear and one side quadratic; (6) 
use of a linear constraint equation to 
(6) connect a linear side to a quadratic side. 


Linear elements _ Quadratic element 
Constraint 


condition 
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impose a condition that constrains the midside node to have the same value as 
that experienced at the node by the lower-order element (see Fig. 9.236). 
However, such combinations do not enforce interelement continuity of the 
solution. Figure 9.24 shows element connections that do not satisfy C° 
continuity along the connecting sides. Use of transition elements and con- 
straint conditions in local mesh refinements is a common practice. Figure 9.25 
shows a few examples of such refinements. 


Cx}4 4?(x) wo) 


- 
uh = el + ub) 


oo Lita) i 
Sac) | | 


w=i=u} ul=id 


FIGURE 9.24 
Various types of incompatible connections of finite eiements. In all cases the interelement 
continuity of the function is violated along the connecting side, 
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9.3.4 Load Representation 


Computation of the nodal contributions of a distributed boundary source was 
discussed in Chapter 8 [see (8.45)]. The accuracy of the result depends on the 
element and mesh used to represent the domain. For example, in heat transfer 
problems, the boundary source is the heat flux across (i.c., normal to) the 
boundary. Use of linear elements, for example, to represent the boundary will 
change the actuai distribution (see Fig. 9,26). Of course, h-version or p-version 
mesh refinements will improve the representation of the boundary flux. 

Another situation where boundary forces are subject to different ap- 
proximations is the force due to contact between two bodies. For example, a 
solid plate in contact with a circular disk generates a reactive force that can be 
represented either as a point load or a locally distributed force. Representation 
of the contact force between deformable bodies as a point load is an 
approximation of the true distribution. A sine distribution might be a more 
realistic representation of the actual force (see Fig. 9.27). 


f 


(c) 


FIGURE 9.25 

Some examples of local mesh refinements: (a) with compatible (€°-continuous) elements; {6) with 
transition elements (or constraint conditions are imposed) between linear elements; (c} with 
iransition elements between quadratic elements. In (b) and {c), the transition elements can be 
between linear and quadratic, and quadratic and cubic elements, respectively, 
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(a) — ) 


FIGURE 5.26 

Approximation of the boundary fiuxes in the finite element method: («) actual geometry of the 
domain aad distribution of flux; (b) approximation of the domain by linear finite elements and 
associated representation of the boundary flux; (c) approximation of the domain by quadratic 
finite elements and associated representation of the boundary flux. 


FIGURE 9.27 

Representation of contact pressure de-~ 
veloped between two bodies: {a} ge- 
ametry of the bodies in contact; (6) 
representation of the contact pressure 
as a paint load; (c) representation of 
ihe contact pressure as a distributed 
surface load. In the Jatier case, often 
the surface area of the distributed 
(c} force is unknown. 
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9.4 SUMMARY 


In this chapter three major topics have been discussed: (i) Lagrange 
interpolation functions for triangular and rectangular elements; (ii) numerical 
integration to evaluate integral expressions over triangular and rectangular 
elements; (iii) some modeling guidelines. Interpolation functions for linear, 
quadratic, and cubic triangular elements have been developed using the area 
coordinates. Linear, quadratic, and cubic interpolation functions for the 
Lagrange and serendipity families of rectangular elements have also been 
developed. A systematic description of the numerical evaluation of integral 
expressions involving interpolation functions and their derivatives with respect 
to global coordinates has been presented. This development is suitable for 
computer implementation, as will be seen in Chapter 13, Madeling is an art 
that can be improved by experience and understanding of the physical 
interactions involved in the process. It is necessary to critically evaluate the 
computed results before using them. The guidelmes given are te encourage 
good modeling practice, and they should be followed to deiermine the actual 
“working” model. 


PROBLEMS 


9.1, Show that the bilinear interpolation functions for the four-node triangular 
element in Fig. P9.1 are of the form 


wy, = 4, + bE + on + bq (Gi=i,.. -»4) 


where 
aj=1, 4a,7a,~a,=0, ~b,=b,=1fa, 6:7 8,=0 
¢, oe et o, - 2be +b) a= ath —_ —9b 
ac(a—2b) ’ “* ac(a—2b)’ —° c{a—2by’ ~ cla-2b) 
3 


ay dy 3 ated c(a — 2b) 


FIGURE P9.1 


9,2. Show that the interpolation functions involving the term £? + »? for the five-node 
rectangular element shown in Fig. P9.2 are 
w, =0.25(—£ — 9 + En) +: 0.125(E" + 7°) 
hr = 0.25(E — 4 ~ &y) + 0.125(E? + 9°) 
ws = 0.25(E + 4 + En) + 0.125(8? + 
ws = 0.25(—E + 4 — En) + 0.125(8? + 97’) 
Y5=1-0.5(E + 9 
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(15, -3) 


FIGURE P9,2 FIGURE P9.3 


9.3. Calculate the interpolation functions for the quadratic triangular element shown 
in Fig. P9.3. 
9,4. Determine the interpolation function w,, for the quartic triangular element 
shown in Fig. P9.4. 
Answer: 321, 0,£;(4L,— 1). 


§.5. Derive the interpolation function of a corner node in a cubic serendipity element. 

9.6. Consider the five-node element shown in Fig. P9.6. Using the basic linear and 
quadratic interpolations along the coordinate directions — and , derive the 
interpolation functions for the element. Note that the element can be used 2s a 
transition element connecting four-node elements to eight- or nine-node 
elements. 


FIGURE P56 
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9,7. (Nodeless variables) Consider the four-node rectangular element with interpola- 


tion of the form 
4 


4 
u= >, utp + > Gd, 
i=] 1 
where wu, are the nodal values and ¢, are arbitrary constants. Determine the form 
of y, and @, for the element. 
9,8-9.10. Determine the Jacobian matrix and the transformation equations for the 
elements shown in Figs. P9,8-P9.10. 


FIGURE P4.8 


¥ 
ts cm-—-— 5 cm —| 


Som 3eMy 5 on FIGURE F9,10 


9,11, Using Gauss quadrature, determine the contribution of a constant distributed 
source to nodal points of the four-node finite element shown in Fig. P9.9. 
Answer: f(7.7083, 8.5417, 9.1667, 8.3333). 
9.12, Show that the side nodes in the eight-node rectangular element of Fig. 9.13 
should be iocated such that 6.25 < ¢ <0.75. 


FIGURE P9.13 


9.13. 


9.14. 


9,15, 


9.16. 
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For a 12-node serendipity (cubic) element, as illustrated in Fig. P9.13, show that 
the determinant ¥$ is 
F = 3(2 ~ 108 + 967)a + 3(-1 + 8E — 9E7)b + 4(2— 188 + 27%) 


What can you conchide from the requirement £ > 0? 


Determine the conditions on the location of node 3 of the quadrilateral element 
shown in Fig. P9,14, Show that the transformation equations are 


¥=E+En(a-2),  y=nt En(b-2) 


ye O(a, b} 


H———e«x,£ BIGURE P9.1d¢ 


Determine the global derivatives of the interpolation functions for node 3 of the 
element shown in Fig. P9,9, 


Let the transformation between the global coordinates (x, y) and loca} normal- 
ized coordinates (£, 7) in a Lagrange element 2° be 


= 2x, "): y= > nibdE, ") 


where (x;, yj} denote the global coordinates of the element nodes. The 
differential lengths in the two coordinate systems are related by 


_ ox, OX, _ oy, ay, 
diem gdb +a an, Mem ape ta, an 
or 
Ox, ax, 
ode] oy an {lant E71 Gn} 
dy} | dy. ay. flan] “Ldn 
a& ay 


In the finite element literature the transpose of [9] is called the Jacobian matrix, 
[#]. Show that the derivatives of the interpolation function wié, 9) with respect 
to the global coordinates (x, y) are related to their derivatives with respect to the 
loca! coordinates (£, 1) by 


oy Ovi 
ox td OF 
Oy; 4] oy 


dy on 
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and 


2) [al @ 


|G) @) 


wd 


ox, o¥e 


> 9g aE 
oy Se Ye 


an an 


ryt Be OX, Bye Ve Ae Be | Ike We 
ox Gy aE an 8E an an GE BE an 
epi ax, Fy, 
ae? og 88" Ir ayt 
ryt ax, dy, |] ax 
4 — — —_ 
an? (| an? an? || ay 7 
Fwtl | ae, Sy |b Ife 
BE an} fob an ag ay 


¥ 
9,17. (Continuation of Problem 9.16) Show that the Jacobian can be computed from 
the equation 


opi oye Btn |x vi 

_| B& 8s aE Sl xg ¥S 
7 ay, aya awe ll 2: 
ay On on IL*i Ys 


9.18. Consider the quadrilateral element shown in Fig. P9.18. Using the linear 
interpolation functions of a rectangular element, transform the element to the 
local coordinate system and sketch the transformed element. 


FIGURE P9.i8 


9.19. For the quadrilateral element 9° in Problem 9.18, express the following integral 
in the local coordinates: 
Kg={_[o( 2020 Suto 
“om 
ee ax ax Oy oy 


9,20. Find the Jacobian matrix for the nine-node rectangular element shown in Fig. 
P9,20. What is the determinant of the Jacobian matrix? 


+ bytys | de dy 
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(=) 
lin 
(Lin, 
0.5in 


(aX 
2 in--}-+2 in + 
- FIGURE P9,20 FIGURE P9,21 


9.21. For the eight-node element shown in Fig. P9.21, show that the x coordinate along 
side 1--2 is related to the & coordinate by 


— 281 — Ee + 2G + Blas + (1 — x5 


and that the relations 


hold, Also, show that 
vt -[8)" a]f-()" 
foe) Te 4)" 
woe neato -AGG) Jetg[-1+e(3) 
+2[1-2(7) "fa 


Thus, du,/Ox grows at a rate of (xa)~'* as x approaches zero along side 1-2, In 
other words, we have a x7’? singularity at node 1. Such elements are used in 
fracture mechanics problems. 

5.22. Using the tensor product of the one-dimensional Hermite cubic interpolation 
functions, obtain the Hermite cubic interpolation functions (16 of them) for the 
four-node rectangular element. 
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CHAPTER 


10 


PLANE 
ELASTICITY 


10.1 INFRODUCTION 


In Section 8.4.3, we considered the finite element analysis of second-order 
problems of solid mechanics that are described by only one dependent 
unknown, These include the torsion of a cylindrical bar and the deflection of a 
membrane, The governing equation in each case is the Laplace or Poisson 
equation for the dependent variable (e.g., stress function or deflection). Here 
we consider plane elasticity problems described by a pair of coupled partial 
differential equations expressed in terms of two dependent variables repre- 
senting the twa components of the displacement vector. The word “coupled” is 
used to imply that the same dependent variables appear in more than one 
equation of the set, and therefore no equation can be solved independent of 
the other(s} in the set. 

The primary objective of this chapter is twofold: first, to describe the 
weak form and associated finite element model of the plane elasticity 
equations; and second, to describe how the linear Lagrange elements 
developed in Section 8.2 can be used in the solution of plane elasticity 
problems in two dimensions. The treatment of both these subjects proceeds 
along the same lines as in the one-dimensional problems. 
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10.2 GOVERNING EQUATIONS 
10.2.1 Assumptions of Plane Elasticity 


Consider a linear elastic solid @ of uniform thickness h bounded by two 
parallel planes (say, by planes z = —4h and z =4h) and any closed boundary 
T. If the thickness # is very large compared with the size of @ then the 
problem is considered to be a plane strain problem, and if the thickness is small 
compared with the size of {2 then the problem is considered to be a plane stress 
problem. Both of these problems are simplifications of three-dimensional 
elasticity problems under the following assumptions on foading: the body 
forces, if any exist, cannot vary in the thickness direction and cannot have 
components in the z direction; the applied boundary forces must be uniformly 
distributed across the thickness (i.e., constant in the z direction); and no lpads 
can be applied on the parailel planes bounding the top and botfom surfaces. 

The assumption that the forces are zero on the parallel planes implies 
that for plane stress problems the stresses in the z direction are negligibly small 
(see Fig. 10.1): 


g,,=0, 6,=9, 9,=0 (10.1) 


For plane strain problems, where the body is very thick in the z direction, the 
assumption is that the strains in the z direction are zero (see Fig. 10.2): 


&.=0, €=0, €,=0 (10.2) 


An example illustrating the difference between plane stress and plane strain 
problems is provided by the bending of a beam of rectangular cross-section. If 
the beam is narrow then the problem is a plane stress problem, and if it is very 
wide then the problem is a plane strain problem. The reader should consult the 
references on advanced strength of materials and elasticity listed at the end of 
the chapter. 


Distributed force po 


? 4 
Support conditions: eS e+ 


y=zp=0 u=0,0 40 


FIGURE 10.1 
Plane stress problems in two-dimensional elasticity. 
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Uniformly 
distributed Joad 


y + 
#, 


FIGURE 10.2 
Plane strain problems in two-dimensional elasticity, 
10.2.2 Basic Equations 


The governing equations for the two types of plane elasticity problems 
discussed above are summarized below. The equations of the two classes of 
problems differ from each other only in the constitutive relations. 


EQUATIONS OF MOTION 


do, OO 4 _ fu 
ax By * Pap 

(10.3) 
Ory 80, Fu 


Ox ay th Poe 


where f, and f, denote the body forces per unit volume along the x and y 
directions; respectively, and p is the density of the material. 


STRAIN-DISPLACEMENT RELATIONS 


ou eu ou oe 
—o = 2 = ae . 
€, ey By? Exy By + ae (16.4) 


STRESS-STRAIN (OR CONSTIFUTIVE) RELATIONS 


0; fy Cz O fT] «, 
WPF] c2 Cy O €& (10.5) 
Ory 0 G8 eg [4 2e,, 


where cy (cy = cy} are the elasticity (material} constants for an orthotropic 
medium with the material principal directions coinciding with the coordinate 
axes (x, y, z} used to describe the problem. The ¢y can be expressed in terms 
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of the engineering constants (E,, E2, ¥i2, and G2} for an orthotropic material, 
for plane stress and plane strain given below (¥i2f2 = Vata)! 
Plane stress 
_ Fk 4 
1—Vp¥a 2° 1= Vive (10.6) 


C27 Vati=Vnewn, Coo= Cp 


CH 


Plane strain (¥23 = Vir) 


_ Ey, _ ¥12) E(1 ~ ¥12¥01) 


Cy > C2 
Mw 1- Viz — 2¥2¥21 ” (14 ¥2)4 - ¥12- 2V12¥21) 
r (10.7) 
c en A) ee 
2 1 Va 2V12V21- 6 " : 
For an isotropic material, 
E 
B,=F,=8&, Vip = Voa= V, C=70 4%) (10.8) 
BOUNDARY CONDITIONS 
Natural 
ty = a, = + = i, 
Ba © Onyly \ on Ty (10.9) 
t, = Oyh, + ony =f, 
Essential 
v=, v=db on Ty (10.10) 


where (7,, 2,) are the components (or direction cosines) of the unit normal 
vector A on the boundary I’, ©, and I, are (disjoint) portions of the boundary 
(CT, and [, do not overlap except for a smail number of discrete points— 
singular points), #, and #, are specified boundary stresses (or tractions), and & 
and 0 are specified displacements. Only one element of each pair, (u, f,) and 
(v, ¢,), may be specified at a boundary point. 

Equations (10.3) can be expressed in terms of just the displacements u 
and v by substituting (10.4) into (10.5), and the result into (10.3): 


2 (en +e me) 2, (24 22)] pp Zt 
ax \S ae |S By) By Lay” Ox 1 Pe 


2 fH 22)] 2 (en ven) =p 0 
ax LV ay © ax ay VP ax ays Por 


the boundary stress components (or tractions) can also be expressed in terms 


(10,11) 
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of the displacements: 


ou ou ou au 
i = |e) + Cy a + cal 5 + 5s 


ox oy oy ax 10.12 
p= a 4 n+ (een) we 
ly = C66 dy Ox Wa T Ut Ox C22 ay My 


This completes the review of the governing equations of a plane elastic 
body undergoing small deformations (i.e., with strains small compared with 
unity) in the (x, y) plane. The material of the body will be assumed in the 
present study to be linearly orthotropic. 


10.33 WEAK FORMULATIONS 
10.3.1 Preliminary Comments 


Here we study two different ways of constructing the weak form and associated 
finite element model of the plane elasticity equations (10.11) and (10.12). The 
first uses the principle of virtual displacements (or the total potential energy 
principie), expressed in terms of matrices relating displacements to strains, and 
strains to stresses. This approach is used in most finite element texts on solid 
mechanics. The second follows a procedure consistent with the previous 
sections and employs the weak formulation of (10.11) and (10.12) to construct 
the finite clement model. Of course, both methods give, mathematically, the 
same finite element model, but differ in their algebraic forms. 


10.3.2 Principle of Virtual Displacements in 
Matrix Form 


First, we rewrite (10.3)-(10.5) in matrix form: 
afdx 0 dfay lf a, 


rove ot+fE=o{l} cane 


0 af/ay afax jlo, 


or 
[T*]{o} + {f} = Pt | (10.13%) 
and 
€, ofax 0. 
& p=] 0 afay i" (10.142) 
2€,, o/ay afax 
or 


(e}= (7H (10.145) 
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and 
{a} =[C]{e} (10.15) 
where [T] and {7'*] are matrices of differential operators. Note that [Tj is the 
transpose of {7*]: 
ajax 
[TI=[t* =| 0 9d/ay (10.16) 
afay 3a/ox 


Next, we use the (dynamic version of the) principle of virtual displace- 
ments {see Reddy (1984)] applied to a plane elastic body: 


O= | (ay dey + pii, du,) dV — f, du, dV -$ #, Ou, ds (104.7) 
ye ¥, gf 


where V° denotes the volume of element ¢e [V° = Q° Xx (—3h, $h)], S* is the 
boundary of Q°, H, is the thickness of the element, 6 denotes the variational 
operator, o, and «, are the components of stress and strain tensors, 
respectively, and jf; and ¢, are the components of the body force and boundary 
stress vectors, respectively: 


O41 = O;, Oy, = Ory, 2. = Dy, etc. 
fi =frs h-fh, f= ley b= 


The first term in (10.17) corresponds to the virtual strain energy stored in the 
body, the second represents the virtuai work done by the body forces, and the 
third represents the virtual work done by the surface tractions. For plane stress 
problems with thickness A,, we assume that all quantities are independent of 
the thickness coordinate z. Hence, 


0=h, | (a, 6€, + a, d€, + 20,, S€,, + pti du + pv bv) dx dy 
¥ 


- ne (f, du +f, 6v) dx dy — hef (t, du + t, dv) ds (10,18) 
at ir 


where f, and f, are now body forces per unit area, and f, and ¢, are boundary 
forces per unit length. When the stresses are expressed in terms of strains 
through (10.5), and strains in terms of displacements by (10.4}, (40.18) takes 
the form of the principle of total minimum potential energy. 

Equation (10.18) can be rewritten using the notation introduced in 
(10.13)—(10.16): 


de, |7! o, sur Cai 
i 
0=h, de, dy +o } {rt dx dy 
oF dul it 
2 O€gy Ory 


= hf (so) (et dx dy — hp {ot (eh ds (10.19) 
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10.3.3 Weak Form of the Governing 
Differential Equations 


Here we present an alternative procedure for the weak form of the plane 
elasticity equations (10.11)-(10.12). The present approach does not assume 
knowledge of the principles of virtual displacements or the total minimum 
potential energy (10.17). It is based on the three-step procedure used 
throughout this book. We begin with the governing differential equations 
(10.11) of plane elasticity, We use the three-step procedure for each of the two 
differential equations, multiplying the first equation with a weight function w, 
and integrating by parts to trade the differentiation equally between the weight 
function and the dependent variables. We have 


P a Bv\ 2 a 
0=hef [= (c tens) + el “ se) — mife+ pmnii| de dy 
£2° . 


ax VW ay By By * x 
au ov au du 
— hep W, (en ae + Cy 5) + ceo + sy as (10.20a) 


Similarly, for the second equation, we have 


a a rs] a a 
0=h.{ | 2 (<4 “+ 2 tease) — wef, + pm0 | de dy 
re 


ox “6s ay ox ay On By ay 
du dv au av 
- hap wilou( Se + Si + (cr Ox + C93 3) | ds (10.206) 


The last step of the development is to identify the primary and secondary 
variables of the formulation and rewrite the boundary integrals in terms of the 
secondary variables. Examination of the boundary integrals in (10.20) reveals 
that the expressions in the square brackets constitute the secondary variables. 
By comparing these expressions with those in (10.12), it follows that the 
boundary forces t, and t, are the secondary variables. The weight functions 1, 
and Ww, are like the first variations of u and v, respectively. Thus, the final weak 
form is given by (10.20), with the boundary integrals replaced by 


heb Wt ds, he Wt, ds (10.21) 
rt Tr 


respectively, 

This completes the development of the weak formulation of the plane 
elasticity equations (10.11) and (10.12). The alternative formulation in (10.20) 
is exactly the same as that in (10.19); one is in matrix form and the other is in 
the form of explicit expressions. Therefore, the finite element models 
developed using the weak forms (10.19) and (10,20) would be the same, 


10.4 FINITE ELEMENT MODEL 
16.4.1. Matrix Form of the Model 


First we develop the finite element model of the plane elasticity equations 
using the matrix form in (10.19), An examination of the weak form (16.19) or 
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(10.20) reveals that (i) « and v are the primary variables, which must be 
carried as the primary nodal degrees of freedom; and (ii) only first derivatives 
of u and v with respect to x and y appear. Therefore, u and uv must be 
approximated by the Lagrange family of interpolation functions, and at least 
bilinear (i.c., linear in x and y) interpolation should be used, The simplest 
elements that satisfy those requirements are the linear triangular and rectangu- 
lar elements. Although u and v are independent of each other, they are the 
components of the displacement vector. Therefore, both components should 
be approximated using the same interpolation. 

Let « and v be approximated over Q* by the finite element interpolations 


u ~2 uve y),  v~ dD, vfuile y) (10.22) 
c Z 


a 

For the moment, we shall not restrict pj to any specific elemédnt, so that the 
finite element formulation to be developed is valid for any admissible element. 
For example, for a linear triangular element (7 =3), there are two (uj, 07) 
degrees of freedom per node and a total of six nodal displacements per 
element (see Fig. 10.34). For a tinear quadrilateral element, there are a total 
of eight nodal displacements per element (see Fig. 10.3b). Since the first 
derivatives of wf for a triangular element are element-wise-constant, all strains 
(En. > Gy) computed for the triangular element are element-wise-constant. 
Therefore, the linear triangular element for plane elasticity is known as the 
constant-sirain triangular (CST) element. For a quadrilateral element, the first 
derivatives of wf are not constant: 33f/9€ is finear in 7 and constant in &, and 
ay?/3y is linear in & and constant in q [see Barlow (1976, 1989)]. 


{a) (B) 


FIGURE 16.3 
Linear triangular and rectangular elements for plane elasticity problems: (a) trianguiar element; 
(4) rectangular element. 
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The displacements and strains are (the element label ¢ is omitted in the 
following) ; 


fis 

(‘|= 2 Hy _ |” Y....y¥, O G...06 Un 
a 0 9...0 1. Uy 

u > vay, Yr We y vy 


U,, 
vy 
0 0 oj}? 
-[5 Wy y rae ol va p= [PIA (10.23) 
{5} = [FHA} (10.24) 
and 
{e}={[B]{A}, {0} =[C][B}{A} (10.252) 
where 
[B] = [TIDY] (10.258) 
and [7] is the matrix of differential operators defined in (10.16), We have 
{Sof fea}, {de} =[B]{6A} (10.26) 


Substituting these expressions for the displacements and strains into (10.19), 
we obtain 


O=h, | (8A) (BYICHBIA) + ol¥)"TYHA)) de dy 


~h[ coayreey' {| dx dy —nop (a7 97 | as 
= {OA}"(({K]{A} + [M1] {A} — (f} — (0}) (10.27) 
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Since this equation holds for any arbitrary variations {OA}, it follows that the 
expression in parentheses should be identically zero, giving the result 


[M*]{A*} + [K]{A*} = (f°} + (0) (10.284) 


where 


(K1=he [ (8c Te ae ay, LM |= eh, | (erty dé ay 


(rian wife baed, (orp=np WPL 


(10.28) 


f 
The element mass matrix [M*] and stiffness matrix [K*] are of order 2n x 2n 
and the element force vector {F°} = {f°} + {Q°} is of order 2n x 1. 


10.4.2 Weak Form Medel 


Next we use the weak form (10.20) to construct the finite element model. 
Substituting (10.22) for uw and v, and w= yy and w= #; [to obtain the ith 
algebraic equation associated with each of the weak statements in (10.20)j, and 
writing the resulting algebraic equations in matrix form, we obtain 


a(t er} Lie}  a2% 


where 


My =| cy, dxdy, c= ph 
a 


ayn, Oy; ap; st) 
ue CRO | og, SHES 
Ky [ten ax ax + Ces by dy dx dy 


Oy; Op; sve) 
#2 = 21 = iat 
Ky = Ki [lew Bx ay + Cee ay ax dx dy (10,296) 


Oy; OW; OY; “¥) 
22 wi OW pth tll 
& | hea ax ax ten dy oy dx dy 


Fi=[ hide de dy +4 Apt, ds, Fi= | hyidy dedy +4 hit, ds 
sat im ket Tf 


The éoefficient matrix [K"], for example, corresponds to the coefficient of v in 
the first equation, i.c., the first superscript corresponds to the equation number 
and the second to the variable number. By expanding (10.28), one can show 
that they yield the same equations as (10.292). 
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10.4.3 Eigenvalue and Transient Problems 


For natural vibration study of plane elastic bodies, (10.284) or (10.292) is 
reduced to an eigenvalue problem by replacing {A} by 


{A} = {A}e™" =v) 
We obtain [cf. (8.170)] 
| ore DA = (05 | (20.30) 
For transient analysis, following the discussions of Section 8.5.3, (10.282) 


or (10.294) can be reduced to a system of algebraic equations by using the 
Newmark integration scheme (8.171). We have [see Eq. (8.173)| 


| [ADA ser = OF docu | (10.31a) 


[Ree =1K lear + esl |e 
{Fe}. c41 = {Fh 544 + [M°],41(a3{A*}, + a,f{A‘}, + as{A*},) 


1 
a= Alas, ag=——-] 
Y 


where 


a3 y(AN”’ 
(10.315) 


For additional details, see Sections 6.2.3 and 8.5.3. 


10.5 EVALUATION OF INTEGRALS 


For the linear triangular (i.e., CST) element, 7 has the form 
— (af + Bix + y7 
Y; _ 2A, i pix iy) 


where A, is the area of the triangular element, and [B*}= [T]E¥"] [see 
(10.23)—(10.25)j is constant. Since [8°] and [C*] are independent of x and y, 
the element stiffness matrix for the CST element is given by 


[K"} =k, A{B'] [CB] (10.32) 


For the case in which the body force components f and J, ate element-wise- 
constant (say, equal to fy and f5o, respectively}, the force vector {f*} has the 
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form 
Fro - 
fio 
A,f, Fic 
3 1 fhe 
fro 
Fyo 
For a general quadrilateral element, it is not easy to compute the 
coefficients of the stiffness matrix by exact means. In such cases, we use the 
numerical integration discussed in Section 9.2, However, for a linear rectangu- 
lar element of sides @ and 6, the element coefficient matrices-in (8.35) tind 


(8.44) can be used to obtain the stiffness matrix. The load vector for a linear 
rectangular element is given by 


(panel ree 


va 


\ dx dy = (10.33) 


‘ 


Fro 
Fo 
{fda = fame fio (10.34) 


tye 


The vector {Q*°} is computed only when the element 2° falls on the 
boundary of the domain on which tractions are specified (i.e., known). 
Computation of {Q*} involves the evaluation of line integrals (for any type of 
element), as explained in Section 8.2.6; see also Example 8.2. For plane 
elasticity problems, the surface tractions ¢, and ¢, take the place of q, in 
single-variable problems [see (8.45)]. Often, in practice, it is convenient to 
express the surface tractions ¢, and #, in the element coordinates. In that case, 
{Q*} can be evaluated in the element coordinates and then transformed to the 
global coordinates for assembly. If {Q*} denotes the clement traction vector 
referred to the element coordinates then [see (4.58))] the corresponding global 
vector is given by 


{0°} =[RV {O°} (10.35a) 
where 
cosy sinew ; QO 0; 
—singw cos¢ 0 0 7 
[R]=| 0 | 0 i cosa sina! (10.35b) 
0 Q !-sinw cosa! 


1 (2a x24 


and a is the angle between the globai x axis and #,. 
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FIGURE 16.4 — 


Computation of boundary force components for plane elasticity problems: (a) the constant strain 
triangle (CST); (6) a typical plane elasticity problem: (c) computation of the boundary forces, 


As a specific example, consider the structure shown in Fig. 10.4(a}. Side 
2-3 of element 7 is subjected to a linearly varying normal force: 


i,#0, 4=0 


where the subscripts # and s refer to normal and tangential directions, 
respectively. We have for (e = 7} 


eo-gort jen wr{tes{ ort} 
+ [. per (P| ds (10,36a) 


The first and third integrals cannot be evaluated, because we do not know f, 
and /, on these sides of the element. However, by internal stress equilibrium, 
those portions cancel with like contributions from the neighboring elements 
(elements 4 and 5) in the assembled force vector of the structure. Thus, we 
must compute the integral over side 2-3 of the element, We have (for e =7) 


re [oer lg anni) 

(Oas- [rr has, w--r(1-72) 0.360) 
where the minus sign in front of py is added to account for the direction of the 
applied traction, which acts toward the body in the present case. The local 
coordinate system s used in the above expression is chosen along the side 
connecting node 2 to node 3, with its original at node 2 (see Fig. 10,45). One is 
not restricted to this choice. If it is considered to be convenient to choose the 
iccal coordinate system $, which is taken along side 3--2, with its origin at node 
3 of element 7, we can write 


{O*}23= [ ” per {| di, t= £98 (10.36¢) 
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where ['£] is now expressed in terms of the local coordinate 5. We have 


0 0 
0 0 
Ae _ Pat La3Po 2 
{Q Ina [ 9 d§ = “6 YQ (10.374) 
Paty 1 
0 0 
The global components of this force vector are {set a= 90° — 8 in (10.355)] 
0 
0 rf ‘ 
Laspo }2 sin 8 
‘es =— 10.376 
{Q"}2s 6 |2cos@ ‘ ( ) 
sin 0 
cos @ 


The same procedure applies to linear quadrilateral elements. In general, the 
loads due to specified boundary stresses can be computed using an appropriate 
focal coordinate system and one-dimensional interpolation functions. When 
higher-order elements are involved, the same order one-dimensional inter- 
polation functions must be used. 


10.6 ASSEMBLY AND BOUNDARY AND 
INITIAL CONDITIONS 


The assembly procedure for problems with many degrees of freedom is the 
same as that used when there is a single degree of freedom {see Section 8.2), 
except that the procedure should be applied to all degreés of freedom at each 
node. For example, consider the plane elastic structure shown in Fig. 10.4(a). 
There are eight nodes in the mesh; hence, the total size of the assembled 
stiffness matrix will be 1616, and the force vector will be 161. The first 
two rows and columns of the giobal stiffness matrix correspond to global node 
1, which has contributions from node 1 of elements 1 and 2, For instance, we 
have 


Ky=KitKh, Kn=Kbt+Kh, Ky=Kbt+Kh, Ks=Kis, 
Ky, = Kis + Kit + Kh Kyy= Kig+ Kin t+ Kin, — ote. (10.38) 
Note that Ki, for example, denotes the coupling stiffness coefficient between 
the first and second giobal degrees of freedom, both of which are at global 
node 1. Similar arguments apply for the assembly of the force vector. 


With regard to the boundary conditions, the primary degrees of freedom 
are the displacements and the secondary degrees of freedom are the forces. At 


ms 
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any node on the boundary of the domain of a plane elasticity problem, one has 
the following four distinct possibilities; 


Case 1 wand v are specified (and ¢, and ¢, are unknown) 
Case 2 wand J, are specified (and ¢, and v are unknown) 
Case 3 t, and v are specified (and # and ¢, are unknown) 
Case 4 st, and 4, are specified (and w and v are unknown) 


(10.39) 


In general, only one of the quantities of each of the pairs (u, ¢,) and (uv, ty) 
must be specified at a point on the boundary. 
For time-dependent problems, the initial displacement and velocity must 


be specified: 
u Uo v Va . 


10.7 EXAMPLES 


Here we consider a couple of exampies of plane elasticity problems to illustrate 
the load computation and imposition of boundary conditions. The stresses are 
evaluated at reduced Gauss points of the elements [see Barlow (1976, 1989)). 
These examples are actually analyzed using the program FEM2DV2, which is 
discussed in Chapter 13. 


Example 10.1. Consider a thin elastic plate subjected to a uniformly distributed edge 
load, as shown in Fig. 10.5(a). We wish to determine the equilibrium (i.c., static) 
solution. First we consider a two-element discretization of the plate by triangular 
elements, an¢ then we perform all the algebra to obtain the nodal displacements. 

The assembly of element matrices for elements with two degrees of freedom 
(DOF) is described in Section 10.6. For the finite element mesh at hand, the 
correspondence between the global and local nodes and stiffness is as follows: 


ih a hh 


Nodal correspondence Stiffness correspondence 
Global (DOF) Local (DOF) Global Locat 
lofelement1 (1,2) Ky, Ki+Ki, 
1 (1,2) Kn Kh+ KR 
f of element 2 (1,2) Ky Kipt Kin 
20,4) 2ofelement1(3,4) Ky, Kl, 
1 
Kay Ks (10.41) 
3 of element 1 (5,6) Kgs Kis + K, 
3 (5, 6} 2 of element 2 (3,4) Keg Kig+ K2, 
Kg Kigt Ki, 
Ky, K3s 
4 (7, 3} 3 ofelement 2(5,6) Keg Ki, 
Kag Ke 
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— 
4 ; 
3 


6 = 160 in 
Po = 16 lbin™ 


0.036 


120 in 


FIGURE 10.5 


Geometry and finite element mesh of a plane elasticity probtem by the CST elements: (@) a plane 
elasticity problem; (4) element 1; (c} element 2. 


If two global nodes correspond to two (local) nodes of the same element then the 
corresponding stiffness coefficient is nonzero; otherwise it is zero. 
The specified (primary) degrees of freedom are 


U,=V,=U,=V,=0 (10.42) 


The known secondary degrees of freedom (forces) are alteady included in {#7} and 
{F?}, Equilibrium of forces requires that (note that py is the force per unit length) 


Fl=tpob, Fi=0, Fi+Fj=4pob, Fi+Fi=0 (10.43) 
The first two rows and columns and the fast two rows and columns of the 


assembled [K] can be deleted (since the specified boundary conditions are homoge- 
neous} to obtain the condensed form of the matrix equation: 


Ks Kis : Kis Kis a, aPob 
Ki, Ki K} Ki 3 0 
a ae Se War pay (10.44) 
Kis Kh Kis+ Ki, Kigt Ki, |] U4 2Pab 
Ki, KL, Kit Ki, Ki4+KL,1%, 0 


or (using a = 120 in, 6 = 160 in, h =0.036in, v =0.25, E=30x 10° bin, and py= 


10 ib in“) 
93.0 —36.0 —-16.2 
—36.0 - 72.0 21.6 
10" -16.2 216 + 93.0 
14.4 —43,2 0.0 
Inverting the matrix, we obtain 
OL 4,07 2,34 
A i0*| 2.34 8.65 
uf 3 1017 -16 
V; 0.59 4.72 
11.28 
_ 1971, 
=10* 10.10 in 
—L.09 
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14.49 ( U; 800.0 
~43,2 || ¥; 0.0 
= 0. 

0.0 1} u, 800.0 (10.45) 
72.04 LY, 0.0 
0.17 0.597 800.0 
-16 472 0.0 
3.63 -0.99 1) 8.00 
-0.99 6.88 0.0 

(10.46) 


Note that the solution is not symmetric {ie., U,#U;, V,#—Vs) about the 
horizontal centerline. The exact solution should be symmetric about the centerline. 
This is due to the asymmetry in the finite element discretization, 

Table 10,1 gives the finite element solutions {obtained using FEM2D¥V2) for the 
displacements at the points (120, 0) and (120, 160) of isotropic and orthotropic plates 


FABLE 10.1 


Finite element results for a thin plate (plane stress assumption) using various 
meshes of triangular and rectangular elements and material properties} 


uy, ¥2 U; V3 
Mesh Material (x 104) (x 10-4} (x 10-4) («10-4 
wt 3, Isotropic: 11.291 = 4.9637 «10,113 —1.08 
E = 30 x 10° lb in7? 10.853 2.3256 10.853 = —2.3256 
v=025 
G = EA + v) 
1 2 
oad 3 Orthotropic: 
Ey, = 31% 106 tb in? 
E,=2.7 x 10° lbin-? 10.767 £6662 10650 -1.579 
Gy = 0.75 x 10° tb in“? 10.728 2.6758 10.728 = ~+2.6758 
M2 = 0.28 
i 2 
ad 3_, Orthotropic: 10.82 2.157 10.821 = —2.157 
same as above 18.778 2.002 10.778 2.002 
i 2 


For each mesh, the first'tow corresponds to triangular elements and the second row to 


one rectangular element. 
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TABLE 10,2 
Deffections and stresses in an isotropic plate subjected to uniform edge load 


(Example 10.1) 


u(120, 0) (120, 0) 


Mesh (xi 4} (x1 og, a, Oxy 
1x1 11.291 1,9637 285.9 14.40 10.80 
(80,53.33} (80, 53.33) (80, 53.33) 
Triangular 2x2 11.372 2.1745 279.7 69.36 23.20 
(80, 53.335 (20, 53.33} (40, 26.67) 
4d 11.284 2.1255 280.0 69.59 35.93 
(80, 53.33) (10, 26.67} (20, 13.33) 
1x1 10.853 2.3256 277.8 25.84 0.0 . 
(60, 80) (60,80) + (60,80) 
Rectangular 2x2 11.978 2.0212 277.8 37.46 13.23 
(30, 40) (30, 40) (30, 40) 
4x4 11.150 2.0094 280.4 49.74 ¢ 21.73 


(75, 60) (25, 60) (15, 20) 


t Location of the stress. 


(8) 
FIGURE 16.6 
Finite-element meshes for an end-loaded cantilever beam. 


~ 
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for the meshes shown. Table 10.2 gives the deflections and stresses obtained with 
refined meshes of triangular and rectangular elements. 


Example 10.2. Consider the cantilever beam (EZ =30 x 10° psi, v=0.25, a= 10in, 
b=c=lin} shown in Fig. 10.6(2)." We wish to determine, using the elasticity 
equations, the maximum defiection and bending stress in the beam when it is subjected 
to a uniformly distributed shear stress t= 150 psi. The boundary conditions of the 
problem are 


u{a,y)=0, ula,c)=0 


L=t,=0 at y=, 2c for any x (10.47) 
£=0, t=-7 at x =O for any y 


4 =0 at x =a and for any y#e 


We shall solve the problem using the plane stress assumption. The elastic 
coefficients c, for the plane stress case are defined (assuming that steel is isotropic) by 


E Ev 
Cu =e = eal ye C66 OL + vy 


Three different finite element meshes, increasingly refined, are shown in Fig. 
10.6(6). These meshes are those consisting of Hnear rectangular elements. Equivalent 
triangular element meshes are obtained by joining node 1 to node 3 of each rectangular 
element (see the dashed lines). Equivalent meshes of nine-node quadratic Lagrange 
elements are obtained by considering a 22 mesh of linear Lagrange elements as a 
quadratic element. 

For the finite element model, the boundary conditions on the primary and 
secondary variables, ¢.g., for the 15-node mesh, are given by 


(=G) (10.48) 


= Vio = Vio= U3 = 0.0 


(10.49) 
Fi=—75.0,  F{=—-150.0, Fi, =—-75.0 


and all other forces are zero on the boundary. 

Table 10.3 gives a comparison of the finite element solutions with the elasticity 
solutions for the tip deflection @.c., the deflection at the center node of the left end) 
and bending stress o,, obtained using two-dimensional elasticity theory [see Reddy 
(1984)]. The linear triangular element mesh has the slowest convergence compared with 
the linear and quadratic rectangular elements. 


The final example in this chapter deals with free vibration and transient 
analysis of a plane elasticity problem. We consider the cantilever beam of 
Example 10.2. 


Example 10.3, Consider the cantilever beam shown in Fig. 10.62. We wish to 
determine the natural frequencies and transient response using the plane elasticity 
elements. We use the finite element meshes of linear triangular and rectangular 
elements shown in Fig. 10.6(6} and their nodal equivalent meshes of quadratic elements 
to analyze the problem. Table 10.4 gives a comparison of the first 10 natural 
frequencies obtained with various meshes. The convergence of the natural frequencies 
with mesh refinement is clear. 
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TABLE 10.3 
Comparison of the finite element solution with the elasticity solution for a 


cantilever beam subjected to a uniform shear load at the free end 


lp 


Tip deflection, —v x 107? Normal stress a, 

Number of Linear Linear Quadratic Linear Linear Quadratic 
nodes triangles rectangles rectangles triangles rectangles rectangles 
15 0.16142 0.31335 0.50310 1209 £196 2196 

(154 (8.75, 1.5} (8.943, 1,577) 
27 0.26623 0.43884 0.51288 2270 1793 24239 

GH (9.375, 1.5} (9.471, 1.577} 
51 0.316459 0.48779 0.51374 2829 2056 2526 

(63) (9.6875, 1.5) (9.736, 1.577) 
Elasticity$ 0.51875 2876 2180 2528 we 

(0.0, 1.0) (9.583, 1,667) (9.6875, 1.5) (9.736, 1.577) 

er 
¢ Element number. r 


¢ Quadrature points. 3 2 2 
§ From Reddy (1984), p. 53: v(0, 1)=-(PE/3ED([1 + 30. + vWL'} ag, = Px(h yh f= 3. 


For transient analysis with the linear acceleration scheme (a= 0.5, y = 4), the 
time step Af is given by the inequality 


12 \@ 
Ai<Ai,= (; ) (16.30) 
For the 4X 1 mesh of rectangular elements, for example, we have Aft, = 1.617 x 107°. 
Figure 10.7 contains plots of the tip deflection u(0, 1, f) versus time, as predicted using 
the 4X1 mesh of linear rectangular elements and the following two time integration 
schemes: (1) a= y=} and (2) a=}, y=4. The time step used in these computations, 


TABLE 10.4 
Comparison of first ten frequencies of the cantilever beam of Example 


10.3 as computed using various meshes of linear and quadratic triangular 
and rectangular elements . 


a 


Triangular elements Rectangular elements 
Quadratic Quadratic 


m Linear element element Linear element element 


4x2 8x2 2x1 4x1 4x2 &x2 2x1 4x1 


2,019.4 1,583.0 1,186.4 1,156.7 1465.5 1,242.3 1,169.9 = 1,151.8 

9,207.4 8,264.0 7,896.6 6,496.5 8,457.9 6,845.8 7,179.7 6,341.4 
10,449.6 9,177.7 9,158.2 9,856.0 92184 9,171.7 9,158.2 = 9,156.0 
25,339.2 19,540.5  18,369.1 16,219.9  22,334.0 16,887.7 17,890.8  45,572.7 
29,193.2  27,843.9  27,805.3 27,441.7  29,113.3 27,836.8 27,8698  27,266.3 
42,363.4 32,727.8 40,399,2 28,696.9 40,309.7 29,433.6 39,583,.7  27,442.2 
§2,937.0 46,840.4 50,469.6 39,762.6 $2,991.9 44,231.1 50,9644 39,3023 
67,964.6 48,0144 66,260.9 45,815.6 66,842.59 47,441.0 67,015.3  45,839.9 
76,833.2 61,5604 74,582.1 57,429.5 74,523.53 60,078.3 74,064.64 56,949.9 
79,443.0 68,257.4 79,241.8 64,867.4 76,515.5 67,813.3. 80,029.3  64,636.0 


a i 


| ve fo 2 ok LA fe Le Be 


— 


Low. 
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100 


—100 
Tip 
deflection 
v{6, 1, i} 


Time ¢ x 10° 


FIGURE 10.7 
Stability of the finite element solutions predicted by two different time integration schemes 
{Example 10,3), The 4 x 1 mesh of iinear rectangular elements is used. 


At=2.4 x 10° ‘> Az, makes the second scheme yield unstable solutions. It should be 
noted that if Af is close to Af, but A¢> Ac, then the solution predicted by the tinear 
acceleration scheme may be stable for the first several time steps, but it will eventually 
become unstable. Figures 10.8 and 10.9 show the relative accuracies of solutions 
predicted by triangular and rectangular elements. It shoutd be noted that the linear 
triangular element yields a less accurate solution than the linear rectangular element. 


Tip -~6 
deflection 
0,1, 
OL), a=05 
sf B=05 
—10 “to ar = 2.5 x ig 
-i2 
0 1 2 3 5 6 
Time ¢ x 10° 
FIGURE 10.8 


Tip deflection v(0, 1, #) versus time, as predicted by various meshes of linear (L} and quadratic 
(Q) triangular elements: L4, 4 x 2 mesh of lineac elements; L8, 8 x 2 mesh of linear elements; 02, 
2X i mesh of quadratic elements; Q4, 4 x 1 mesh of quadratic élements. 
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2 
O-+ 
7) 
Tip ~4 
deflection 


0 1) _¢ 
-8 


-10 ¥ B=0.5 
At = 2.45 x 107% f 


Time: x 103 


FIGURE 10.9 

Tip deflection versus time, as predicted by various meshes of rectangular elements: L4, 4 x 2 mesh 
of linear elements; L8, 8X2 mesh of linear elements; Q2, 2% 1 mesh of nine-node quadratic 
elements; 04, 4x 1 mesh of nine-node quadratic elements. 


10.8 SUMMARY 


In this chapter an introduction to the equations of piane elasticity Ge., 
two-dimensional problems of eiasticity) has been presented, and their finite 
element models have been formulated. The plane strain and plane stress 
problems, which differ only in the use of constitutive relations, have been 
discussed, The governing equations have been expressed in terms of the 
displacements, and their weak form and finite element model developed in two 
alternative ways: {i} the matrix formulation, which is standard in most finite 
element textbooks on solid mechanics; and (ii) the three-step procedure, which 
is used throughout the book. The eigenvalue and time-dependent problems of 
plane elasticity have also been discussed. Some numerical examples have been 
presented to illustrate the evaluation of element stiffness matrices and force 
vectors. 


PROBLEMS 


10.1-10.3. Compute the contribution of the surface forces to the global force degrees 
of freedom in the plane elasticity problems given in Figs. P10.1-P10.3. 

10.4-10.6. Give the connectivity matrices and the specified primary degrees of 
freedom for the plane elasticity problems shown in Figs. P10.1—P10.3. Give only 
‘the first three rows of the connectivity matrix. 

19,7, Consider a cantilevered beam of length 6cm, width 2cm, thickness Icom, and 
material properties E = 3% 10’ Ncm™ and v = 0.3, and subjected to a bending 
moment of 600 N cm at the free end (see Fig. P.10.7). Replace the moment by 
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Sin Sin | po = 200 Ibs in@! 


Plane stress . 1000 Ib 
¥ &, = E, = 204 GPa 


G = 79 GPa, v= 0.29, =5 cm 
4. O14 16 


Quadratic 
curve 


Spal 


1 2 3 4 
j<—10 in—r[x— 10 in —| 
Plane strain 


FIGURE P10.2 


a = 1m, po = 600 KN m-? (plane strain) 
= E, = 40 GPa, G = 17 GPa, v = 6.15 


E=3 x 10° N cm? 
r= 03 
Mo = 600 N cm 


Plane siress 


FIGURE P10,7 
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an equivalent distributed force at x =6cm, and model the domain by (a) a4x2 
mesh of linear rectangular elements and (b} quadratic rectangular elements. 
Identify the specified displacements and gtobal forces. 
Answer: F5= —300 and FY, = 300. 
10.8. Consider the (“transition”) element shown in Fig. P10.8. Define the generalized 
displacement vector of the element by 


{u} = {%, Uy, Oy, Uz, V2, Us, u;}" 
and represent the displacement components u and v by 
= Pert Pale t Past Ghywd,, v= psyv + Yoda t Yovs 


where y, is the interpolation function for the beam, and #, and w, are the 
interpolation functions for nodes 2 and 3; 


wW=}l-f, yw=iit+Hd—n), w= 41+ s0+n) 


Derive the stiffuess matrix for the element. 


; 
i Plane stress 


b qm nm mao of I element 
dt ---- a) 


Beam |... , ——f f 


element Transiti ~ 
raasi 
element FIGURE P10.8 


10.9. Consider the square, isotropic, elastic body of thickness 4 shown in Fig. Pi0.9. 
Suppose that the displacements are approximated by 


u(x, y)=(1—x)yu, tx(k—y)ee, uz, y= 9 
Assuming that the body is in a state of plane stress, derive the 2x2 stiffness 


matrix for the unit square: 
Hy F, 
dota 
91 an ed 


PLLAEPPL LTE, 
bee 
oS 


Fe 


A FIGURE P10. 


10,10-10.16. For the plane elasticity problems shown in Figs. Pi0.10-P10.16, give the 
boundary degrees of freedom and compute the contribution of the specified 
forces to the nodes. 
Answer: (Problem 10.10) F} = 200/6, F{, = 800/6, and Fig =F 
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E, = £; = 69 GPa, ¥= 0.333, G = 24 GPa 
thickness = 1 cm 


wl2 1 14 15 16 17 18 


Plane stress 


dom 3. kN cm—? 
q 6 7 
‘4 cm —4 em~*| 
FIGURE P16.26 
6 cm 
diameter 100 N em7! 
34 . 
Plane strain 
‘a A= 11cm 
} 12 cm 
w=r=0 
FIGURE P10.11 
Lines of symmetry Plane stress 
A= 0.25 in 
100 1b in7! 


Ta vie tz 


Plane strain 


£ = 40 GPa, G = 17.4 GPa 
v= 0,15, thickness = £ cm 


FIGURE F103 
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; h 

; Salle 
— — Z 
31 y 
_ 9% & 
- nn; 
do ~7 4 
—_— —_ Z 
—_ — g 
_ —e A 
g 
— EA 
ee g 
—_ — 4 

Plane stress 
FIGURE Pi0.14 
y 
r 
a 
Plane strain FIGURE PI0.15 


Plane stress 


FIGURE P6,16 
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CHAPTER 
1] 


FLOWS 

OF VISCOUS | 
INCOMPRESSIBLE 

FLUIDS / . 


11.1 PRELIMINARY COMMENTS 


An introduction to fluids and their governing equations was given in Section 
3.3.2. The finite element analysis of fluid flow problems that can be described 
as one-dimensional systems was also discussed there, Two-dimensional flows of 
inviscid incompressible fluids (i.c., potential flows) were considered in Section 
8.4.2. Potential flow problems were cast in terms of either the stream function 
or the velocity potential, and the governing equation in each case was the 
Laplace equation (i.e., a second-order partial differential equation in a single 
variable; see Chapter &). 

In this section, we consider the finite element analysis of two-dimensional 
flows of viscous incompressible fluids. These problems are governed by a set of 
coupled partial differential equations in terms of the velocity components and 
pressure. When the speed of the fiow is low, the nonlinear terms due to inertial 
effects can be neglectee. Such a flow is called Stokes flow, and the resulting 
equations are termed the Stokes equations. Here we describe two different 
finite element models of Stokes flow. We begin with a review of the pertinent 
equations governing slow, laminar flows of viscous incompressible fluids (see 
Section 3.3.2), 


482 
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11.2 GOVERNING EQUATIONS 


Consider the slow flow of a viscous incompressible fluid in a closed domain Q: 


D_@ 3 ; . a 
Di +y¥:V= a (slow: inertial effects are negligible) 
pe (viscous) 
Do : : 
vin 0 (@=constant) (incompressible) 


Suppose that the domain is very long in one direction—say, the z direction. 
Then, if there is no flow along this direction and the velocity components in 
the other two directions are independent of z, the flow can be approximated 
by a two-dimensional model. The governing equations-are summarized below 
fsee (3.102)-(3.106)}: 


Conservation of linear momentum 


ou 68 Gu o ou ov ap 
(nS) Sle ta) tS 


Pat ax ax oy ax ax 


8B (24 22) 2 (34.58 
Pot ax Lay ax oy oy 


Conservation of mass 


(11.1) 


(11.2) 


Here u and uv are the velocity components along the x and y directions, 
respectively, P is the pressure, f, and f, are the components of the body force, 
# is the viscosity, and p is the density of the fluid. The boundary and initial 
conditions are of the fonn : ’ 


t,=2 ou + ($+2) Pn, =i 
. ad Hae x it ay ax hy fhy = by: ; r 13 
_ {du av du ,f oo (11.39) 
i =u 5+ Sem + 2h a My - Pry =f 
H=a4, vb on [, 
u(x, ¥, = uolz, y), u(x, y, 0) = volx, y) (11.35) 


The same four possibilities as given in (10.39) exist for the specification of the 
boundary conditions in fluid flow problems; i.c. only one element of each of 
the pairs (#, 7.) and (uv, t,) can be specified at any point on the boundary. The 
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boundary stresses are 


| = (2 ou P)n + (+2), 
x a e i ¥ 


oy ax 
(11.3c) 
ou | ov 


= += 
* “(S ax 


There are three partial differential equations (11.1), (11.2) in three 
unknowns (u, v and P). It is possible to reduce the number of equations and 
unknowns by the introduction of the stream function and/or the vorticity €: 


If both functions are used, the three equations can be reduced to two 
second-order equations [because the continuity equation (11.2) is identically 
satisfied by the stream function]. If & is not used, the three equations can be 
reduced to a single fourth-order equation in y. Since these alternative 
formulations are not as physically clear as the original equations {especially for 
the imposition of boundary conditions), or require higher-order elements (for 
the fourth-order equation for y), we shall confine our attention here to the 
development of finite clement models of (11.1) and (11.2) in terms of the 
primitive variables (uv, v, and P). 

In the present study, we shall consider two different finite element 
models of (11.1) and (11.2). The first is a natural and direct formulation in 
which the three equations in u, uv, P are used in their original form. This 
formulation is known as the velocity—pressure formulation. The other is based 
on the interpretation that the continuity equation (11.2) is an additional 
relation among the velocity components (i.e., a constraint on uw and v), and 
this constraint is satisfied in a least-squares {i.c., approximate) sense. This 
particular method of including the constraint in the formulation is known as 
the penalty function method, and the model is termed as the penalty finite 
element model. it is informative to note that the velocity—pressure formulation 
is the same as the Lagrange multiplier formulation, wherein the constraint is 
included by means of the Lagrange multiplier. The Lagrange multiplier turns 
out to be the negative of the pressure. 


11.3 VELOCITY-PRESSURE FINITE ELEMENT MODEL 


The weak forms of (11.1) and (11.2) over an element {2° can be obtained using 
the three-step procedure discussed in Chapter 8 and revisited in Chapter 10 for 
plane elasticity problems. We multiply the three equations in (11.1) and (11.2), 
with three different weight functions w,, wz, and w;, and integrate over the 


boc 
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element: 


[mle d-2 oo) 2 foo )] 2-) 
on] mos 5 (213, “ay Nay * ae Be fag dx dy 


ov oO (= =) | ( =) oP } 
= —_—-— —+—]]-— i 2p—] +—- . 
0 [ mle or ac ay” Ox oy BS ty Kyardy (11.5) 
ou ou 
= —+—itdkd 
0 [ose 5.) » 


where Ww), 12, and w, are the weight functions. The latter can be interpreted 
physically as follows. Since the first equation is the momentum equation and 
Ff, dx dy denotes the force, w, must be like the x component of velocity (x), so 
that the product fiw, gives the power. Similarly, w, must be like the y 
component of velocity (v). The third equation represents the volume change in 
an element of dimensions dx and dy. Therefore, w, must be like a force that 
causes the volume change. Volume changes occur under the action of 
hydrostatic pressure; hence, #3 is like —P; 


Whew, Wet, Wy~ —P (11.6) 


This interpretation is useful in developing the finite element model, because 
w,, for example, will be replaced by the ith interpolation function used in the 
approximation of u. Similarly, s+, will be replaced by the ith interpolation 
function used in the approximation of P. When different interpolations are 
used for (#, v) and P, this interpretation becomes necessary. 

The second step of the weak formulation for the present case needs some 
comments. The integration by parts to distribute differentiation equally among 
the variables (u,v, P) and weight functions (1%, %, ws) helps relax the 
continuity requirements on the finite element approximation functions used for 
u, v, and P. However, in any problem, such trading of differentiability is 
subject to the restriction that the resulting boundary expressions must be 
physicaily meaningful. Otherwise, the secondary variables of the formulation 
may not be the quantities the physical problem admits as boundary conditions. 
Examination of the boundary stress components ¢, and £, shows that the pressure 
term is a part of them [see (11.3c)]. For example, #, is the x component of the 
total boundary stress, which is the sum of the viscous boundary stress, 
2y(0u/Ox)n, + w(Ou/dy + 3u/dx)n,, and the hydrostatic boundary stress, 
—Pn,, Therefore, it is necessary that each term, except the body force term, 
must be integrated by parts in the two momeritum equations. By trading the 
differentiation from P onto’ w, and w, in the two momentum equations, we 
gain both physically meaningful natural boundary conditions and the symmetry 
of the finite element equations, as we shall see shortly. No integration by parts 
is used in the continuity equation, because no relaxation of continuity on and 
v can be accomplished; further, the resulting boundary conditions are not 
physically justifiable. ; : 
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Keeping the above comments in mind, we carry out the remaining two 
steps of the weak formulation. The result is 


o= L | om 5 w ao OW Ou (+S) 
p at ax ox Boy oy ox 
a 
_ oi p _ mfe| dr dy —$ Wt, ds 
ox re 
ou pS a) Ow, au 
— a +) +2 i. 
= [ lomse+ ax Vay” ax) ay ay (1.7) 
a 
_ aap _ Waly | dx dy — 4 Wat, ds 
oy re 
au au - 
0a f (28 aes : 
oe xt ey 


Note that there is no boundary integral involving w;, because no integration by 
parts is used. This implies that P is not a primary variable; it is part of the 
secondary variables (f, and é,). This in turn requires that P not be made 
continuous across interelement boundaries. If P by itself is not specified in a 
problem (but ¢, and ¢, are specified) then P is arbitrarily set equal to a value at 
some node to determine the constant part of the pressure. Thus, P can be 
determined only to within an arbitrary constant. The minus sign in the third 
statement is inserted because P~—w;, which makes the resulting finite 
element model symmetric. 

An examination of the weak form reveals that u and v are the primary 
variables that should be made continuous at interelement boundaries, while P 
is a nodal variable that is not to‘be made continuous across the interelement 
boundaries. Therefore, the Lagrange family of finite elements can be used for 
(a, v, P). The weak form shows that the minimum continuity requirements on 
(u, uv, P) are 


(u, v) linear in x and y 
P constant 


Thus, there are different continuity requirements on the interpolation of the 
velocity field and pressure: 


w= uyyi, v= Dy, P=D Be; (11.8) 
i=i j=l j=l 


where pf and 7 are interpolation functions of different order (rn <a; 
m+1=n), Substituting (11.8) into (11.7), we obtain the finite element model: 
[M4] [0] [e] | f {a} [K"] [K"] [K°] |{ (2) {F} 
[0] [a4] Oly fe} p+) TK") EK*] EK") |) (p= 7 
10] [O} FO] TUL? } [K™] [KE [K™)1UP} {0} 
- (11.94) 
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where (j= 1,2,-..,0;=1,2,...,m) 


M, = [ pyy, dx dy 


[KM] =2u[S"]+ w[S*], [K™]=nfs7], [kK] =[K"]" 
[K”*} = pS" ] + 2u[8?7}, LK] = [0} (zero matrix) 
gut OY Wy dx dy, SP = OH OW dy, SP = Ob Oy, dx dy 


# Joe Ox AX - ax ay . ay 3 
° * oY 41 9b) 


Fi=| fede dy +4 t,t, ds, = | Bide dy +o ty pds 
of rr or re 


We note that [K**}=[0], because the continuity equation does not contain P. 
Therefore, the assembled equations will also have zeros in diagonal elements 
corresponding to the nodal values of P, 

Both triangular and rectangular elements for the velocity~pressure model 
are shown in Fig. 11.1. Since the pressure does not appear at all nodes and it is 
not made continuous between elements (i.¢., a discontinuous pressure 
approximation is used}, the assembly procedure is applicable to only the 
velocity degrees of freedom. Thus, a finite element mesh with N global nodes 
will have a total of 2N + M unknowns, where WN is the total number of nodes in 
the mesh and M is the number of pressure degrees of freedom. 


3 3 
6 5 
i 1 
2 4 2 
@ Nodes with uw, u, P 
al 
1 2 


& Nodes with u,v 
« Nodes with F (constant) 


7 - 
A® 0 O% 
1: 
16 o in? 
5 
FIGURE 11.1 


Linear and quadratic triangular and rectangular finite elernents for the pressure—velocity model of 
incompressible fluid flow, 
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11.4 PENALTY-FINITE ELEMENT MODEL 
11.4.1 Penalty Function Method 


The penalty function method, like the Lagrange multiplier method, allows us 
to reformulate a problem with constraints as one without constraints. The basic 
idea of the method can be described by considering a constrained algebraic 
problem: 


minimize the function f(x, y) subject to the constraint G(x, y) = 0 


In the Lagrange multiplier method, the probiem is reformulated as one of 
determining the stationary (or critical) points of the modified function F, (x, y), 


F(x, y) =f, y) + AGG, y) (11.10) 


, te 
subject to no constraints. Here 4 denotes the Lagrange multiplier. The solution 
to the probiem is obtained by setting partial derivatives of /, with respect to x, 


y, and A equal to zero: ne ‘ 
OF, af, OF, 
= eke Ls il, 
oo 0, By 0, AA 0 (11.11) 


which gives three equations in the three unknowns (x, y, A). 
In the penalty function method, the problem is reformulated as one of 
finding the minimum of the modified function Fp, 


Fox, y= fe, y) + 371G yyP (11.12) 


where y is a preassigned weight parameter, called the penalty parameter. The 
factor 4 in (11.42) is used for convenience: when Fp is differentiated with 
respect to its arguments, the factor will be cancelled by the power on G(x, y). 
The solution to the modified problem is giyen by the following two equations: 


Sf=0, <= (11.132) 


The solution (x,, y,) of these will be a function of the penalty parameter y. 
The larger the value of y, the more exactly is the constraint satisfied (in a 
least-squares sense), and {x,, y,) approaches the actual solution (x, y} as 
y—*, An approximation to the Lagrange multiplier is computed from the 
equation (by comparing 6F;, with dFp) 


A, = ¥GQ,, Vy) (11.135) 


We consider a specific example to illustrate the above ideas. 


Example 11.1. Minimize the quadratic function 
. Fx, y) = 4x? — By? + xy + x -— 3y +5 (11. 14a) 
subject to the constraint 


G(x, y) =2r +3y =0 (11.145) 
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Geometrically, we see that the inflection point of the surface f(, y) that is on the line 
2x + 3y = 0 is the solution. We solve the problem using the Lagrange multiplier method 
and the penalty function method, 


Lagrange multiplier method, The modified functional is 


F(x, y) = F(x, y) + M(x + 3y) (11.15) 
and we have 
oF, 
“x = Ox + 2y + =0 
y ax +2y +64 2A 
oe = ~6y +28 -3434=0 (11.16) 
OF, 
= 2 +3y = 
aa 2x +3y =0 
Solving the three algebraic equations, we obtain 
=-3, y=2, A=7 (11.17) 
Penaity function method. The modified functional is 
Fo, y= F(@ y) + ay(2x + 3yy (11.18) 
and we have 
oF, 
eo + 2y + 64+ 2y(2x +3y)=0 
oF (11.19) 
—* = —by + 2x —3 + 3y(2x + 3y) =0 
ay 
The solution of these equations is 
_ 15-367 _ 18 +24y 
1 Lo64iay’? 56S 1Dy (11.208) 
The Lagrange multiplier is given by 
Sdy 
A, = ¥G(x,, »,) = 1h. 
Ay (ys ¥,) "264 Iay ( 1.20b) 


Clearly, in the limit y->, the penalty function solution approaches the exact solution: 
limx,=—-3, limy,=2 lima,=7 
pos Samad ye 


An approximate solution (11.20) to the problem can be obtained, to within a desired 
accuracy, by selecting a finite value of the penalty parameter (see Table 11.1). 


11.4.2 Formulation of the Flew Probiem as a 
Constrained Problem 


The continuum problem at hand, namely, the flow of a viscous incompressible 
fluid, can be stated as one of minimizing a functional subjected to a constraint. 
From the weak form in (11.7), we have the following linear and bilinear forms, 
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TABLE ill - 
Convergence of the penalty function solution 
with increasing penalty parameter 


¥ %y ¥y Ay E, = 2x, + 3y, 


6 -0.5769 -0.6923 0.0000 —3.2308 
1 500K -3.0000 -6.0000 —6.6000 

10 —3.6702 2.7447 8.9362 0.8936 
100 3.0537 2.0596) = 7.1550) -0,0716 
1,000 -3.0053 72.0058 7152 0.0068 
10,000 -3.0008 2.0006 7.0015 «0008 
a —3.0000 «= 2.0000 7.0000 = 0.0800 


for the steady-state case, when the velocity field satisfies, the consifaint 
bu /Gx 4+ du/dy = 0: 


Iw, Wa) = [, Chew, + fa) dx dy + 7 (f+ 1,144) ds ({L.21a} 


Ow, Ou ow, ov 
Bi(m, ww waa) [asses se) 

((y, 2), (4, v)) =H ot Ox Ox ay Oy 
(= + oe) (4 au 
ay oy ox 
The pressure term does not appear in the bilinear form, and the third equation 
in (11.7) is not used, because the continuity equation is identically satisfied by 
the velocity field (u,v); ie., (4, v) are subject to the constraint aufax + 


auf ay = 0. From the discussion in Chapter 2 [see (2.40)—(2.44)], the quadratic 
functional is given by 


(u,v) =4B((u, v), (wv) -1, vy) 
= LG) +B) 3G) leo 


- [. (fe + fv) dx dy — 7 (tu + tu) ds (11.22) 


=) dx dy. (41.21) 


where the velocity components (u, v) satisfy the continuity equation (11.2). 

Now we state that (11.1) and (11.2) governing the steady flow of viscous 
incompressible fluids are equivalent to minimizing I(x, v) of (11.22) subject to 
the contsraint 


ou ov 
G —+—=0 11.23 
wMests (11.23) 
The constrained problem can be reformulated as an unconstrained problem 
using the Lagrange multiplier or penalty function methods. These are 
discussed next. 
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11.4.3 Lagrange Multiplier Formulation 
In the Lagrange multiplier method, the constrained problem is reformulated as 
one of finding the stationary points of the modified functional 


if{u, vu, A)=I(u, v) +{ AG(u, v) dx dy (11.24) 


The necessary condition for Z, to have a stationary point is that 


6F, = 8,4, + o,f, + Ot, = O 


or (11,25) 


6,4, =, 65, = O, 6, f,=0 


where 6,, 5,, and 6, denote the partial variations (see Section 2.2.4) with 
respect to u, v, and A, respectively. The three equations in (11.25) are exactly 
the same as the weak forms in (11.7), with A=—P, 6u=w,, dv=—5,, and 
6A = —w;. Therefore, the velocity—-pressure finite element model can also be 
termed the Lagrange muitiplier finite element medel. 


11.4.4 Penalty Function Formulation 


in the penalty function method, the constrained problem is reformulated as an 
unconstrained problem as follows: minimize the modified functional 


Jn(u, v) =I, v)+ 4y. | {G(u, u)P dx dy (11.26) 


where the penalty parameter y, can be chosen element-wise. The necessary 
conditions for the minimum of Jp are 

O,dp = 0, 6, fp =0 (11.27) 
We have 


b,lp = 5,1 + ¥ i] G(u, v) 8,G(u, v) de dy 
Qe 


adu Ou Odu (au au 
= ee — —_— | — — _ 
[2 Ox ax M ay (= + lee [. Ou f dx dy 7 Ou é ds 
8du /du du 
a + — a = a 
+Y% L. ax (= >) dx dy=0 (11.282) 


aéu ou Bdu /du du : 
aul=[ [2 Fy ot ax (etsy) eof avs dx dy —$ duty ds 


Odu f/du au 
tre | (StS) aeay =o (11.285) 


These two statements provide the weak forms for the penalty finite element 
model, We note that the pressure, which is the Lagrange muitiplier, does not 
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™ 
appear explicitly in the weak form (11.28), although it is a part of the boundary 
stresses t, and t,. The time-derivative terms can be added to (11.28) without 
affecting the above discussion: 


ou au 
= du 11. 
[Le ou ry dx dy, [e vu ry dx dy (11.29) 
The penalty finite element model is obtained from (11.284,b) with the 


inertia terms (11.29) added, by substituting (11.8) for the velocity field, and 
bu = y, and du = w; 


[la fl (2p (e eH) (11.30) 


fo] (tt Qe}J  LA™] [A Ue} PY 
where F} and F? are as defined in (11.95), and f . 
(KY]=[KY] 4 y[SY, 0 [K7]=[K™] + vis"), (41.30) 


[A] =[K™] + y[5"7] 


The matrices [K**] and [5§**] are defined in (11.94). 
For the unsteady case, (11.9@) or (11.30) are further approximated using 
a time approximation scheme. First, let us write (11.30) in the concise form 
[M]{A} + [K]{A} = (F} (11.32) 
where {A} denotes the vector of nodal velocities. Using the w family of 
approximation [see (8.162)—(8.164}], we reduce (11.32) to 


[Rhai{A}our = (Pert (1.332) 
where . 
[A].1 = (MY + ai[K].41 
{Fhoi= (ot P hse + A — a){F}.) Ater + UM] — ao[K] {A}, (11.336) 
a= @ At, a, = (1 — a} Ag 
The Lagrange multiplier (i.e., the negative of the pressure) for any t>90 
is computed from the equation 


a 
A, = -PY= Gi, v= (S + =r) 


(11.34) 


ex = y 


where (#,, v,) is the finite element solution of (11.33). 


11.4.5 Computational Aspects 


Some comments are in order on the numerical evaluation of the integrals and 
pressure computation in the penalty model. Note that the penalty finite 
element model for the steady case is of the form 


(ul K'] + p[R){A} = (F} (11.35) 


FLOWS OF VISCOUS INCOMPRESSIBLE FLUIDS 493 


where [{K"] is the contribution from the viscous terms and {K*] is from the 
penalty terms, which come from the incompressibility constraint (11.2). In 
theory, as we increase the value of y, the mass conservation constraint is 
satisfied more exactly. However, in practice, for some large value of y, the 
contribution from the viscous terms would be negligibly smail compared with 
the penalty terms in the computer. Thus, in the limit as y tends to a large 
number, we have 


lim (HK + rRNA) ~ (F}) = 0} (11.36a) 


7 [K7]{A} = {0} as yoo (11.36b) 


Thus, if [K7] is a nonsingular (i.e., invertible) matrix, the solution of (11.360) 
for large y is trivial: {A}= {0}. While this solution satisfies the continuity 
equation, it does not satisfy the momentum equations. In this case, the discrete 
problem (11.35) is said to be overconstrained or “locked.” If [K?] is singular 
then the sum w{K'] + y[K*] is nonsingular (because [K*] is nonsingular), and a 
nontrivial solution to the problem can be obtained. - 

The numerical problem described above is eliminated by proper evalua- 
tion of the integrals in [K*] and [K7]. It is found that if the coefficients of [K?} 
{i.e., the penalty terms} are evaluated using a numerical integration rule {see 
Section 9,2) of an order less than that required to integrate them exactly, the 
finite element equations (11.35) give acceptable solutions for the velocity field. 
This technique of under-integrating the penalty terms is known in the literature 
as reduced integration. 

For a linear rectangular element, for example, the coefficients Ky are 
evaluated using 2X2 Gauss quadrature, and K} are evaluated using 1X1 
Gauss quadrature. One-point quadrature yields a singular (K?], Therefore, 
(11.365) cannot be inverted, whereas y[K'] + y.[K?} is nonsingular and can 
be inverted (after assembly and imposition of boundary conditions) to obtain a 
good finite clement solution of the origina! probiem, 

For linear and quadratic triangular elements, it is found that a good 
solution for the velocity field is obtained without using reduced integration on 
penalty terms. For example, the four-point integration (i.e., full inte- 
gration) of [K*} and [K7} for the linear triangular element gives exactly the same 
velocity field as when four-point (2 x 2) integration is used to evaluate [K*] and 
either three- or one-point integration is used for [K’]. Similarly, seven-point 
integration of [K"] and [K?] for the quadratic triangular element gives the same 
velocity field as that obtained using seven-point integration of [K*] and three- 
or four-point integration of [K*]. Since reduced integration saves computa- 
tional time, it is used to evaluate [K7] in the present study. 

Concerning the post-computation of pressure in the penalty model, in 
general, the pressure computed from (11.34) at the integration points is not 
always reliable and accurate. Various techniques have been proposed in the 
literature to obtain accurate pressure fields. It is found that for both triangular 
and rectangular elements, the pressure computed at the reduced Gauss 
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Velocities Pressure 


FIGURE 11.2 


Einite elements for the approximation of velocities and the post-computation of the pressure {open 
circles denote nodes and dark circles integration points) in the penalty finite element model. A 
three-point evaluation of pressure is also suggested when velocities are approximated by quadratic 
polynomials. 


quadrature points {the same integration points that are used to evaluate the 
penalty terms [K*]} is better than that obtained with full integration points. 
Thus, pressure should be computed from (11.34) at the Gauss points of the 
reduced integration. The pressures predicted using the linear elements, 
especially for coarse meshes, are seldom acceptable. Quadratic elements are 
known to yield more reliable results. In general, triangular elements do not 
yield stable solutions for pressures. A mathematical study of the penalty 
elements (mostly rectangular ones) can be found in the work of Oden (1982). 

Figure 11.2 shows linear and quadratic finite elements with integration 
points for the viscous and penalty terms. Other elements and their conver- 
gence and stability characteristics can be found in Oden and Carey (1983). Of 
these elements, only rectangular ones give stable solutions for pressures; and 
for uniform meshes and probiems with smooth solutions, all elements give 
good velocity fields. The reader should be cautioned that pressures produced 
by the penalty elements can be unstable for some problems and coarse meshes, 
especially when triangular elements are used. 

The choice of penalty parameter is largely dictated by the ratio of the 
magnitude of penalty terms to the viscous terms, the mesh, and the word 
length in the computer. Generally, a value of y=10*u-10" gives good 
results. It is found that the pressure is more sensitive to the value of y than the 
velocity field, and triangular elements permit a smaller range of 7 (104 u—-10%2) 
than the rectanguiar elements for good pressures. 


11.5 EXAMPLES 


Example 11.2. Consider the flow of a viscous incompressible material squeezed 
between two long parallel plates (see Fig. 11.3@). When the length of the plates is very 


495 


FLOWS OF VISCOUS INCOMPRESSIBLE FLUIDS 


‘yuespenb g Fo ysour yaw suzuy (gq) 
pazaenbs pny sroosta afqrssauduuoat ae yo waqord a4) 107 


(9) 


TORWOpP Koy oUt JO ASOT (»)} :soyetd wasnyaq 
SoYsoul JUAWIS[S ayuYy pUue sTONIpUce Arepunog 
Tr 2H 


496 FINITE ELEMENT ANALYSIS OF TWO-DIMENSIONAL PROBLEMS 


large compared with both their width and the distance between them, we have a case of 
plane flow (in the plane formed by the plate width and the distance between them). 
Assumining that a state of plane flow exists, we determine the velocity and pressure 
fields. Let V, be the velocity with which the two plates are moving toward each other 
(i.e., squeezing out the fluid), and let 26 and 2a denote, respectively, the distance 
between and the width of the plates (see Fig. 11.3a). An approximate analytical 
solation to this two-dimensional problem is provided by Nadai (1963): 


= Se ( -*) _ a ( x) 
oe toe) UFR oe OR 


Py 3uVea 
Paa@ty—x), P=3p5 
a P, 
0, 2 — P =a (x? — By? ~ a? + 26") , (11.37) 
av P 
0, = 2p Pate ty? a? —2b%) . 
_ feu avy —2R xy 
nye a( SS) = a 


Owing to the biaxial symmetry of the problem, it suffices to model only a 
quadrant of the domain. A 5X 3 nonuniform mesh of nine-node quadratic elements is 
used in the velocity—pressure model, and a 106 mesh of four-node linear elements 
and a 5X3 mesh of quadratic elements is used in the penalty model (see Fig. 11.35). 
The nonuniform mesh, with smaller elements near the free surface (i.c., at x =a}, is 
used to accurately approximate the singularity in the shear stress at the point 
{a, b) = (6, 2}. The mesh used for the penalty mode! has exactly the same number of 
nodes as the mesh used for the velocity-pressure model. There are no specified 


TABLE 18.2 

Comparison of the horizontal velocity u(x, 0} obtained using the penalty 
modelf and the mixed (velocity-pressure) model with the analytical 
solution ; 


y= 10 y=10 y=1¢ Mixed Mixed 
model model Analytical 
x d-node 9-nede d-node 9-mode 4-node @-node &8-node 9-node solution 


1 6.0303 0.0310 6.6563 0.6513 0.7576 0.7505 0.7496 0.7497 0.7500 
2 0.6677 0.0691 1.3165 1.3062 1.5135 1.4992 1.5038 1.5031 1.5000 
3 0.1213 0.1233 1.9911 1.9769 2.2756 2.2557 2.2563 2.2561 2.2500 
4 0.200 0.2061 2.6960 2.6730 3.0541 3.0238 3.0213 3.0203 3.0000 
4.5 0.2611 0.2691 3.0718 3.0463 3.4648 3.4307 3.4331 3.4292 3.3750 
50 6.3297 0.3310 3.4347 3.3956 3.8517 3.8029 3.8249 3.8165 3.7500 
5,25 0.3674 0.3684 3.6120 3.5732 4.044) 3.9944 4.0074 3.9893 3.9375 
5.5 0.4060 0.4064 3.7388 3.6874 4.1712 4.1085 4.1450 4.1204 4.1250 
5.75 0.4438 0.4443 3.8316 3.7924 4.2654 4.2160 4.2188 4.2058 4.3125 
6.0 0.4793 0.4797 3.8362 3.7862 4.2549 4.1937 4.2659 4.2364 4.5000 


+ The three-point Gauss rule for nonpenalty terms and the two-point Gauss cule for penalty terms are 
used for quadratic elements. 
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nonzero secondary variables in the problem. The velocities u(x, 0) obtained using the 
two models are compared with the analytical solution in Table 11.2. The influence of 
the penalty parameter on the accuracy of the solution is clear from the results. 

Next, a 12x 8 mesh of linear elements and a 6x4 mesh of quadratic elements 
are used to evaluate the relative acctiracies of the rectangular and triangular elements. 
The 12 * 8 mesh of linear triangular elements with full integration of [K'] and [K?] [see 
(11.35)] and selective integration (i.c., full integration of [K’] and reduced integration 
of [K*]} both give the same results for the velocity field. However, in both cases, 
erroneous results for pressure and stresses are obtained. The 6x4 mesh of quadratic 
triangular elements with full and selective integrations gives the same velocity fields, 
while the stresses and pressure are predicted to be the same at the same quadrature 
points, Both the 12% 8 mesh of linear rectangular elements and the 6x4 mesh of 
nine-node rectangular elements give good results for velocities, pressure, and stresses. 
Figure 11.4 shows plots of the velocity u(x, y) for x = 4 and 6, and Fig. 11.5 shows plots 
of pressure P(x, y}, for y =constant, computed using the quadratic triangular and 
nine-node rectangular elements. The pressure in the penalty model was computed using 
(11.34) with the 2x2 Gauss mule for the quadratic rectangular element and the 
one-point formula for the quadratic triangular element. Ef the pressure in the penalty 
model were computed using the full quadrature rule for rectangular elements, we 
should obtain erroneous values. The linear triangular element with feil as well as 
reduced integrations gives unstable pressures, while the quadratic triangular element 
with one- or two-point mules yields good results. In general, the same quadrature rule as 
that used for the evaluation of the penalty terms in the coefficient matrix must be used 
to evaluate the pressure, and one should avoid using the linear triangular element, 


The next example deals with the finite element analysis of a lubrication 
problem, . 


Example 11.3. Flow of a viscous inbricant in a slider bearing. The slider (or slipper) 
bearing consists of a short sliding pad moving at a velocity «=U, relative to a 
stationary pad inclined at a smail angle with respect to the stationary pad, and the small 
pap between the two pads is filled with a lubricant (see Fig. 11.64}. Since the ends of 
the bearing are generally open, the pressure P, there is atmospheric, If the upper pad is 
paraliel to the base plate, the pressure everywhere in the pap must be atmospheric 


J 4 
2 2 
L 1 
0 - 4) 
a) i 2 0 2 3 4 3 
Velocity u(4, y} Velocity u{6, y) 
FIGURE 1i4 


Horizontal velocity distributions at x=3 and 6 for the problem of a viscous incompressible fluid 
squeezed between parallel plates (the solid lines represent the anaiytical solutions and the circles 
finite clement results with all elements for the meshes used). 
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Slide block, uw = vp = 0 


ade : 
F t—+ ™ Guide surface (u = Uy, v = 0} 


(3} 


FIGURE 11.6 
Finite element analysis of a slider bearing: (a) geometry and boundary conditions; {b) finite 
element mesh of linear quadrilateral elements, 


{because dP/dx is a constant for flow between parallel plates), and the bearing cannot 
support any transverse load. If the upper pad is inclined to the base pad, a pressure 
distribution (in general, a function of x and y) is set up in the gap. For large values of 
%, the pressure generated can be of sufficient magnitude to support heavy loads 
normal to the base pad. 

Analytical solution. Since the width of the gap and the angle of inclination are in 
genezal small, it can be assumed with good accuracy that the pressure is not a function 
of y. Assuming a two-dimensiona? flow and a small angle of inclination, and neglecting 
the normal stress pradient (in comparison with the shear stress gradient}, the equations 
governing the motion of the lubricant between the pads can be written as 


dP Fu 
mz oy’ uw=u(x,y), uv=0 (11.382) 
with the boundary conditions 
“u=U at y=9 
nd (11.380) 


u=0, for y=ACx) . 
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where 


A(x) = hat tote (11.38¢) 


The solution (#, P} of (11.38) is 


1,,dPy y bul, L th, — AYA — ity) 
(oni (-g), rafgiteemgtd gy 
u (u an deh 1 hy P i (11.39) 
The shear stress is piven by 
_ at dP 1 Ub 
Tay SH (y—ah)-K>, (11.40) 
In our computations, we choose , ~ 
A, =2h,=8% 1074 ft, L=0.36 ft, 
Been (11.41) 


w=8X104IbEsft, %=30fs' 


Finite element solution. It should be pointed out that the assumption concerning 
the pressure not being a function of y is not necessary in the finite element analysis. 
First, we use a mesh (mesh 1) of 18% 6 linear quadrilateral elements to analyze the 
problem. The boundary conditions are given in Fig. 11.6(4), Figure 11.7 shows plots of 
the pressure distributions along the length of the bearing for various values of the 
penalty parameter. The converged pressure is slightly higher than the analytical 
solution. : 

To obtain more accurate solutions, a- graded mesh (mesh 2} of 128 linear 
quadrilateral elements (153 nodes) (equivalently, 32 nine-node quadrilateral elements 
or 64 six-node triangular elements) is used. For this problem, the mesh of quadratic 
triangular elements gives unstable pressures (sce Fig. 11.8), whereas both linear and 
quadratic elements give excellent resuits for velocitics, pressure, and shear stress. 


¥ 
16.0 : 
— Analytical solution . 
S iws8 (penalty) FEM 
18 * 6 mesh 
4 
a 
= ao 
-y 4 
¢ 
a 


4.0 


#08 0.16 0.24 0.32 


FIGURE 11.7 


Influence of the penalty parameter on the variation of the pressure along the length of the slider 
bearing. A mesh of iinear quadrilateral elements is used. 
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Variation of pressure P(x, y)} along the length of the bearing (y, is the y coordinate of the first 
integration point of the first element): O4, four-node quadrilateral elements; Q9, nine-node 
quadrilateral elements; T6, six-node triangular element. 


Figures 11.9 and 11.10 give a comparison of the finite element solutions {for y = 10°) 
with the analytical solutions for the horizontal velocity, pressure, and shear stress. 


The last example of this section is devoted to the transient analysis of the 
problem of Example 11.2. 


Example 11.4 Time-dependent analysis of fluid squeezed between plates. Consider 
the unsteady flow of a viscous fluid squeezed between two parallel plates (see Fig. 


—__ Analytical 
—— FEM (09%) 


Analyticat 
——*+— FEM (09) 
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10 @ Fb 2, 3 4 


(6) 


FIGURE 11.9 

Comperison of the finite element solution u(xp, ¥) with the analyticat solution of the slider bearing 
problem in Example 12.3 (the finite element solution is obtained using 32 nine-node rectangular 
elements). 


Pressure P x 107> 


502. FiNcre ELEMENT ANALYSIS OF TWO-DIMENSIONAL PROBLEMS 


20 
Analytical ” 
~r&~ O4 
154 "77 Qo 
: 
10 * 
iu * 
Pr] 
° —— Analytical 
5 ~~~ Q4 
—e- Go 
0.0 0.4 ; 
x x 
= 
(a) (4}7 
FIGURE 11.10 


Comparison of the finite element solutions for pressure and shear stress with jhe analytical solution 
of the slider hearing problem of Example 11.3: 04, four-node quadrilateral element, 09, 
nine-node quadcilaterial element, The pressure and shear stress arc computed at the Gauss points 
closest to the bottom wail. 


11.3a). The flow is induced by the uniform motion of the plates toward each other. The 
boundary conditions of the model are the same as shown in Fig. 11.3(6). The initial 
boundary conditions are assumed to be zero. 

We use the 6x4 mesh of nine-node quadratic elements, employed in Example 
11.2, to model the problem. Figure 11.11(a2} shows plots of the horizontal velocity 
u(6, y) as a function of y for various times and for two different time steps, and Fig. 
11.11(b) shows the evolution of the velocity (6, 0) with time. The transient solution 
becomes steady around ¢= 1.5 (for a difference of 107* between the sclutions at two 
consecutive time steps). 


11.6 SUMMARY 


Finite element models of the equations governing two-dimensional flows of 
viscous incompressible fluids have been developed. Two different types of 
finite element models have been presented: (i) the velecity—pressure finite 
element model, with (u, v, P) as the primary nodal degrees of freedom; and 
(ii) the penalty finite element mode, with (#, v) as the primary nodal degrees 
of freedom. In the penalty function method, the pressure is calculated from the 
velocity field in the post-computation. The coefficient matrix in the penalty 
finite element model is evaluated using mixed integration: full integration for 
the viscous terms and reduced integration for the penalty terms (i.e., terms 
associated with the incompressibility or divergence-free condition on the 
velocity field). Both triangular and rectangular elements have been discussed. 
In general, trianguiar elements do not yield accurate pressure fields. The linear 
and quadratic quadrilateral elements are more reliable for pressure as well as 
for velocity fields in the penalty finite element model. 
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r= 02, Ar = O.01 
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*o 8 6 


1.0 2.0 3.0 40 


Velocity u(6, y) 
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FIGURE 81.11 
Transient analysis of a viscous fluid squeezed between parallel plates: (a} velocity u{6, y) versus y; 
(b) velocity (6, 0} versus ¢. 


PROBLEMS 


11.1, Consider (41.1) and (11.2) in cylindrical coordinates (r, 8, z). For axisymmetric 
viscous incompressible flows (i.e., where the flow field is independent of 9), we 
have 


Pap aC a TE 0 
ow la aa,, 7 

— = —___ + 
P aorér (19.2) az th ti) 
12 ow bes 
> Or (rn) +3 =9 | (iii) 
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where 
ou rf] 
6,=—-P+2p—, og =—-Pt+2p-, o,=—-P+2e—, O2 =RlaQo tS 
or r Iz 


Develop the semidiscrete finite element model of the equations using the 
pressure—veiocity formulation. 

11.2. Develop the semidiscrete finite element model of the equations in Problem 11.1 
using the penalty function formuiation. 

11.3. Write the fully discretized finite element equations of the finite element models 
in Problems 11.1 and 11.2. Use the @ family of approximation. 

11.4, The equations governing unsteady slow flow of viscous incompressible fluids in 
the (x, y) plane can be expressed in terms of the vorticity and stream function 


y: 


x 
/ 
pe wt=0, b-Vy=9 


Develop the semidiscrete finite element model of these equations. Discuss the 
meaning of the secondary variables. Use the o family of approximation to 
reduce the ordinary differential equations to algebraic equations, 


u=0 
= 
= 
: _ 
p=h= 
FIGURE P15 


FIGURE PIL.6 
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FIGURE P12.7 


41.5-11.7. For the viscous flow problems given in Figs. P11.5-P11.7, give the 
specified primary and secondary degrees of freedom and their values. 

11,8, Consider the flow of a viscous incompressible fluid in a square cavily (Fig. 
P1i.8}). The flow is induced by the movement of the top wall (or lid) with a 


constant velocity #=1.0. For a 4*4 mesh of linear elements, identify the 
primary and secondary degrees of freedom. 


FIGURE Pil.9 
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14.9. Consider the fow of a viscous incompressible fluid in a 90° plane tee. Using the 


symmetry and the mesh shown in Fig. Pil.9, write the specified primary and 


secondary variables for the computational domain. 
11.10. Repeat Problem 11.9 for the geometry shown in Fig. P11.10. 


S 
ol 


FIGURE P11,10 
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12 


BENDING 
OF ELASTIC 
PLATES 


12.1 INTRODUCTION 


The word “plate” refers to solid bodies that are bounded by two parallel 
planes whose lateral dimensions are large compared with the separation 
between them. Geometrically, plates are similar tc the plane clastic bodies 
considered in Chapter 10; however, plates are subjected to transverse loads 
(i.e., loads perpendicular to the plane of the plate). A plate is a two- 
dimensional analog of a beam. Therefore, the deformation of a plate can be 
described by classical plate theory or by first-order shear deformation theory. 
Classical plate theory is an extension of the Euler—Bernoulli beam theory to 
plates, and is known as the Kirchhoff plate theory. First-order shear deforma- 
tion theory is an extension of the Timoshenko beam theory, and is known as 
the Hencky—Mindlin plate theory. A review of these plate theories and 
other refined theories can be found in Reddy (1984, 1990, b). 

Classical plate theory is based on the assumptions that a straight line 
perpendicular to the plane of the plate is (1) inextensible, (2) remains straight, 
and (3) rotates such that it remains perpendicular to the tangent to the 
deformed surface (see Fig. 12.12). These assumptions are equivalent to 
specifying 

€,=0, e€,=0, €,=0 (12.1) 
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Geometry of the undeformed and de- 


Undetormed Deformed formed (x, z) plane for (a) classical plate 
cross-section cross-section theory (CPT) and (4) first-order shear 
deformation plate theary (FSDT). 


In the first-order shear deformation theory, the normality condition, 
assumption (3), is removed (see Fig. 12.16), resulting in a constant state of 
transverse shear strains through the thickness and zero transverse normal 
strain: 


€, = 0, €yz = €y2(%, ¥), exz = €,.(x, y) (12.2) 


Tn this section, we briefly review the governing equations of these two 
theories and develop their finite element models. Let us consider a plate made 
up of several finite elements. The volume of a typical element is V*= 
0° x (—$h,, 4h), where Q° denotes the midplane of the element and , is its 
thickness. The boundary of 2° is denoted by I*. A plate of nonuniform 
thickness can be approximated by elements of uniform thickness. We assume 
that the midplanes of all elements are in the same plane &, the midplane of the 
plate. 
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12.2 CLASSICAL PLATE MODEL 
12.2.1 Displacement Field 
The classical theory of plates is based on the displacement field (see Fig. 12.14) 


aw 
Hox, y, Zz, = U- zy 


ow 
w(x, y, 2, )=u“-z—, 
i(%, ¥, Z, £) ox 


a(x, y, Z, = wx, y, 2) 


ay (12.3) 


where (i,, #2, 43) denote the displacements of the point (x, y, z) along the x, y 
and z directions, and (u,v, w) represent displacements of a point on the 
midplane , y, 0) at time ¢. The equations of motion of the plate can be 
derived using the principle of virtual displacements [see Reddy (1984)], which 
also provides the weak form for the finite element model. For a linear theory 
based on infinitesimal strains and orthotropic materials, the in-plane displace- 
ments {u,v} are uncoupled from the transverse deflection. The in-plane 
displacements (u, v) are governed by the plane elasticity equations discussed in 
Chapter 10. Hence, we discuss only the equations governing the (bending) 
deflection w and the associated finite element model. 
The linear strains due to the displacement w in (12.3) are 


ow 
. 3x? 
€ p=-Z aa (12.4) 
2€xy 

ow 

ax oy 


and ¢,,=0, €, = 0, and €, = 0. 


12.2.2 Virtual Work Statement . 
The principle of virtual displacements for the time-dependent case is 


= 2( Sou ow 4 2d ow) wo 
elo \ Ge Sear ay apar) O°” ae 


+ de, 0, + de, a, +2 de,, 7 av 


— | fdw dedy — § (-M, "+ Va, Sw ) as 12.5), 


Here the first three terms represent the virtual work done by the inertial forces 
in the three coordinate directions, while the remaining terms in the volume 
integral represent the virtual strain energy stored in the plate. The last two 
integrals, one defined on the midplane Q° and the other on the boundary T°, 
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Boundary conditions for plates 
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FIGURE 12,2 


Geometry, moment, and shear force resultants, and various boundary conditions for a plate 


clement. 


denote the virtual work done by the transversely distributed load f and edge 
loads M, and V, (see Fig. 12.2), Since V°=* x (—4h,, 3h.), and the 
displacements, strains, and stresses are separable into functions of x and y 


alone and functions of z, 


F(x, y, z) =a, y)f(z) 


we can write the volume integral as 


[. () dv -{ 0) de dx dy 


nif? 


(12.62) 


(12.66) 


Substitution of (12.3) and (12.4) for virtual displacements and strains into 
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(12.5) and integrating with respect to z, we obtain 


Sw dw, Sw déw, Fw 
= 4+ — hos tt he 
0 (awk a?’ ax axa” ay 25, ar? 


aw Sdw dw 
~ Me ax? * By? 2My dx By -f6w) dx dy 
a6 
- $ (-M, s+ V, éw] ds (12.7) 
im an . 
where (M,, M,, M,,) are the bending moments (see Fig. 12.2), 
hie Hf Afd 
M,=-| a,2dz, M,= i ozdz, My=| Gyzdz (12.8) 
-hi2 —Af2 —hi2 \ 
f 
and J, and J, are the mass moments of inertia, 
Aid #2 A 
h= { pdz=ph, = [ pz? dz = iiph? (12.9) 
hid eerie 


Note that M, and M,, denote the normal and twisting moments on an edge, 
and V, is the shear force. it can be shown that, for a linear orthotropic 
material, the bending moments are related to the derivatives of the transverse 
deflection w: 


where D, are the plate rigidities, 
E,h? E,he 
~Jnn D2 = FF 
1201 — vi2¥21) 12(4 — Vi2Va1) 
12(1 — Vi2V23)" 
The boundary forces M, and V,, can be related to M,, M,, and M,, by 


OMns 
M, =M,n2?+ Mjnt+2M, nny, V,=G,+ ae 
a ow ow 
Qa Dane + Oary + HS Gam +5 5a) 


Mus = (My — Mitty + M,(ni — 13) 


Diy 


(12.11) 


Dy Deg = pGyph* 


(12.12) 


aM, &M, aM,, 2M, 
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where (#,, #,) are.the direction cosines of the unit normal on the boundary I°. 
Substituting (12.10) into (12.7) yields the weak form of the problem: 


ow déw, Sw s6w_ aw 
o= L, [51S af tay PS ae* ay By ae 


& we Hw adw ow Sw) Fdw 
+ (Da Sat Das) at (Dart Dad) aye 
ow F bw 
_§ | 
6 ay oy ax ay wf | dx dy 
~$ (-m, "+ V, bw) ds (12,13) 
rt on 


It is informative to note that the differential equation governing w is 


om aw oe) Fe “( Ow ow) 
x? 5p (Pu Ss z+), ay?s ay? PuZat 

a ow aw Fifw ow 
+a (2ic3-5,) -F + Se ~ 32 (age 2+ oy 


(12.14) 


Note that the expressions in parentheses in the first three terms are the 
bending moments —M,, ~A£,, and —M,,, respectively [see (12.10)]. 

Of course, we can construct the weak form of (12.14) using the three-step 
procedure. We obtain 


o?y ow Swy\ av ay ew 
= le (Du Sz ax? + Dn ay? 3) + ay? (Dass + Daz od) 


eu ew f+ hvow 
% ax ay ax dy wert 


“fol Gea 


+ [= Oar + Meyty) +S (Mone + My) | ds (12.15) 
im ox oy 


+2(2 Pw ou rw 7%) ed 
ar’ *\by ax oP * dy By OP * 


+ (Be aM), +f ow ; aw n)|a 
ax ay Ft Nar a" ay ar” 


where uv denotes the weight function, which can be interpreted as the first 
variation, dw=v. Next, we convert the derivatives with respect to the 
rectangular coordinates (x, y) to those with respect to the local, normal and 
tangential, coordinates (7, s). We use the identities 


au du ou ov ou av 
a an By? By a5 Sp (12,16) 
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in the boundary integrals of (12.15). The boundary integrals become 


a ou eu 
-f vO, ds ¢ (= 1+ My) ds 12.17 
p v0 + Aon M, a, ds ( ) 
where @,, M,, and M,, are the quantities defined in (12.12). The second term 
in the second integral is integrated by parts to yield the final expression 


-$ [»( ; +2) 2M, ds (12.18) 


The expression in parentheses is denoted by V,, and its specification is known 
as the Kirchhoff free-edge condition. We assumed that [vM),.}, = 0. 


me 
f 


12.2.3 Finite Element Model 


An examination of the boundary terms in the weak form (12.13) suggests that 
the essential boundary conditions involve specifying the transverse deflection w 
and the normal derivative of w, which constitute the primary variables of the 
problem (cf. the Euter—-Bernoulli beam model}. Hence, the finite element 
interpolation of w must be such that w, dw/dn, and dw/ds are continuous 
across the interelement boundaries. Note that 3/dn and 4/9s are related to the 
global derivatives 3/ax and 8/dy by the relations [the inverses of those in 
(12.16)] 


a 98,,8 8,8 8 
za. x = Hy 7. 
an ax By? as ay ax 


(12.19) 


Thus, the primary variables at the nodes should be [this also follows directly 
from (12.15)] 


or ow 
W, Wo Zl 
ox Oy 


Finite elements that require continuity of w and its first derivatives are called 
C’ elements. 
Suppose that w is interpolated by expressions of the form 


wad AbG,9) (12.20) 


where A, denote the nodal values of w and its derivatives, and (x, y) are the 
Hermite interpolation functions. A rectangular element with four nodes, with 
(w, Sw/dx, dw/dy) at each node, requires the 12-term (2 = 12} polynomial 
approximation of w to obtain expressions for ¢;: 


way tax tasy + agxy tasx’ tay” 
+ apx’y +agxy? +a tay? taux y +apxy? (12.21) 


foo 
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The polynomial is not a complete fourth-order polynomial; it is a complete 
third-order polynomial. For a three-node triangular element, the nine-term 
(# =9) polynomial is selected to obtain ¢,: 


W= a +aox t+ aay + ayxy + asx? + ayy? + aq{x?y + xy?) + agx? + ay? 
(12.22) 


This is an incomplete third-order polynomial, because x’y and y*x do not vary 
independently. 

Some comments are in order on the interelement continuity of w and 
dw/On for the four-node rectangular element (»: = 12) and three-node triangu- 
lar element (2 =9). First let us consider the rectangular element. We note 
from (12,21) that w varies as a cubic along any line x =constant or 
y =constant. Along a given side, there are two nodes and two values (w and 
its normal derivative) per node to define the cubic variation uniquely. Hence, 
w is uniquely defined along the element boundary and is continuous along 
interelement boundaries. The normal derivative, say, Ow/ax on a line 
x* =constant, also varies as a cubic function of y along the side, Since only 
two values of Gw/x are available on the line, the cubic variation cannot be 
uniquely defined, and the normal slope continuity is not satisfied. In addition, 
&w/dx dy is not single-valued at the corner points of the element. Elements 
that violate any of the continuity conditions are known as nonconforming 
elements. Thus the four-node rectangular element with w represented by 
(12.21) is a nonconforming element. We denote it as CPT(N). Despite this 
deficiency, the element is known to give good results. A similar discussion 
leads to the conclusion that the three-node triangular element is nonconform- 
ing. In addition, the triangular element is found to have convergence problems 
and singular behavior for certain meshes. The triangular plate bending 
elements will not be discussed in this study. The four-node element with 
(w, Ow/dx, aw/dy, Hw/ax dy) as nodal degrees of freedom requires a com- 
plete quartic polynomial (obtained from the tensor products of the 1-D 
Hermite cubie polynomials). This element is a conforming element, and it is 
denoted as CPT(C). The conforming and nonconforming rectangular plate 
elements are shown in Fig. 12.3(a). The interpolation functions for the two 
rectangular elements are listed in Table 9.1. For further discussion on various 
plate bending elements, the reader is referred to Zienkiewicz and Taylor 
(1991) and references therein. 

Substitution of (12.20) for w and 6w = $; @=1,2,...,”) into (12.13) 
gives the finite element model 


[MHA + (KA) = (79 + (0) (12,23a) 


where 


_ Hh: Hy LUPO, PO, 84; 
x =| [Ps Bx? axe? P of ax? By? * by? 5) 
ao; Fo, Hp, oy, 
ay? dy? + AD eso By Ox =| 


+ Dn 
(12.238) 
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FIGURE 12.3 

Finite elements for (a) displacement 
and (&) shear deformation models of 
(5) plates. 
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The rotatory inertia, L = hph*, where h is the plate thickness, is neglected in 
most books. This completes the development of the classical plate bending 
finite element. 


12.3 SHEAR DEFORMABLE PLATE MODEL 
12.3.1 Displacement Field 


Of all the shear deformation plate theories available in the literature [see 
Reddy (1989, 1990e, 6) for reviews], first-order shear deformation theory 
(FSDT) is the one most commonly used in the modeling of thick plates. The 
first-order theory is based on the displacement field (see Fig. 12.15) 


wsautzd,, Uw=vtzZm,, w=Ww (12,24) 


where (u, u, w) are the displacements of a point (x, y, 0), and , and @, are 
the rotations of the transverse normal about the y and x axes, respectively. 
Once again, we develop the equations governing the bending deflections 
(w, @,, y) only, because the in-plane displacements (u,v) are uncoupled 


from (w, xs p,)- ~ 
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The bending strains associated with (12.24) are 


a) 2 O,/dx 
& z 8¢,/ dy 
2é,, p= 4z(O,/ Ay + Bgh,/ Ax) (12.25) 
Eee ob, + Aw/ax 
26 y, hy + Aw/dy 


Note that the transverse shear strains are nonzero and €, = 0, 


12.3.2 Virtual Work Statement 


Substituting the displacement field (12.24) and strains (12.25) into the 
statement of the principle of virtual displacements, we obtain 


Po. Fp 
_ 2 27 Py 
0= [ (6¢. pz re + dy, pz a 


a 
+ dw port be, 0, + de, 0, 
$2 Sey Oy +2 Seq, Og, +2 Sky, Se) dV -[ bw fide dy 
go 


_ ; (3, M, + bo, Mas + dw Q,) ds 
F lad 


_ ow ao, at , ado, 354, 
| 7 [. [6 OW ap * 139, ae OPy ays ) tM TM 
| ad@, 206.) 26%) 
+ Ma,( ay toe +0,(50.+ = 
adw 
+ 02, (54, + oe) - dwt dx dy 
~ } (54, M, + og, M+ ow 2) dy (12.26) 
rr 


where M,, M,,, and Q,, are defined by (12.12), and 


fe 3 Fi2 
2, =| a,, dz = Ass( 6, + =). 0, =[ O,, dz = Au ¢, + *) 
ox An ¥ 


ap,  o¢ 
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Here & denotes the shear correction coefficient (k = 3). This coefficient is 
introduced io account for the discrepancy between the distribution of 
transverse shear stresses of the first-order theory and the actual distribution 
(see Section 4.4 on the Timoshenko beam element}. Equation (12.26) contains 
three weak forms for the three displacements (w, ¢,, Py): 


aw adw adw 


a= oe (15 dw + QO. + 0, fw) a dy — Bw @,, ds 


oO, a6, a6g, . 
= é _ ——— 
0 I. (, be SEE + My SPE + May SE Oe 56.) dx dy 
-4 So. (M,lty — Mastty) ds (12.28) 
r f 
O= | (: by oe + My 22% + M, 2824, 64,) dx dy 
ce ot ax iy e 


- $ dp, (M,ny + M,,f,) ds 
re 


The governing differentia! equations of first-order shear deformation 
theory are 


(12.29) 


where (Q,, Q,, M,, M,,, M,) are defined in (12.27). The three-step procedure 
of developing weak forms can be used to develop the weak forms of (12.29), 
which will be equivalent to those fisted in (12.28). To see the equivalence, the 
following identities must be used: 

My tt, — Mysty = M,n, + Miyn, = M,, 

My, + Myatt, = Myynz + Mynty = My (12.30) 


Py = Pallx — Pity, dy = Pally + On, 


12.3.3 Finite Element Model 


We note from the boundary integrals that the primary variables of the theory 
are (w, #,, ¢,} and the secondary variables are (O,, M@,, M,s.) [or a linear 
combination of Q,, Q,, M., M, and M,,; see (12.12)]. Therefore, the 
Lagrange interpolation of w, @, and @, is admissible for the first-order theory. 
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We assume finite element interpolation of w, @,, and @, in the form 


at vit 


w= DWP}, be =2 Sty?,  $, = 2 Sip? (12.31) 
a Ff 


j=1 


where ¥; and y} are interpolation functions used for w and (¢,, ?,); 
respectively. In general, yj and yf are polynomials of different degree. 
However, in the present study, we take y= 7 = y,. This choice, as discussed 
for the Timoshenko beam element, requires the use of reduced integration for 
the evaluation of stiffness coefficients associated with the transverse shear 
strains. Substituting (12.31) into (12.28), we obtain the finite element model 


[mM] [O} fo} | ( 9} [K"] [K"?} [K®]}]( {v} {F} 


[M™] [0] 14 {5*} ¢ + [K™] [K™} [4 (S*} p=9 {F?} 
symmetric [AM] | | {5°} symmetric [K**]_] ({58"} {F7} 
(12.322) 


where 
M} =hMy, MP = MP =BM;, My= [. wirp, dx dy 


Ow, Oy, sb Su) 
1 _ it all | pile dal | 
Ky ime SS oy ay + Aas ay ay dx dy 


ay, ay, 
KY? _ A cae dn ' KB = [ A i 
y oe 55 Ay WY, dx dy if os a4 ay wy, dx dy 


22 BYIS Yi oY oY; 
Kj [ (2. Bx Ox + Deg ay ay + Assia, ) dx dy (12,32b) 


- OY Oy sect) 
Ki'= (De ax oy + Dee oy ax ded 


oy, ay Oy, Oy, ) 
33 ais Sniey 
Ki [ (Be Be bet OP ay yet Away) de dy 


Fi=| fdrdy +4 Oude, Fi=$ Sands, Fab Mapas 
ae re r 


The element stiffness and mass matrices in (12.32a) are of order 37 X 3H, 
where # is the number of nodes per element. When the four-nade rectangular 
clement is used, the element matrices are of order 12x 12, while they are 
27 X 27 for the nine-node element (see Fig. 12.35). 


12.3.4 Shear Locking and Reduced Integration 


It should be noted that the inclusion of the transverse shear strains (i.e., terms 
involying A, and Ass) in the equations presents computational difficulties 
when the side-to-thickness ratio of the plate is targe (i.e., when the plate 
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becomes thin). For thin plates, the transverse shear strains 2¢,, = p, + Ow/dx 
and 2€,, = @,y + Ow/dy are negligible, and consequently the element stiffness 
matrix becomes stiff and yields erroneous results for the generalized displace- 
ments {;, S7, Sf}. This phenomenon is known as shear locking, and it can be 
interpreted as being caused by the inclusion of the following constraints into 
the variational form [see Reddy (1979, 1980) and Averill-and Reddy (1990, 
1992)}: 


d+ 52=0, gy +5750 (12.33) 


The energy due to transverse shear strains (i.e., the penalty term) in the 


total potential energy of the shear deformable plate is given by 
7 


Y [aula +2) +A0( 00+) | tay 12.34 


The locking observed in the displacement finite element model of the 
first-order theory is the result of the fact that the discrete form of (12.33) is not 
satisfied when the plate is very thin. Of course, when the plate is thick, the 
relations (12.33) do not have to be satisfied, and the locking does not occur (at 
least, it is not severe enough to give completely wrong results), However, for _ 
thin plates, the constraints (12.33) are valid but not satisfied in the numerical — 
model, and we therefore face the same problem as in the Timoshenko beam 
model. Therefore, we use the same remedy as before: reduced integration to 
evaluate stiffness coefficients involving the transverse shear terms. For ex- 
ample, when a four-node rectangular element is used, the one-point Gauss rule 
should be used to evaluate the shear energy terms (i.e., terms involving Ax, 
and Ags), while the two-point Gauss rule should be used for all other terms. 
When an eight- or nine-node rectangular element is used, the two- and 
three-point Gauss rules should be used to evaluate the shear and bending 
terms, respectively. For the triangular elements, we use one- and three-point 
integrations for transverse shear stiffnesses in the linear and quadratic 
elements, respectively. However, in the present study, we shall not consider 
triangular plate bending elements. 


12.4 EIGENVALUE AND TIME-DEPENDENT 
PROBLEMS 


Equations (12.234) and (12.324) can be reduced to appropriate forms 
depending on the type of analysis. For static analysis, we set the inertia term 
{A} equa! to zero and solve the problem 


[K]{A} = (F} (12.35) 
For natural vibration problems, we replace the inertia term by 


{A}=—e7{A} (or {A} = (Ache) 
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Then (12.234) or (12.32) takes the form of an eigenvalue problem: 
([K*] — @7[M°]){Ag} = {0} (12.36) 


For buckling analysis {i.e., to determine the vatue of the in-plane compressive 
force at which the plate buckles), we replace the mass matrix in (12.36) with 
the stability matrix {G], and w” with the buckling toad A. This expression 
comes from the in-plane force due to the nonlinear inplane strains 
{underlined): 


coo} (0288, go (28) 
~2N\ax 2 2 . 
—— (12.37) 


For classical plate theory, {G] is given by 


_1 [xp 9P: 9b 5 9G:PH, (=e 3620) 
Gy= | [® Be ax ay ay t No Se ay oy gee) | aay (02.38) 


where N,, N,, and N,, are the applied in-plane force resultants. The 
eigenvalue A represents the ratio of the actual buckling load to the applied 
in-plane forces: 


A=N,/N, = N,/Ny = No/Re, (12.39) 


For first-order shear deformation theory, only [A¢"'] in (12.32) is replaced by 
[G] (with $; = y,), and [M”] and [Mf] are set equal to zero. Hence, the 
stability matrix is not positive definite, requiring special eigenvalue solvers for 
the first-order theory. 

To solve a time-dependent problem, one must approximate the time 
derivatives in (12.23a) or (12.32a) to obtain algebraic equations relating {A} at 
time ¢+ At to {A} at time ¢, where At is the time step. In the Newmark 
integration scheme, the vectors {A} and {A} at time ¢=(s+1)Af are 
approximated by the expressions 


(A}ser=(A}, + (1 — a) {A}, + Alga) At 
{A}sa1 = {A}, + {A}, Att 3((1 — y) {A}, + vf} (AN? 


where @ and y are parameters that control the accuracy and stability of the 
scheme, and the subscript s indicates that the vectors are evaluated at the sth 
time step (i.e., at time ¢ = 5 Af}. 

Rearranging (12.23a) and (12.40), or (12.324) and (12.40), we obtian 
[see (8.171)-(8.174)] 


(12, 40) 


[Khvi{A}.o = Py. es1 (12.41a) 
where {A},,1 denotes the value of {A} at time ¢=(s+1) Ag s being the time 
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step number, and 
[Kai =[K].a1 + a{MJoa1 

(Py ocr = 4F your + [M]eri(as{A}, + aqf{A}, tas{A}.) (12.416) 

ay st 

oy (At 


Once the solution {A} is known at time #,,,=(s + 1) Af, the first and second 
derivatives of {A} (velocity and acceleration) at f,,, can be computed from 


{A} = ax({A}s41 ~ {A}.) ~ as{A}, ~ as{A},, 


(Ahsan = {A}, + a,{A}. + a{A}e+t 
where a, = a At and ag= (1 — &) At. ; *. 


1 
a4 = Gy Af, as=——1 
¥ 


(12.42) 


12.5 EXAMPLES f 


Here we consider several numerical examples of plate bending, involving 
plates with different boundary conditions. Figure 12.2 shows yarious types of 
boundary conditions on an edge of a plate element. When the edge is parallel 
to the x or y axis, the normal and tangential components of a variable become 
the y and x (or x and y) components, respectively, of the variable. For classical 
plate theory, @, and @, in Fig. 12.2 must be replaced with —dw/dn and 
-8w/s, respectively. In all cases, the stresses are computed at the reduced 
Gauss points [see Barlow (1976, 1989)}. 

The first example deals with the effect of reduced integration on the 
deflections and stresses of a simpiy supported plate as computed using the 
shear deformable plate element. 


Example 12.1. Consider a simply supported, isotropic, square plate subjected to a 

uniformly distributed transverse load f,. We shall solve the problem using the classical 

and shear deformable plate bending elements. Owing to the biaxial symmetry, we need 

model only a quadrant of the plate. The essential boundary conditions at simply 

supported edges (x = ja and y = 3a), for the first-order theory, are (see Fig. 12.4) 
w=0, $,=G at x=4a 


12.43 
w=0, ¢,=0 at y=ja ( ) 


The essential (or peometric} boundary conditions along the symmetry lines (x = 0 and 
y =O) are ; 


(0, ¥) = $,(, E)=0 (12.44) 


The natural or force boundary conditions, which enter the finite element equations 
through the forces {F’}, are 


QO,=0 along x=0 and y=0 
M,=0 along y=0 and x=4a (12.45) 
M,=0 along x=0 and y=4a 
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FIGURE 12.4 

Geometry and coordinate system used for a square plate: CPT, classical plate theary; FSDT, 
first-order shear deformation theary, Boundary conditions for simply supported (quantities with an 
asterisk only) and clamped edges are shown for both theories. Boundary conditions along the lines 
of symmetry are also shown, 


The essential boundary conditions for a quadrant, when using the classical plate 
elemeat, are shown in Fig. 12.4, 

For a linear (four-node) rectangular element of shear deformation theory, the 
contribution of a uniformly distributed load f, is given by 


fy pity 
=| [ fot de dy = Yich, f (12.46) 


where f, and f, are the plane-form dimensions of the element. This contribution goes 
to the first, fourth, seventh, and tenth nodal degrees of freedom of the element 
(corresponding to w). For classical plate theory, the nodal forces are computed using 
the definition 


f= | fomardy (12.47) 


Except for the nodal forces given by (12.46) and (12.47), all other specified nodal forces 
of the problem are zero. 

The effect of reduced integration, thickness, and mesh on the center deflection 
and stress is investigated, and the results are presented in Table 12.1. The nondimen- 
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FABLE 12.1 
The effect of reduced integration, thickness, and mesh refinement on the 


center deflection and stress} of a simply supported, isotropic (v= 0,25}, 
square plate under a uniform transverse load f, (Example 12.1) 


te 


1xi 2x2 4x4 2x2 
linear linear linear quadratic Exact} 
ajh Integration # a, ¥ a, iy &, 0 a, w a, 
F 0,964 0.0182 2.474 0.1185 3.883 0.216 4.770 0.2899 
10 xy 3.950 0.0053 4.712 0.2350 4.773 0.2661 4.799 0.2715 “79 0.2762 
F 0.270 0.0053 0.957 0.0476 2.363 0.1375 4.570 0.2683 
2 ong 3,669 0.0954 4.524 0.2350 4.603 0.2660 4.633 0.2715 4.625 0.2762 
F 0.0695 0.0014 0.279 0.0140 0.9443 0.0558 4.505 0.2699 
4 Me -35509 0.0953 4.375 0.2349 4.560 0.2661 4.502 o.2714, 29M 0778? 
F 8.0045 0.0001 0.182 0.0002 0.6515 0.0386 4.496 0.2667 
50 ve 3150000053 4.472 0.2350 4.555 0.2660 4.587 0.2714 4°”? 0.2762 
F DOLL 0.0002 0,047 0.0024 0.182 0.0108 4.482 0.2664 
100579 010953 4.465 0.235 4.548 0.2661 4,580 0.2715 497 8.2762 
CPT(N) 5643 0.2599 4.857 0.2738 4.643 0.2758 — — 4.570 0.2762 
CPT{C) 4638 0.2616 4574 0.2714 4.570 0.2750 — — 4.570 0.2762 


I 
tHe wet xO ha", a, = 0,{A, A, adhe e”, A= ho (i x1 finesr), ia (2X2 linear}, a (4x4 
finear}, 0.05283 (2 x 2 quadratic). 

£From Reddy (1984). 


sionalized center displacement and stress are defined as 


0, Eh? x 10° AN? 1 
WO hee. a.=( ) = 0,(A, A, £3) (12.48) 
hoa to 
where A is the Gauss-point location with respect to the (x, y) system located at the 
center of the plate: 


2 


y= 


i 


2x204 4X%4Q4  2x2Q9_ 


A 0.125a 0.06254 0,05283a 


a 


where Q4 denotes the four-node rectangular element and Q9 the nine-node rectangular 
clement. 

In Table 12.1, F denotes full integration for all terms, and M denotes mixed 
integration: full integration for bending terms and reduced integration for the shear 
terms. The following observations can be made from the results of Table 12.1: 


1, The nine-node element gives virtually the same results for full (3 x 3 Gauss rule) and 
mixed (3X3 and 22 Gauss rules) integrations. However, ihe results obtained 
using the mixed integration are closest ta the exact solution. 

2, Full integration gives less accurate results than mixed integration, and the error 
increases with an increase in side-to-thickness ratio. This implies that mixed 
integration is essential for thin plates, especially when modeled by lower-order 
elements. 
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3. Full integration results ia smaller errors for quadratic elements and refined meshes 
than for linear elements and/or coarse meshes. : 

4. The conforming plate finite element CPT(C) gives accurate results when compared 
with the nonconforming plate element CPT(N}. 


Table 12.2 gives the natural frequencies of the simply supported plate, obtained 
using various elements and meshes. Note that classical plate theory overpredicts the 
natural frequencies, 


The next example deals with a clamped square plate under a distributed 
transverse load. The mixed integration rule is used in the evaluation of stiffness 
coefficients of the FSDT model. 


Example 12.2. Consider an isotropic (v=0.3) square plate under a uniform load of 
intensity fo. We shall consider clamped boundary conditions (see Fig. 12,4}, Note that, 
for the case of the conforming displacement model based on CPT, we must also specify 
the boundary conditions on the cross-derivative d°w/dx dy. Once again, we exploit the 
biaxial symmetry and model only 2 quadrant of the plate. 

Table 12.3 gives the center deflection W = w(0, G)D x 10?/fa* [D = FR°/12(1 — 
v)] and center normal stress 3, = 0,(A, A) x 10/f, as obtained using uniform meshes of 
the two types of elements: CPT(N) and CPT(C}. In both models, the point 


TABLE 12.2 
The first three symmetric vibrational frequencies 


(@ x 10’) of an isotropic simply supported square 
plate obtained using classical and shear deformation 
theories (a/h = 10) 


Theory Mesh Bry ry Wa, 


1x104 0.0746 _ _ 
2x2 Q¢4 0.0608 0.4473 0.4810 
4x44 0.0579 0.2913 0.4654 


FSDT : 
1x109 0.0575 0.4030 0.5476 
2%2 09 9.0576 0.2651 0.4342 
Exact 0.0569 0.2552 0,4217 
1xtQ4 0.0535 6.3118 0.3565 


(0.0597) (0.2912) (0.3360) 

2x2Q4 0.0567 0.2762 0.4406 

CPTY (0.0584). (0.4842) (0.4842) 
4x4Q4 0.0579 0.2792 0.4665 

(0.0584) (0.2821) (0.4900) 

Exact 0.0584 0.2829 0.4943 


fNumbers without parentheses are computed using the noncomforming 
element and those in, parentheses are computed using ihe conforming 
clement [@ = w{p/E) afr}. 
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TABLE 12,3 

Comparison of the center deflection and 
normal stress of a clamped square plate 
under a uniformly distributed load as 
obtained using various finite clement 
meshes (Example 12.2) 


pe 
Displacement mode! 
{FSOT; aff: = 10) 


Displacement =—-————— 
Mesh model (CPT) Linear Quadratic 


Center deflection + 


Ex1 8.1943 0.0357 _— 
2x2 0.1265 0.1459 Q.1737 , is 
4x4 0.1266 0.1495 0.1586 
Exact 0.1266 
Center stress G, 
1x1 = 2.443 6.000 — 
2x2 = Ld 1.142 132) 
4x4 1,381 1.333 1,345 
en 
(x, y) = (A, A) is defined as follows: 
a 
Location A 
a 
Element type . 1x1 4x2(1xX1) 4x4 (2x2) 8X8 XA) 
ee 
CPT model 0.05635e 0,02817a 0.014092 0.03125a 
linear 0.254 0.123a 0.06254 0.03125a 
FSDT model quadratic — 0.10572 0.0528a 0.026424 


i 


The distance is measured from the center of the plate. The numbers in parentheses 
above denote the mesh of quadratic Q9 (i.e., nine-node) elements. Clearly, beth finite 
element models exhibit good convergence characteristics. The difference between the 
CPT and FSDT is attributed to the inclusion of transverse shear strains in FSDT. 


The next example deals with a simply supported orthotropic plate under 
a uniformly distributed transverse load. 


Example 12.3. Here we consider an orthotropic plate with the following (graphite-- 
epoxy) material properties (Va = VigEof Ey): 
E,=31.8x 10% psi, £,=102x10%psi,  ¥n=031, Ge=Go= Gy = 0.96 psi 
(12,49) 


The nondimensionalized center deflection # and normal stress G, obtained using 
the conforming CPT(C) element and the FSDT element are compared in Table 12.4. 
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TABLE 12.4 
Comparison of the center deflection 


(®=wH x10°/fpa*) and normal stress : 
(6,=0,X10h7/fa7)} of a  graphite~ 
epoxy, simply supported square plate un- 
der a uniform transverse load (Example 


12.3) 
Bisplacement model 
(FSDT; a/h = 1) 
Displacement §=£—§£———— ———_ 
Mesh model (CPT) Linear Quadratic 
Center deffection 
2%2 9.9220 1.2545 1.2715 
4x4 = 9.9224 4.2186 1.2147 
8x8 0.9224 1.2152 1.2147 
Exactt 0.9225 1.215 
Center stress 3, 
2X2 7,678 6.277 7.192 
4x4 7.616 7256 7.399 
&x8 7.600 7.449 4B 
Bractt 7.595 7512 


+ From Reddy (1984); H = 2D), + 2D,,- 


The final example deals with the transient response of an isotropic plate 
subjected to a sudden uniform patch loading. 


Example 12.4. Consider an isotropic {v=0.3, p =1.0), simply supported, rectangular 
plate (a/b = V2, A/b =0.2) under a suddenly applied uniformly distributed load on a 
square {c/b = 0,4) area at the center: 


ajb=V2, Ar=0.01 


1 for O<x,y<0.2 (12.50) 


f =fix, YA, where folx, y) = {o for x ¥ >O.2 


and H{f is the Heaviside unit step function, The geometry and boundary conditions 
are shown in Fig. 12.5. A nonuniform mesh of 4% 4 nine-node shear deformation 
elements is used in a quadrant of the plate. 

The center deflection and bending moments of the present linear analysis are 
compared with the analytical thick- and thin-plate solutions of Reismann and Lee 
(1969) in Fig. 12.6. We note significant difference between the solutions of the two 
theories. The present finite element solutions for the center deflection and bending 
moment are in excelent agreement with the thick-plate solution of Reismann and Lec. 
Since the bending moment in the finite element method is calculated at the Gauss 
points, it is met expected ta match exactly with the analytical solution at the center of 
the plate. 
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porcotone 
My. =0 
I be =f 
10.2 

b=1 a — 
t Uniform-to to FIGURE 12.5 
i load a | Domain, boundary conditions, and finite 
1 element mesh for the bending of a rectan- 
t-------- gular plate under a suddenly applied pulse 
lL, q loading at the central square area. 
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FIGURE 12.6 

Comparison of the finite element 
solution with the analytical solu- 
tion for a simply supported rec- 
ianguiar isotropic plate under a 
suddenly applied pulse loading at 
the central square area. 
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12.6 SUMMARY 


Finite element models of the classical (i.e., Kirchhoff) and first-order shear 
deformation plate theories have been developed in this chapter. The classical] 
plate theory requires C‘ continuity of the transverse deflection w (i.e., the 
deflection and its derivatives are continuous between elements), whereas 
first-order shear deformation theory requires C° continuity (i.e., only the 
variables are continuous between elements) of the generalized displacements 
(wv, dy, ¢,). Triangular and rectangular elements with C’ continuity have been 
discussed. Two four-node rectangular elements, one with (w, Ow/dx, dw/dy) 
and another with (w, dw/dx, dw/dy, w/ax dy) as degrees of freedom, have 
been presented. The first does not satisfy continuity of the normal derivative 
along element sides, and is called a nonconforming element, The second is a 
conforming element. Linear and quadratic rectangular elements of first-order 
shear deformation theory have been developed. They require selective 
evaluation of the stiffness coefficients. The bending stiffness coefficients are 
evaluated using full integration and the transverse shear stiffness coefficients 
are evaluated using reduced integration to avoid the shear locking that occurs 
when these elements are applied to thin plates. Finite element medels of 
vibration, stability, and static and dynamic response have been developed for 
the two theories. 


PROBLEMS 


12,1-12,9, For the plate bending problems (CPT and FSDT) given in Figs. P12.1- 
P12.9, give the specified primary and secondary degrees of freedom and their 
values for the 44 meshes shown. The dashed lines in the figures indicate 
simply supported boundary conditions: those of types “simply supported 1° and 
“simply supported 2” (see Fig. 12.2) are indicated by SS-1 and §5-2, 
respectively. Use E, v, #, a, and } in formulating the data. 


Zz 


fo = 600 Fb ing! 
density = 0.284 tb in7! 


fo 


5 inf 


FIGURE PI2.1 FIGURE Pi2.2 
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Radius « 
Line load 
along the 
inner edge 
fo 
FIGURE PI2.3 FIGURE P12.4 , 7 
+ 
y ¥ 
Cee —-— a —+ 
Uniformly 
distributed 
load fp 
Uniformly 
b distributed 
* load fi 
— 
FIGURE P12.5 FIGURE Pi2.6 


Ox bO° Ib ing? 


3 
6.29 
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" 
nonoa 


Simply supported | FIGURE P12.7 
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Simply supported 2 


T 


Clamped 
E, = 30 * (0* db in7? 
By = 0.75 * 10° Ib in7? Sr 
Mig = 0.25 
Gi2= 0.375 x L0* ib in? 
A =CG1e 
a = 20in, & = 15 in 
FIGURE P12.8 
E = 30» 10°N cm 
y= 63 
&=1cm 

Ckimped 

a= 40cm 
& = 24 om 
e= ldcm 
d = 12cm 
FIGURE P12.9 


12,10, Give an algebraic form for the elements of the stiffness matrix {in a local 
coordinate system) for a thin plane elastic body subjected to both in-plane and 
transverse loads. 

Hint: Combine the element matrices of the plane stress element with the 
plate bending element-—analogous te the construction of a frame element from 
bar and heam elements. 

12.11. Consider an isotropic annular plate (# = 30x 10°lbin™, v=06.29) with the 
cuter edges clamped and subjected to uniform loading (see Fig. P12.7). 
Formulate the necessary data for the problem. 

12.12. Repeat Problem 12.11 for the case in which the plate is subjected to a load 
varying linearly with radial distance. 
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CHAPTER 


COMPUTER 
IMPLEMENTATION 


13.1 INTRODUCTION 


In Chapter 7, we discussed some basic ideas concerning the development of a 
typical finite clement program, and the use of FEMIDV2 in the solution of 
one-dimensional problems was iliustrated via many example problems. Specific 
details of various logical units of a finite element program for one-dimensional 
problems were given. Most of the ideas presented there are also valid for 
two-dimensional problems. The imposition of the boundary conditions and the 
solution of the equations remain the same as in one-dimensional problems. 
Here we focus attention on the computer implementation of two-dimensional 
elements, The use of a model program FEM2D V2 (a revised and combined 
version of the FEM2D and PLATE programs in the first edition of the book) is 
discussed. The program FEM2DV2 contains linear and quadratic triangular 
and rectangular elements, and it can be used for the solution of heat 
conduction and convection problems, laminar flows of viscous incompressible 
fluids using the penalty function formulation, plane elasticity problems, and 
plate bending problems using classical and shear deformation theories. A flow 
chart of FEM2D V2 is given in Fig. 13.1. 


§33 


534 FINITE ELEMENT ANALYSES OF TWO-DIMENSIONAL PROBLEMS 


Pall 


| 

E 

QUADRT SHPTRI 

' 

a. 

| [sso EEL snes | | [ome 

| | 
we 


PROCESSOR 


POST 


FIGURE 13.1 


In two dimensions, the element calculations are more involved than in 
one dimension, owing to the following considerations: 


1. Various geometric shapes of elements. 

2. Single as well as multivariable problems. 

3. Integrations performed over areas as opposed to along lines (for one- 
dimensional elements). 

4, Mixed-order integrations used in certain formulations (shear-deformable 
plates and penalty function formulations of viscous incompressible fluids). 


13.2 PREPROCESSOR 


In the preprocessor unit, the program MSH2DR is used to generate triangular- 
and rectangular-element meshes of rectangular domains. The subroutine 
requires minimal input, but is not general enough to generate finite clement 
meshes of arbitrary domains. The subroutine MSH2DG is more general, and 
can be used to generate meshes for nonrectangular domains. Of course, one 
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Subroutine to impose specified boundary condilions oa the primary and 
secondary variables when a sicady-state or iransieat analysis is carcied out. 


An IBM system-supplied sebroutine to solve an eigenvalue problem of the type 
(K]{U} = LOAN{U}, where [KC] and [Af] are positive definite matrices. 


Subrauiiae to echo ihe input data to the program. 


Subroutiae to impose specified boundary conditions on the primary variables 
whea an eigenvalpe problem is analyzed. 


Subroutine co compute the element [A'}, [Mf], and {#} matrices and vectors 
for the rectangular elements. 


Subroutine to compute the element [K)], [Af], and (7) aatrices and vectors 
for the triangular elements. 


Subroutine to generate mesh for general domains, 
Subroutine to generate mesh for rectangular domains only. 
Subrovtine to post-complete the solution, gradient of solution, and stresses. 


Subroutine to generate the quadrature points and welghts for the triangular 
elements, 


Subroutine called in }MSH2DG to generate element data. 


Subroutine to compute the shape functions for finear and quadratic (eighi- and 
nine-node} rectangelar elements. 


Subroutine to compute the shape functions for Hnear and quadratic triangutar 
elements. 


Subroutine to salve a banded, symmetric system of algebraic equations. 
Subrautine to compute the equivaleat corlicient malrices aad columen vector 


for parabolic and hyperbolic equations when time-dependent analysis is carried 
out, 


FIGURE 13.1 (Continued) 
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can use any other mesh generation program in place of MSH2DR or 
MSH2DG. The subroutines MSH2DR and MSH2DG generate the connec- 
tivity matrix {array NOD) and the global coordinates of the nodes (array 
GLXY). When the mesh generators cannot be used, the mesh information 
should be read in. 


13.3 ELEMENT COMPUTATIONS: PROCESSOR 


Element caiculations for linear and quadratic triangular (ELKMFT) and 
quadrilateral (ELKMFR) elements can be carried out according to the 
developments presented in Chapters 8 and 9. The principal steps involved are 
as follows: 


1. Development of a subroutine for the evaluation of the interpolation 
functions and their derivatives with respect to the global coordinates [see 
(9.42)—(9.45)]. 
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2. Numerical integration of the coefficients of the element matrices using 
numerical quadrature formulas [see (9.54) and (9.67}]. 


3. Setting up of the element matrices required for the class of problems being 
solved (e.g., static, transient, and eigenvalue problems). 


The subroutines SHPTRI and SHPRCT (called in a do-loop on the 
number of quadrature points) contain the expressions of the interpolation 
functions and their derivatives for various-order triangular (TRI) and rectan- 
gular (RCT) elements, respectively. The derivatives of the interpolation 
functions with respect to global coordinates [(9.42}] are also computed in 
these subroutines. The Fortran implementation of (9.42)-(9.45) is summarized 
below. 


Ne 
, 
¢ 
¢ 
c DEFINITION OF THE VARIABLES : 
c 
c SF(I}...-. ...Interpolation function for node I of the element 
c DSF(J,1)....-Derivative of SF(I} with respect to XI if J=1 and 
Cc and ETA if J=2 
c CDSP(J,1}.++-Derivative of SF(1) with respect to xX if Jel and 
c and YY if J=2 . 
Cc ELXY{I,J}....Global coordinates of the element Ith node: 
e J=1: thea x coordinate; J=2: the y coordinate 
c GIT, J}... ees Jacobian matrix ; 
c GJINV(I,7}...Inverse of the Jacobian matrix 
c DET... cee aee Determinant of the Jacobian matrix 
Cc 
c 
c Given the interpolation functions {SF} and their derivatives with 
c respect to the natural coordinates [DSF], compute the Jacobian 
c matrix [GJ] [see Egn. (9.44b})] and its inverse (GJINV]+ 
c 
DO 40 I = 1,2 
po 40 J = 1,2 
GI{I,J) = 0.0 
bo 40 K = 1,NPE 
40 GI{I,3) = GI(T,7) + OSF{1,K} #ELXY(K,J) 
c 
DEY = GI(1,1) #G3(2,2})-GI (1,2) *G5(2,1} 
GJTNV(1,1) = Gd(2,2)/DET 
GIINV({2,2) = GI(1,1)/DET 
GIINV(1,2) = ~Gd(1,2) /DET 
GJINV(2,1) = -G7(2,1) /DET 
c 
c Compute the first derivatives of the interpolation functions with 
c yespect to the global coordinates [GDSF] [see Eqn. (9.42)]: 
c 
po 50 I = 1,2 
po 50 J = 1,NPE 
GDSF({I,7) = 0.0 
DO50 K = 1, 2 
50 GDSF(I,J) = GDSF(1I,7} + GIINV(1L,K) *DSF(K,J} 
c 


The two-dimensional problems of interest to us here require the 
evaluation of element matrices that involve products of interpolation functions 
and their derivatives with respect to the global coordinates. Since the integrals 
are evaluated numerically, the integrands must be evaluated at the quadrature 
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points and summed over the number of integration points. Thus, evaluation of 
the interpolation functions. and their derivatives must be carried out inside the 
do-loops. To fix ideas, for rectangular elements, we define 


SF(I) 


GDSF(K, I) 


CONST 


oO gi 
Then Sy Sys ‘ 


interpolation function 1p, of the th node ofjan element 
global derivative with respect to x, (ie.| derivative with 
respect to the global coordinate x,) of interpolation function 


4, [GDSF(K, I) = 8p) xg, x1 =X, X2=y] 


with the 


weights corresponding fo the Gauss integration\point (&,, 


us) 


= DET * GAUSWT(NI, NGP) * GAUSWT(NI, NGP) 
.. of (8.35), 


SP = Si OW 
J ‘fat Ory OXp 


are given in Fortran form by 

500(1, J) = SOO(I, J) + SF(D « SFG) * CONST 

$1141, J) = $11(1, 3) + GDSF(1, I) * GDSF(1, J) * CONST 
$12(1, J} = $12(1, J) + GDSF(, I) « GDSF(2, J) * CONST 
$22(1, J) = 822(1, J) + GDSF(2, 1) * GDSF(2, J} + CONST 


The summed values of SOO, J),S110,J),... represent the aumerical values 
of the integral coefficients in (13.1). The Fortran statements listed below 
summarize the discussion: 


HoOnrwgnanaea 


o 


product of the Jacobian {i.e., determinant o: Se 


(13.1) 


(13.2) 


1 


2 
3 
4 
2 


4 


NUMERICAL EVALUATION OF ELEMENT COEFFICIENT MATRICES IW EQ. (453.1) 


FOR QUADRILATERAL ELEMENTS (WITH ISCPARAMETRIC FORMULATION) 


NPR = Number of nodes per elements 
IPDF= Number of integration points (i.e., Gauss points) 


DIMENSTON GAUSPT(5,5), GAUSWT(S,5), SP(9), GDSF(2,9}, ELX¥(9,2}, 


DATA 
~O. 
“0, 
-0. 


DATA 


Oo. 
3 2*0, 
Oo. 


7I459667D6, 0. 


GMISWT/2.0D9, 


S00(9,9), 811(9,9}, S12(9,9), S21(9,9}, 822¢9,9) 


GAUSPT/8*0,000, -0.57735027D0, 0.57735027D0, 340.000, 
ODO, 0.77459667D0, 2*0,0D0, -0.8621363106, 

43999104D0, 0.33998104D0, 6.86113631D0, 0.0D0, -0.90617984D0, 
$3246931D0, 0,000, 0.53846931n0, 0.90617984D0/ 


Initialize the arrays 


po 120 T 


= 1,NPE 


DO 120 J = 1,NPE 


S00(I,J}= 0.0 
S11{1,7}= 0.0 


4*0.0D0, 241.0D0, 3#0.0D0, 0.55555555D0, 
geasasseDo, 0.595555665D0, 240.0D0, 0.347854a5D0, 
6521451500, 0.34795485D0, 0.0D0, 6.23692688D0, 
47862a67D0, 0,.56888898D0, 6.47862867D0, 0.233692668D0/ 
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S$12(1,7}= 0.0 
S221, 7p= 0.0 
S§22(1,J}= 9.0 
120 CONTINUE 
e 
c DO-loops on numerical (Gauss) integration begin here: 
e 
DO 200 HI = 1,1POF 
DO 200 HJ = 1,I1PDF 
XI = GAUSPT(NI,IPDF) 
ETA = GAUSPT(NJ, IPDOF} 
c 
Cc SHPRCT (SHaPe functions for ReCTangular elements) is called here 
c to compute {SF} and (GDSF]: 
c 
CALL SHPRCT (NPE,XI, ETA, ELXY DET, SF,GDSF} 
CNST = DET*GAUSWT{NI, LPDF} *GAUSWT (NJ, IPDF) 
¢ 
c Compute Sij{I,J) of Eqn. (13.1): % 
© po 180 T=1,NPE f 
BO 180 J=1,NPE 
SO0(I,J) = SO0(I,7) + SF(1)*SP(1) *cNST 
SIL{I,J} = S11(1I,2} + GDSP(1,I)*GDSF(1, 7) *CNST 
B812{I,7}) = S$12(3,7} + GDSF(1,1)4GDSF(2,7)*CNST 
S21{I,7) = S21(2,7}) + GbSF(2,1)*GDSF(i,7)*cHNsT 
822(1,7}) = S22(I,d} + GbsF(2,1)*GDSF(2,7)4+cHsT 
180 CONTINUE 
200 CONTINUE 
c 


To set up the element coefficient matrices of a given problem, we make 
use of the element matrices defined above. As an example, consider the 
problem described by (8.1). The element coefficient matrix and the column 
vectors for the problem are given by (8.146). The element matrix K, 
{ELK(, J)] can be expressed in terms of Sf, Sj}, ... by 


ELK(L, J} = AO00« SOO(I, J) + Ail *S110, I + Al2*S12(1, J 
+A21 #8120, D+ A22+*S822(1, / 
where dp,= AOO, a4; All, a,y—Al2, a= A21, and a.,=A22 are the 
constant coefficients of the differential equation (8.1). 

In multivariable problems, the element matrices are themselves defined 
in terms of submatrices, as was the case for plane elasticity, fluid flow, and 
plate bending. In such cases, the nodal degrees of freedom should be 
renumbered to reduce the half-bandwidth of the assembled coefficient matrix. 
For example, consider the element equations (10.29a) associated with plane 
elasticity problems. The element nodal variables A, are given (say, for a Hnear 
rectangular element) by 


Ai iy 
Ag a) 
Ay is 
—/ Us 

=4 3 (13.3) 
. te 
Us 
Ag Uy 


Thus, at any node, the difference between the label number of the first degree 
of freedom and that of the second degree of freedom is 4 (in a general case, 
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the difference is a; where » is the number of nodes per element). This 
difference contributes to an increase in the half-bandwidth of the assembled 
coefficient matrix. To remedy this situation, we reorder the element nodai 
degrees of freedom as follows: 


Ay Hy 

A wy 

A; Bz 

Ay = 4 Up (13.4) 
f Aaae1 i, 

Aon Uy 


In reordering the nodal degrees of freedom, we must retain the 
symmetry, if one is present, of the system of algbebraic equations. This is 
accomplished by renumbering the equations in the same way as the nodal 
degrees of freedom. To illustrate how this can be done, we consider a set of 
four equations in four unknowns: , 


Situy + Stiu. + Sty, + Sibu. = Fi 
- Siw, + Siu, + Sv, + Shu. = Fi 


~ Siu, + Siu, + Sv, + Su, = FF (13.54) 
S3tu, + S33u, + Siu, + Su, = F2 
or, in matrix form, 
1t 12 1 
Lisp pooall cor) Leen} 03.50 
Now fetting 
Ai=4,, Ag=u,, Ag=ua, Ag=ty (13.6) 


(i.e., the third nodal variable is renamed as the second, and vice versa) and 
rearranging (13.5) (i.e., the third equation becomes the second equation, and 
vice versa), we obtain 


SHA, + SHA, + SHA, + SBA.= FI 
SHAy + SHA, + SHA, + SBA.= Ft 


SHA, + SHA, + SHA, + SRA, = Fi (13.7a) 
SHA, + SUA, + SHA, + SHA, = FS 
or, in matrix form, 
[SHA} = (F) (13.70) 


where 
Sy = Sap, Sip+t = Sop Si+t,; = Sop, Siraj = Sw 
R=FL, Riya FL (13.7¢) 
i=2ea—-1, j=28-1, ow, B=1,2 
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The above discussion applies to any number of degrees of freedom per 
node (NDF). Computer implementation of (13.7) is straightforward. An 
example of this procedure is given by the following Fortran statements, which 
correspond to (10.29): 


c 
c 
c REARRANGING THE ELEMENT EQUATIONS OF MIILTIVARIABLE PROBLEMS 
c (Illustrated using the plane elasticity FE model) 
c 
c NDF....-+... = Number of degrees of freedom per node 
¢ NPE........ ™ Number of nodes per element 
ce CMAF(T,J).. = Matrix of elastic coefficients 
c ELK(I,J}... = Element stiffness matrix coefficients 
¢ 
c 
¢e Dimension the arrays. Far example (NN = NPE*HDF): 
c ELK (NN ,NN) , CMAT (3,3) , ‘ 
¢ 
c Compute the coefficients ELKL1(I,J}, ELK12(I,7), ELK21¢1,J) and 
c ELK22{I,7) of Eqn, (10.29) using numerical integration. We have - 
¢ {the following statements go inside the loops on Gauss quadrature; 
c see the fortran statements for the evaluation of Sid}: 
Cc 
DO 140 I=1,NPE 
DG 120 J=1,NPE 
ELK1LL(I,3} = ELK11(1I,7) + CMAT(1,1}*S11 + CMAT(3,3}*S22 
ELK12(1I,J} = ELKL2(I,J) + CMAT(1,2)*812 + CMAT(3,3) #521 
ELK21(1,7} = ELK21(1,7} + CMAT(1,2}*821 + CMAT(3,3}*S12 
ELK22(E,d}) = ELK22(I,J} + CMAT(3,3}#511 + CMAT(2,2}*822 
420 CONTINUE 
140 CONTINUE 
c 
c We are now ready to rearrange the coefficients 
c 
iiI=1 
BO 180 I=1,NN 
JJ=1 
bo 160 J=1,NH 
BLK(EI,J7} = ELK11¢3,7) 
ELK(TI,77+1) = ELK12¢1,7) 
. ELK(II+1,700} = ELK21¢1,7) 
ELK(II+i,dd+1) = ELK22{1,0) 
169 JT = NOPF*d+i 
180 Il = NDOF*I+1 
¢c 


13.4 APPLICATIONS OF THE COMPUTER 
PROGRAM FEM2DV2 


13.4.1 Introduction 


The computer program FEM2DV2 (see Appendix 2 for the source listing) is 
developed to solve the following types of problems: 


} 


COMPUTER IMPLEMENTATION sat! 


1. Single-variable. problems, including convective-type boundary conditions| 
for heat transfer problems, 
(ou Fu\ 8 dui af ou 
— + —}-—-— —_—in- —_ = . 
a Ey 7) ax (a, =x) by (2, >) tao =f (13.82) 
with 
CH eg te k+ey, 4 =Aigt ayx + dy Ys 
Gy = Ag txt tdyy, foHftfhx thy (13.85) 
dg = constant 
2, The plane elasticity problems of Chapter 10 {(10.11)] 
3. Viscous incompressible fluid flows using the penalty function formulation of 
Chapter 11 [(11.1} with P replaced by (11.34)j 
4. Plate problems using classical and shear deformation theories (only with 


rectangular elements) of Chapter 12 [(12.29)]. 


The first category of problems is quite general and includes, as special cases, 
many other fieid problems. As a special case, axisymmetric problems can be 
analyzed. The last three categories are specialized to linear elasticity, linear 
(i.e., Stokes) viscous incompressible fluid flow, and linear plate bending. 

The type of gradient of the solution computed (in subroutine PSTPRC) 
for single-variable problems differs for different physical problems. For heat 
transfer problems, we have 


ou ou 


ae By (13.9) 


The same definition applies to the velocity potential formulation of inviscid 
fluid flows (to calculate velocity components). In the stream function formula- 
tion, the velocity components (x, v)} are defined by 


__ _ ate a ou 
B= dy SG oy? U>= 4, = ony 
The (total) stresses for multivariable problems are computed using the 
constitutive equations, with the strains (or strain rates for fluid flow problems) 
computed at the reduced Gauss points using the strain—displacement relations. 
The spatial variation of the derivatives of the solution is dependent on the 
element type. . 

For heat transfer problems (i.c.. ITYPE=0), the variable ICONYV is 
used to indicate the presence (ICONY=1) or absence (ICONV=0) of 
convective boundaries. When convective boundaries are involved (ie., 
ICONV = 1), the elements whose boundaries coincide with such a boundary 
will have additional contributions to their coefficient matrices [see (8.99)- 
(8.103}]. The array IBN is used to store elements that have convective 


(13.10). 
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TABLE 13.1 “ 
Description of the input variables to the program FEM2DV2 


* Data Card 1: 
TITLE - Title of the problem heing solved (40 characters) 
* Data Card 2: 


ITYPE - Problem type: 


ITYPE = 0, Single variable problens 

TTYPE = 1, Viscous incompressible flow problems 

ITYPE = 2, Plane elasticity problems 

TTYPE = 3, Plate bending problems by the FSDT 

ITYPE = 4, Plate bending problems by the CPT(N) 

IPYPE = 5, Plate bending problems by the CPT(C) 
IGRAD - Indicator for computing the gradient of the solution 

or stresses in the postprocesser: = 


IGRAD = 0, We postprecessing is required 
IGRAD > 0, Postprocessing is required 


When ITYFE=0 and FGRAD=1, the gradient is computed 
as in Eq. (13.9); for ITYPE#0 and IGRAD > 1, the 
gradient is computed as in Eq (13.10). 


ITEM - Indicator for dynamic analysis: 
TTEM = 0, Static analysis is required 
ITEM > 0, Either eigenvalue or transient enalysis 
is required: 


ITEM = I, Parabolic equation is analyzed 
ITEM = 2, Hyperbolic equation is analyzed 


NEIGN -—- Indicator for éigenvalue analysis! 
NEIGN = 6, Static or transient analysis is required 
NEIGN > 6, Eigenvalue analysis is required: 
NEICN= 1, Frequency/vibration analysis 
NEIGN> 1, Stability analysis cf plates 


* Data Card 3: SKIP the card if NEIGN = 0 


NVALU - Number of eigenvalues to be printed 

HVCTR ~ Endicater for printing eigenvectors: 
NVCTR = 0, Do not print eigenvectors 
NVCTR ~ 0, Print eigenvectors 


*® Data Card 4: 
TELTYP - Element type used in the analysis: 


JELTYP= ¢, Triangular elements 
EELTYP> 0, Quadrilateral elements 


NPE - Nodes per element: 
HPE - 3, Linear triangle (IEBLTYP=0) 
NPE = 4, Linear quadrilateral (TELTYP>0} 
NPE = 6, Quadratic triangle (IELTYP=0} 
NPE = & or 9, Quadratic quadrilateral (IELTYP>4@) 
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TABLE 13.1 (Continued) 


MESH - Indicator for mesh generation by the progran: 
MESH = 6, Mesh is not generated by the program 
MESH = 1, Mesh is generated by tha program for 


rectangular domains {by MSHZDR) 
MESH >» 1, Mesh is generated by the program for 
general domains (by MSH2DG) 


NPRNT - Indicator for printing certain output: 

NPRNT = 0, Not print array NOD, element matrices, 
or global matrices 

HPRNT = 1, Print array NOD and Element 1 matrices: 

' [ELK] and {ELF} 

NPRNT = 2, Print array NOD and assembled matrices, 
iSLK] and {GLF} 

HPRNT > 2, Combination of NPRNT=1 and NPRNT=2 


* Data Card 5: SKIP the card if MESH. EO.1 


HEM - Number of elements in the mesh when the user inputs 
the mesh or the mesh is generated by MSH2hG 


HAM - Number of nodes in the mesh when the user inputs 
the mesh or the mesh is generated by MSH2DG 


* Data Card 6: SKIP the card if MESH.HE.@; otherwise, the card is 
read in a loop on the number of elements (N=1, NEM) 


NOD(N,E)-Connectivity for the N+th element (IT=1,NPE) 
* Data Card 7: SKIP the card if MESH.NE,O 
GLAY(Z,I}-Global x and y coordinates cof I-th global node in 
the nash (J=1, x-coordinate, J=2, y-coordinate} 
Loops on I and J are: ((J=1,2}, Is1,NNM); the HNH 
pairs of (x,¥)--coordinates are read sequentially 


The next FOUR data cards are read in subroutine MSH2DG 
aw * * * & SKIP Cards 8, 9, 10 and 41 unless MESH.GT.) *& 4 & *# 


* Data Card 8: 

NRECL - Number of line records to be read in the mash 
* Data Card 9: Read the following variables NRECL times 

NoD1 - First global node number of the line segment 


HODL - Last global nede number of the line segment 
NODINC ~ Node increment on the line a 


x1 - The global x-coordinate of MODL 
¥1 -« The glohai y-coordinate of NODL 
XL - > The giobal x-coordinate of NODL 
¥L - The global y-coordinate of HODL 


RATIO - The ratio of the first element length to the last 
element length 


* Data Card 10: 


NRECEL - Number of rews of elements to be read in the mesh 
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* Data Card 11: 


* Data 


* Data 


* Data 


* Data 


* Data 


* Data 


* Data 


* Data 


* Data 


HEL1 
HELL 
LIELINC 
NODING 
NPE 
NODE (I) 
Card 12: 


Nx 
NY 


Card 13: 


xo 
DX {I) 


Card 14; 


yo 
D¥ (I) 


Card 15: 
NSPY 


Card 16: 


Read the following variables NRECEL times 


» First element number of the row 
- Last element number of the row 


- Increment of element number in the row 


- Tnerenent of global node number in the row 

- Number of nodes in each element 

- Connectivity array of the first element in the row 
(I=1,HPE) 


SKIP the card if MESH.NE.1 


- Number of elements in the x-direction 
- Number of elements in the y-direction 


SKIP the card if MESH.NE.1 


* 
- The x-coordinate of global node 1 f 
- The x-dimengion of the I<th element (I=1,N%) 
SKIP the card if MESH.NE.1 ' 
- The y-coordinate of global node 1 
- The y-dimension of the I-th element (I=1,HY} 
C 


— The number of specified primary variables 


SKIP the card if NSPV.EQ.0 


ISPV(L,J7)-No@e number and LOCAL degree of freedom number of 


Card 17: 


VSPV(I) 


Card 18: 
NSbY¥ 


Card 19; 


the I-th specified primary variable: 
ISPV{I,1)=Neode number} ISPV(I,2)=Local DOF number 


The loops on I and J are: {(J-1,2),I=1,NSPV} 
SKIP the card if NSPV.EQ.0 or MKHEILGN,HE.0 


~ Specified value of the I-th primary variable 
({i=1, NSPV} 


SKIP the card if NEIGN.NE.¢ 
- Number of (nonzero} specified secondary variables 


SKIP the card if NSSV.EQ.0 or NEIGN.NE.O 


IssVil,d}-Node number and LOCAL degree of freedom nunber of 


Card 20: 


the i-th specified secondary variable! 
TSSvi(l,1j}=Node number; ISSV(I,2}=Local DOF number 


The loops on I and J are: ((J=1,2),7=1,NS8¥} 


SKIP the card if WSSV.EQ.0 or WNEIGN.NE.O 


vVs8svV(I} - Specified value of the I-th secondary variable 


(I=1,NSS8V) 
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TABLE 13.1 (Continued) 


Data Cards 21 through 27 are for SINGLE VARIABLE PROBLEMS (ITYPE=0) 


* Data Card 21: SKIP the card if ITYPE.NE.O 


Alt 
AX Coefficients of the differential equation 
ALY all = A1O +AUK4K + ALY*Y : 


* Data Card 22: SKIP the card if ITYPE.NE.6G 


A20 
A2x Coefficients of the differential equation 
Aay a22 = AZO +AZX*X + A2¥S¥ 


4 Data Cara 23: SKIP the card if ITYPE.NE.O 
Aco - Coefficient of the differential equation 
* Data Card 24: SKIP the card if ITYPE.NE.O 
ICONV - Indicator for convection boundary conditions: 
FCONv = 6, No convection boundary conditions 
IConvy > 6, Convection boundary conditions present 
* Data Card 25: SKIP the card if ITYPE.NE.O or ICONV,FO.0 
NBE - Number elements with convection 


* Data Card 26: SKIP the card if ITYPE.NE.O of ECONY.EO.O 
The following cards are read for each I, I=1,HBE 


IBN({I} - I-th element number with convection 
BETA{I} ~ Film coefficient for convection on I-th element 
TINF{T} - Ambient temperature of the I-th element 
* Data Card 27: SKIP the card if ITYPE.NE.0 or ICONV.EQ.0 
TRNop(I,J)- Local node numbers of the side with canvection 
(J=1,2}; for quadratic elements, give end nodes) 
Loops on I and J are: ((J=1,2), I=1,NBE) 
Data Card 29 is for VISCOUS FLUID FLOWS (ITYPE = 1) only 
* Data Card 28: SKIP the card if ITYPE.WE.1 


AMU - Viseosity of the fluid 
PENLTY - Valte of the penaity parameter 


Data Cards 29 & 30 are for PLANE ELASTICITY (ITYPE=2) only 
* Data Card 29: SKIP the card if ITYPE.NE.2 


LNSTRS ~ Flag for PLANE STRESS or PLANE STRAIN problems; 
LNSTRS=0, Plane strain elastic problems 
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TABLE 13.1 (Continued) 


i 


ENSTRS>0, Plane atress elastic problems 


* Data Card 36: SKIP the card if ITYPE.NE.2 


E1 - Young’s moduli along the global x-axie 

E2 - Young's moduli along the global y-axis 

ANU12 - Poisson's ratio in the xy-plane 

G12 - Shear modulus in the xy-plane . 
{HENS - Thickness of the plane elastic body analyzed 


_.. Data Card 31 is for PLATE BENDING PROBLEMS (ITYPES3 to 5) only _ 


* Data Card 31: SKIP the card unless ITYPE.GE.3 


El - Young’s moduli along the global x-axis » 
E2 - Young's moduli along the global y-axis ¢ 

ANUI2 - Poisson’s ratio in the xy-plane 

GL2 = Shear modulus in the xy-plane 

G13 - Shear modulus in the xz-plane r 

G23 - Shear modulus in the yz-plane 


THKNS - Thickness of the plate analyzed 


Remaining data cards are for ALL problem types 


* Data Card 32: SKIP the card if NEIGN.NE.0 


FO 
FX Coefficients to define the source term: 
FY f= FO + FX*x + FY*y 


Cards 33 thru 37 are for DYNAMIC ANALYSIS only 


* Data Card 33: SKIP the card if ITEH.EQ.0 


co 
cx Coefficients defining the temporal parts of the 
cy differential equations: 


eT = CO + CX*x + cY*y, when ITYPE = 0 or 1 


cT 


dl 


(CO + CX*x + C¥#y)*THKNS, when IT¥PE = 2 


TO = (O*THKNS 
I2 = CO*(THKNS**3} /12 when ITYFE=3 to 5 
and CX and CY are not used and NEIGN.LE.1 


co, CX, and c¥Y denote the buckling parameters 
when ITYPE,EQ.3 and NEIGN.GT.1 


* Data Card 34: SKIP the card if ITEM.EQ.0 or NEIGN.NE.9O 
NTIME - Number of time steps for the transient solution 


HSTF —- Time step number at which the source is removed 
INTVL - Time step interval at which to print the solution 
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eS 


INTIAL - Indicator for nature of initial conditions: 


INTIAL=6, Zero initial conditions are used 
TNTIAL>O, Non=zero initial conditions are used 


* Data Card 35: SKIP the card if ITEM.EQ.0 or NEIGN.NE.O 
prt ~ Time step used for the trangient solution 


ALFA ~ Parameter in the alfa-family of time approximation 
used for parabolic equations: 


ALFA=0, The forward difference scheme {€.5.}@ 
ALPA=0.5, The Crank-Nicolson scheme (stable} 
ALPA=2/3, The Galerkin scheme (stable} 

ALFA=1, The backward difference scheme {stable} 


éc.5.=Conditionally Stable; For all schemes with 
ALFA < 0.5, the time step DT is restricted to: 
DY < 2/(MAXEGN*(1-2*ALFA)), Where MAXEGN is the 
maximum elgenvalue of the discrete problem, 


GAMA - Parameter in the Newmark time integration scheme 
used for hyperbolic equations: 
GAMA-0.5, Constant-average acceleration (stable) 
GAMA=1/3, Linear acceleration gcheme (C.S.)@ 
GAMA=0.0, The central difference scheme (c.5.) 


ALFA = 0,5 for all schemes; For schenes for which 
ALFA.LE.O.5 and GAMA < ALFA, DT is restricted to: 
DT < 2/SQRT{MAXEGN* (ALFA=GAMA}}, MAKEGN being the 
maximum eigenvalue of the discrete systen. 


EPSLN - A small parameter to check if the solution has 
reached a steady state 


* Data Card 36: SKIP the card if ITEM or INTIAL. EQ.0, or NEIGN.NE.O 


GLU(I} ~ Vector of initia] values of the primary variables 
(I=1,NEQ, NEQ=Number of nodal values in the mesh) 


* Data Card 37: SKIP if ITEM.LE.1, NEIGN.NE.O, or INTIAL, £Q.0 


GLV(I} - Vector of initial valves of the first derivative 
of the primary variables (velocity) 
(I=1,NEQ, NEQ=Number of nodal values in the ash} 


er eee 


boundaries, and thé array INOD is used to store the pairs of element local 
nedes (of elements in array IBN) that are on the convective boundary (io 
specify the side of the element on the convective boundary). Hf an element has 
more than one of its sides on the convective boundary, it should be repeated as 
many times as the number of its sides on the convective boundary. 

A compiete description of the input variables of the program FEM2DV2 
is given“in Table 13.1, which contains the values of the key variables for the 
four classes (ITYPE =0,1,2,...,5} of problems, In the next section, the 
application of the program FEM2D V2 is illustrated via several examples. 
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13.4.2 Description of Mesh Generators 


Ta this section, the input data to FEM2DV2 for several example problems is 
given. The example problems are selected from those discussed in earlier 
sections of this chapter. A major limitation of the program lies in the mesh 
generation [i.e., the computation of arrays NOD(I, J) and GLXY(I, J} for 
arbitrary domains]. For such problems, the user is required to input the mesh 
information, which can be a tedious job if many elements are used. Of course, 
the program can be modified to accept any other mesh generation subroutines. 

First, let us consider MSH2DR. The program is restricted to rectangular 
domains with sides parallel to the global x and y axes. The subroutine requires 
the following input data: 

~ 
NX number of elements in the x direction 
NY number of elements in the y direction 
(Xo, Yo) global coordinates of global node 1, which is located at the lower 
left corner of the rectangular domain (see Fig. 13.2) 

DxX(D the array of element lengths along the x direction 
DY(I) the array of element lengths along the y direction 


The node and element numbering schemes for triangular and rectangular 
element meshes generated by MSH2DR are shown in Fig. 13.2. 

Next, we consider MSH2DG, which is relatively more general than 
MSH2DR. The program, based on the straight line generation logic used by 
Akay et al. (1987), requires the user to sketch a desired mesh with certain 
regularity of node and element numbering. It exploits the regularity to 
generate the mesh. The program MSH2DG requires the following input 
(except for NEM and NNM, ail other variables are read from the subroutine): 


NEM number of total elements in the mesh 
NNM number of total nodes in the mesh 
NRECL number of fine-segment records 


For each line segment, read the following variables: 


NOD1 first node number on the line segment 

NODL last node number on the line segment 

NODINC increment between two consecutive nodes on the fine 
(x1, YD} global coordinates of the first nade, NOD1 on the line 
(XN, YN) __ global coordinates of the last node, NODL on the fine 
RATIO ratio of the first element length to the last element length 


Similar information on the elements is read: 


NRECEL number of rows of elements 
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For each row of elements, read the following variables: 


NELI1 “first element number in the row 

NELL - last element number in the row 

NODINC increment between respective nodes of consecutive 
elements in the row 

NPE number of nodes per element 


NODE(D(I = 1, NPE) nodal connectivity for element NEL1 


The type of data being read in MSH2DG should give some indication of 
the restrictions of the program. The node and element numbering should be 
regular along the lines and rows being read. Figures 13.3(a—d) show typical 
examples of meshes of linear and quadratic triangular and quadrilateral 
elements. For each of these meshes, the input data required for MSH2DG is 
listed in Table 13.2. 


13.4.3. Applications (Hlustrative Examples) 


Example 13.1 Solution of the Poisson equation of Example 8.1. We consider the 
Poisson equation —V’u=1 in a unit square. We represent the domain by linear 
triangles or rectangles (see Fig. 13.4). 

Trfangular elements. We use the 2 x 2 mesh shown in Fig. 13.4{a). We have 


ITYPE=0, IGRAD=1, ITEM=0, NEIGN=0 
IELTYP=0, NPE=3, MESH=i1, NPRNF=0 


Note that we chose to generate the mesh using subroutine MSH2DR. Therefore, we 
must specify the number of subdivisions and their lengths along each direction: 


NX=2, NY=2, X0=0.0, YO=0.0 
DX(1)=0.5, DX(2)=05, DY(1)=0.5, DYQ)=0.5 


The number of specified primary variables (NSPV), the node numbers and the specified 
local degree of freedom (ISPV), and their specified values (VSPV) for the problem are 


NSPV=5, ISPV(I,J) = (3,156, 1;7,158,159,1),  VSPV(1) = (0.0, 0.0,0.0,0.0,0.0) 


There are no specified secondary variables: NSSV = 0. 
The coefficients 2, and a, of the differential equation are unity, a.=0, the source 
term f is unity, and there is no convection: 


AlO=1.0, AIX=0.0, ATY=0.0, A20=1.0, A2K=0.0, AZY¥=0.0 


ANd=0.0, ICONV=0, FO=1.0,- FX=0.0, FY=0.0 
Rectangalar elements, For. the 2X 2 (four-element) mesh of rectangular elements 
(see Fig. 13.45), the data input to the program differs only in the specification of the 
element type and the number of nodes per element: 


TELTYP=1, NPE=4 
An edited output of the program for the problem is presented in Tabie 13.3, 
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TABLE 43.2 ; 
The input data to Program FEM2DV2 to generate the finite element meshes | 


shown in Figs. 13.3(a-d) 


i 


[a) Mesh of Linear triangles {see Fig,13.38}? 


32 25 HEM, NNM 

5 NRECL 

1 65 1 0.0 90.9 3.0 0.0 6.0 

6 10 1 0.0 1,90 3.07612 0.38268 6.0 NODE, NODL, NODINC, 

11 15 1 0.0 2.0 3.29289 0.7671 6.0 X1,¥1,2L,YL,RATIO 

16 20 1 2-0 2.0 3.61732 0.92388 6.0 for each line segment 
21 28 1 4.0 2.0 4.0 1.0 6.0 

8 NRECEL 

1 7 2 4 3 1 2 7 

2 8 2 1 37 4 7 66 

9 15 2 1 3 6 7 12 NEL, NELtjs IELINC, NODINC, 
410 16 2 1 3 612 11 NPE, NOD({1,7} 

17 #23 2 1 «3 11412 16 for each line 

18 24 2 L 3 1217 «+16 

25 31 2 1 3 #23617 #221 . 
24 32 2 b& 3 17 22 «21 


th) Mash of four-nede quadrilaterals (see Pig. 13.3b}: 


16 25 NEM, NNM 

5 NRECL 

1 5 1 6.0 4.0 4.0 o,0 6.6 

6 10 t O,O 41.0 4.07612 0.38268 6.0 Hob1, NODL, NODINCG, 

141 15 1 O.0 2-0 3,29289 0.7071 46.0 M1,¥1, XL, %L, RATIO 

16 206 1 2.0 2.0 3.61732 0,92388 6.0 for each Line segment 
24 25 1 4.0 2.0 4,0 1.0 6.0 

4 NRECEL 

1 4 1 1 4 1 2 7 6 

5 8 1 1 4 6 7 #12 «23 HELL, HELL, IELINC,NODINC, 
9 12 1 13 «4 i112 #17 «#14 HPE,NOD(1,J} 

13° #16 Ld 4 16 417° 22 21 


Example 13.2 Heat transfer with convection boundary conditions. Consider a square 
region of 1mxX 1m. The left side of the region (i.c., x= 0) is maintained at 100°C, 
while the boundary y = 1m is maintained at 500°C, The boundaries x= 1m and y =0 
are exposed to an ambient temperature of 100°C, and the film coefficient B= 
10 W m-2°C"!, There is no internal heat generation (f =0). The conductivity is taken 
to be k, =k, = 12.5 Wm PC. 

The input variables associated with convective boundary conditions are 


ICONV=1, NBE=16 (for an 8X8 mesh of linear rectangular elements} 
[IBN(I), BETA(), TINF())] = [2, 10.0, 100.0; 2, 10.0, 100.0;...J 
[INODG, 3)] = f4, 2; 1,25...) 

A1l0=12.5, AIX=0.0, A1Y=0.0, A20=12.5, 
A2X=0.0, A2Y=0.G, A0d=0.0 


Table 13.4 gives the input data for the 8 x 8 mesh of linear rectangular elements. 
Figures 13.5 and 13.6 show plots of temperature variations and heat flow 


oT ay 


q, = aa? _h= 4 By 


TABLE 13.2 (Continued) 


+ 
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{c) Mesh of quadratic triangles (see Fig. 


32 81 
9 

1 9 1 0.0 9.0 
10 18 1 O.G 0.5 
19 27 1 0,0 4,90 
28 36 1 0.0 1.5 
37 45 1 0,0 2.6 
46 54 I 1.0 2.0 
55 63 1 2.0 2.0 
64 T2 1 3.0 2.6 
73 81 1 4.0 2.0 
a . 

1 #7 2 2 6 1 

2 8 22 6 1 
$15 2 2 6 19 
10 16 2 2 6 #218 
17 23 2 2 6 #37 
18 624 2 2 «6 «238 
25 31 2 2 6 45 
26 32 2 2 6 257 


(a) Mesh of quadratic 


té 81 

3 + 
1 9 1 #8.90 0.9 
190418 «©10~6=(«6.0 «60.5 
19° 27 21 O.0 2.0 
28 #36 1 6,0 1.5 
37°0C«45 a 88 
46 54 1 1.0 2.0 
55 63 1 2.0 2.0 
64 72 41 3,0 2.9 
73 81 21 £4.09 2.0 
4 

1 4 1 2 3 i 
5 6 12 3 149 
$ 12 1 2 9 a7 
13°9416 #1 2 9 56 


em tt Le be ee 


22 
21 
33 
39 
57 
57 
75 


(nine-node} 


4. 


21 
19 
39 
37 
55 
55 
73 
73 


5 


2 
ii 
20 
29 
38 
48 
56 
65 


3.01921 
3.07612 
3.16853 
3,29289 
3.44443 
3.61732 
3.80494 


4. 


9 


3 21 419 
21 39 37 
35 57 55 
57 75 73 


0.0 
0.19509 
0.38268 
0.55557 
0.7071 
0.83147 
0.923598 
0.98078 
1.0 


12 «11 
20 10 
30 29 
38 28 
a7 46 
5G 47 
65 64 
74 65 


0.0 
0.195909 
0.38268 
0.55557 
0.7671 
0.83147 
0.923388 
0.98078 
1.0 


2 12 20 
20 30 38 
38 46 56 
5& 66 74 


AADAAMRATRAA 


ooorornrorso 


AAAAAAARAH 


Sorerageescas 


10 11 
28 29 
46 47 
64 65 


13.43): 


NEM, NNH 


NRECL 


HOD1, NODL, HODINC, 
21,¥1,4L, ¥L, RATIO 
for each Line seqment 


NRECEL 


HELI, NELL, 1ELINC, NODINC, 
NPE, NOD (I,J) 


quadrilaterals {see Fig. 13,3): 


NEM, NHM 


NRECL 


HODL, NODL, NODINC, 
KL,¥1,XL,¥L, RATIO 
for each line segment 


NRECEL 


NEL1,NELL, LELING, NCDINC, 
NPE, NOD{7 7) 


along the boundaries, Note that q, is linear in x and constant in y, and q, is linear in y 
and constant in x (for constant a, and a,). A nonuniform mesh with smalier elements in 
the high-gradient region gives more accurate results: 


{D¥()} = {DX(} = (0.25, 0.125, 0.125, 0.125, 0.125, 0.125, 0.0625, 0.0625) 


The program can also be used to analyze an axisymmetric problem. For example, 
consider a finite cylinder of radius Ry= 1m and length L =i m. The bottom and top of 
the cylinder ate maintained at %)= 100°C, while the surface is exposed to an ambient 
temperature T. = 100°C (8 =10Wm ?°C'), For this case, the governing differential 
equation is (8.104). The coefficients A10, AIX, ALY, A20, A2X, AZY, and AO0 are 


Ai0=0.0, 
A20=0.0, 


AX = 2k,, 
A2X = 2nk,, 


A00 = 0.0 


ALY =0.0 
AZY =0.0 
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FIGURE 13.4 , ~ 
Finite element meshes of linear triangular and rectangular elements used in Example 13.4: (2) 
22 mesh of triangles; (6} 2 X 2 mesh of rectangles. 


f 


The uniform internal heat generation f, (if not zero) is entered as 


FO=-0.0, FX=2xf, FY=0.0 


Example 13.3. Flow about a circular cylinder (Example 8.7). Consider the flow of an 
inviscid fluid around a cylinder. We shall use the stream function and velocity potential 
formulations. Since the domain is not rectangular, we should use MSH2DG {i.c., 
MESH = 2). We consider the mesh of 25 nodes and 32 triangular elements shown in 
Fig. 13.?(a}. We have ITYPE=0 and IGRAD = 1 in the velocity potential formula- 
tion, and IGRAD = 2 in the stream function formulation, FTEM = 6, NEIGN = 0 and 
IELTYP = 0 for triangles, and IELTYP = 1 for quadrilaterals, MESH = 2, NPRNT = 0. 
The input for MSH2DG is given in Table 13.5 for triangular and quadrilateral 
elements. 

In the stream function formulation, we have NSPV = 13 and NSSV=6; and in 
the velocity potential formulation, we have NSP'V =5 and NSSY = 3. The coefficients 
are . 


AlO=1.0, A20=1.0, AIX=0.0, ALY= 0.0, A2X=0.0, A2¥=0.0 
 400=0.0, FO=0.0, FX=00, FY=0.0 
The partial input of the problem is given in Table 13.6. 
Example 13.4 Eigenvalue and ¢ransient analysis (Examples 8.9 and 8.10). We _ 


consider the eigenvalue and transient problems discussed in Examples 8.9 and 8.10. 
The governing differential equation is [see (8.165)] 


au (S Zu) 
—-(=5+25}=1 
a \@x" ay 

For eigenvalue analysis, we set TFEM =1 and NBIGN =1, for the transient 
analysis, we set ITEM = 1 (parabolic equation) and NEIGN = 0. In addition, we must 
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FABLE 13.3 

Output frem FEM2DV2 for the problem in Example 13.1 

$$ — ee 
#%% ECHO OF THE ENFUT DATA STARTS #*4% 


Example &.1: Solution of the Poisson equation on a square domain 
oO 1 a o ITYPE, IGRAD, ITEM, NEIGN 
o 2 4 0 TELTYE , WPE, MESH, NPRNT 


2 NX, NY 
5 xO, DX (I) 
5 ¥O,DY(Z} 


2 

o 

0 

5 NSPV 
a 91 IsPv(1,J} 
6 0.0 VSPU(T} 

6 NESY 


-o 0.0 AlO, ALX, ALY 
-O 6.0 AZO, A2X, A2¥ 
Aco 


o 


Icony 
1.6 0.0 9.6 Fao, *FX, FY 
eeae ECHO OF THE INPUT BATA ENDS #ah*% 


Example 8.1: Solution of the Poisson equation on a square domain 


OUTPUT FROM PROGRAM ¥*FEM2DV2* BY dg, MN, REDDY 


ANALYSIS OF A POISSON/LAPLACE EQUATION 


COEFFICIENTS OF THE BIFFERENTIAL EQUATION: 


foeffielent, ALO wevsveasveaeecanncseceee™ 0, 10008401 
Cosffictent, ALK wesseeeenceesaveeerersee= 0, 0000E100 
. Coeffictlent, ALY wesc saee rece ree eee en eeae™ OO, CO00E+00 
Coefficient, AZO ..... wer eeee teevereeseee™ 0, LOQOETOL 
Coefficient, A2K .... cee eee ee vecveteusaee= 0, 0G00E4+00 
Coefficient, AY weet eae t eee ree rae ena = OL, OO00ETOO 
OoefFioieant, ADO weecseaaecae rare eer naaen = 0, c000E+00 


CONTINUCUS SOURCE COEFFICIENTS: 


Coefficient, FO -sseveanevesereresveerss= O,LO00EtO1 
Coefficient, FR wiscssesenaes vereeerecee™ O.QQO00E#00 
Coefficiant, PY sv ccec sce e een enews aaee= 0. 000GEt00 


weeeAKAE BK STEADY-STATE PROBLEM is analyzed #4aknke 
eae BK mesh of TRIANGLES is.chosen by user **2% 


FINITE ELEMENT MESH INFORMATION: 


Element type: 0 = Eriangle; >0 = Quad. de 
Humber of nodes per element, NFE ....... 
Ho. of primary deg, of freadom/node, HOF 
Number of elements in the mesh, HEM ..... 
Number of nodes in the mesh, NNM ...+..05 
Number of equations te be solved, NE@ ... 
Haif bandwidth of the matrix GLK, NHBW .. 


eR 
WOW er wo 


aned 
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TABLE 13.3 (Confinued) 


PS 


Mesh subdivisions, NX amd NY ....s.0cere = 2 2 
No. of specified PRIMARY variables, NSPV = 5 
Nede x-coord. y-coord. Speck. primary & secondary variables 
(o, unspecified; >0, specified} 
Primary DOF Secondary DOF 
1 G.O00C0EtOO 0.0000Et+00 Q Oo 
2 O,5000E100 0.0000F+00 0 iF] 
3° O.10008+01 0, 0000E+00 1 o 
4 ©,0000Et00 0,5000E+00 o a 
5 O.5000E4+00 oO.5000Et00 a i] 
6 O.1060E+O1 ©8,5000E+00 L i] 
7 GO.000OR+00 O,1000EF01 i 0 a 
8 8,50008100 0.1900E4+01 1 fat) 
9 6,1000E4+61 G.1000E+01 i o 


NUMERICAL INTEGRATION DATA: 


Full Integration polynomial degree, IPDF 
Nunber of full integration pointe, 
Reduced Integration polynomial deg. ,IPDR 
of reduced integration points, NIPR 
Integ. poly. deg. for stress comp., ISTR 
No. of integ. pts. for stress comp. ,NSTR 


No. 


SOLUTION: 


Kode 


x-coord. 


LO os in a Le 


0, 00000EB+00 
0.50000E+00 
0, 10000E+01 
0. q0000EtDG 
0. 50G00R+00 
0. 10000E+01 
0. 00000E+00 
0. 500005400 
0,i10000E+01 


y-coord. 


HIPF 


ee 


PRE B AO 


Primary DOF 


0.00000Et00 
0,.00000E400 
0.00000E+00 
9. 50000Et090 
0.50000R+00 
0, 50000E+00 
9. 10000E+01 
0. L0000EtOL 
6.10000E+07 


The orientation of 


0.312508+60 
9,.22917EF00 
G, O0000E100 
0, 22917E+00 
0.17 708E+00 
0, 00G00E+00 
@, QOOQQETO0 
0, 00000E+00 
0,Q00000E100 


gradient vector 


x-coord. yrooord. ali (du/dx) 
Q.33339E+00 06.1667E+00 0.1667E+00 
0.1667E+00 0,3333E+00 0.1042E+00 
O.8339E+0G C.L667E+O0 860.4583 8100 
O.5667Et100 06,3933E+00 0,495428+00 
G.3333E+00 O0.6667E+00 %,1042E100 
&,1667E+00 0,8333E+00 0. 0000E}00 
O.B333E100 0,65675+06 0.3542E+00 
O.6667Et00 0,8333E+00 0, 0000R+00 


pp 


is measured from the positive x-axis 


-a22({du/dy} 


0.1042E+00 
O.1667E100 
0. O000E+00 
QO. L042Et00 
GO. 3542E+00 
0,4583E+00 
0, COO0B+00 
0.3542E100 


Flux Mgntd orientation 


0,1965E+00 
0,1965E+00 
Q,45838+00 
0, 3692E+00 
0. 36928460 
0.4583E+00 
0. 3542E+00 
6, 3542E+00 


32.01 
57.39 

6,00 
36,39 
743.61 
90,00 

6.00 
96,00 
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TABLE 13.4 
Input data for the heat transfer problem in Example 13.2 


Example 13.2: Convective heat tranefer in a square region 


o 1 0 06 ITYPE, IGRAD, ITEM, NELGH 
1 4 2 6 LELTYP NPE, MESH, NPRNT 
8 a NX, NY 
0.0 0,425 0.125 0.125 0.125 0.125 6.125 0.128 0.125 X0,DX(Z) 
Q.0 0,125 0,125 0.125 0,125 0.125 0.125 0.125 0.125 Yo/D¥(Z) 
17 NSPV 

11 101 194 282 371 461 551 641 #931 742 «7951 
761 771 781 791 801 B14 ISPV {I,J} 
100.0 100.0 100.0 100.9 100.0 100.0 100.0 100.0 500.0 500.0 500.0 
500.0 500.0 500.0 500.0 500.0 500.0 VESEY (1) 

ry , NSSV 

10.0 0.0 0,0 ALO, ALM, AlY 

10.0 o.0 0.0 20, A2X, A2Y¥ 

9.0 A00 

1 ICONV 

16 NBE 


1 16,0 100.0 2 160.0 100.0 3 10.0 180.0 4 16.6 100.0 
S$ 16.0 100.0 6 10.0 100.0 7 410.0 100.0 8 10.0 160,09 
8 16,0 100.0 16 16,0 100.0 24 16.0 100.0 32 10.0 100.9 
40 10,0 100.0 48 10.0 100.0 54 10.0 100,0 62 10.0 100.5 TEN, BETA,... 


12 12 12 12 12 1 2 12 12 
23 23 23 23 23 23 23 23 TNOD(I,7} 
0.0 0.0 ga . FO, PX, PY 


input the following parameters: 
NTIME=20, NSTP=21 (>NTIME), INTVL=1 
INTIAL=0, DF=0.05, ALFA=0.5, GAMA=0.5 (not used) 
CO=10, CX=0.0, CY=0.0 


The parameter NSTP allows removal of the source {i.e., f) at a given time step. For 
example, if NSTP = 5 then, at the fifth time step and at each subsequent time step, f 
wiil be set equal to zero. 

Table 13.7 gives the input files for the two problems. For a discussion of the 
resnits, see Examples 8.9 and 8.10, 

The problems in Examples 8.11 and 8.12 can be analyzed using FEM2DV2, with 
minor changes to the input data in Table 13.7. The data for the hyperbolic problem in 
Examples 8.11 and 8.12 is piven in Table 13.8. 


Example 13.5 Deformation of a cantileyer plate (Example 10.2). This is a plane 
elasticity problem, with plane stress assumption (i.c., LNSTRS = 1). Here we consider 
both triangular and rectangular element meshes (see Fig. 13.7). MSH2DR can be used 
ta generate the meshes (i.c., MESH = 1). For the 8 x 2 mesh of linear elements (or the 
4x1 mesh of quadratic elements), we have the following input parameters: 


ITYPE=2, IGRAD=1 (or>0), [ITEM=0 


for static analysis and ITEM = 2 for dynamic analysis. 
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140 


130 


xy 
& 


Temperature T(x, 0} 
jan 
al 


g 


$0 : -— 
0.0 02 O44 0.6 0.8 1.6 1.2 
Distance x 
(a) 
600 


Ss & 


Temperature T(1, y) 
1 
3 


0.0 0.2 0.4 0.6 6.8 £0 1.2 
Distance ¥ 


(5) 
FIGURE 13.5 
Temperature variations along the boundaries y=G and x=1 for the convective heat transfer 


problem of Example 13.2; 409, 4x 4 mesh of nine-node quadrilateral elements; 8Q4, 8x 3 mesh 
of four-node quadrilateral elements. 
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® 409 (yo = 0.05283) 
600 -a- 804 (¥ = 0.0625) 
ar 


fy = hy ay 


Heat flow gy(x, yo) 
book 
Bs 8 


L 
= 


— 1600 
0.0 0.2 0.4 0.6 0.8 1.6 
Distance x 
(2) 
3000 


2000 
= 
xs 
o 
3 L000 
3 a 409% (xo = 0.9472), uniform 
va -0~ 8Q4 (xp = 0.9375), uniform 

g4 804 (x = 0.9688), nonuniform 
+ 1000 1 
0.0 0,2 0.4 0.6 0.8 1.0 
Distance y¥ 
(5) 

FIGURE 13.6 


Variations of the heat fiow along the horizonta! (x = 0.9472 and 0.9375) and vertical (y = 0.05283 
and 0.0625) boundaries (at the Gauss points nearest to the boundaries). See Fig. 13.5 for the 


explanation of the notation 409 and 804. 
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{ 
v= [50 psi t{ 
t 


{c) 


FIGURE 13.7 
Bending of a cantilever plate using the elasticity equations: (a) geometry and loading; (6) mesh of 
nine-node quadratic elements (4 x 1); (¢} mesh of linear rectangular elements {8 X 2). 


There are four specified primary variables and three nonzero specified forces for 
the mesk: 
NSPV=4, ISPV(I, 3) =(9, 1; 18, 1; 18, 2; 27,1) 
VSPV(D = (0.0, 0.0, 0.0, 6.0) 
NSSV=3, ISSV(L,J)=(1,2;10,2; 19,2), VSSV(D) =(-75.0, - 150.0, -75.0) 
Table 13.9 gives the data sets for natural vibration and transient analysis for the 


4x1 mesh of nine-node quadratic elements. The data for the static case follows easily 
from the transient case, The results were discussed in Examples 10.2 and 10.3. 


Example 13.6 Viscous fluid squeezed between two parallel plates (Example 11.4). We 
set up the data for a 12X8 uniform mesh of linear rectangular elements and the 
equivalent 6 X 4 mesh of nine-node elements. Most of the data are exactly the same for 
both meshes, We have 
ITYPE=1, IGRAD=1, ITEM=0 (for static analysis) 
ITEM = 1 (for transient analysis), NEIGN=0 

Table 13.10 gives the complete input data for the 6 x 4 mesh of nine-node elements for 
the transient case. 


Example 13.7 Bending of a simply supported isotropic plate under uniferm load 
(Example 12.1). The 44 mesh of Hermite elements and 2x2 mesh of nine-node 
elenients are used to model the square plate. Only rectangular elements are allowed 
(IELTYP = 1). 
Classtcal plate model (ITYPE = 4 or 5) 

ITYPE =5 (conforming element), IGRAD=1 
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TABLE 13.5 : 
Input data required for mesh generation by MSH2DG for the problem of 


inviscid flow around a circular cylinder 


ee 


(a} Mesh of linear triangles (sea Fig.13.3a}: 


32 «25 HEH, NN 

5 NRECL 

i 3 1 #@6.0 6.0 43.0 6.6 6.0 

6 210 2 6.0 1.0 3,07512 6,38268 6.0 NOD1,NCBL, NODINC, 
41 15 21 9,0 2.0 4.29286 96,7071 6.5 X1,¥1,XL, YL,RATIO 

16 20 1 2.0 2.0 4,61732 0.92388 6.) for each line seqment 
22 #25 1 4.0 2.0 4,0 1,90 6.0 

§ HNRECEL 

1 7 2 2 ~=3 1 2 7 

2 8 241 3 1 7 6 

$ 15 2 1 3 6 7 422 HEL1,NELL, TELINC, NODING, 
16° 16 2 «21 «3 6 12 #11 HEE, NOD{I,J) 

i170 23 2 1 =3 14 12 16 for each line 

16 24 2 1 3 13°17 #16 
25 #31 2 1 #3 16 $17 22k 
26 32 2 1 3 17 22 221 

{bh} Mesh of four-node quadrilaterals (see Fig. 13,36}: 

16025 NEM, NRE 

§ NRECL 

1 5 1 6,0 6.0 3,0 0.0 6,0 

6 10 1 G0 1.0 3.07612 0.38266 6,0 NOD1,NOOL ,HODING, 

41 15 2 6,0 2.0 3.29289 6.7074 6,9 41,¥1,4L, YL, RATIO 
16°20 1 2.0 2.0 4.61732 0.92388 &6.¢ for each line segment 
21 25 1 4.0 2.0 4,0 1.4 6.0 

4 NRECEL 

1 4 141 4 it 2 7 6 

5 2 t 1 4 & F #12 #11 NELE,;-NELL, IELINC, NODING, 
90 43222~=21 «1 «4 1112 #417 #416 NPE, NOD(I, 7} 

13°416 #41 4 16 17 22 21 


Shear deformation plate model 
ITYPE=3, IGRAD=1 

The classical plate model has three degrees of freedom per node when the nonconform- 
ing element is used (i.e., TYPE =4), and four degrees of freedom per node for the 
conforming clement (i.¢., FFYPE=5). This must be taken into consideration in 
inputting boundary conditions. 

Table 13.12 gives the input data for classical and shear deformation plate models. 
For the nonconforming element, the data is the same as that used for the shear 
deformation model, except that ITYPE = 4, 


For free vibration (NEIGN = 1) and stability analysis (NEIGN = 2), most 
of the data remain the same. For transient analysis, the time step used for 
unconditionally stable schemes is arbitrary, but should be small enough to give 
a complete response curve. 
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TABLE 13.6 
Input data for the problem in Example 13.3 (for triangles){ 


i eee 


Example 8.7: Flow around a circular eylindar (Streamfunction) 


Qo 2 Q o ITYPE, IGRAD, ITEN, NEIGN 
Qo a 2 o TELTYP , NPE, MESH, NERHT 
32 00«25 NEM, NN 
Qccceern-- input data for MSHZDG from Table 13.5 goss here -<<scc3cs" > 
13 NSPV 
11 21 31 44a 512 1014 151 202 251 
& Ll it 1 461 211 TSPV (I,J) 
0.0 9.9 0.6 0.0 0.0 0,0 0,9 0.9 0.0 
1.0 2.0 2.0 2.0 VSPV(I} 
0 NgSV 
1.0 9.0 O,0 AlO, ALX,/A1¥ 
1.6 6,0 6.0 A20, A2Kk, AZY 
6,0 Ago 
a tconv ‘ 
0.0 6.0 6.6 FO, FK, FY 
Example 8.7: Flow around a circular cylinder {velocity potential) 
6 1 ) 9) ITYPE, IGRAD, ITEM, NEIGH 
o 3 2 oO IEL, NPE, MESH, NPRNT 
32 «25 NEM, NNM 
Slaten input data for MSH2DG from Table 13.5 goes here sos-9—--~ > 
5 NSFV 
2i 1 222 23 2 241 25 1 ISPV(I,d) 
g.0 0.06 O.0 6.0 0.0 ¥SPV(I} 
3 NSsV 
11 61 111 IsSv({I,7} 
0.5 21.0 @.5 YSEV(I} 
1.90 0,0 90.0 AlO, AlX, ALY 
1.6 0.0 0.0 R20, AZX, Ay 
0.6 ADD 
is) Iconv 
0.0 0.0 4,¢ Fo, FX, FY 


+ For the nedal-equivatent mesh of quadrilateral etements, (he input data differs only in specifying FELTYF = 1 
and NEM = 16, and using the quadrilateral element data for MSH2DG from Table 13.5. 


Example 13.8 Dynamic response of a clamped circular plate under suddenty applied 
uniform transverse loading. Consider a ciamped circular plate of radius R= 100 in, 
thickness h=20in, modulus E=100lbin™*, Poisson ratio v= 0.3, and density p= 
10 1b in, subjected to a suddenly applied (ie., w= ¢.=¢, = = b= $, =0 at 
time ¢=0) uniform loading of intensity f,=1lbin™*. We analyze the problem by 
modeling one quadrant (using the symmetry) of the piate by five nine-node elements 
(see Fig, 13.84) and Af =2.5s. The input data is presented in Table 13.12. 
Plots of the center deflection and stress versus time are shown in Fig. 13.8(6). 
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TABLE 13.7 . 
Input data for the eigenvalue and transient analysis of a parabolic equation 


over a square region (a = b =2)7 
a A | 


Example $,9: Eigenvalue analysis of 2 parabolic equation on a square 


o oO 24 21 ITYPE, [GRAD , TEM ,NEIGN 
a) NVALU, NVCTR 
1 4 1 o TELTYP, NPE, MESH, HPRNT 
4 4 Nx, NY 
0.0 0.25 0.25 6.25 0.25 X0,DX(I) 
o.0 0.25 0,25 0.25 0.25 ¥O,D¥ (1) 
3 . HSPV 
51 103 15 1 20 1 214 22 1 231 241 #25 1 Ispv 
1.0 o.0 0.96 AlO, AIX, ALY 
1.0 o.0 4.0 A20, A2X, Aay 
0.90 ago 
o TCoNy 
1.0 0.0 o.¢ co, CX, cY 
Example 8.10: Transient analysis of a parabolic equation on @ square 
o oO 1 a ITYPE, IGRAD, ITEM, NEIGN 
1 4 1 =@ IELTYP, NPE, MESH ,HPRNT 
4 4 NX, NY 
0.0 0.265 0.25 6.25 0.35 XO, DX{T) 
C.0 0.25 6.25 0.25 0.25 ¥O,DY(I) 
3 NSpy 
51 13012 164 201 221i 22 1 23 2 24 1 #251 ISP¥ 
5.4 o.0 0.0 6.0 a9 0.9 7.9 0.0 0.0 VSPY 
0) HSSY 
1.9 0.0 O.6 Alo, AMX, ALY¥ 
1.0 4,0 0.0 Ago, AZM, A2Y 
0.0 AGO 
0 ; ITCony 
1.90 0.0 o.0 FO, FX, FY 
1.0 9.0 O95 co, CX, oY 
20 21 1 0 NTIME,NSTP, INTVL, INFIAL 
9.05 06.5 0.5 1.,05-3 DT ALFA, GAMA, EPSLN 


rs 
T Only @ quadrant is modeled in the transient as well as the eigenvalue analysis fhence, only symmetric 
elgenvalues can be oblained). 


13.5 SUMMARY 


A description of finite element computer program FEM2DV2 and its applica- 
tion to problems discussed in Chapters 8-12 have been presented. The 
program can be used to analyze two-dimensional field problems and problems 
of plane elasticity, 2-D flows of viscous incompressible fluids, and plate 
bending. It allows static, eigenvalue, and time-dependent analyses. Linear and 
quadratic, and triangular and rectangular elements can be used. The mesh 
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TABLE 13.8 
Input data for the eigenvalue 


over a rectangular region (a = 4, b = 


Example 8.11: Natural vibration o 


and transient analysis of an hyperbolic equation 


2)t 


f a rectangular membrane 


a ee JTYPE, IGRAD, ETEM, NEIGH 
5 i) NVALU, NVCTR 
1 4 1 a IELTYP, NPE, MESH ,NPRNT 
4 4 NX, UY 
0.0 1,0 1.G 1.0 1.0 xO ,DX (I) 
6.0 0.5 0.5 0.5 0.5 ¥O,DY(I} 
16 NBPV 

12 241 31 41 51 61 1o1 11 (3 

15 1 161 201 211 #2 1 231 241 25 1 Ispy 
12.5 6.0 0.0 ALO, AlX, ALY 
12.5 0,0 0.6 AZO, A2X, AZ¥ 
0.6 AoO 
o ItoRV ~ 
2.5 6.0 O.¢ co, cx, “CY 

Example 8.12: Transient analysis of an hyperbolic equatian (membrane) 
o a 2 0 IPYPE,,IGRAD, ITEM, NEIGN 
1 4 2 0 TELTYP, NPE, MESH -NPRNT 
4 4 NX, NY 
0.9 O.5 o.5 0.5 o.5 x0,DX(I) 
0.0 0.25 O.25 0.25 98.25 ¥0,DY{I} 
9 NSPY¥ 
5 1 1014 15 f£ 20 1 2ii1 22 21 23°21 2440 25 1 ISéV 
0.0 o.d 0.90 0.6 0,0 0,0 6.0 o.0 0.0 VSPV 
i) Nssv 
12.5 6.0 4.0 Ald, AX, AlY 
12.5 9.0 6,6 A2G, A2X, AaY 
0.0 AGG 
ip) ICONY 
0.0 0.0 O.0 Fo, Fx, FY 
2.5 0.0 0.9 co, Cx, cY 
20 21 1 1 NTIME,NSTP , INFVL, INTIAL 
0.0265 0.5 6.5 4.0E-3 DT, ALFA, CAMA, EPSLH 
0.400 6.375 0,300 0,175 0.0 
O.375 0.35156 0.28125 0.16406 ©.0 
0.300 ©,.28125 0.225 9.13125 0.0 
O.175 0.16406 0.13125 0.076563 0.90 
6.0 9.0 0.0 0.0 o.0 Initial cond,, GELU(T) 
0.9 6.0 0.6 0.0 0.4 
6.0 0.0 0.90 o.90 0.9 
Q,o 0.0 0.0 0.0 0.0 
6.0 0.0 0.9 0.0 6.0 . 
0.¢ 0.0 6.90 o.0 0.0 Initial cond., GLV(Z} 


ap 


+ Only a quadrant is modeled in the transient analysis, and the whole domain is modeled in the eigenvalue 


analysis. 


generators are fairly general for gene 


rating finite element meshes for geometr- 


ically complex domains. The program FEM2DV2 is a true refiection of the 
theory presented in Chapters 8-12, and it can be extended to analyze other 
field problems with appropriate modifications. 
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TABLE 13.9 7 
Input data for the dynamic analysis of a cantilever beam 


Example 10.5: Natural vibration of a cantilever beam by elasticity 


2 0 2 2 : ETYPE, FGRAD, 1'TEM, NEIGH 
ia6G HVALU, NYCTR 
1 :] 1 1 FELTYF ,NPE MESH, NPRNT 
4 1 Hx, NY 
0.0 2.5 2.5 2.65 2.5 xO, DXCI} 
a.o 62.0 ¥o, BY(T) 
4 SPY 
9 Lt i181 18 2 27 21 iSpy 
I LNSTRS 
30,0R06 30,0E06 0.25 12,0F06 1,0 E1,E2,ANU12,G12, THKNS 
8,8255E-03 0.0 0.0 co, CX, cy 
Example 10.5: Transient analysis of a cantilever beam by elasticity 
2 i 2 i] ITYPE, IGRAD, ITEM, NEIGN 
1 $$ 21 @ LIELTYP , NPE, MESH, RPRNT 
4 1 NX, WY¥ 
0.0 2.5 2.5 2.5 2.5 XO,DX(T) 
0.0 2,0 ¥0,D¥ (I) 
4 NSPY 
6 1 #181 18 2 a7 i ISPY 
0.0 0.0 0.¢ 0.0 YSPV 
a NESvV 
12 1602 19 #2 Issyv 
-75.0 -150.0 -75.0 V¥VSsy 
1 LNSTRS 
30.0E06 30.0506 0.25 12.0E06 1.0 E1,E2,ANUI2,Gi2, THENS 
0.0 a.0 O.6 Fo, FR, FY 
3,8255E-03 0.0 0.0 co, ex, cy 
20 21 #3 0 NTIME, NSTP, INTVL, INTIAL 
0,252-63 0.6 8.5 1,0E-3 DT, ALFA, GAMA, EPSLN 


Sa Sy 
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TABLE 13.10 
input data for the viscous flow problem in Example 13.6 


Example 11.5: Transient analysis of fiuid squeezed between plates 


1 1 #1 #0 ITYPE, IGRAD, ITEM, NEIGH 
1 9 1 6G IEL, NPE, MESH, NPRNT 
6 4 NX, NY 
0.0 1.0 41.0 1.0 41.0 1.0 14.0 XO, DX(I) 
0.6 0.5 6.5 0.5 0.5 ¥0, DY(I)} 
at NSPV 
11 42 2,2 432 42 5 2 6272 8 292 
102 112 12 2 13 2 14 1 27 2 40 1 534 661 PH 
92.1105 1105 2166 2106 2107 1107 2 108 1 108 2 1091 
109 2110 2110 2111 21127 2112 121212 2 143 1 213 2 114 1 
114 2115 2 115 2116 43116 2117 1127 2 TSPV{I,3) . 
0.0 4.0 0.0 0.0 0.90 0.0 0.0 O.0 0.0 Goa 
0.0 G0 0.0 0.0 0.0 6.90 0.0 6.0 0.0 G9 
0.0 0 1.0 6.0 -1.0 0.0 ~k.0 6.0 =<1.0  @.0 
-1.0 0,0 -1.0 0.0 ~1.8 0.0 -1.0 @.0 ~t.0 06.0 
-1.0 6,0 -1.0 0.0 -1.0 0.0 <-2.0 VSBV{E) 
a NSS¥ 
1.0 1.0E8 AMU, PERLTY 
0.0 0.0 @.0 FO, FX, FY 
1.0 0.0 GO CO, CX, CY 
20 50 1 Qo NTIME, NSTP ,INTVL, INTIAL 
0.4 0.5 6.25 1.0D-3 DT, ALFA, GAMA, EPSEN 


Lo... 
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TABLE 13,11 
Input daia for the bending of a simply supported plate 


Example 12.1: Bending of a simply supported isotropic plate--PFspT 


2 1 0 oO ITYPE, IGRAD, ITEM, HEEGN 

1 4 4 @ TEL, NPE, MESH, HPRNT 

4 4 NX, HY 

0.0 1.25 1.25 1,25 1.25 XG, DX{I} 

a.0 1.25 1.235 1.25 1.25 YO, DY{I} 

27 NSPV 
12 443 2 4 4 3 #43 #5 t S&S 3 6 2 104 

10 3 41 2 18 12 25 3 26 2 20 £ 26 3 21 1 212 

22 2 22 2 23 1 23 2 24 2 24 2 25 1 25 2 253 £4XISPV 

0.0 o.0 0.6 0.0 0.0 o.0 0.0 G0 0.0 

0.0 0.0 0.0 0.0 0.0 0.9 0.0 0.0 0.0 

0.0 0.0 0.5 0.0 0.6 0.0 0.0 a.0 0.0 VSPV 

0 NsSY 


J.0H7 1.0E? 0.25 0.487 0.487 6.427 1.0 El, E2, ANU12, G12,... 


1.6 0.0 o.0 FO, FX, FY 
Example 12.1: Bending of a simply supported isotropic plate--CPF{C) 
5 1 G o ITYPE, IGRAD , ITEM ,NEIGH 
4 4 1 0 TEL, NPE, MESH, NPRNT 
1 1 NX, HY 
0.0 5.0 xO, DX(I} 
o.0 5.0 Yo, DY¥{I} 
12 NSFY 
1 2 1 3 2061 2 3 aol 3°32 4 12 4 2 4 3 
14 24 3 4 ISPV(1,J} 
a.0 0.0 0.0 0.0 0,0 0.6 0.0 0.0 o.9 
o.0 a.0 0.0 VEPV{T) 
oO Nesy 


1.0E7 1.0E7 6.25 O.487 O.4E7 O.4E7 1,90 E1,E2,ANU12,G12,... 


1.0 0.0 0.90 FO, FX, FY 
——— Sy 
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E = 100 ib in? 
v= 0.3 
k= 20 in 


Center deflection and stress 


Q 50 100 150 200 250 300 350 400 450 500 
Time ¢ 
(4) 
FIGURE 13,8 
Clamped circular plate wnder a suddenly applied uniform load; (a) geametry and boundary 
conditions; (6) center deflection and stress versus time. 
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TABLE 13.12 
Input data for the transient analysis of a circular plate 


Example 13,8: Transiant response of a clamped circular plate--FSDT 


3 2 2 0 ; ITYPE, IGRAD, ITEM, NEIGH 
1 9 60 O TEL, NPE, MESH, NPRNT 
& 29 NEM, NNM 
t 5 7 8 2 6 6 4 3 NoD(1,1), I=1,NPE 
5 15 17 7 10 16 12 6 12 NOD(2,1), I=1,NPE 
9 7 17 19 #8 12 18 14 13 NOD(3,I), I=1,NPE 
15 25 27 417 20 26 22 16 21 NOD(4,1), Imi,NPE 
19 17 27 29 18 22 28 24 23 HOoD(5,7), I=1,NPE 
6.0000 0.0000 16.5000 0.0000 41,6673 11.6673 
0.0000 (16.5 43.0 0.0 30,488 12.6286 
23.3345 23.9945 12.6286 30,486 0.0 32.0 
49.5 6.6 45,732 18,9428 35.06 35.0 
18.9428 45.732 90,0 49.5 66,0 0,0 
60,976 25.2571 46,669 46.669 25.2571 60.976 
0.0 66.0 83.0 0.9 76.682 31,7627 
58.6898 58.6898 31.7627 76,682 0.0 82.0 
100.0 0.0 92.998 36.2683 70.7107 76.7107 
48.2683 92.388 0.0 100.0 GLEY (I, 7} 
27 NSEV 
12 43 23 4 2 #5 3 9 2 10 3 14 2 153 
19 2 20 3 24 2 28 1 25 2 28 3 26 1 26 2 2623 
27 1 27 2 27 3 28 1 28 2 28 3 29 1 29 2 2923 ~~ ITsPV 
0.0 0.0 0.0 0.0 0.0 0.0 0.9 0.0 0.0 
a.0 0.0 0.6 0.0 0,0 0.6 0.0 0,0 0.0 
0.0 0.0 0.90 0.9 0.0 0.0 0.0 0.0 0.0 VSPV 
D nssv 


1.0E2 1.0E2 06.30 0,.3845E2 0,3845E2 6.3845E2 20.0 E1,E2,... 


1.0 0.6 0.0 FO, FX, FY 
10.0 @.0 6.0 co, OX, ex 
40s dL 10 0 00 NTIHE,HSTP, INTVL, INTIAL 


2.5 O.5 0.5 1.0E-03 BT, ALFA, GAMA, EPSLN 
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PROBLEMS 


Note that all of the problems must be analyzed using FEM2DV2. The results obtained 
from the program should be evaluated for their accuracy in the light of analytical 
solutions for qualitative understanding of the solution of the problem. New problems 
can be generated from those given here by changing the problem data, mesh, type of 
element, etc. For time-dependent problems, the time step and number of time steps 
should be chosen such that the solution pattern is established or a steady state is 
reached, When specific material properties are not given, use values such that the 
solution can be interpreted as the nondimensional solution of the problem. 


Field problems (Chapter 8) 


13.1, Investigate the convergence of the solution to Problem 8.26 using 2 x 2, 4 4, 
and §*8 meshes of linear triangular elements, and compare the results (in 
graphical or tabular form) with the analytical solution. r 

13.2, Repeat Problem 13.1 with rectangular elements. 

13.3. Repeat Problem 13.1 for the case u,=1 (see Problem 8,27 for the-ahalytical 
solution}. 

13.4, Repeat Problem 13.3 with rectangular elements. 

13.5. Investigate the convergence of the solution to Problem 8. 31 using 2X2, 44, 
and &%8 meshes of linear triangular elements and equivalent meshes of 
quadratic triangular elements. 

13.6. Repeat Problem 13.5 using rectangular elements. 

13.7, Analyze the axisymmetric problem in Problem 8.36 using 4X 1 and 8 X 1 Hnear 
rectangular elements, and compare the solution with the exact solution. 

13.8. Analyze the axisymmetric problem in Problem 8.37 using 4x4 and 8x8 
meshes of linear rectangular elements. 

13.9, Analyze Problem 8.26 for eigenvalues (take c= 1.0), using a 2x4 uniform 
mesh of triangular elements, Calculate the critical time step for a parabolic 
equation. 

13.10, Analyze Problem 8.26 using a 2= 4 mesh of triangles for transient response. 
Assume zero initial conditions. Use a=6.5 and At=0.01. Investigate the 
stability of the solution when a = 0.0 and At = 0.005. The number of time steps 
should be such that the solution reaches its peak value or a steady state. 

13,11, Analyze Problem 8.31 for transient response (take ¢ = 1.0) using a 4% 4 mesh 
of linear rectangular elements and a 2x2 mesh of nine-node quadratic 
rectangular elements. Assume zere initial conditions. Investigate the stability 
and accuracy of the Crank—Nicolson scheme (#=0.5) and the forward 
difference scheme (w= 0). 

13.12. Repeat Problem 13.11 for the axisymmetric probiem in Fig. P8.37. Assume 
zero initial conditions. 


Heat transfer (Chapter §) 


13,13. Analyze the heat transfer problem in Problem 8.38 using an 8 x 16 mesh of 
linear triangular elements and an equivalent mesh of linear rectangular 
elements. 


13,14, Analyze the heat transfer problem in Fig. P8.39. 
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13.15. Analyze Problem 8.40 for nodal temperatures and heat flow across the 
boundaries. Use the following data: K=30Wm?°C!, B=60Wm? °c"! 
T= OC, F= 100°C, go= 200, 000 Wm, f= 10" Wim, and a@=1¢m. 

13.16. Repeat Problem 13.15 with an equivalent mesh of triangular elements. 

13.17. Analyze Problem 8.46 for nodal temperature and heat flows across the 
boundary. Take k=5 Wm77°C!. 

13,18. Repeat Problem 13.17 using equivalent meshes of nine-node rectangular 
elements. 

(3.15) Consider heat transfer in a rectangular domain with a central heated circular 

“-—"" eylinder (see Fig. Pi3.19 for the geometry). Analyze the problem using the 
mesh of linear quadrilateral elements shown in Fig, 13.3(b). 


J» —______ 8 cm ind 
Insulated 


Rigid cylinder 
(2 cm diameter) 


Domain modeled 


k, = ky = 10 Wm! °c! 


—_" Insulated 
FIGURE PH,.19 


13.20. Repeat Problem 13.19 with the mesh of quadratic quadrilateral elements shown 
— in Fig. 13.3(d). 

13.21. Analyze the heat transfer problem in Fig. P8.42 with (@) 2x2 and (b} 4x4 
meshes of linear rectanguiar elements. 

13,22, Repeat Problem 13.21 with triangular elements, 

13.23, Analyze the problem in Fig. P8.43 with (a} 3 x 3, and (b) 6 6 meshes of linear 
rectangular elements. Take & =10 Wm) °C". 

13.24, Repeat Problem 13.23 with linear triangular elements. 

13.25, Analyze the heat transfer problem in Fig. P8.45 with a 4 4 mesh of linear 
rectangular elements and an equivalent mesh of quadratic (nine-node) ele- 
ments. Take ¢ =1cm, 7)= 100°C, and k=3 Wm7'*c"". 

13.26. Determine the transient response of the problem in Fig. P8.43 using a 6 = 6 
mesh of rectangular elements. Use the Crank—Nicolson scheme. 

13.27, Analyze the problem in Fig. P8.46 for transient response using (a) a = 0 and 
(b) w=0.5. ; 

13,28, Analyze the axisymmetric problem in Fig. P8.36 using the Crank—Nicolson 
method, Use an 8 x 1 mesh of linear rectangular elements. 


Ground water and inviscid flows (Chapter 8) 


13,29, Analyze the groundwater How in Problem 8,50 using a 168 mesh of linear 
rectangular elements, and homogeneous properties a;, = @22= 1 mday™, 
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13.30, 
13.31, 
13.32. 
13,33. 


13.H4, 


13.38, 


Repeat Problem 13.29 with a 16 x 18 mesh of linear triangular elements. 
Analyze Problem 8.49 with an 8 X 4 mesh of linear triangular ciements. 
Repeat Problem 8.49 with an equivalent mesh of linear quadrilateral elements. 
Repeat Problem 8.49 with an equivalent mesh of quadratic triangular 
elements. 

Repeat Problem 8.49 with an equivalent mesh of quadratic (nine-node} 
quadrilateral elements. 

Analyze Problem 8.48 using linear rectangular elements and an equivalent 
mesh of quadratic rectangular elements. Use an 8 x 6 mesh in the first rectangle 
and an 84 mesh in the second. The meshes should be refined in the 
horizontal direction to have smaller elements around the sheet pile. 


. Analyze the flow around cylinder of elliptical cross-section (see Fig. P8.52). 


Use the symmetry and an appropriate mesh of linear triangular elements. Use 
the stream function approach, , ~ 
Repeat Problem 13.36 using the velocity potential formulation. 

Repeat Problem 13.36 with quadrilateral elements. 


» Repeat Problem 13.36 using the velocity potential formulation and quad- 


rilateral elements. 


Analyze the problem in Fig. P8.53 using (a) the stream function and (b) the 
velocity potential formulations. Use an 8X8 mesh in the first rectangle and a 
4x4 mesh in the second. Use a nonuniform mesh of linear rectangular 
elements such that smaller elements are used near the obstruction. 


Solid mechanics (Chapter 3) 


13.41, 


13.42. 
13.43. 


13.44, 


13.48. 
13.46, 
13.47, 


13.48. 


‘13.49, 


Analyze the torsion of a member of circular cross-section (see Fig. P8.54) for 
the state of shear stress distribution. Investigate the accuracy with mesh 
refinements (by subdividing the mesh in Fig. P8.54 with horizontal and vertical 
lines). 

Analyze the torsion problem in Fig, P8.56. 

Analyze the hollow-cross-section torsion problem in Fig. 28.57 using a mesh of 
(a) linear triangular elements in an octant and (b) linear rectangular elements 
in a quadrant. The meshes should be node-wise-equivalent. 

Analyze the rectangular membrane problem in Fig. P8.59 with 4 x 4 and &x 8 
meshes of linear rectangular elements in the computational domain. Take 
44, =@,= 1, . 

Repeat Problem 13.44 with triangular elements. 

Repeat Problem 13.45 with equivalent meshes of quadratic elements. 


Investigate the convergence of the solution of the circular membrane problem 
in Fig. P8.60 by subdividing each element into three elements. Compare the 
nodal values of the deflection obtained with the two meshes. 

Determine the eigenvalues of the rectangular membrane in Fig. P8.59 using a 
4X 4 mesh in the half-domain. Use c= 1.0. 

Analyze Problem 8.59 (with a 44 mesh in the half-domain) for transient 
response. Assume zero initial conditions and {@) a=4, y=4 and (b) w=3, 
y= 4. Use At Ad, and a sufficient number of time steps to plot the results 
graphically. 


De ne 
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13.50. Determine the eigenvalues of the circular membrane problem in Fig. P8.60 
with a refined mesh obtained from that shown in the figure by subdividing the 
elements, 

13.51. Determine the transient response of the problem in Fig. P8.60 (see Problem 
13.50), Assume zero initial conditions, c=1 and fy=1. Use w= y=0.5, 
Ar=0.05, and plot the center deflection versus time £ for t = 0-2.4. 


Plane elasticity (Chapter 10) 


43.52. Analyze the plane elasticity prablem in Fig. P10.7 using (a) 4 x2 and (b) 8x4 
meshes of linear rectangular elements and equivalent meshes of quadratic 
{uine-node) elements. Evaluate the results (i.c., displacements and stresses) 
qualitatively. Use the plane stress assumption. 

13.53. Repeat Prohlef 13,52 using triangular elements. 

13.54-13.63, Analyze the plane elasticity problems shown in Figs. P10.1-10.3 and 
PiG.10-P10.16 using suitable meshes of triangular or rectangular elements {the 
instructor should specify the element type and mesh). 

13.64. Analyze the plane elasticity problem in Fig. P10.7 for natural frequencies. Use 
an &x4 mesh of linear rectangular elements and an equivalent mesh of 
quadratic elements. Use a density of 0.0088. 

13.465. Repeat Problem 13.64 with triangular elements. 

13.66. Analyze Problem 13.64 for its transient responte. Use «=3, y=4, and 
At=10-*, Assume zero initial conditions. , 

13.67-¥3.70. Analyze Problems 13.54-13.57 for their transient response. Use a =, 
y= 4, and Af=At,,. 


Viscous incompressible fluids (Chapter 11) 


1.71. Analyze the viscous flow problem in Problem 11.8 using an 8 x 8 mesh of linear 

A rectangular elements. Plot the horizontal velocity «(0.5, y) versus y, and the 
pressure along the top surface of the cavity. Investigate the effect of the penalty 
parameter on the solution (see Fig. P11.8). 

13.72, Repeat Problem 13.71 with nine-node quadratic elements. 

, 13.73, Repeat Problem 13.71 with eight-node quadratic elements. 

13°74. Analyze the slider bearing problem of Example 11.4 to investigate the effect of 
the penalty parameter on the velocity and pressure fields. Use an & X 8 mesh of 
linear rectangular elements. 

13.75, Repeat Problem 13.74 with nine-node quadratic elements. 

13.76, Repeat Problem 13.74 with eight-node quadratic elements. 

13.77. Analyze the problem of a viscous incompressible fluid being squeezed through 
a 4:1 contraction, as shown in Fig, P13.77. Take L,=10, L=6, R,=4, and 
R,=1, and linear quadrilateral elements. The inlet velacity u(y) is the fully 
developed solution of the ow between parallel plates. Plot the velocity u(x, y) 
and pressure along the horizontal centerline. 

13.78, Analyze the cavity problem in Problem 13,71 for its transient solution. Use 
p=41.0, zero initial conditions, penalty parameter y= 10°, time parameter 
av =0.5, and a time step of 0.005 to capture the evolution of 4(0.5, y) with 
time, 
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"}—— 4 +--+ 


Line of symmetry 


FIGURE P13,77 


43,79, Analyze the slider bearing problem of Example 11.4 for its transient solution. 
Use p = 20, zero initial conditions, y = 10°, a =0.5, and a time step of 10°*. 


Plate bending (Chapter 12) 


13.80, Analyze the plate problem in Fig. P12.1 using 2x1, 42 and 8 x 4 meshes of 
CPT(N) elements in the half-plate, and compare the maximum defections and 
stresses, 

13.81. Repeat Problem 13.80 with a CPT(C) element. 

13.82. Repeat Problem 13.80 with an 8 x 4 mesh of linear rectangular elements and a 
4% 2 mesh of nine-node quadratic elements (first-order plate theory). 

13.83, Analyze the plate problem in Fig. P12.4 using a 4%4 mesh of CPT(N) 
elements. 

13.84. Repeat Problem 13.83 with CPT(C) elements. 

13.85. Repeat Problem 13.83 with a 4x4 mesh of nine-node quadratic elements. 

13,86-13.88. Analyze the plate bending problems shown in Figs. P12.7~P12.9 with 
the CPT(C) elements. Use the mesh shown. 

13.89-13.91. Repeat Problems 13.86-13.88 using shear deformation theory. Use 
linear finite elements. 

13.92, Analyze the annular plate in Fig. P12.3 using a four-element mesh (see Fig. 
P12,7) of CPT(C) elements. 

13,93. Repeat Problem 13.92 with four nine-node FSDT elements. 

13.94, Analyze the rhombic plate in Fig. P12.6 with a 4%4 mesh of nine- “node 
(FSDT) elements. 

13.95, Analyze the plate problem in Fig. P12.1 for its transient response, Use CPT(C) 
elements and a value of 0.1 for the density. . 
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13.96. Analyze the ‘plate problem in Fig. P12.1 for its transient response using the 
4x2 mesh of nine-node quadratic elements (see Problem 13.82) and a value of 
0.1 for the density. 


13.97. Determine the tratisient response of the plate in Problem 13.83 with the 
CPT(C) element, ‘ ' 


13,98, Determine the transient response of the plate in Problem 13.83 with the 
nine-node quadratic element. 


13.99, Determine the transient response of the annular plate in Fig. P12.7 using FSDT 
elements. , 
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CHAPTER 
14 


WEIGHTED-RESIDUAL 
FINITE ELEMENT MODELS, 
D 

FINITE ELEMENT MODELS 
OF NONLINEAR AND 
THREE-DIMENSIONAL 
PROBLEMS 


14.1 INTRODUCTION 


The introduction presented in the preceding chapters is sufficient to provide 
the essential ideas for the development of finite element models and the 
associated computer programs for most linear boundary and initial value 
problems, and eigenvalue problems in one and two dimensions. However, 
there are many additional ideas that deserve some comment. Here we discuss 
some immediate extensions of the present study to alternative formulations, 
three-dimensional problems, and nonlinear problems. The discussions are only 
meant to give some idea of the applicability of the finite element method to 
these advanced topics, and therefore details are not included here. The topics 
discussed in this chapter are as follows: 


1, Alternative formulations. 
2, Nonlinear problems 
3. Three-dimensional problems 


The reader interested in a detailed treatment of any of these topics 
should consult the books listed in the References at the end of the chapter. 
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14.2 ALTERNATIVE FORMULATIONS 
14.2.1 Introductory Comments 


The finite element formulations presented in Chapters 3-12 were based on the 
weak formulation of the governing differential equations. These models can be 
termed the Ritz finite element models ox weak form finite element models. In 
most cases, especially when the governing equations contain derivatives of 
even order, weak forms can be developed using the three-step procedure. In 
some cases, the governing equations must be recast in an alternative form that 
facilitates the use of lower-order interpolations and/or yields better accuracies 
for the secondary variables, which, as the reader knows, are discontinuous at 
the interelement boundaries. Here we discuss a couple of such formulations 
and demonstrate the use of the weighted-residual methods of Section 2.4.3 in 
the finite element modeling of the equations. More specifically,-we shall study 
the following formulations: 


‘ 


1. Weighted-residual formulations 
2. A mixed formulation of the Euler—-Bernoulli beam theory 


{t should be noted that these specific equations have been chosen to illustrate 
the basic ideas behind the two formulations—the ideas are applicable to other 
equations, and to two- and three-dimensional problems. 


14.2.2 Weighted-Residual Finite Element Medels 


Here we describe finite element models based on weighted-residual methods. 
Recall from the preceding chapters that the finite element models presented 
are based on a weak formulation. In this formulation, integration by parts is 
used to include the natural boundary conditions in the integral form. 
Weighted-residual methods are based on a weighted-integral form of a given 
differential equation. They are the natural and only choice for first-order 
equations, which do not have a weak formulation. For second- and higher- 
order equations, we have a choice between the weak formulation and the 
weighted residual formulation, We begin with the description of weighted- 
residual finite element models of a first-order equation in one dimension. 


1-D FIRST-ORDER EQUATIONS. Consider the first-order equation 
du 
a tua for O<x<L (14.1) 


where a, c, and f are given functions of x. An example of a situation in which 
the above equation arises is given by Newton’s law of cooling of a body with 
temperature # in an environment at temperature uo: 


du 
dt 
which is the same as (14.1) with x =, c=k, a=1, and f= kilg. 


+ k(u — uo) =G 
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Since the equation under consideration is of first order, there is no 
advantage in transferring the derivative to the weight function. Hence, the 
weighted-integral form to be used here naturally falls under the weighted- 
residual method, Over an element, we have 


o= | w(aSt + cu~f) as (24.2) 


Note that there are no “flux” terms in the equation. When u is approximated 
by an #-parameter approximation, we need a algebraic equations to solve for 
the parameters. These equations are provided by a different (i.¢., linearly 
independent) choices of the weight function w. Different choices of w dictate 
different methods. 

Suppose that wu is approximated as 


us UP = 2 usyt(x) (14.3) 


where uj denote the nodal values of the variable U*, and w(x) are the 
interpolation functions. An examination of the weighted-integral statement 
(14.2) shows that y,; should be once-differentiable with respect to x. Hence, 
the minimum continuity on y, is that they be linear. Consequently, the 
Lagrange family of interpolation functions are admissible. 

The only requirements on the weight function w are (i) that it be 
integrable in the sense of (14.2), and (ii) that it belong to a linearly 
independent set {w,}#.,. The ith algebraic equation is obtained by replacing w 
in (14.2) with w, Different choices for the set {w,} have been suggested, and 
the resulting models bear the names of the original scientists who suggested 
them. The best-known choices for w, are 


1, The Petrov—Galerkin method: w,; = ¢; and ¢; + y, 
2. The Bubnov—Galerkin method: w, = yw, 
3. The collocation method: w;= é(x — x;), the Dirac delta function 


4, The subdomain method: w, = 6, in the ith subdomain 


5. The least-squares method: 1, = A(w,}, where A is the operator in 
the differential equation Au =f 


(14.4) 


The finite element models of (14.1) based on these methods are discussed next. 


The Petroy—Galerkin model. Substitute (14.3) for 4 and w = @, into (14.2) to 
obtain 


0= > Kyt;-fi or [K*]{u*}=(f*} (14.5a) 
where 


i= [ (or + cotus)ax, i= [" ote 04.56) 


KA 
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The Bubnoy—Gaterkin model. Here we substitute w = wf into (14.2) to obtain 
the finite element modei 


[K*]{a*} = (f°) (14.64) 


where 


I F:] d e Ka 
Ky=[" (avi Zirevini)as, sim] puree (14.66) 


Collocation model. In this case, we take w= d(x -—-x;}, the Dirac delta 
function. The collocation points x; can be chosen arbitrarily, usualiy as the 
quadrature points in Q° = [x,, x3]. We have 


Kp= ae) aytecryiad, fife)” 47) 


Subdomain medel. In this model, the element domain Q° is subdivided further 


into n subdomains. The weight function for the ith subdomain ©; is unity over 
the subdomain and zero outside it: 


1 for re QF 


w(x}= lo for x € QF 


of 


Least-squares model. The weight function in this case is w=A(y;)= 
adw/dx + cw. Consequently, we have 


(14.8) 


We obtain 


dip; a = 
mt cv) dx, ffs I fdx (14.9) 


c(i vo)effiven)a cain 
fi= [ : (a a + cui fds (14.10b) 


Note that only the least-squares method gives a symmetric coefficient matrix 
for a single first-order equation. It is possible to obtain a symmetric coefficient 
matrix in the Galerkin model of a set of first-order equations (see Problem 
14.1). Next we consider an example. 


Example 14.1, Let us solve (14.1) for the data a=1, c=2, f =1, and L=1, and the 
boundary condition #(0)= 1. We shall use two linear elements in the domain. 
For the Bubnov—Galerkin model, we have 


rr EE wk} oun 
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The assembled equations are given by 


un 10} ,f2 10 wy sft 
5,71 01 te, 1 41 U, =] 2 (14.12) 
oO ~1 1] “fo 1 2 U, 1 


Using the boundary condition U, = 1, we obtain from the last two equations 


if 4 ela 5 
él_2 silu,s 6ts (14.13) 
and their solution is U, = 0.6786 and {= 0.5714. The exact solution is 
u(x) =u(Oje— 2 (1 — e7&)*) (14.14) 


Che oven 
The exact values of # at x =} and 1 are 0.6389 ‘and 0.5677, respectively. 
For the collocation model, we choose x, = 4h, and x, = 4h,, and obtain 


el 


Clearly, the element equations obtained using the collocation points x,=4h, and 
Xz = $h, are the same as those obtained in the Bubnov—Galerkin method {actually a 
multiple of 44,). Hence, we obtain the same solution a3 in the Bubnov—Galerkin 
method. 

In the case of the subdomain model, we use Qi = (0, 44,) and Q3 = (Li,, A). For 
this choice, we obtain 


ey_if-1 1] 4.3 1 rs 0 Ge 
K1=3/ i|+ 4 F 3 if FC] * (14.16) 
The assembled equations become < 
1 -1 5 OF, & 3 1 
3 —3 6 5h anT3 2 (14.17) 
0 -3 7ILG, i 


The solution, from the last two equations, is U, = 0.6053 and t/, = 0.4737, 
Last, we consider the least-squares model. We have 


a if 1 -1] _,44.[2 1], [-2 0 
K1=7-{ 5 i} 6 [; 2]+] 0 2| (14.184) 
ae i 
fy={ pte} (14,185) 
The assembled equations are 
1 ~2.5 -0.5 OOF —0.5 
az} -05 70 -O5 4 OG e= 1,9 (14.19) 


00 -05 95 ]( 9, 15 
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TABLE 14.1 
Comparison of the numerical solution of (14.1) with the exact 
solution (Example 14.4) 


Nodal Bubnoy— 
yalues Galerkin Collocation Subdomain Least-squares Exact 


w(0.5) 9.6786 0.6786 0.6053 0.6793 0.6839 
#00} 0.5714 0.5714 0.4737 0.5094 0.5677 


ng 


The solution of these equations is 
U, = 0.6793,  U,=0.5004 


Table 14.1 gives a summary of the solutions obtained using various models. \ 


1-D SECOND-ORDER EQUATIONS. Use of weighted-residuai finite element 
models in the solution of second-order equations is more invofived. We 
describe the finite element models for the mode! equation 


_£ (« *) =f " (14,20) 


For the weak formulation of this equation, the approximation functions y; 
must be continuous, as required by the weak form, and they are also required 
to be the interpolants of # only. The weak form includes the natural boundary 
conditions associated with the equation, and therefore interpolation of only v 
{not its derivatives) is required. 

In the weighted-residual methods, we use the weighted-integral form of 
the differential equation without weakening the differentiability on wu. 
Therefore, the continuity conditions on the interpolation functions used in the 
weighted-residual methods are dictated by the order of the differential 
equation. For example, the second-order differential equation (14.20) requires 
the approximation functions to be twice-differentiable with respect to x. In 
addition, the approximation solution must satisfy the end conditions on the 
primary and secondary variables (identified with the help of the weak 
formulation) of the problem. This amounts, for second-order equations, to 
using approximation functions that make the primary and secondary variables 
continuous at the nodes connecting two elements (i.e., interelement nodes). 
For the second-order equation under consideration, the natural boundary 
condition involves specifying the secondary variable adu/dx at the clement 
boundaries. Therefore, the interpolation functions must be selected such that u 
and a du/dx are continuous across an interface between elements. This in turn 
implies, if 2 is continuous, that du/dx is continuous throughout the domain 
Q= (0, L). Hence, a C' approximation (i-e., Hermite interpolation) of u is 
required, 

Because u and dufdx are required to be continuous across an interface 
between elements, and a typical element (in one dimension) has two such 
interfaces, the polynomial approximation of # must involve four parameters, 
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i.e., it must be a cubic polynomial. Thus, the finite element is a line element 
with two nodes and two degrees of freedom, u and du/dx, at eack node. The 
element is different from. the Lagrange cubic element, which has four nodes 
with one degree of freedom per node. The Lagrange interpolation functions 
(of any order) do not satisfy the continuity of du/dx across element interfaces, 
and therefore do not belong to C'(0,£). The two-node clement, with 
continuous # and du/dy at element interfaces, is the Hermite cubic element 
developed in Section 4.2 for the Euler-Bernoulli beam element. We have 


4 

Ue) = > uivse) (14.21) 

where uj and u§ are the nodal values of U*, u§ and ui are the nodal values of 
dU*/dx at the two nodes, and wf are the Hermite cubic interpolation functions 
in (4,10). We consider various weighted-residual finite element models of 


(14.20). 
The weighted-residual form of (14.20) over an element Q* = (x4, Xg) is 


om w|-£ (a ) =f] dx (14.22) 


Substituting @; for the weight function w and (14.21) for u, we obtain 
4 
O= > Kquj—ft, or [KYue} = (f*} (14.232) 
j=l 


where 


2 *8 2 d ay; 2 “a €. 
Ki=]"[-or (0 ela nf “gifde (14.230) 
Equation (14,232) is the Petroy-Galerkin model of (14.20) when of # #¥. 
For different choices of 7 in (14.236), we obtain different finite element 
models. These are presented below. 


The Bubnoy—Galerkin model. For $f = wf, (14.236) becomes 


vod dys “ 
Ki=[ - vita) a, pref" viper (14.24) 


Least-squares model, For 67 = A(pi) = —(d/dx)(a dyw?/dx), we have 
EDD nL 460 
Kya [ «(4 te de ge) oe Fi=—[ a (oF tar 4.25 
Collocation model. For $7 = 6(x ~ x;), (14.235) takes the form 


Kee eel. A=Fe (14.26) 


where x; are the collocation points. 
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While the Bubnov—Galerkin and least-squares models have the same 
form as the Ritz model, i.c., they are defined by integral expressions, the 
coliccation model does not. In the fatter, one simply evaluates the coefficient 
matrices and column vector at the collocation points, instead of evaluating the 
integral expressions, The number of coliocation points shouid be equal to the 
number of unknowns, after imposition of the boundary conditions of the 
problem. For second-order equations, we have two boundary conditions and 
2(N +1) nodal degrees of freedom for an N-element model. Hence, a total of 
2N collocation points, two per element, are needed. Also, note that the 
coefficient matrix in (14.26) is of order 2 x 4 (i =1, 2), and there is no overlap 
of element matrices because there is so summation of equations over the 
number of elements, However, the continuity conditions on nodal variables 
are imposed in ail other models. y 

; 


Example 14.2. Consider the boundary value problem 


d du 
-<la +5 = for 0<x<1 (14.27@)} 
du 
u(0}=9, [a +x} “| =1 (14.275) 
The exact solution of this problem is 
uw=in {i +x) (14.28) 


We wish to solve the problem using various weighted-residual finite element models. 

Consider a two-element discretization of the problem. There are three nodes and 
six degrees of freedom. The known degrees of freedom for the weighted-residual 
models are 


%=0, U,=0.5 (14.29) 


whereas, in the four-clement Ritz model {i.¢., the weak form finite element model) 
with near elements, they are 


U,=0, Us=1.0 (14,30) 


For the collocation model, the two-point Gauss quadrature ‘points are used as the 
collocation points. The two- and four-element finite efement solutions obtained from 
three weighted-residual finite element models, all using the Hermite cubics, are 
compared with the exact solution and the solution of the weak form finite element 
modet in Table 14.2, All models give accurate results. 


2-D SECOND-ORDER EQUATIONS. Here we describe the Bubnov—Galerkin, 
least-squares, and collocation finite element models of a second-order equation 
in two dimensions. We consider the Poisson equation (Ax = f) 


a ou a Gu . 
-§-(anS)-5 (an5)) =f in Q (14.31) 
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TABLE 14,2 
Comparison of weighted-residual finite-element solutionst 


with the exact solution of the problem in (14,27) 


Bubeov— — Least- 
x Exact Collocation Galerkin squares Ritz 


u §608.00000 860. 00000 0.00000 = 6.00000» 6. G0000 


0.00 eco 9:99390 0.99604 0.99902 0.99682 
eos 0.99967 0.99930 0.09993 -0,99930 
u 0.22314 9 ao 306 0.22313 0.22315 0.22313 

0.25 
#7 0.80000 5 sao28 0.80004 0.79997 a.g0004 
cansay 9-40487 0.40537 0.40554 0.40538 
a0 x 6 0.40562 0.40546 0.40547 0.40546 
, 9.66667 9-86299 0.66707 0.66645 066728 
uM 0.66646 0.66673 0.66665 0.66674 
w 0.55962 4 ss975 0.55961 0.55962 0.55961 

0.75 
we 0.57143 9 57493 0.57146 0.57142 0.57148 
a acorns 099202 0.69309 0.69324 0,69315 
00 0.69325 0.69314 0.69315 0.69315 
uw’ pso0q9 950000 0.50000 9.50000 0.50102 


0.50000 0.50000 0.50000 = 0.50010 


+The Grst line in cach case corresponds to two elements and the second Hne to 
four. 


In the weighted-residual finite element model, we seek an approximate 
solution {7° of w in 9° in the form 


if 
Ue = 2 ueaps(x, y) (14.32) 
= 


where w(x, y) are the conforming Hermite interpolation functions of the 
four-nede rectangular element (see Table 9,1), and uf, u§, 48, and uj, are the 
nodal values of U at the four nodes of the element, u$, u&, ufo, and uf, are 
the nodal values of oU/°/dx at the four nodes, and so on. The weighted- 
residual statement of (14.31) over an element is given by 


3 ou a ot 
Qg= ox w{ 2 (as be) ay ("2 ) ~ | dx ay (14.33) 
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Substituting w = of and replacing u by (14.32), we obtain the usual form of the 
element equations 


[K*] {n°} = {f°} (14.34) 


The specific forms of [K*] and {f*} are defined below for vatious models. 


The Bubnoy—Galerkin model. For w =?, the coefficient matrix [K*] and 
column vector {f*} are defined by 


{2 (, avi), 2, avi 
Ky= -[, vil (an a) _ (an al dx dy (14.354) 
fiz | vifdeay (14,356) 


f 


The least-squares model. For w = A(#;), where A is the differential operator 
in (14.31), the coefficients of [K°] and {f*} are defined by ‘ 


i= f Laelem Se) +5 (= FOES) Hl) 
Kia} |g (on ox yy a oy ax \"") ax +3 472 ay dx dy 


(14.362) 


fi=- [ [= (a, oH) + < (an ey rae dy (14.36) 


The collocation model. In this model, we select four collocation points per 
element and satisfy (14.31) exactly at those four points of each element. For 
the best results, the Gauss quadrature points are selected. We have 


a aye, 8 Adi 
R= |-5 (0 2) - 3 (me) 
d ax in Ox oy O22 oy Y= CoyD 


fi=f.0i ¥) ; (14.37) 


for i=1,...,4 and j=1,2,...,16, Note that the coefficient matrix is 
rectangular (4 x 16) and that each coefficient of the global matrix and column 
vector has a contribution from no more than one element. After imposing the 
boundary conditions of the problem, the number of linearly independent 
equations (which is equa! to four times the number of elements in the finite 
element mesh) will be equal to the number of unknown nodal degrees of 
freedom. . 

We now consider an application of the weighted-residual models de- 
scribed in (14.35)-(14.37). 


(14.374) 


Example 14.3. Consider the Dirichlet problem for the Poisson equation {ef. (8.150)] 
~Vu=2 in Q 
u=Q on T 


(14.38) 
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ju ae 0 ae te 
ay ay ay ay ax ay 
(8) 


FIGURE 14,1 
(2) Domain, boundary conditions, and (b) finite element meshes of the problem in Example 14.3. 


where Q is a square region (see Fig. 14.14), The exact solution of this problem is piven 
by (8.1524). Exploiting the biaxiat symmetry, we model only a quadrant, say the region 
bounded by the positive axes, 

Two different uniform meshes (see Fig. 14.16) of Hermite rectangular elements 
are used to solve the problem, employing various finite element models. Since the 
element has u, du/dx, du/dy, and Ou/ax dy as nodal degrees of freedom, we must 
impose all known boundary values of these quantities (which are not readily known a 
priori). This can be considered as a drawback of the weighted-residual finite element 
models (especiaily, the collocation finite-element model) compared with the Ritz finite 
element model of a second-order equation, where the only boundary conditions are on 
uand du/dx. For the problem at hand, we impose the following boundary conditions: 
4u=0 on the lines x=1 and y=1, du/Ox =0 on the line x =0, and du/dy =G on the 
line y=0, The boundary conditions for the weighted residual models are indicated in 
Fig. 14.1(6). For the 2x2 mesh, the number of known boundary conditions is 20, 
whereas the number of total nadal variables is 36. Thus, for the collocation model, we 
have 16 unknowns and 16 equations, 4 from each element. Similarly, for the 4x 4 
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mesh, we have 36 boundary conditions among 100 nodal variables, requiring 64 
collocation equations, which are provided by the 16 elements. 

The finite element solutions obtained from the three finite element models for the 
two meshes are compared with the exact solution (8.1522) in Table 14.3. The 
collocation finite element solution is relatively more accurate thant the other’ two 
solutions. The numerical convergence of all three models is apparent from the results. 


14.2.3 Mixed Formulations 


The equation governing bending of beams according to the Buler—Bernoulli 
beam theory is 


EW) ~f=0 (14.39) 


TABLE 14.3 . 
Comparison of the various finite element solutions} with the exact solution of 
the Dirichlet problem for the Poisson equation (14,38) (Example 14.3) - 


i 


utx, y} du / 2x 


Bubnov- Least- Col- Bubnov— Least- Col- 
x y Exact Galerkint squares location Exact Galerkint squares location 


a 


0.58903 0.58902 = 9,58932 
0.58935 0.58935 0.58937 


025 0.0 0.55776 6.55774 0.55774 0.55776 0.25538 0.25568 0.25568 0.25570 


0.45837 0.45846 0.45862 0.54549 0.54436 0.54540 0.54548 
0.45866 0.45886 0.45868 . 6.54541 0.54543 (0.54555 


0.75 0.0 6.27945 0.27944 0.27045 0.27946 0.90265 0.90176 0.90184 0.90192 


1.34628 1.34912 1.35068 
4.35040 1.35064 «1.35064 


0.25 6.25 0.52830 0.52827 0.52827 0.52829 0.23827 0.23680 0.23859 0.23859 
0.50 0.25 0,43560 0.43557 0.49558 9.43559 0.51168 0.51162 0.51162 0.51166 
0.75 0.25 0.26665 0.26664 0.26665 0.26665 0.85513 0.85416 0.85432 0.85440 
1.00 0.25 9,00000 0.00008 0.00000 0.00000 1.28190 1.29712 1.29744 1.29752 


0.36192 0.36197 0.36225 0.40785 0.40744 0.40692 0.40724 
0.36226 0.36226 0.36228 . 0.40789 6.40783 9.40782 


0.75 0.50 0.22548 0.22544 0.22545 0.22547 0.70416 «0.70317 0.70314 0.70337 


1.11576 = 4.1482 —-1.12268 
1.42448 «1.1252 1.12552 


0.75. -G.75 0.14564 0.14557 0.14557 -0,14963 0.42422 (0.42355 0.42309 0.49315 


gp 


0.0 0.0 0.58936 0.00000 0.00000 9.00000 0,00000 


6.50 0.0 0.45868 


1.00 0.00 0.00000 0.00000 0.00000 0.00000» 1.33490 


0.56 0.50 0.36230 


1.00 0.50 C.c0000 0.00000 0.00000 9.00000 1.1102 


+ The first line in each case corresponds to the solution obtained using a 2X2 mesh and the second toa 4x4 
mesh. 

} The Ritz finite-element solution coincides with the Galerkin solution for the same choice of the Hermite 
interpolation. 
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The weak form finite element model of this equation requires Hermite cubic 
interpolation of the transverse deflection w. On the other hand, a weighted- 
integral finite element model of (14.39) requires the approximation W* of w to 
have a nonzero fourth-order derivative, and the element should include w, 
dw/dx, EI d’w/dx*, and (d/dx)(EI d*w/dx’) as the nodal degrees of freedom 
{i.e., seventh-degree Hermite polynomials). To reduce the differentiability 
requirements on w in the weak form and include the bending moment (or 
stress) as a nodal degree of freedom, (14.39} can be decomposed into a pair of 
lower-order equations: 


PM aw M 
Br fe sa-F=0 (#0) (14.40) 


The assumption that the function b = EI +0 always holds in practice because 
neither the modulus of elasticity nor the moment of inertia is zero; in fact, we 
always have 6 >0, We can develop either a weak form finite element model or 
a weighted-integral finite element model of (14.40). Here we discuss the weak 
form finite element model. 


WEAK FORM. The weak form associated with the pair (14.40) over a typical 
1-D element (a two-node line element) is given by 


o= ["o(S-7) dx 


7 [ (ded uf) dx — ueea)(S) | + u(es)(S) 


aH 


o=[" o( 4) he (14.412) 
de Nd BP, 

5 fdudw iu dw dw 
=-[ (eo+= dx — v(2,)() _ ten F) 7 (14.41b} 


where wu and.v are the weight functions, which can be viewed as the variations 
of and M, respectively (u~ dw and v ~ 6M), The boundary terms in (14.41) 
indicate that the specifications of w and M constitute the essential boundary 
conditions, and the specifications of the derivatives dw/dx and dM/dx 
constitute natural boundary conditions of the problem: 


Essential boundary condition 
specify w and M (primary variables) (14.420) 


~ 
Natural houndary conditiotis 
a aw dM . 
specify a and ik (secondary variables) (14.425) 


Note that the natural boundary condition on the bending moment M in the 
conventional formulation (i.e., the Euler—-Bernoulli beam element) becomes 
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FIGURE 14.2 
Generalized displacements and - 


'‘ We vi [x V2 torees for the mixed finite cle- 
mf ) M; of GE ) ment formulation of the fourth- 


order equation (14.39) [or the 


}+——h, >} |*——-h,—-—>| weak form model of (14.40)}. 


the essential boundary condition in the present formulation. Since both the 
displacement variabie and force variables are used as the nodal degrees of 
freedom, the finite element modei of (14.42) is called a mixed finite element 
model. 


FINITE ELEMENT MODEL. The finite clement model of (14.41) is obtained 
by substituting finite element approximations of the form (see Fig. 14.2 far the 
nodal variables) c 


w= > wy, Mea 2 Mo; * (14.43) 
7=1 i= 


into the weak forms (14.41). Note that, in general, w and M can be 
interpolated by different sets of interpolation functions y, and ¢,. The finite 
element equations can be expressed conveniently in the form 


[icy (ey en) Lee) (4.4 


where the matrix coefficients K¢? of the matrix [K**] (a, # = 1, 2) are given by 


“8 dap, d xa] 
ee eae ae 
mA ea 


Fi= ii (- pf) dx— wpilxaVi— vive) Ve. F2 = bfx4)01 + AX) 02 (14.440) 


A 
_ fd dM dw\| _ fdw 
n= (FI) Ya ( de 1 (-|) we a= (Te) 


ax 
The quantities V, and @, are the secondary variables (shear force and rotation, 
respectively) associated with w and M at the nodes. It should be pointed out 
that (14.41} are used in a specific order that gives a symmetric coefficient 
matrix in (14.44¢)}. 

In order to compute the matrix coefficients in (14.445), we must choose 
appropriate functions for y, and ¢;. For the sake of simplicity, we take wy; = ¢; 
and wy, to be the linear interpolation functions. We obtain (Gn =n =2), for 
constant 6 and f, 


*aA 


(14.45) 
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Rearranging the primary variables, the element equations (14.44a) can be 
expressed as ; 


G 1°‘G -1 1 1 -¥, 

1 1 2a, w1 We" M, _ fh 0 A, 

hl 0-1 6 1i)wf 2 )1f7 —Vy (14.46) 
-i x, 1 2a, M, 0 0, 


where «, = A2/6b,. 

The usual assembly procedure, which assumes interelement continuity of 
the primary variables, would result in a continuous bending moment field. This 
feature is not desirable when the problem involves specified concentrated {(i.c., 
point) moments. Therefore, in general, the moment degrees of freedom should 
be either eliminated at the element level or not made continuous during the 
assembly of element equations (14.46). The following example illustrates this 
point. 


Example 14.4. Consider the clamped, simply supported beam shown in Fig. 14.3. We 
wish fo determine its deflection and bending moment using the Euler—-Bernoull’ beam 
theory, i.¢., (14.40). We take b = EI = constant and f = 0. The boundary conditions are 


‘Z. 
w(0) = 0, (zr <*) 


ee My, w(2h) = (2h) =0 (14.47) 


xz=h7 


We wish to analyze the problem using the mixed finite element in (14,44), 

For simplicity, we shai use the minimum number of elements that allows us to 
impose the specified generalized displacements and forces. Thus, we have two elements 
and three nodes in the mesh, The assembled stiffness matrix is given by 


0 1 O-1 0 OTfY, 

1l2e-l e¢ 0 O1% 

0-1 60 2 90-134, -Vi_-y? 
U, 
U; 


~ i _ 
hj-l ¢@ 24e@-f «@ ~ \) e4+9? (14.48) 

0 0 0-1 0 1 oy 

0 8-1 w 1 2451 az 


The boundary conditions and equilibrium of secondary variables require 
U=U,5U;=0, -Vi-Vi=0, 634+6]=60, =0 (14.49) 


Equations (14.48) become 


if 9 2 -11(4). fo 
z|.2 4¢ # utayo (14.50) 


fee x Mp Et 
7 FIGURE 143 


om 2  Clamped, simply supported beam considered in Example 
h—}+—h_— 14.4. 
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Tf we use the additional boundary condition U,= M,, we obtain an inconsistent set of 
equations. This is the result of the assumption 

Mi= Mi= U, (14.51) 


used in the assembly. In the present problem, the moment is discontinuous and 
therefore (14.51) does not hold. The correct condition is 


M2 — Mi = Mg (24.52) 
Suppose that U,= M7 = M4; ~ Mp. Then the equations of element 2 become 
0 1 0-1 wi -Vi 
1h 1 2@ -1 ow jj MA-™M a 
= = 14.53 
hi o-1 0 1 Ww -V3 ¢ ) 
-l @ 1 2 MB 8 , ~ 
The assembled equations for the unknowns, after using the boundary condition (14.52), 
became . 
i M, 
ni 2 4a ow [4 Mbps > 2a (14.54) 
1-1 @ 2e GE ra 


where the right-hand side comes from the second element when Mj is replaced by 
Mi = M}— M). The solution is 
Mi? 


uae 1, 
Us 32ET' M; 


OM, 
Ua, Vie=2, Vie- 


16” 3 nibh z 16h (14.55) 


Recalling the sign convention for the bending moments in the mixed element (see Fig. 
14.2}, we note that the solution (14.55) coincides with that given by the conventional 
model. The reader should verify this statement. 


14.3 NONLINEAR PROBLEMS 
14.3.1 General Comments 


Many engineering problems are described by nonlinear differential equations. 
Under certain simplifying assumptions, these problems can be described by 
linear differential equations. For example, the equations governing the 
large-deflection bending of elastic beams are 


“Eee [2-9 44s 


i (0G) a Gala 3 (Ge) WP 


where u is the longitudinal displacement, w is the transverse deflection, E is 
the modulus of elasticity, A is the cross-sectional area, g is the axial distributed 
load, and f is the transverse loading. Under the assumption that the slope 
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dw/dx is small compared with unity fi.c., (dw/dx) (du/dx), (dw/dx)* = 0}, 
(14.56) become uncoupled’ and reduce to (3.1) and (44.39), respectively. 
However, when the slope dw/dx is not too small, we must solve the coupled 
set of nonlinear equations (14.56). . 

Another example of a nonlinear problem is provided by the equation 
governing the flow of a viscous incompressible fluid. When the convective 
effects are larger than the viscous effects, (11.1) should be modified to include 
the convective terms, that is, the Navier-Stokes equation should be solved: 


o(ust + v4) — [2S 3 (Bt 4 oP 


a ay ax" oy\Gy = ax ax 
“f av av 8 /au av iat oP 
—+v—)-—pl—(— 4+—- 5 
ole utYS) ola (S +5.) +253] + ay 2 | 457) 
au, wv _y 


ox oy 


where p is the density of the fluid, and all other symbols have the same 
meaning as in Chapter 11, 

The finite element formulation of nonlinear problems proceeds in much 
the same way as for linear problems. The main difference lies in the solution of 
the finite element algebraic equations, Here we describe some details of the 
formulation, and comment about the solution procedure using equations of 
large-deflection bending of beams and the Navier-Stokes equations. 


14.3.2 Large-Deflection Bending of (Euler—-Bernou!li) Beams 


Here we use the weak forms of (14.56) to develop the finite element model. 
These weak forms over an element (74, .X,) are 


o= [ {pa ay [+ 1 (ay |- ng] dx — Ofus(%4) — O4ry (x5) 


(14.580) 
where wv, is the weight function (v, ~ du) and 
du 1fdw\? : du 1jdw 
gi= -{ea[+ +5(Z) I} 2 BE {eal Sr +3(S) He 
(14.586) 
Similarly, 
dv. d?w du,dw dea 1 (% 
o= [ (ere ae dt | Ae ela 82 @) |- nf} 
du dv. 
_ O5ua(x4) — or(- o) — O5u.[x3) — a%{- 2) (14.59¢) 
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where vy is the weight function (vz ~ 51), and 
dw dw(du 1/dw ( d’w 
= ans Ei —~ 
@= Fe (2 @)- EAE Fazal } » ) te 
. dj dw dwi{du ifdw dw 
oi [5 (Bl ze) BAe (By ie > Qe= (xt rain 


The primary variables of the formulation (as in the frame element 
formulation of the Euler-Bernoulli beam theory) are 


4a 


(14.59) 


a Wy, 77 


From the discussions presented in Chapters 3 and 4, it is clear that we must use 
a Lagrange interpolation of « and a Hermite interpolation of fr: 


“= > uj w,{x), v= > 56,08) f (14.60) 


where wf, are the Lagrange interpolation functions of degree n —1, and @, are 
the Hermite interpolation functions of degree m — 1. For n =2 and m = 4, the 
elements used for w and w contain the same number of nodes, which is 
convenient in the computer implementation of the model (see Fig. 14,4). 

Substituting the approximations (14.60) for u and w, and v,= yw; and 
V.= pf, into (14.58a} and (14.594), we obtain the finite element model 


be el (@) _ (ey (14.612) 


[K™} [K”]5t {s} {F?} 
where 
did 
Ki'= =[ EA eax, fi= {" wade t+ Os. Gj=1,2,...,2) 
dwdwd@ Kp=[" dw dq, dip, 
= 4 i = i 
Ky [ 2B A Te dx dx EAT dx de ™ 


G=1,2,..,,m;7=1,2,...,m)} 
xa d*, d2@, f° (enya do; 
22 i i 
Ky ae ae aEA\ de dx © 
(i, j=1,2,. *ym) 

*a I=1 ifi=lor2 
r= | fdx + , { 
p=] Pfde+ Onn Via it im3or4 


This completes the finite element model of the noniinear bending of beams. 


- 3 $4 F i F 3 
a { es FIGURE 14.4 
( ane . ity ( = , Nonlinear beam bending element 
uy Fi Fi based on linear interpolation of the 
Fy Fi 


axial displacement « and Hermite 


. . _ cubic interpolation of the transverse 
Generalized displacements Generalized forces deflection. 


(14.61) 
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14.3.3 Solution Methods for Nonlinear 
Algebraic Equations — 


Note that the element stiffness matrix in (14.61¢) is nonlinear and asymmetric. 
Therefore, the assembled equations will be nonlinear and asymmetric, The 
assembled nonlinear equations must be solved, after imposing boundary 
conditions, using an iterative method, which seeks an approximate solution to 
the algebraic equations by linearization. The direct iteration method, also 
known as the Picard method, is based on the scheme 


[KAY {A}! = (F} (14.62) 


where {A}’-denotes the solution at the rth iteration. Thus, in the direct 
iteration method, the coefficients K, (and hence KR) are evaluated using the 
solution {A}’ from the previous iteration, and the solution at the (r+ Dth 
iteration is obtained by solving (14.62): 


{A} tt = [K({AY)MF} (14.63) 


At the beginning of the iteration (ie., 7=0), we assume a solution {A}°, 
based on our qualitative understanding of the solution behavior. For example, 
{A}°= {0} for large-deflection bending would reduce the nonlinear stiffness 
matrix to a linear one, and (14.63) would yield the linear solution of the 
problem at the end of the first iteration, {A}. The iteration is continued [i.e., 
(14.63} is solved in each iteration] until the difference between {A}’ and 
{A}’'"? reduces to a preselected error tolerance. The error criterion is of the 
form (other criteria can also be used) 


x +1 2 
2B lar a \e 


5 <e (say, 107%). (14.64) 
2 Jari? 


where N is the total number of primary unknowns (i.e., generalized displace- 
ments} in the finite element mesh. 

The other iterative method is the Newton—Raphson method, which is 
based on the Taylor series expansion of the algebraic equations (14.62) about 
the known solution {A}". To describe the method, we rewrite (14.62) in the 
form 


{R} =[K]{A} — {F} =0 (14,65) 
where {R} denotes the residual. Expanding {R} about {A}’, we obtain 
_ _ r a{R} ’ Ft+1_ r 
co} = (R)= (RY + (Sy) ay (4) 
L{P{RSV rat ry 
a (Stay) {AV = {ayy +... (14.662) 
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or . 
O= {RY +[KT]{SA} + O({5A}? (14.66) 


where [K7] is the tangent (stiffness) matrix, 


[K7\ = End evaluated at {A}={A}" 


4, 
{dA} = {A}'*7- {A} (incremental solution) (14.66c) 


For structural problems with variational principles, it can be shown that [K7] is 
symmetric even if [K] is not. From (14.66), we have 


| {5A} = —[K7P{RY =[K*AY CF} — [KAY HAY) | . 


(14.672) 


and the total solution at the (r + 1)th iteration is given by~ 
{AV t= {A} + {6A} (14.67b) 


The iteration in (14.664) is continued until the convergence criteria in (14.64) 
is satisfied or the residual {R} [measured in the same way as the solution error 
in (14.64)} in (44.65) is less than a certain preselected value. For additional 
details on iterative methods, the References at the end of the chapter. 


14.3.4 The 2-D Navier-Stokes Equations 


The weak formulation of (14.57) over an element is given by (see Section 11.3 
for details) 


ou =) } § 
wplu ~tu—|+f--]pdedy—O wads =0 
L{ 1 Oy ay fe] y . ‘I 


au dv 
[_ fwro(wset v) +f: J} avay—$ Wot, ds =Q (14.68) 


Cu OW 
[ (Set) era =0 


where [- - -] denotes the expressions (omitting the time-derivative terms) in the 
square brackets of (11.7). The finite element model of these equations is given 
by 


RY Te) (FY 
[K°F [R®] [K7} |} } p=) F?} (14.69) 
[Kee KP fol Jey Lo 
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where [K°?} and (F% (av, B= 1, 2, 3) are as defined in (11.95), and 


; ay, _2 
Ry= Ky + | ya e+ 14) axay 
cod 


dy 
_ F aw. 
K7 = Ki? +p L va a 0) dx dy (14.70) 


where # and % are velocity components that are assumed to be known. 

Clearly, the element coefficient matrix, and hence the global coefficient 
matrix, are unsymmetric, and they depend on the velocity field, which is not 
known a priori. Therefore, an iterative solution procedure, suck as the direct 
iteration method, is required. At the beginning of the first iteration, the 
velocity field can be set equal to zere to obtain the linear solution. In the 
second iteration, the coefficient matrices are evaluated using the velocity field 
obtained in the first iteration, and the assembled equations are solved again for 
the nodal velocities. This procedure is repeated until the velocity field obtained 
at the end of two consecutive iterations differs by a small preassigned number. 
The convergence criterion can be expressed as 


[3 dup - opps inp—vynp)] 


. = Se (14.71) 
[3 qugror + IverP)| 
i=1 


where (Uj, V7) denote the velocities at node / at the rth iteration. We note that 
the tangent matrix for the Navier-Stokes equations is not symmetric (because 
no variational principle exists for this case}. The iterative solution methods 
discussed in Section 14.3.3 are also applicable here. 


14.4 THREE-DIMENSIONAL PROBLEMS 


Most of the basic ideas covered in Chapters 3 and 8 for one- and two- 
dimensional problems can be extended to three-dimensional problems. For the 
sake of completeness, we discuss here the finite element formulation of the 
Poisson equation in three dimensions, and describe some of the three- 
dimensional elements. 

Consider the Poisson equation 


o Fa al a au ; 

ax (i, 5) ay (i 2 >) "Oz (ks a) =f in Q (4724) 
au 
ax 


w= onT,, k—a, + ka tty + ka Se “te =G onT, (14.725) 


az 
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FIGURE 14.5 . 
Three-dimensional domain showing a surface element ds, unit normal and its components 
fi=(n,, n,, #,), and twe portions of the boundary I. 


where k;= (x, y, 2) and f =f(x, y, z) are given functions of position in a 
three-dimensional domain ©, and #@ and @ are specified functions of position 
on the portions [, and [,, respectively, of the surface [' of the domain (see 
Fig. 14.5}. Suppose that the domain Q is discretized by some three- 
dimensional elements £2°, such as tetrahedral and prism elements (which are 
the three-dimensional extensions of the triangular and rectangular elements). 
The variational formulation of (14.72) over an element 22’ is given by 


_ Of, Guy & a) -S (4,5¢) —1| 
o= | < (nF) 5 (5) oz kas, f | dx dy da 


=| [x ou du Bu Ou av ou 
oe 


+ ky 


ar Ox By ay + ky Bz oz of | dx dy dz -$ ug, ds (14.73a) 


where 


ou ou ou 
dn = Ky ans + he Ny + kya ne (14.73) 


ay 


Clearly, the primary variable is 1 and the secondary variabie is q,,. 
Assuming a finite element interpolation of the form 


i 


u =D, ujix, y, Z) (14.74) 


f=1 


over the clement 9°, and substituting v = #, and (14.74) into (14.73a), we 
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| [K*]{u"} = (f°) + {0°} | (14.75a) 


Bip, OY; Op Oy, OW; oe) 
ats oe Ox + kz ay ay * ar 3 dx dy dz 


obtain 


where 


(14.75) 


= [a dxdydz, Q7= $ Gnith ds 


The interpolation functions #7 have the same general properties as for 
two-dimensional elements: 


> wilx, ys z) = 1, wis, ja 2) = oy (14.76) 


The assembly of equations, the imposition of boundary conditions, and 
the solution of the equations are completely analogous to those described in 
Chapter & for the two-dimensional problems. Next, we comment on the 
geometry of two linear 3-D elements and the element calculations. 

The element matrices in (14.75b} require the use of interpolation 
functions that are at feast linear in x, y, and z. Here we consider two linear 
elements: the tetrahedral efement aad the prism (or brick} element. These 
elements are described by approximations of the form - 


u(x, », Z) =o +ayx+a,y+a3z (four-node tetrahedral element) 
u(x, ¥, Z) = Go + a,x + azy + @3Z + ag yz (14.77) 
+ a5¥Z +agxy + a,xyz (eight-node prism element) 
The interpolation functions can be determined as described in Chapters 8 and 
9 for two-dimensional elements. 
If the element matrices are to be evaluated numerically, the isopara- 


metric element concept can be used. The geometry of the elements can be 
described by the transformation equations 


x= > ails, , f), ¥ = > wile hy g), , i= > zipy(E, Ue g) (14.78) 


Under these transformations, the master tetrahedral and prism elements 
transform to arbitrary tetrahedral and hexahedrai elements, as shown in Fig. 
14.6. The definition of the Jacobian matrix and the numerical quadrature rules 
described in Chapter 9 can easily be extended to the three-dimensional case. 


145 SUMMARY 


Three advanced topics have been discussed briefly in this chapter: (i) 
weighted-residual and mixed finite element formulations of differential equa- 
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Rectangular 
prism (or brick} 
element 


Tetrahedrat 
element 


Master elements Transformed elements 


FIGURE 14.6 
Linear three-dimensional elements: tetrahedral etement and prism element (whose surfaces are 
two-dimensional triangular and rectangular elements, respectively). 


tions; (ii) finite element models of nonlinear equations; and (ii) finite element 
models of three-dimensional problems. The weighted-residual models dis- 
cussed include the Petrov—Galerkin model, Bubnov—Galerkin model, colloca- 
tion model, subdomain model, and least-squares model. Fitst- and second- 
order differential equations have been considered. Nonlinear finite element 
models of the Euler—Bernoulli beam theory and the Navier-Stokes equations 
governing 2-D viscous incompressible flows have been developed. Two 
iterative schemes, Picard and Newton-Raphson, for solving nonlinear al- 
gebraic equations have been discussed. Finally, the finite element formulation 
of the Poisson equation governing 3-D field problems has been developed. 
Each of these topics deserves detailed discussion. However, they are not 
within the scope of the present study. For further study, the reader should 
consult the books listed in the References. 


PROBLEMS 


14.1, Consider the second-order equation 


~ Alege)“ @ 
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and rewrite it'as a pair of first-order equations, 
dP . 
-—+-=0, ~—--f=0 ii 
7=9, te f (ii) 


Construct the weighted-residual finite element model of the equations, and 
specialize it to the Galerkin model. Assume interpolation in the form 


m 


u= Duo P= > FOG) Gi 


i-l 


and use the equations in {ii} in a sequence that yields symmetric element 


equations: 
[RST ery} (RH @) 
[KP [K™t(Py UF} 
The modei can also be called a mixed model because {u, P) are of different 
kinds. 

14.2. Evaluate the coefficient matrices [K**] in Problem 14.1 for a =constant and 
column vectors {F"} for f =constant. Assume that #,=@, are the linear 
interpolation functions. Eliminate {P} from the two sets of equations (iv) ta 
obtain an equation of the form , 


iK}{u} = (F} 
Compare the coefficient matrix [K] and {F} with those obtained with the weak 
form finite element model of (3). What conclusions can you draw? 
14,3. Develop the least-squares finite element model of (ii) in Problem 14.1, and 


compute element coefficient matrices and vectors when w,= ¢; are the linear 
interpolation functions. 


14.4, Salve the problem in Example 3.1, Set 3 boundary conditions, using two linear 
elements of the least-squares model developed in Problem 14.3. Compare the 
results with the exact solution and those of the weak form finite element model. 


14.5. For a cantilevered beam cf length ZL and flexural rigidity Ef, subjected to a 
concentrated moment M, atx =i, obtain the mixed finite element solution and 
compare it with the exact solution. Do you see any discrepancy in the solutions? 


14,6. Consider the pair of equations 
Vu —q/k=0, Viqtf=0 in 2 


where # and q are the dependent variables, and & and f are given functions of 
position &, y} in a two-dimensional domain ©. Derive the finite element 
formulation of the equations in the form 


[K™] [K°] [K°] |] {3 {F'} 
[K™) [K™} |} fa} p= 4 FP) 
symmetric [K™}_]({q7} {Fy 
Caution: Do not eliminate the variable u from the given equations. 


14.7. Compute the element coefficient matrices [K°*} and vectors {F*} of Problem 
14.6 using linear triangular elements for all variables. Assume that k is constant. 


14.8. Repeat Problem 14.7 with linear rectangular elements. 
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14,9, Consider the following equations governing a thin, elastic, isotropic plate: 
rw ew 
+S(M, ~ vMQ) ~ Be =o ~S5(M, — vM,) “a? 


2 ow FM, #M, 
(it v)Sar? ay? ax? — ay? 
Where M, and M, are the bending moments, w is the transverse deflection, g is 
the distributed load, v is the Poisson ratio, and S$ is a constant. Give 
(a} the weak form of the equations, and 


() the finite element model (M,, M,, and w are the dependent unknowns} in 
the form 


[K™} [K"] [KP] IE t+} {F}} 
[K™} [K"] 14 (4) 7 = 94 UF} 
symmetric  [K] | {Ai} {P}} + 
14,10. Use the interpolation 


4 2 2 + 
= > WW M= > neo}, M,= > np; 

fel 1 fal 

with 
=(1-x)G-y), te=x0—-y), waa, weap 

=1-x, @2=x, gi=1~y, 32> 
for a rectangular element with sides @ and 6 to evaluate the matrices {K**] 
(a, #=1,2, 3) in Problem 14.9. 


14.11. Repeat Problem 14.10 for the case in which ¢} = 4? = 

14.12, Evaluate the element matrices in (14.616) by assuming nat the nonlinear parts 
in the element coefficients are clement-wise-constant. 

14.13, Give the finite element formulation of the following nonlinear equation over an 
element (X4, 45)! 

~A (yi 


my e1= 0 for O<x<1 


=0, #(@j=V2 


«=D 


14.14. Compute the tangent coefficient matrix for the nonlinear problems in Problem 
14.13, What restriction(s) should be placed on the initial guess vector? 

14,15, Compute the tangent stiffness matrix [K7] in (14.66c) for the Euler-Bersoulli 
beam element in (14.616). 

14,16, Develop the nonlinear finite element model of the Timoshenko beam theory. 
Equations (14.56) are valid for this case, with the following changes. In place of 
(Pidx*\(b @wide?) use —(d/dx\(b d¥/dx) + GAk(dw/dx +‘) and add the 
following additional equation for w: 


See Section 4.4 for additional details. 


14,17, 


14,18. 


14.19, 


14.20, 


14,21, 


14.22. 


14.23, 


14.24. 
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Compute the tangent stiffness matrix for the Timoshenko beam element in 
Problem 14.16. 

(Natural convection in flow between heated vertical plates) Consider the flow of a 
viscous incompressible fluid in the presence of a temperature gradient between 
two stationary long vertical plates. Assuming zero pressure gradient between the 
plates, we can write w=E(y), vu =0, T= Ty), and 


Z. 
0= piel? -T,) +n! &T (ey) 


dy?’ d= skate dy 


where 7,,=3(%)+ 7) is the mean temperature of the two plates, g the 
gravitational acceleration, p the density, 6 the coefficient of thermal expansion, 
ui the viscosity, and & the thermal conductivity of the fluid. Give a finite element 
formulation of the equations and discuss the solution strategy for the computa- 
tional scheme. 

The equations given in Problem 14.18 are a special case of the more general 
Navier-Stokes equations (which are nonlinear and coupled) for two-dimensional 
flow: 

(a) Mass continuity 


Su, By _ 
ox ay 
(b) Conservation of momentum 


(uy 2) aP 4, TH, 2 (2443 
p ax a Pay lay” ox 


ax oy 
(128 938) = FF 2 (82) py BY 
P\t ay oy By ae ay = ax Boy 


{e) Energy equation 


=) + pgp(T — 


cfu or +u— 8 =*(2342 aT 
P ox oy ax? ay? 
where ¢ is the specific heat (the x coordinate is taken vertically downward). 


Construct the finite element mode! of the equations, and discuss the 
computational strategy through 2 flow chart. 


Derive the interpolation functions ,, ys, and , for the eight-node prism 
element using the alternative procedure described in Section 8.2. 


Give the finite element formulation of the heat conduction equation in three 
dimensions with convective boundary condition. Use a rectangular cartesian 
system. 

Give the penalty finite element model of the three- dimensional flow equations in 
cattesiaz! coordinates. 

Repeat Problem 14.21 in cylindrical coordinates. 

Repeat Problem 14.22 in cylindrical coordinates. 


14,25, Evaluate the source vector components f; and coefiicients Ky over a master 


prism element when f is a constant, /,, and k,=k,=«;=constant in (14.755). 
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APPENDIX 


COMPUTER 
PROGRAM 
FEM1DV2 


Program Name: FEMINV2 Length: 2194 lines FLDOOOLO 
Ree RE RR ee RRA AHH RR eK RA KR HER RH RR OR RK KR SFIDONN20 
* Pregranm FEH1DV2 *FiD00036 
a {AN IN-CORE FINITE ELEMENT ANALYSIS COMPUTER PROGRAM) *F1D000406 
tee ee RR KK ee a Ke eR Re ee ER AR Ke KR Kk ERPLDOOOSO 
F1bo0060 

F1bo0070 

This is a finite slenent computer program for the analysis P1ibo0080 

ef following three model equations and others: Fibooosea 
F1ip00100 

1. Heat tranefer, fluid mechanics, bars, and cables: F1pa0110 
F1p001290 

CT.ut + CR.uss - (AKO! 4+ OX. = FX F1po00130 

F1D00140 

2. The Timoshenko beam and circular plate theory: F1pOo1L59 
F1DOG160 

CTPO.ws - [AX. (Wh + sp)’ + CX.w = FX Piboo1?0 

CTL.st* ~— (BX.85/)" + AX. (wi + 3) = 0 Fib001a0 

Fiboo1s¢ 

3, The Euler-Bernoulli beam and circular plate theory: Fined200 
Fibtod210 

CT.wet ¢ (Bx.wh Spt? + CX.w = PK Fibod220 

F1D00230 

In the above equations (/} and (*} denote g@ifferentlations | Fingozdd 
with respect to space x and time t, and AX, BX, CX, CT, and | Pipod2se 
FX are functions of x only: FiboOZ6a 
FLpdd270 

AX = AKO + AK1.X, BX = BXQ + BKL.X, CX = CXO + CX1.X F1DOQ0280 

CT = cro + CT1.X, FX = FXO + FAL.M + FX2.4.X F1p00290 

. F1b00300 

In addition to the threes model equations, other equations | Fib00310 

{for example, disks, trusses, and frames) can be analyzed by |F1b00320 
the progran. Finoo330 
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: KEY VARIABLES USED IN THE PROGRAM 
. fsee Table 7.4 for a deseription of other variables} 


HDF....... Number of degrees of freedom per node 
NEQ....... Number of equatione in the model (before B. C.) 
NGP,,,.... Number of Gauss pointe used in the evaluation of 


the element coeffcients, [FLK], {ELF}, [ELM] 


NN ....+-+ Humber of total degrees of freedom in the element 


| NHBH...... Half bandwidth of global coefficient matrix [GER] 


NPE.....-- Number of nodes per element 


FLDOOI50 
F1ibo00260 
+F1BG0370 
»F1B00380 
»F1D00390 
»F1pd0400 
.FiD00410 
»F1lp00420 
»F1iDG0430 
+F1500440 
. F10660450 
.F1p00460 
.Fipooda7o 
Fipoo4eo 


. DIMENSIONS OF VARIOUS ARRAYS IN THE PROGRAM 


. Values of MZELM,MXHOD, etc. In the PARAMETER statement should 
. be changed to meet the requirements of problem: 


HXELM..... Maximum number 
NXEBC..... Maximum number 
MXHBC..... Maximum number 


MXHBC..... Maximum mumber 
MXHEG..... Maximum number 


elements in the mesh: 

speci, primary deg. of freedom 
speci. mixed boundary conditions 
apeci. secondary deg. of freedom 
equations in the FE mpdel 

nodes in the mesh 


HOTE: The following dimension statement in subroutine JACOBI 
should be modified when MXNEQ Is greater than 50; 
DIMENSION ¥(50,50) ,VT(50,50) ,Wt50,50) , TH{(50} 
The value of MXNEQ should be used in place of ‘50° 


« MXHOD..... Maximum number 


SUBRGUTINES USED IN THE PROGRAM 


. ASSMBL, AXLBX, BONDRY COEFNT, ECHO, JACOBI, MESH1D, MFRKHL, 
. PSTPRO, REARCTH, SHP1D, SOLVER, THSFRC, TMSTRS, TRSFRN 


-Fibcod9o 
-FIDOOsOo 
.FIDOOS1O 
»FIDOOS20 
»Fipods30 
+» F1IDOds40 
» FIbO0Ss50 
»F1D00560 
»FPLDO0570 
«F1D005a0 
~Fipoedosso 
~F1D6G600 
+PiDo0610 
+FIDOC620 
+F1DG9630 
-F1D00640 
~F1D00650 
F1ipoo660 
+F1b00676 
.F1000680 
»F1000690 
»F1iDd0700 
»FADOO7LO 
Fiboo720 


IMPLICIT REAL*8 (A~H,0-Z) 


FLDOOT30 
F1iboGT40 


PARAMETER (HXELM=20,MXNEQ=50,MXEBC=10, XINBC=10, MXMBC=10 ,HXNOD=25) F1D00750 
DIMENSION DCAX (MXELM,2) , DCBX (MXELM, 2) , DCCX (MXELM, 2) , DCFX(HXELM, 3) F1D00760 
DIMENSION Gilt (MXNEQ) , GU1 (MXNEQ) ,GUZ(HXNEQ) , GPU (HXNEQ) , DX(MXHOD) 
DIMENSION IBDY (MXEBC}, ISPY(MXEBC, 2), 153V(HXNBC, 2) , ENBC(HXMBC, 2) 
DIMENSION GLM(HXNEQ,MXNEQ) , GLY (M¥NEQ) ,GLX (HXNOD) ,NOD(MXELM, 4) 
DIMENSION cCS(HXELM) ,SN(MXELM} , CNT (HXELM) , SUT (MXELM} , XB(MKELH) 
DIMENSION EGHVAL(MXNEQ} , EGNVEC (MXNEQ, MXNEQ) , GLK (MXNEOQ, MXHEQ} 
DIMENSION PR(HXELM) ,SE(MXELM) ,SL(MXELM) , SA (M&ELM) , $1 (HXELM) 
PIMENSION HF(HXEEM) , VF (MXELM) ,PF(MXEDM) , F3 (MNELM) , TITLE(20) 
DIMENSION UREF(HXMEC) , VSPY(MXEBC} , VSSV(MXNBC) , VNBC (MXMBC} 
COMMON/STFL/ELK(9,9),ELM(9,8) ,ELF(9}, LX (4), ELU(9} , ELV (9), ELA(9} 
COMMON /STF2/A1,42,A3,A84,A5,AK0,AK1,BX0,BX1,CX0,CK1,CTO,CP1, FXO, 


FX1, FH2 
COMMON/TO/TH, IT 


PREPROCESSOR UNIT 


TNS 

ETa6 

HT=90 

HSSV=30 

JVECS1 

TIME=0, ODS 
TOLENS=1. 60-06 
CALL ECHO(IN, IT} 


READ(IN, 300} TITLE 
READ(IN,*}) MODEL,NTYPE, ITEM 
READ(IN, *) IELEM,NEM 
READ(IN,*) ICONT,HPRAT 


IF (MODEL. GE. 3) THEN 
HPE=2 


FLDOO770 
Fibpoo780 
Fipoo790 
Fipoosoo 
Fipooa1o 
FiLbooazo 
F1p00a39 
F1boo84o0 
FiLbaQa50 
F1p00a66 
Fipoos7o 
Findosso 
F1iD00890 
Finoo3s00 
Fipo03i0 
F1ino09206 
F1D005306 
F1IBOOS44 
F1IBbOOS5o 
Fipgos6t 
FibDOOS70 
Fipdosed 
F1pd0996 
F1D01000 
FLDO1OAG 
F2D01020 
FP1DOLO30 
F1D0id490 
F1b010590 
F1b01060 
F10010670 
F1p01980 
F1D01090 
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IF (MODEL.EQ.4 -AND. NTYPE.GE.i}THEN 


NDF=3 
ELSE 
“NDF=2 
ENDIF 


TF(MODEL.EQ.4 AND. HTYPE.EQ.2) THEW 


TELEM=1 
ELSE 
TELEM=0 
ENDIF 
ELS 


NDP=2 
IF(NTYPE,c?, 
ELSE 
NOFe1 
ENDIF 
NPE=LELEN+1 
ENDIF 


NNM = WEM* (NPE-1) +1 
HH HPEA¢NDP 
REMI=NEM + 1 

IF (MODEL. NE. 4} THEN 


Data input for BAR-LIKE and BEAM problems (HODEI=1,2, AND 3) 


E 
IF (MODEL. EQ. 2} THEN 


1) TELEM=1 


IF (ICGHT. WE. 0} THEN 


READ (IN, *) 
CALL MESH1D 


(DX{I}, E=1,WEMi} 
(NEM, NNM, NPE,NOD,MXELM, MXNOD, DX, GLX) 


READ(IN,*} AXO,AX1 

READ(IN,*} BXO,B¥2 

READ(IN,*} CX0,CX1 

IF (ITEM. NE. 3) THEN 
READ(IN,*) FXO,FX1,PX2 


ENDIF 
ELSE 


Read GLX, NOD, and element-wise continuous coefficients (be. x} 


be id H31,NEM 
Ii=(H-1} * (NEE-1)+1 
JJ=H* (HPE-1) +1 


READ(IN, *} 

REAQ(IH, *} 

READ(IH, *} 

READ(IN, *) 

READ(IN, *} 

READ(IN, *} 
ENDIF 


ELSE 


{GLX (K) ,K=I1,30) 

(NOB(N,1I} , 1=1,NPE} 
(DCAX(N,I},I=1,2) 
(DCBX(N,I},I=1,2} 
(DCCX(N, I} ,I=1,2} 
(DCFX(N, 1} ,I=1,3) 


Input data for plane TRUSS or FRAME structures (HODEL=4} 


READ(IN, *) NNM 


IF (HTYPE.NE. 0) THEN 
DO 20 N=1,NEM 
READ(IN,*) PR(K} ,SE(H) ,SL{N),SA(H) , S1(H} , CS (N) , SN(N) 
READ(IN,*) AP(N) ,VE(N} PrCH),XB(H),CHT(N) , SNT(N) 


READIN, *} 
BLSE 


(NOO(N, I) ,T=1,2} 


DO 30 N=1,NEM 
READ(IN,*) SE(N) ,SL(N) ,SA(M) ,C8(M),SU(H) -HE(N) 


READ (EN, *} 
ENDIF . 
ENDIF 
HEQ=NNM«NDF 


Read data on SOUNDARY CONDITIONS of three kinds: Dirichlet (PY) 


(NOD{N, I}, 1=1,2} 


Neumann (SV}, and Newton’s (MIXED} types 


READ{IN,*) NSPY 
iF (HSPY.NE.Q) THEN 
RO 40 NB=1,Nspy 


Fidol1o00 
Fibpo1ato 
F1D01120 
F1D014530 
F1IDOL146 
FIDOLI50 
F1DOLI60 
F1DO11706 
F1D01180 
FP1b01190 
F1b01200 
F1D01210 
F1D01226 
F1B01230 
F1ibo01240 
Finoi250 
Frpeizé6c0 
Fibd1270 
F1ipe1289 
Finot2490 
FiD0t360 
FiD01310 
FEDO1320 
PibOLII6 
F1IO01L340 
FibOL350 
FLDO1I59 
FLBO1370 
F1DO61380 
F1D01390 
Fip01400 
F1b014190 
Fiboi4z0 
F1D0143060 
F1p01440 
Fipo1dse 
Fipo1déa 
FIDOLA7O 
F1b01480 
Fibci490 
Frp01500 
FiDd1516 
F1b01526 
F1ip0i530 
F1D01540 
Fibo1550 
Fiboi560 
F1DO1L570 
F1D61586 
FiD01590 
F1D01600 
F1p016146 
Fibots26 
F1in0i630 
Fibdiédo 
Fibd1650 
F1D01660 
FIBOLEé70 
F1001680 
Fibdod1690 
F1LD01700 
Fipoi71o0 
F1DO1726 
F1iD0i730 
FLboi740 
Fibpoitsa 
PIboltT6o 
FLDO1770 
F1DOL78G 
FIDOLT9d 
F1D013800 
Fipdéisia 
Fibo1820 
F1061830 
F1D01840 
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IF (18H GT. 2) THEN 
READ{IN,#} (ISPV(NB,J) ,J=1,2) 
ELSE 
READ(IN,*) (1SPV(NB,J) ,J=1,2) ,VSPv (NB) 
ENDIF 
CONTINUE 
ENDIF 


EF (ETEH,LE.2) THEN 
READ{IN, *) NSSV 
IF (NSSV.NE. 0) THEN 
DO 50 LB=1,NSSV 
READ(IN,*}] (ISSV(IB,7},d=1,2)} ,VSSV(IB} 
ENDIF 
ERDIF 


RERD(IN, *} NHBC 

4 (NHBC .NE.G) THEN 
DO 6&6 Imi, NNEC 
READ (IN, *} (INBC(I,J) ,J=1,2) ,VNBC(I) , UREF (I} 

ENDIF : 


IF(ITEM .WE. 0) THER 
Input data here for TIME-DEPENDENT problems 


READ(IN,*} CTO,CTL 
IF (ITEM. LE.2) THER 
READ(IN,*) DT, ALFA,GAMA 
READ(IN,*} INCOND,NTIME, INTVL 
AL=ALFA*D? 
A22(1.0-ALFA) #07 
LF (INCOND.NE.O} THEN 
READ{IN,*) (GUO(T) ,I=1,NEQ) 
ELSE 
DO 10 I=1,HEQ 
GUO (1) =0.0 
ENDIF 
IF (18M. EQ.2} THEN 
A3=2.0/CAMA/(DT*DT} 
Ad=A44DT 
AS=1,0/GAMA-1.0 
IF CENCOND. HE, 0) THEN 
READ(IN,*) (GU1(I},I=1,NEQ 
ELSE 
DO 80 I=1,NEQ 
GUA(I)=0.0 
GU2{I}=0.9 
ENDIP 
ENDIF 
ENDIF 
ENDIF 


Compute the half HANDWIDTH of the coefficient matrix GLK 


NHBH=0,0 

DO 90 N=i, EH 

DO 90 [=1,NPE 

nO 90 J=1,HPE 

N= {IABS{NOD(N,L}-NOD (WN, J) }+1} #NDF 
IF(NHBW.LT.HW) WHBW=NwW 


WRITE (IT, 530} 

WRETE(IT, 310) 

WRITE(IT, 530} 

WRITE (IT, 200) TITLE 

WRITE(IT,320) MODEL, NTYPE 

WRITE(IT, 350) LELEM, NDF, NEM,NEQ, NSPV,NSSV,NNBC 


Fipoisso 
F1D01860 
F1D01870 
F1D01880 
F1D01890 
F1p01990 
F1D03910 
F1p01920 
FiDO183¢ 
Fip01s40 
F1D01950 
F1p01960 
F1D01970 
Find1980 
FADOA9S0 
F1DO2600 
F1IDO2010 
F1b02020 
P1D02030 
P1D02046 
F1D02050 
F1D02060 
Fibo2o70 
F1D02080 
Fino2036 
F1DO2100 
F1BO2110 
F1n02120 
PIDO2430 
F1DOZ140 
F1D02150 
F1D02160 
F1D62170 
FDG2180 
Find2190 
Finez200 
F1DO2240 
F1D02220 
F1D02230 
FiD02240 
F1B02250 
F1p02260 
F1D02276 
F1n02280 
F1D02230 
F1D02300 
F1002310 
F1D02320 
F1D02330 
FEDO2340 
F1D02350 
F1b02260 
F1D02370 
F1D02380 
Finoz390 
F1D92490 
F1002410 
F1ip02420 
¥1D02430 
F1D02440 
F1bQ2450 
Fipgadeo 
FLpGzd70 
FLDOZ480 
F1D02490 
F1D02500 
F1D02510 
F1002520 
#1p02520 
F1p02540 
FiDd2550 
F1002560 
F1D02570 
F1D02580 
Fib02590 
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TP(ITEM. NE. 0) THEN 
IF (ITEM. LE. 2} THEN 
WRITE (IT, 230} 
WRITE(IT,390) CPrd,CT1,ALPA,GAMA,DT,NTIME, INTVL 
IF (INCOND.NE.O} THEN‘ 
WRITE (IT,370} 
WRITE(IT,540) (GUO(E) ,T#1,HEQ) 
IF (ITEM. EQ.2} THEN 
WRITE(IT,380) 
WRITE(IT,540) (GUL(I) ,%=1,NEQ) 
ENDIF 
ENDIF 
ELSE 
WRITE(IT, 340) 
WRITE(IT,400) CTO,cT1 
ENDIF 
ENDIF. 


IF (NSPY.NE, 0) THEN 
WRITE (IT, 480} 
DO 100 IB=E,NSPY 
IF(ITEM. LE. 2) THEN 
WRITE(IT,490) (ISPV(IB8,d) ,3=1,2) , VSPV (2B) 
ELSE 
WRITE(IT,490} (ISPV(1B,7) ,J=1,2) 
EHDIF 
COHUTINUE 
ENDIF 


IF(NSSV.HE. 0) THEN 

WRITECIT, 599) 

BO 110 IBb=-1,NSS¥ 

WRITE(IT,490) (ISSV(IB,J),J=1,2),VSS¥(1B} 
ENDIF 


IF (NNBC.NE. 0} THEN 
WRITE(IT, 516) 
HO 126 T=1,NNBC 
pup ee (Tt 420) (INBC (I,J) ,J=i,2},VNBC(L) , UREF(I) 


IF (MODEL.NE.4) THEN 
IF (ECONT.EQ.1) THEN 
WRIPE (IT, 410} 
WRITE(I7,540) (GL (Z},T=1,NNM) 
WRITE(IT, 4203 
IF (MODEL. NE. 3) THEN 
pre e tt 4) AXO,AX1,BX0,BX1,CX0,C%1, FXO, FEL, FX2 
WRITE(IT,445) AXO,AX1,BX0,BX1,CK0,CX1 
ENDIF 
ELSE 
DO 130 Wei,NEM . 
TI=(N-1) * (NPE~1) #1 
JJ=H* (NPE~1) 41 
WRITE (IT, 430) N,GLX(IT} ,CLe(J7} 
WRITE(IT,440} (DCAX(N,I),I=1,2), (BCBX(N,I),T=1,2), 
(CCK (N, 1), I=1,2), (DCFX(N,1} ,2=1;3) 
ENOIF 
ELSE 
DO 140 N=1,NEM 
WRITE(IT,460} i 
IF(NEYPE.NE. 0} THEN . 
WRITE(IT,450) PR(W} ,SE(N),SL(N),SA(N),SI(N} ,CS(N) SEN), 
‘HF{N} , VP (W] ,PF(N) ,XB{N),CNT(N} , SNT(N) , 
(NOD{N,I},I=1,2) 
ELSE 
WRITE(IT,470) SE(N) ,SL(N) ,SA(N) ,CS(N}, SN(N) ,HF(N}, 
(NOB(N,7),7=2,2} 
ENDIF 
CONTINUE 
EMWDIF 


Fibo2600 
F1ibo2610 
F1ibo2626 
FPino2646 
Findz640 
Pibd2650 
F1ibd2660 
P1bO2670 
Fihozé6so 
Fibo2690 
Flpo2700 
Fipo27190 
Fibo2z720 
F1D92730 
FIDO2740 
F1D02750 
F1002760 
F1B02770 
Fibo2780 
Fip02790 
FiLDO2800 
Fipo26810 
FLbo2820 
FLDO2830 
F1pbO2840 
FiD92850 
F1D028606 
Pibo2870 
Fibo2déa 
Fibd02a90 
Fid02960 
F1ibpo2910 
F1D02920 
F1bG2930 
F1p027349 
F1ibpoz959 
FIiDO2960 
Fibo2970 
Fibd2saa 
Fipo2990 
Fibo3o0n 
FIDOI010 
F1b03020 
F1B03030 
Fibe3040 
Fipo3050 
Fiboicéa 
F1ipo3a70 
F1ipo30a0 
F1003090 
F1D03100 
Fib03110 
F1D93120 
Fibpo3130 
F1D03140 
F1D093150 
F1D93160 
F1D031706 
F1D032%86 
F1D034450 
F1B03200 
F1b03210 
Fidddz20 
F1iDd3230 
Fipdi240 
F1b03250 
F1BQ3260 
FIpOa274 
Pide3280 
FLDO3290 
F1063300 
F1063310 
F1003320 
F1D03%550 
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PROCESSOR UNIT 


TIME MARCHING scheme begins here. For ITEH=2, 


TPC(ITEN.NE.O}THEN 
TF (IPEM,. EQ. 1) THEN 
HT=NT+1 
TIME=TIME+DT 
ENDIF 
ENDIF 


IF (ITEM. GT. 2) NHBW=NEQ 
Initialize global matrices and vectors 


DO 160 T=1,HEQ 

GLF(1)=0.0 

DO 160 J=1,NHBY 

TF (IPEM.GT.2} FHEW 
GLM(1,7)=0.0 

ENDIF 

GLK(1,7}<0.0 


Po-leop for ELEMENT CALCULATIONS and ASSEMBLY 


DO 200 NE = 1, NEM 
LP {HODBL, NE. 4} THEN 
EF(ICONT.NE.1) THEW 
AXO=DCAX (NE, 1} 
AXL=DCAX (NE, 2} 
BxG=DCBK (HE, 1) 
BXL=DCBXK (HE, 2) 
CXo=DCex (HE, 1) 
CX1=DCCK (HE, 2) 
FXO=DCFX (NE, 1) 
FX1=DCFX (KE, 2) 
PX2=0CFX (NE, 3} 
ENOIF 


L=¢ 
DO 180 I=L, NPE 
NI=NOD(HE, 1) 
BLX (1) =GLX (NL) 
TPCITEN.EQ.1 .GR. ITEM. £Q. 2) THEN 
LI=(NI-1) *NDF 
DO 170 J=1,NDF 
LI=LI+i 
L=Lt+1 
ELU [Le] =GU0 (LT) 
IP (ITEM.EQ.2 .AND. NT.GT.0)THEN 
ELV (L) =GU1(L1) 
ELA(L}=GUz (L1} 
ENDIF 
CONTINUE 
ENDIF 
CONTINUE 


CALL COEFNT (IEELEM, LTEM, MODEL, NDF ,NPE, TIME, NTYPE, NE, ¥F3 ,HXELM) 


CALL TRSFRM (MXELM,MSNEO,NE,NTYPE,PR,SE,SE,5A,51,CS,SN; 


CNT, SNT,HF,VF,PF, XB) 
ENDIF 


ER{HPRNT .NE,O) THEN 
TP{NPRNT ,LE.2} THEN 
IF(NE.EQ.1 ,AND. NT.LE.1)THEN 
WRITE (IT,550) 
oO 190 I=1,HK 
WRITE(IT,540} (ELK(I,J) ,J=1,NN} 
IF (ITEM .GT.2} THEN 
WRETE(IT, 380) 
DO 195 I=1,NN 


initial conditions 
on gecond derivatives of the solution are computed in the program 


F1DO3340 
F1D03350 
F1D03360 
FIDO3370 
F1D03380 
Fino3390 
F1po03400 
F1b03419 
F1p03420 
F1D03430 
FID03440 
Pipoa450 
P1D03460 
Pib03470 
P1D03480 
Fino3490 
F1ne3s00 
F1D03510 
FLDO34520 
F1DG3536 
F1LDO3540 
F1DO3559 
F1D03560 
Fi003570 
P1ind3sa0 
Fipo3s90 
FEDOs400 
FInd3610 
Fino3620 
F1b03630 
F1ipo36a0 
FLDO3650 
FLDO3 660 
FRDO3670 
F1ipo3680 
P1D03690 
F1iDO3700 
F1D032710 
FLDO3726 
FiD03730 
Fipo374a 
Fipo3750 
Fibo3760 
FLOO3770 
F1iBO3790 
F1003790 
FIDISEOO 
FLDO3810 
FiD03820 
F1D03830 
Fipoaaan 
F1poa9s50 
FIpe39860 
Fibo3870 
Fibo33s0 
F1D03990 
F1b03900 
F1D03910 
F1p03920 
F1iD03930 
F1po3940 
F1D03956 
F1p033960 
Fi003970 
F1pe3980 
F1D03990 
Fing4000 
Fine4010 
Fipo4d20 
F1D04030 
F1Ipd4040 
Fine4050 
Fipe406o 
Fipo4o7a 
Fibo4os9 
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WRITE (IT, 540} (ELM(L,J),7=1,NN) 
E 


WRITE (IT, 560} 
WRITE{IT, 546) (ELF (I), 1=1,8N) 
ENDIF 
ENDIF : 
ENDIF 
ENDIF 


Assenble slement matrices 
CALL ASSMBL{HOD,MXELM,MXNEQ,NDF,NPE,NE, ITEM, GLK, GLM, GLF} 


CONTIHUR 
IF (HPRUT. BQ. 2) THEN 


Print assembled coefficient matrices if required 


WRITE(IT, 570) 
i) 210 I=1,NEQ 
WRITE(IT, 540) (GLK(I,J} ,J=1,HHBW) 
L¥ (ITEM. GT. 2) THEN 

WRITE (IT, 575) 

BO 215 I=1,NEQ 

WRITE(IT,540) {CLM{1,J) ,J=1,NHBR) 
ELSE 

WRITE(ET, 580} 

WRITE(IT,540} (GLF(I} ,I=1,NEQ) 
ENDIF 

ENDIF 


Call subroutine EBONDRY to inpose essential, natural and Newton’s 
type boundary conditions on the primary and secondary variables. 


CALL BONDRY (NEG, NEOR, NHBW,NSPV,NSSV,NNBC,NDF,DT, ITEM, ALFA, IBDY, 
ISPV, ISSV, INBC, UREF , VSPV,VSSV,VHBC,GLK, GLM, GLF,GUO, 


HXEBC,MXNBC, MXMBC,MXNEQ} 


IF(ITEM.GT,2) THEN 


F1D04090 
FIDo4iod 
Fipo4ii6 
F1p04120 
F1D04130 
F1D04149 
F1D04150 
F1ipo4ie9 
FIDO4ALIO 
F1DO4180 
F1DO4150 
F1D04200 
Fibo42i¢ 
Fido4220 
F1b04230 
Fibddeda 
Fibo4259 
F1D04260 
F1D04270 
F1D04230 
P1b04290 
F1B04300 
Fibod310 
Fipo43z0 
F1004330 
Fipe4340 
FLOGAI50 
Fipod360 
FIDdg370 
FIDO43B80 
F1b04390 
Fibd44006 
Fipo4410 
Fibd4420 
Fiao4430 
Fino4440 
Fino04450 
FiDG4460 
FIDO4470 
Fipo448o 


all subroutine AXLBX te solve for the eigenvalues and eigenvecterF1po4496 


CALL AXLBX (NEQR,CLK,GIM,EGNVAL, EGNVEC, VEC, NROT, HNNEG)} 


WRITE(IT,699} WROT 
BO 230 NVEC=1,NEOR 
FRONCY=DSQRT (EGNVAL({NVEC) } 
WRITE{ TT, 700) NVEC, EGHVAL{NVEC) , FRQNCY 
WRITE(IT, 540) (EGNVEC(1,NVEC) , I=1,NEOQR) 
STOP 

ENDIF 


TIRES = 0 
Call subroutine SOLVER to solve the finite-elemant equations 
CALL SOLVER (HXNEG,HXHEQ,NEQ,NHEW,GLK,GLP, IRES) 


IP (ITEM. EQ,0}THEN 
WRITE(IT, 5903 
WRITE(IT, 540} (GLP(HI} ,WI=1,NEQ} 
ELSE 
IF (NT. 80.0) THEN 
DO 240 I=1,NEO 
GU2(I}=GLE (1) 
HT=HT41 . 
TIME=TIME+DT 
GOTO 156 

ENDIF 


Compute and print current values of GUO, GU1, and GU2 


DO 250 I=1,NEQ 
IF (ITEM.£Q.2} THEN 
ACCLRN=A34(GLF(I)-GUO (I) }-A4#GU1 (1) -A5*GU2 (1) 


F1D045606 
F1b04510 
F1b04520 
FIBO4530 
Fioo4540 
Fipo4assoa 
Fipo45s90 
FibDOé570 
Flpo45380 
F1DO4590 
Fibo4600 
F1ib04610 
Fipd4624 
F1b04630 
Fipn4640 
Fib04650 
F1Dd4660 
F1DO4670 
F1IDO4630 
P1ib04¢é90 
Pibo4760 
F1b04710 
Fino4720 
Fino4730 
Find4740 
FLDOQ750 
FIDO4760 
FLDQ4774 
F1D047890 
FLDO4790 


F1p04a00 
Fibe4s10 


Fibo4620 
Frouds30 


G16 APPENDICES 


aanga 


250 


GU1(E)=GU4 (I) +A246U2 (1) tAL*ACCLEN 
GU2 (TE) =ACCLRN 
GPU{1)=GU0(T) 
ELSE 
GPU(I) =GU0 (x) 
ENDIF 
GUO{T)=GLF(I} 


DIFF=0,.0 
SOLN=0.0 
pO 260 F=1,NEO 
SOLN=SOLN+GU0 (1) *#GU0 (I) 
DIFF=DLFF+(GLF(1)-GPU(I)) **2 
PRCHT=DIFF/SOLH 
IF (PRON? LE. TOLRNS ) THEN 
STOP 
ELSE 
YE (INTVL. LE. 0} INTVL=1 
NOEN=(NT/INTYL) *INTVL 
LP {NTEN. EQ.NT) THEN 
WRITE(IT,600) TIME, NT 
WRITE(IT, 590) 
WRITECIT, 540) (GUO(I) ,I=L,NEQ) 
LF(ITEM.NE.1) THEN 


WRITE(IT, 549} (GUi(T},1=1,HEQ) 
WRITE(IT, 540) (GU2(1}, 1=1,NEQ) 


ENDIF 
NTsHT+1 
TIMESTIME+DT 

ELSE 
NT=NT+1 
TIME=TIME+D?T 
Goto 150 

ENDIF 

ENOIF 
ENDIF 


POST-FPROCES SOR 


UNIT 


IF (NPRNT. LE. 1) THEN 

IF (MODEL. BQ. 1) THEN 
WRITE (IT, 530) 

ELSE 
IF (MODEL. EQ.4) THEN 

WRITE (IT, 630} 

ENDIF 
WRITE (IT, 520) 

ENDIF 


LF (MODEL. £0. 1) THEN 
EF {NTYPE. EQ. 0) THEN 
WRITE (IT, 610} 
ELSE 
WRITE (IT, 620} 
ENDIF 
RNDIF 


IF (MODEL.EQ.2 .OR. MODEL. EQ. 3) THEN 
IF (NTYPE. EO. 0) THEN 
WRITE(IT, 650) 
ELSE 
WRITE(IT, 660) 
ENDIF 
ENDIF 


IF(MODEL. £0. 4) THEN 
IF (RTYPE. EQ. 0} THEN 
WRITE (IT, 680) 
ELSE 
WRITE(IT, 670} 
ENDIF 
ENDIF 


Fipo4aic 
FiDOd4850 
Fino4a6o 
Fipt4876 
F1n04680 
Fibo4340 
F1D04900 
F1D04916 
Fipe4a20 
FiDo4g930 
Fipoasag 
F1i004950 
F1004960 
F1ID04970 
Fipg4989 
Fipo4sst 
F1iposaod 
F1p0s501¢6 
F1ip05020 
F1pgso030 
F1Qu5040 
F1DO5050 
Flbposoea 
F1b05070 
FiDO5086 
Fiposo90 
Fipo5190 
FIDO5110 
Finos120 
F1D05130 
F1IDOdS140 
FLDOS150 
F1b05160 
F1D05170 
F1D05180 
F1ib05190 
Fipos200 
FIbos210 
FIogs220 
Fibeas230 
F1ipos240 
Fipos2590 
Fipos260 
F1ibdsa70 
F1IbDd4s2a80 
FLOOS29¢ 
Fipos300 
F1005340 
F1D05320 
F1D05330 
Fipos340 
F1DOS350 
FLbO5366 
F1D05370 
F1IDOG5380 
F1005330 
F1D05400 
FLDOSa1¢ 
Fipos426 
F1D05430 
Fip0544¢ 
Fino545¢ 
Fibos460 
Fiposa7o 
Fipos460 
Fiposd9o0 
F1b05506 
PIDOSS10 
F1005520 
F1bOSs530 
F1Ipgss40 
F1DG5550 
Fibo055460 
F1D05570 . 


BOAR 


COMPUTER PROGRAM FemMipy: 627 


: Fibossac 
IF{MGDEL.EQ.1} THEN Fibos5s0 

WRITE (IT, 530} Fiposseog 

ELSE Finosé10 

WRITE (IT, 520} Fibdsé620 

ENDIF Fibas630 

" Fibdsé40 

IF (MODEL. LE. 4) THEN Fiposésa 
Fiboséso 

CALL PSTPRC(FI,GLF,GLK,NOD,AXO, TELEM, NPE, MODEL,NTYPE, ITEM, FIDO5470 

* MXELM, MXNEQ ,MXNGD,NEH, HDF} Fipos6so 
ELSE FIDCSSé90 

CALL REACTN (MXELM,MXNEQ,NDF,NEM,HOD, NPE, NTYPE, PR, GLF, FEDOS700 

* . SE, SL,8A,$1,C8,SH, CUT, SUT, HE,VF, PF, XB) FLDO5710 
ENDIF F1LbO5S720 
F1D05730 

IF (MODEL. BO. 1) THEN Fipos7ao 
WRITE(IT, 530} F1ipes750 

ELSE ’ F1D05760 
WRITE(ET, 520) Fibos770 

ENDIF FIDOSs7&0 

ENDIF Fipos790 
Fiposedao 

IF (FTEH.EG.0} STOP F1DO5510 

IF (NT.L?. NTIME) THEN F1lpose20 

EF (PRCNT.GT. TOLRNS)} THEN F1po5830 

GOTO 150 Fiposé46 

ENDIF Fibos5és0 

LSE F1iD05é660 
WRITE (TT, 710) Fibosse70 

DIF F1bOS5s80 
F1ib05890 

alan nea EaOnabteaanieneieininiemae Tene enn nnn nnn neewenennnnnn= = FIDOSS00 

F 6 R K A T § F1IDOS?i0 

mm ptt tt nnn nnn nnn Tree een none nna FUDGE 2O 
Fipos930 

300 FORMAT (20A4} F1b959490 
310 FORMAT(4X, ‘OUTPUT FROM PROGRAM FEHIDV2 BY J. N. REDDY’} FiDdOSg5G 
320 FORMAT(/,4%,¢44* ANALYSIS OF MODEL’ ,£2,‘, AND TYPE’ ,I2, FIbOGSsS60 
* * PROBLEM 444/,/,15X%,’ (see the code below)’, /, Fiboss7o 

* /,AX,*MODEL=1,NTYPE=0: A problem described by MODEL EQ. 1°,F1D0sse0 

* /,4X,*HODEL=1,NTYPE=1: A circular DISK (PLANE STRESS} /, Fipossso0 

* /,4X,*HODEL@1,NTYPE>1: A circular DISK (PLANE STRAIN) /, FiDoEcoo 

* {,4X%, HODEL=2,NTYPE=0: A Timoshenko BEAM (RIE) problem’, F1p06010 

* /,4X,MODEL=2,NTYPE=1: A Timoshenko PLATE (RIE) problem’, F1D06020 

# /, 4X, "MODEL=2,HTYPE=2: A Timoshenko BEAM {CLE} problem’, Fipdéddo 

* /,4X, ‘MODEL=2,NTYPE>2: A Timoshenko PLATE (CLE) problem’, Fiposedo 

* #,4%, "MODEL=3 ,HTYPE=0: A Euler-Bernoulli BEAM problem‘, Fiocéoso 

* /,4X,'MODEL=3,NTYPE>0: A Euler-Bernoulil Circular plate’, F1p06060 

* /,4X,'MODEL=4,HTYPE=0: A plane TRUSS problem’, Fiodéo7o 

* /,2X%,MODEL=4 ,NTYPE=1: A Euler-Bernoullil FRAME problen’, Fipoéo8o 

* /,4K, 'MODEL=4 ,HPYPE=2: A Timoshenko (CLE) FRAKE problem’, /)F1D06090 
330 FORMAT(/,4X,/TIME-DEPEHDENT (TRANSIENT) ANALYSIS ',/) F1p06100 
340 PORMAT(/,4%,/E I GENYALUE ANALY8E Bf} F1ibo611¢ 


330 FORMAT{/,10X, ‘Element type (0, Hermite,>0, Lagrange)..=',14,/, F1iDOG1z0 


* i0X, ‘Ho. of deg. of freedom per node, NDP....=',14,/, F1B06130 
a 10%, ‘Noa. of elements in the mesh, NEM. eee ee TAs, FiDG6140 
* 19X, ‘No. of total DOF in the model, NEQ......=°,14,/, Fid?61590 
* 10X, ‘Na, of specified primary DOF, NSPV......=',14,/, F1D08160 
* 10%, ‘Na. of specified secondary OOF, NSSV,...=',14,/, Fiposi7o 
* 10%, ‘Ne. of specified Newton B. ¢.: NNBC.....=',E4) Pipos1a0 
360 FORMAT (/,3X,’Elenent coefficient matrix, (BLM]:",/) FPiboéisa 


370 FORMAT (/,3X, 7?Initial conditions on the primary variabies:’,/} Pipoézoo 
380 FORMAT(/,3X, ’Enitial cond. on time der, of primary variables:’,/)FiD06210 


390 FORMAT (/,10X,’Coefficient, CTO... ..eececeeeecee reer te e=ly Bie. 4, fy FIDIG220 
* 10X%,’Coefficiant, CTL... pesca e eens ssaeas cs, 812,4,/, FIDOG230 
x 10X,’Paramater, ALFA. isis ee cece neces sane eee =, E12, 4,/, FIDOGZ4IO 
z LOX, ‘Parameter, GAMA. ... 1. eee eee eee eae ees 3! B12,4,/, FIDO6250 
x 10K, ‘Tima increment, DP. .ssee cee e eee ecaceee™! BiZ.d,f/, FIDOGZEO 
* 40K, fo. of time steps, NTIME,.....eesee eee lds, P1D06270 
* 10X,'Time-step interval to print soln., INTWL=",I4, /} FLDC6é280 
400 FORMAT(/,10X,‘Coefficient, CTO... i.e eee eee cnet eae ene et EL2.4,/, FLDOG290 
* 10X, ‘Coefficient, CTL ck eee ee eee ee eee Hh E12, 4, /) FIDOGIOO 


420 FORMAT(/,3X,‘Global coordinates of the nodes, {GLX}:',/) F1ip06310 


618  aePenpices 


420 FORMAT(/,3X,’Coefficients of the differential equation:'’,/) 


430 FORMAT (/,5X, "Properties of Element =',13,//, 


* 40X,/MA =/,812.4,5X,'XB =",EL2.4} 
440 FORMAT( 10X,‘AKO =/,E12.4,5%,AXL =',B12.4,/, 
* 10K, BNO =, B12.4,5X%,/BK1 =',B12.4,/, 
# 10%, CKO =!,E12.4,5%,'CX1 =/,B12.4,/, 
* 104,°FXO =',E12.4,5X%, FX. =! E12.4,5%,7FX2 
445 FORMAT( 1OX,’AKO =!,E12.4,5X,‘AX1 +!,EF12.4,/, 
* 10M, /BXG =!,812.4,5X,’BX1 =',E12.4,/, 
* 10x, /CxXO =/,812.4,5X,'CML =',£12.4,/) 
450 FORMAT(i0M,/The poisson ratio, PReveeeeee 
* 10%, ‘Modulus of elasticity, 
* 10%, Length of the element, 
* 10%, ‘Area of eress section, BAwssaeeee 
* 10%,/Moment of inertia, Slarssacee 
* 10%, ‘Cosine ef orlentation, CHa teeee 
* 10%,/Sine of orientation, SH. ..e 
* 10X, ‘Axial body force (constant), HF....--++ 
* 10%, ‘Transverse body force (omst)] ,VF....+.-5 
* 10X%,/Internal point force, PF. eee euae 
* 10k,/Location of PF from node 1, XB..sseaaa 
* 10X, Orientation of PF: cosine, CBD ce aaae 
* 10x, Orientation of PF: sine, SUP. aeeees 
+ 10X,‘Nedal connectivity: KOD(I,T) 45 
460 FORMAT(//,;3X,'Element Wo. =", I3,/)} 
470 FORMAT(10X,‘Modulus of elasticity, SE aeearae 
* 10K,’ Length of the element, SLaseacaae 
* 10K%,‘Area of cross saction, SRaweuraaa 
+ 10%, /Cogine of orientation, CHasescuae 
* 20%, ’Sine of orientation, SHaveceree 
* 10x, Axial body force (constant), HPessaeees 
* 10K, ‘Kodal connectivity: HOD(1I,F).. 


=? ,E12.4,/) 


af ,B12.4,/, 
=! ,E12.4,/, 
= Ei2.4,/; 
mt, El2.4,/; 
mt, El2.4,/, 
=, E12.4;,/, 
=',El2.4,/, 
=", E12.4,/, 
=f, ELZ.4,/, 
=f, Ei2.4,f¢ 
=! ,Ri2.4,/, 
=f ER2.4,/ 
a! ,E12.4,/, 
=1,216,/} 


a’, EL2Z.4,/, 
=f ELa.4;/, 
=!,E1l2.4,/, 
=! B12.4,/, 
=e’ EL2.4,/, 
=f, EI2.4,/, 
sf, 276, /) 


480 FORMAT(/,3x, ‘Boundary information on primary variables:!, /} 


490 FORMAT(5X,215,2E15.5) 


500 FORMAT(/,3X, ‘Boundary information on secondary variabies:’ ,/{} 
510 FORMAT(/,3%, *Houndary information on mixed boundary cond. i’, f} 


520 FORMAT(2X,78¢"_4}4/} 

530 FORMAT(2¥,55(° 4), /) 

S40 FORMAT (2X,5E13.5) 

550 FORMAT(/,3X, ‘Element coefficient matrix, [ELK}:',/) 
560 FORMAP(/,3X,‘Element source vector, {ELF}i‘,/} 

570 FORMAT(/,3X,’Global coefficient matrix, [GLK}i7-/} 

575 FORMAT(/,3%,‘Global coefficient matrix, (GEMJi’,/) 

580 FORMAT(/,3%,‘Global source veotor, {GLF}i‘,/) 

590 FORMAT(/,1%,*SOLUTION (values of FYs) at the NODES! 


444) 


600 FORMAT(/,1X,‘TIME =',H12.4,5X%,/Yime step number =/,13,/) 
610 FORMAT(7X,/. X ‘,5X, ‘RP, Vardable’,2x,’S. Variable‘) 
620 FORMATi7¥,‘ ¥ “,5X, ‘Displacemnt‘ ,2x, Radial Stra‘ ,2X, 


* ‘Hoop Stress’} 


610 PORMAT(/,9X%,’Generalized forces in the element coordinates’, /, 


* 5X,‘(second line gives the results in the global coordinates}?) 


650 FORMAT(7X,/ X ‘,6X%, *Deflect./,5X,'Rotation’,5%,'B,. Moment’, 


* 3X, ‘Shear Force’) 


660 FORMAT(7X,/ X °,6X, ‘Deflect./,5%,/Rotation’,4%,‘Noment, Mr’, 


* 3X,‘Moment, Mt’,3X, ‘Shear Force!) 

570 FORMAT(3X, ‘Ele Force, Hl Fnoree, Vi Moment, M1 
#Force, VZ Moment, Hz*} 

680 FORMAT(3X, ‘Ele Foree, H1 Foree, Vi Force, H2 


Force, H2 


Forca, ¥2') 


690 FPORMAT(/,5X,‘Number of rotations taken in JACOBI =/,12,/} 
700 FORMAT(/,5%,'BIGENVALUE(’,12,/) = ’,E14.6,2X,‘SQRT(EGNVAL) = %, 


* £13.5,/,5%, "EIGENVECTOR: ‘} 

7io FORMAT(/,5X,*a+k2% Number of time steps exceeded NTIME #####?, f/} 
STOP 
END 


F1lbo96320 
F1D063390 
F1lpo6340 
F1D96350 
FiD06366 
FLDO6376 
Fipoe38o 
F1B06396 
FIbocdao 
Fi006410 
P1006420 
F1D06430 
FIDC6440 
Fino06450 
Pipo646d 
F1ipdé470 
Fiposéad 
Fipge4so 
FiD06566 
FIDG65190 
PiD06520 
FIDO65390 
F1ib06540 
F1ipo6550 
F1p96560 
FLDOGS7G 
F1DO6580 
F1b05590 
F1bD06600 
FiD06619 
Finoé620 
F1i006635 
Fiboéé4o 
F1IpOsEs0 
FIpgééso 
FIDdGEéTO 
FIDO6680 
P10066990 
FiDO6700 
F1iD06710 
F1b96720 
F1D06730 
F1ipd6740 
FIDO67459 
F1D06769 
FIDG6é770 
FUDOG7ED 
Piboé790 
F1D065800 
F1D06310 
F1b06420 
F1D06836 
FlDoss40 
Fibo6s50 
FLDO6E50 
F1LDO6BTO 
FLDOGEBO 
F1bp06839 
F1D06900 
Fibd6910 
Fibd6920 
F1DO6930 
Fipe6940 
Finoess6 
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COMPUTER PROGRAM FEMIpv2 619 


4 


SUBROUTINE ASSMBL{NOD, MXBLM,MXNEQ, NDF ,NPE,NE, ITEM, GLK,GLMN,GLF) 


F1id06960 
F1D06979 


The subroutine calls subroutines to compute element matrices 
and assembles them in a upper banded matrix form 


{ELF}.... Element source vector, {F} 
{ELK}.... Element coefficient matrix, [K} 
{ELM}.... Element caefficient matrix, [4] 
(NOD}.... Connectivity matrix 


F1ib06980 
Pipo6s9d 
Pipo7 000 
FIDO7016 
F1D07020 
F1DO07030 
FibO7040 
FPiboroaso 
P1DO7eso0 


IMPLICIT REAL*# (A-H,O-2) 
DINENSION SLK(MXKEQ,MXNEQ) , GLM(MXNEQ, MKNEQ) , GLE (HXNEQ) , 

* NOD (HXELM, 4) 

COMMON /STF1/ELK (9,9) ,ELM(9,9) , ELF (8) ,ELX (4) ,BLU(9) , ELV (9) , ELA (3) 
IF (ITE. LE. 2) THEN 


Assemble element coefficient mateix ELK and source vector ELF 


DO 50 I = 1, NEE 
WR = (NOD(NE,T) - 1)suDF 
Do 40 Ii = 1, HOF 
WR=WR+ 1 
L= (I-1l)#NDF + II 
GLF{NR) = GLF(NR) + ELF(L) 
bo 30 J = 1, NPE 
NCL = (HOD(NE,J)-2}4UDP 
BO 20 U7 = 1, NDF 
M = (J-1)4HNDF + JJ 
Nc = HCL-NR+JJ+1 
IF (NC}20,20,10 
GLK(MR,NC) = GLK{NR,NC} + ELK(L,#) 
CONTINUE 
CONTINUE 
CONTINUE 
CONTINUE 
ELSE 


ASSEMBLE ELEMENT MATRICES INTO FULE, GLOBAL MATRICES 


DO 100 I=1,NPE 
HR= (HOD (NE, 1) -1) #HDP 
DO 90 TJ=1,NDF 
NR=NR+1 
L=(I-1) #NDF4I1 
00 80 J=1,HPE 
Nc=(HOD(HE, 7) -1) NDP 
DO 76 JJ—=1, NDF 
M={J-1) ANDFHIg 
NC=NCHL 
GLK (NR, NC} =GLK (MR, NC)+ELK (hb, 4) 
GLY (NR, NC) =GLM (HR, NC) +EEM(L,M} 
CONTINUE . 
CONTINUE 
CONTINUE 
CONTINUE 
ENDIF 
RETURN 
END 


SUBROUTINE AXLE (N,A,B,XX,X,NEGN NR, MXHEQ) 


Subroutine to solve the EIGENVALUE PROBLEM: 
[AJ] {X} = Lambda. [B] {x} 


The program can he used only for positive-definite (B] matrix 
The dimensions of V, VI, W, and IH should be equal to MENEO 


IMPLICIT REAL*8 (A=H,0-2} 


Pibd7o70 
FiIDO7To8o 
Fibo7Toage 
Fipoviea 
F1o071160 
F1D07120 
F1DO7130 
FLDOT140 
F1D07150 
FIBOT166 
FIDO7170 
F1D07180 
P1D07190 
F1b07200 
Fibdg7210 
Finoj220 
Find7230 
FIBO7240 
F1DQ7250 
FID07260 
F1DO7270 
F1DO7280 
F1D07290 
F1D07300 
F1p07310 
F1D07320 
F1inoT330 
F1bo7340 
F1po7350 
F1iDO73a60 
FlDO73a70 
F1bo73240 
F1b07390 
Fupo74ad 
F1DO7410 
F1b07420 
Fipo7440 
Fibo74dao 
FiDO7450 
FLDO7460 
F1ipe7479 
F1D074890 
F1po7490 
Fibov500 
Fibo7510 
F1DO7520 
FLDO7539 
F1Do7540 
Fibdo7550 
F1bO7560 


FIDO? 570 
Fibo7s380 
F1b07590 
Fibo7600 
Fibo7610 
FiDO?7626 
F1O007630 
F1i007640 
FibO?7650 
Fibo7660 
Ficoe7é7o 
F1DO7689 


620)  arrennices 


OIMENSION A(MXNEOQ, MENEQ) ,B(MXNEQ,MXNEG) , XX (MXNEQ} ,X{MMHEQ,MXNEQ) F1po7690 


DIMENSION V(50,50},VT(50,50) ,W(50,50) , TH{S0} Fipo7700 

c Fip07710 
c Call JACOBI to diagonalize (8) F1D07720 
Cc F1bO7730 
CALL JACOBI [{N,B,NEGN,HR,V,*X, TH, MXNEQ} F1DO7740 

t Fabo7750 
c Make diagonalized (B] symmetric F1D07760 
c F1DO7770 
DO 20 I#1, FibO?780 

DO 10 J=#1,N FIOO7790 

10 B(7,2)=B(I7) F1D07808 

e F1Ipo?vsio 
¢ Check (ta make sure) that [B} is positive-definite F1LDO7820 
c . FLD07230 
DO 30 k=1,H Fipo7840 

IF ¢B(1,1}}20,30,30 F1D07850 

20 WRITE(6,99) F1Do7a60 
STOP PLDO7a70 

30 CONTINUE FIDO? 880 

c . PIbO7 890 
o The pigenvectors of [B] are stored in array V{I,J} , Fipo7900 
is Ferm the transpose of [V] aa [¥T] F1IDOT91i0 
c F1iDO7920 
DO 40 I=1,N ; F1D07930 

DO 40 J=1,N F1IDO7940 

40 YO(I,d}=V(J,5) F1bDO7950 

¢ Fipo?sé6n 
c Find the preduet {F]=(¥TI(A)[V] and store in [A] to save storage Fipove7d 
c F1g079a0 
CALL MTRXML (VP,/N,N,A,N,#) F1D07990 

CALL MTRXML (W,H,H,V,0, a} F1D08000 

c Fiposo1a 
c Get [GI] from diagonalized [B), but store it in [B) Fiboso20 
ec F1B08030 
pO 50 I=1,N FiIposody 

50 A(T, [}=1.0/DSQRT(B(I,1}} F1Dos0s0 

¢ . Fanosoad 
c Find the product (Q)=(GI](F}[GI]={5](4]([B] and store in [A] Fiposo7o 
c F1b08080 
CALL MTRXML (B,N,N,A,H,¥) F1p08090 

CALL HTRAML [W,N,N,B,W,A) F1ibpos100 

c F1D08110 
c We now have the form [(0]{Z}=Lamda{2}. Diagonalize [@] to obtain F1DO08120 
c the eigenvalues by calling JACOBI. #1008130 
c Finosi¢o 
CALL JACOBL (H#,A,NEGN,NR,VI,%X,IH,MXHEQ} Fipos150 

c F1ipog160 
c The eigenvalues are returned as diag [A]. F1D08170 
c : FIpcs180 
DO 60 J=1,N FiDgs13o 

60 XX(J}=AC7,7} F1ipo0e200 

c F1D08219 
c The eigenvectors are computed from the relation, Fipgi220 
c {X}=[V] (ST) (2}=(¥)] (21 (VT) FiInos230 
¢ since {2} is stored in [VT]. Fiboaz4a 
¢ F1D082590 
CALL MTRXML (¥,N,N,B,N,W) F1ipos260 

CALL MIRXML (W,N,N,VT,H,X} F1ib08270 

c Fibpo828¢ 
80 FORMAT (/'*** Matrix (GLM] is NOT positive-definite *#***} Fipon290 
RETURH Fipos300 

END Fibos310 
SUBROUTINE BONDRY (NEQ, NEQR, NHBW,NSPV,NSSV,NNBC,NOF,DT,ITEM,ALPA, F1D08320 

* IBDY, TSPV,1SS¥, NBC, UREF, ¥SPV,VSSV, VABC, F1D08330 

* GLE, GLM, GLF,GU0,MXEBC, MXNBC, MXMBC, HXNEQ} F1ID0#340 

co Fibo08350 
c Fibos36o 
c The subroutine is used to implement specified boundary conditions F1Dd8370 
¢ on the assembled system of finite element equations Finds3ao 
c Fipodase 
Cc Fipos400 


IMPLICIT REAL*8 (A-H,0-Z) FP1b084190 
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DIMENSION ISPV(MXEBC,2), ISSV(MXNAC, 2), INBC(MXMBC,2) , EBDY(HXEBC} 
DIMENSION UREF(HXHAC) , VSPY(MXEBC) , VS5¥ (MXNBC) , VNRC (MXMBC} 


FRD08420 
F1p08430 


DIMENSION GLK (MXNEQ,MXNEQ} ,GLM(MANEQ, MXNEQ) ,GLF(MXNEQ) GUO (MKHEQ) F1p0a440 


Impose boundary conditions for STATIC and TIME-DEPENDENT problems 


IF (ITEM. LE. 2) PHEN 
Include specified PRIMARY degrees af freedom 


TF (MSPV.HE. 0) THEN 

DO 40 HB = 1,NSPV 

TE= (ISPV(NB, 1)-1)*NDF+ISPY (NB, 2] 

IT=NHBW-1 

I=ITE-HEBY 

bo 10 II=i,¥T 

I=I+1 

IF{I .GE. i} THEN 
J#LE-I+1 
GLF (I}=GLF(1}-GLK(1,J) *VSPV (NB} 
GLE(I,7}=0.0 

ENDIF 

19 CONTINUE 

GLK(IE,1}=1.0 

GLF(TE)=VSPv (wp) 

I=1E 

bo 20 [I=2,NHBw 

I=I+1 

IF(I .LE. NEQ) THEN 


GLF (1)=GLF (1) =GLK(IE, EL} #VSPV (NB} 
GLK (EE, 1Tj=0.0 
ENDIF 
20 CONTINUE 
30 CONTINUE 
ENDIF 


IF (NSSY.NE. 0} THEN 
Include specified SECONDARY degrees of freecdon 


DO 40 NF = 1,Nssv 

NB=(TS8¥ (NF, 1}-1) *NOF+ISSV (NF, 2} 

If (ITEM. EQ. 1) GLF (HB) <GLF (NS)+7389 (NF) 4DT 
40 eupree (ITEM: NE. 1) GLE (NB) “GLF (MB) +VSSV (NF) 


LP (NNBC. NE. O} THEN 
Include specified MIXED boundary conditions 


bo 50 Ic=1,NNBC 
NC=(ENBC{IC, 1)-L) «NDPHINBC (IC, 2} 
IF( ITEM. FQ. 1) THEN 
GLK (HC, 1) =GLK (NC, 1) FALFA*DT*#VNBC (IC) 
GLF (NC}=GLF (NC} +DT*YNBC (IC} * (UREF (IC) 
* — (1, 0-ALFA) #GU0 (NC) } 
ELSE 
GLK(NC, 1} =GLE (NC, 1) +¥EC(EC} 
GLF (NC) =GLF (NC) +VNBC {IC} *UREF (TC) 
ENDIF 
iti) CONTINUE 
ENDIF 
ELSE 
IP CANBC.NE,0)} THEN 


Include specified MIXED boundary conditions 


DO 70 It=1,NNBC 
NC=(INBC(IC, 1}-1) #NDF+INBC(IC, 2) 
GLK (NC, NC) =GLK(HC, NC) +VHBC(IC) 
70 CONTINUE 
ENDIF 


Impose boundary conditions for EIGENVALUE problems 


F1poa4sa 
F1D084460 
FIDO8470 
Fipcs480 
F1D084d99 
F1Dd85060 
F1008510 
Fiboss20 
Fipess30 
Fipogs4o 
Finoes5a 
Finogss6o 
FPLOOES70 
FLDOS5S86 
F1pos590 
F1DOg660 
F1D08610 
F1D08620 
F1b08630 
Pibosead 
Findoseso 
Fiposééo 
FLOOgE7 a 
Fingaéaa 
FIDO#E90 
F1BOB700 
F1D08710 
Fibos720 
FLDOB740 
FiIbosT4o 
F1bos750 
F1ibos760 
FIbOs770 
Fipos7Tsa 
FIDQ8730 
FibDOs800 
F1Doa8106 
Fioo8é20 
Fipage3o0 
Fipo8s4d 
Fiboda850 
F1id08360 
Fiboss70 
Fipossac 
Fiposssa 
FIDdEso9 
FLDOES10 
F1pd8s20 
F1boag30 
Fipdss4a0 
F1B08950 
Fiposs6o0 
Finngs70 
Fipdssso 
Fiposs3o 
Fidasoo0 
F1B09010 
FLDGS9020 
F1D09036 
FIDO9040 
F1D59050 
F1D09066 
F1D09070 
Fibosos9 
F1D03090 
F1D09100 
F1p0911¢0 
F1D09120 
F1D09130 
Fipges 41490 
Fibds150 
Fipo91690 
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140 


150 
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180 


IF (NSPY.NE,.O) THEN 
pO 60° IB=1,NSPV 
{BBY (1B) =(ISPV (1B, 1)—-1) *NDF+ISPV (1B, 2} 
DO 120 I=1,NSFV 
IMAX=IBDY (I} 
BO 110 J=1,NSPY 
IF (TBDY(J} .GE. IMAX) THEN 
EMAX=IBDY (7) 
IKEPT= 


ENDIF 


CONTINUE 

IBD¥ (IKEPT) =IBDY¥ (1) 

IBDY (1) =IMAX 

CONTINUE 

NEOR = NEG 

DO 180 I=1,HSPY 

IB=IBDY (T} 

IF(TB .LT, NEQR}THEN 
NEQRI=NEQR-1 
DO 160 FI=TB,NEQRL 
DO 240 JJ=1,NEQR 
GLMCLY , Jd) =GLM(LI44, 77} 
OLK(II Jd) =GEK(IE+1,95) 
DO 150 JJ=1,NEOR 
GLM (JT, T1)=GLM (Jd, 11+} 
GLK (ST, TI) =GLK (37, 1T+a} 
CONTINUE 


EHDIF 


HEGR#NEQR=1 
CONTINUE 


ENDIF 
ENDIF 
RETURK 
END 


FIDO3170 
FEDOG180 
F1p09190 
F1b09200 
F1D09210 
F1D09220 
F1D09230 
P1D09240 
Fi009250 
Fipc9260 
F1D09270 
Fin09280 
F1D09290 
FADOS300 
F1p08310 
FIDOS320 
FEDOS330 
P1D09340 
F1D09350 
F1009360 
FiD65370 
FiDO9380 
F1D09390 
FiDe9400 
F1009410 
¥1009420 
F1iD09430 
Fipds440 
P1IDOS450 
FLDOS460 
Fipg9470 
F1D09480 
F1b09450 
F1D09500 


SUBROUTINE COEFNT(IELEM, ITEM, MODEL, NOF ,HPE, TIME, NTYPE,NE, F3,MXELM) F1D09519 


Fipo9626 
F1D094530 


The subroutine computes the coefficient matrices and source vectorF1b09540 


for the medel problem described by Eqn. 


Xieveeeees 
XI vesceas 
Hassssvres 
{BF} eweae 
[GDSF}.... 
{GDDSF}... 
Glevsaauae 
(GAUSPT].. 


{GAUSHT].. 
[A] [Bla 
[ELK]+-+-- 
(ELM]...++ 


Glohal (i.e., problem) coordinate 
Local (i.e., element) coordinate 
Element length 


Element interpolation (nr shape) functions 


First derivative of Sf wW.r.t, X 
Second derivative of SF w.r.t. X 
Jacobian of the transformation 


{1} (see MATH) 


F1b09550 
F1D095690 
Fidogs70 
Fingssacd 
F1b09s90 
Fipoes60o0 
F1n09610 
Fibt3629 
F1D09639 


4x4 matrix of Gauss points: N-th column correspondsF1D09640 


to the K-point Guass rule 


P1D09650 


4x4 matrix of Gauss weights (see the comment above}F1D09660 


Element matrices needed to compute ELK 
Element coefficient matrix [K] 
Element ‘mass’ matrix (Hy 


F1ibo9670 
Finos6so 
F1D09690 
F1po9700 


IMPLICIT REAL*8 (A-H, 0-2} 


COMMON /SPF1/ELK (9,9), ELM(9,9) ,ELP(3},£0K(4),ELU(9) ,ELV(9) , ELA(9) 
COMMON /STF2/A1,A2,A3,A4,A5,AK0,AX1,BXO,BX1,CX0,CX2,CT0,CT1, FXO, 
a 


FX1, FX2 
COMMON /SHP/SF (4) ,GDSF (4) ,GDDSF(4} od 
DIMENSION GAUSPT (5,5), GAUSWT(5,5} ,F3 (4%ELM) 


Finos7io6 
Fipos720 
FIbo9730 
F1ipo9740 
F1D097490 
F1009760 
F1DO9779 
Fidog780 


DATA GAUSPT/5*0. 0D0,-.57735027D0, .5773502700, 349. O00, ~. 7745966700, FIBOS790 
* 6.0D0, 7745966700, 240.0D0,—-.8611363100,—-.33998104D0, , 3399910400, Fiposaod 
*,.96113631D0,0,000,=+.906180D0,-.53846900,0,0D0, .538469D6, , 906180D0/F1D03810 


FLDOG9829 


* DATA GAUSWT/2.000,440,0D0,2*1.0D0,340,0D0, .55555555D0, . 88888838D0, F1D05830 
* 0, 55555555D0,240,0D0,.34785455D0,2*%,65214515D0, ,3478548500,0,.0D0,F1D09840 
* 0,23692700, 47862900, .568889D0, ,.478629D0, .23692700/ 


UN=HDF*NPE 
H = ELX (NPE) 


ELK(1)} 


FP1BO9850 
F1DO9866 
F1D09870 
Fib09880 
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COMPUTER PROGRAM FEMIDV2 §23 


4 


- IF(TELEM .EG. 0) THEN 
NGP=4 
ELSE 
NGP = ITELEM+1 
ENDIF 


BO i0 J=1,NN 

IF (}TEM.LE. 2) THEN 
ELF(J) = 0.0 

ENDIF 

DO 10 I=1,HN 

UF (ITEM. GP. 0) THEN 
ELH{I,7)=0.0 

ENDIF 


10 ELK(I,J}=0.0 


TF (MODEL. NE. 2} THEN 
DO-LOGF on number of Gauss points begins here 


DG 100 NI=1,HGP 
XI = GAUSPT (NI, NGP) 


Call subroutina SHP1D to evaluate the interpolation funetions 


and their global derivatives at the Gauss point XI 
CALL SHPID(H, FHLEM,NPE, XT} 


CONST = GJ+CAUSWE(NI,HGP} 
IF (IELEM. £Q.0} THER 

X% = ELX(1} + 0.5*H*(1.04X1) . 
ELSE 

X= 0,0 
DO 30 J=#1,NFE 

M + SF(J) *BLX(d) 
ENDIF 


P1D09894 
F1D69900 
F1f09910 
Fiposg2o 
F1p09930 
F1D09940 
FiD09950 
FEDO960 
Fipns970 
FIposeao 
Fiposesa 
FID10000 
FID10010 
F1D10020 
Fip10030 
F1D10040 
FIDEQUSO 
FIpiOdEa 
Fipico?7a 
FIDLOOsO 
F1D10090 
Fipio100 
PEDLOI1O 
FIDLO120 
F1D10130 
FiD10160 
Fiptoisa 
Fibioisa 
FID10170 
F1D101a0 
F1D19190 
F1D19206 
FLD10210 
F1D10220 
P1D10230 
P1bi0249 
P1pto256 


Compute coefficient matrices and vectors for vaious model problemsFip1oz60 


governed by single second-order and fourth-order equations 


(MODEL = 1 or 33; NPYPE = G or 1) 


OX=CXO+OXL#X 

IF (IP2M.NE.3) THEN 
PX=FNOLFRLAN+EX22K8X 

ENOIF 

IF (ITEM.GT,O}THEN 
CTHxOoTe+criak 

ENDIF 

IF (MODEL.EQ.2) THER 


Coefficients for ALL SINCLE-VARIABLE PROBLEMS (HODEL=1) 


IF (NTYPE,.EQ.0} THEN 


All problems governed by MODEL EQUATION (3.1) (NTYPE=0) 


AXN=AKO+AK12X 
DBO 50 J = 1,NN 
IF (ITEM.LE. 2) THEN 

ELP(J) = ELF(d} + CONST#SF (J) #Fx 
ENDIF 
DO 50 I = 1,8N 
IF (ITEM.NE. 0) THEN 

ELM(I,7) = ELM(I,J) + CONST*SP(I}*SF (J) «or 
ENDIF 
AIJ = CONST*GDSF (I) *cDa¥ (J) 
CIJ = CONSTA*SF (1) *SF (J) 


56 ELK(I,J}=ELK(1,0) + AX#ATS + cxecTs 


ELSE 


RADIALLY SYMMETRIC ELASTICITY problems (MODEL=1, NTYPE>0} 


AAXOwEL, AX1=E2, BXO=NU12, BXl="H, thicknegs 


ANU21=BXO*AX0 /AX1 
IF (NTYPE.EQ.1)THEH 


Fididz70 
Fibiazao 
Fibiozsq 
F1b10300 
F1iDid3196 
F1iD1L0320 
F1D10330 
F1010346 
F1610350 
F1010360 
FiD10370 
F1ibio0380 
Finio%4o 
F1b19400 
F1idi0410 
F1D10420 
F1D10439 
F1bl]0440 
F1p10450 
P1Di0460 
FILD10470 
Fibidd4ao 
FID1944990 
F1ib10500 
Fipaosia 
Fibios2o 
FLOICS30 
FiD10540 
F1D10550 
F1010560 
Fibio57a0 
FibiossG 
F1010590 
Fipioé6oa 
F1ib10610 
FiDi620 
F1D10630 
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ELSE 


Coefficients for the TIMOSHENKO beam and circular plate (MODEL=2) 


C11=B¥2 *AXO/ (1. 0-BRO*AHU21) 
22=011* (AX1/AX0)} 
C12=Bxa+c22 
ELSE 
DENOM=1.0-BXO-AKU21 
CL1=BX1*AXO* (1, 0-BX0} f (1. 0+BXO) /DENOM 
C22=BXtSAXL* (2, 0-ANUZ1) f (1. 0+ANU21) /DEHOK 
cl2-Bxo+C22 
ENDIF 
BO 60 J=1,NK 
IF (ITEM,LE.2) THEW 
ELF(J) = ELF(J) + CONST&SF (7) #FX*X 
ENDIF 
DO 60 I=1,HN 
IF (IPEM,NE. 0) THEN 
ELM{(i,7) = ELM(1,3} + CONSTA4SF (IE) *5F (7) 4*CT#% 
ENDIF 
AEI = CONSTAGDSF (T} #GDSF(J} *C11*X 
CLI = CONST#SF (I) *SF (J) #CX4X 
DET = CONST* (GDSF (I} *SF (J) +SP (1) *GDSF (J) )*C12 
EId + CONST*SF (1) *SF (J) #022 /X 
ELK{I,7)=ELS(I,J} + AIT + cClJ + DId + ELT + 


ENDIF 


ELSE 


Coefficients Eor the EULER-BERNOULLI theory (MODEL=2} 


IF (NTYPE.EQ.0) THEN 


The Ewler-Bernoulli BEAM element (MODEL=4 and WTYPE=-0) 


BX=BXO+BK14% 
CX=CXO+CK1*X 
DO 70 J = 1,N 
IF {ITEM.LE.2) THEW 
ELF(J} # ELF (J) + CONST#SF (J) *PX 
ENDIF 
po 70 I = 1,HN 
IF (I'TEM.NE. 0) THEN 
ELM(2,0) = ELM(i,3) + CONST*SF (1) *SF (3) +CT 
ENDIF 
BIS = CONSTAGDDSF (1) *GDDSF (J} 
CIT = CONST*4SF (I) *SF (J) 
ELK(1,c7)=ELK(I,J) + BX*BId + CXRCLT 


ELSE 


The E-B CIRCULAR PLATE element (MODET=1 and NTYPE>0) 


ANU21=BX04AX0/AXE 
DI=(BX1443) {22.0 
D11=DI*AKO/ (£.0-BXO*ANUZL) 
D22=D11* (AXL/AXO} 
DLZ=Bxo4*D22 
DO 80 J=1,HN 
IF (ITEM. LE.2)THEK 
ELF(J) = ELF(J) + CONSTSSF (3) #PX*X 
ENDIF 
DO 80 I=1,NH 
BIJ = CONSTACDDSF (1) *GODSF (J) *D114X 
CIS = CONST4SF (T) *SE (J) #CX*X 


BIJ = CONST* (GODEF (T) *GOSF (.J} +GDSF (1) *GDDSF (1} } *D12 


EIJ = CONST*GDSF (I) *GDSF(J} #D22/X 
ELK(1, J)=ELK(I,3}) + BID + CET + DIg + ELS 


ENDIF 


EWOIF 


CONTENUE 


Full integration fer bending coefficients 


DO 160 WI=1,NGP 
XI=GAUSPT (NI, NGP} 


CALL SHP1D(H,TELEM,NPE,XI} 


Fibiceds 
F1b10650 
F1bp10660 
F1D10670 
Fipiosad 
Fipio63a 
FLDLOTOG 
F1bp10710 
F1b30720 


‘'F1D160730 


Fipio?4d 
FLDLO7TSO 
FIDL0760 
FLPLO?70 
Fipio07ad 
F1b1079¢ 
F1D10806 
F1D105196 
FED10420 
PibiLo3i9 
F1ib10840 
F1B10850 
F1p10860 
F1ibD10a70 
F1D109880 
F1ipioe830 
Fip1o3o0 
Fibiogio 
FLDiog20 
FLD1LO930 
F1bi0940 
F1D10950 
F1Dp10960 
FiD10970 
Fipi0ssa 
F1b20990 
F1ipi1io000 
F1D110i0 
F1D11020 
FLDL1O30 
FiD11649 
F1Dp11050 
F1D116060 
F1D11070 
F1D11080 
FiD110990 
F1D11100 
F1b11110 
F1p11120 
FIDLLILIO 
FID11i40 . 
F1bp11150 
F1011160 
FIDLL170 
FEDOLITSO 
F1B11150 
F1b11200 
F1IDL1210 
FIDI1229 
FiD11230 
Fibi1240 
F1D11250 
F1D11266 
Fib1i276 
Fip11280 
F1iD11230 
FLIb11300 
FLD1Li3190 
Fib}1320 
F1B11330 
F1D121340 
FiD11386 
FIDIL360 
F1D11370 
F1b11980 
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CONST=GI4GAUSUT (NI, NGP) 
X= 0.0 

bO 110 J=1,NPE . 

X= X + SF(F) *ELX(S) 

IF(HTYPE.EQ.9 .OR, NTYPE.EQ.2}THEN 


The Timeshenka BEAM element (MODEL=2 and NTYPE=0 OR 2} 


BN=BXO+BX1*xK 
CX=CXO+CK1L*EX 
FR=FROFFXI*XK+FX2SXeX 
I=1 
DO 1450 11 ,HFE 
IF (ITEM. LE. 2) THEN 

ELF (00 } =ELF (35) +FX*S¥F (7) *CONST 
ENDIF 
Irel 
nO 128 I=1,NPE 
CLI=SF (1) *SF(J) *CONST 
BIJ=GDSF(E} *GDSF (J) #CoNst 
ELK(II,dd) =ELK(IT, J) +exacts 
ELK (II +1, JJ+1)=ELK(I1I4+1,33+1} +BX*BIT 
IF (ITEM.NE, 0} THEN 


ELH {Ti , JJ) =ELM(II, JT) +OTO4CI I 
ELM{IT#1, 00+1) sELM (1T+1, +L} 4CT14CLT 
ENDIF 
TI=sHDF*iI4+1 
TI=NDFag+1 


ELSE 


TYimoshenke CIRCULAR PLATE element {MODEL=2 and NTYPE=1 or 3) 
AXG=E1, AX1=E2, BXO=ANU12, BX1"H, FX2=GLISAREA*AK 


AHUZL=BXO*AKO/AX1 
OX=CHO+CKLEX 
FX=PXO+PX142 
DI=(BXL#43} 412.0 
D1I=DI*AXO/ (1. 0-BXO*ANU21} 
D22=D11*(AX7/AX0} 
D12=Bx0*D22 
a1 
DO 150 J=1,NPE 
IF (ITEM, LE. 2) THEN 
ELF (J }=ELF (30) +PX*SF (J) ACONSTAY 
ENDIF 
Tf=1 
DO 140 T=1,NPE 
BIT = CONST*GDSF (L} #GDSF (J) 4D114X 
CIT = CONSTASF (I) *SF (J) *X 
DIT = CONST* (GDSF{L] *SF (J) +SF {1} 4cDSF (7) }*D12 
EIJ = CONST4SP (I) #SF(J)4D22/% 
ELK{II,Jd) =ELK (TI, dT) + CXaCIg 
ELK{II+1,JJ+1) =ELK(FI41,37+1) + BIJ + DIT + EIT 
IF (ITEM.NE.0) THEN 


ELM{IT,JJ} =ELM{II,J3} +CTO4CIT 
ELM (114i, J0341)#ELM (1141, 2541) 4CTL4CLT 
ENDIF 
TI=NDF*I+1 
JJ=NDP4I+1 
ENDIF 
CORTINUE 


Fid11390 
F1D11409 
F1D11419 
F1ib1i1420 
F1D11430 
Pibii4490 
Fibi1450 
Fibi1466 
FibDil470 
Fibdi14a0 
Fibdi1450 
F1ib11500 
FIb11510 
F1b11520 
F1Bi1530 
Piplis4d 
F1D11550 
F1011560 
FiD11570 
FID11i580 
F1B11530 
F1Di1660 
Fibii61s 
Fibiiézo 
Fibiisio 
Pib11649 
Fibl1l650 
F1D11560 
F1D11670 
F1D11680 
F1D11699 
F1D11700 
F1D11716 
F1D11720 
F1B117430 
Fifliv4do 
Pibti7so 
FID11760 
FID11770 
Fib11780 
F1b11794 
F1D41800 
F1D11819 
F1DE18290 
F1D11830 
FID11840 
FID118590 
F1D11860 
F1B1i876 
F1BD11660 
F1LDL1890 
FiD1i500 
Fipiisio 
Fib1li920 
FiDi1930 
F1lb1i940 
F1D11956 
F1D11960 
F1D11970 
F1D11946 
Fib11990 
Fibi20ce 
Fipi2z010 


Reduced integration is used to evaluate the transverse shear tarmsF1b12020 


LGP=NGP=1 
BO 230 NI=1,LGP 
XI@GAUSPT(HI,LGP) 


CALL SHPLD(H, IELEM,NPE, XI) 
CONST=GJ*GAUSHT (HI, LGB} 


X= 0.0 

pO 170 J=1,NPE 

X= X + SF(J}*ELX(J) 

IF(NTYPE.EQ.6 .OR, NTYPE.EQ. 2) THEN 


FIb12030 
Fibizoi4o 
F1bi2050 
P1012060 
FID120706 
FiD12080 
F1B12090 
F1Di2100 
F1D12116 
Fibi2120 
F1D12130 
FiD12140 


626 


AAA 


160 
190 


AoaG 


200 
210 


249 


ann 


noan 


a4o0 
250 


aan 


260 


279 
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fhe Timoshenke BEAM slement (MODEL=2 and HTYPE-0 or 2) 
AN = GAK = AXO + AX1*X (reduced integration) 


AK=AXO+AX1*X 
JI=1 
DO 190 J=1,NPE 
IEs1 
DO 190 i=1,NPE 
B11=GD3F (1) #GDSF (3) *ConsT 
BOI=SF (1) *GDSF [3] *COHST 
B10=GDSF (1) *SF (J) *#cONST 
BO0=SF{L) *SF(J}*#const 
ELK (II, Jd} =ELK (12 OT} +AX*B11 
ELK(II,J3+1}) =ELK(II,JJ+1) +AX*B1o 
ELK(IT+1,73} =BLK(II+1,J3) +AX*po1 
ELK(TI+1, WI+1}=BLK(II+1,J33+1) +ax*poo 
It=1*NDF+1 
FI=T*NDFHL 

ELSE 


Timoshenko CIRCULAR PLATE element (MODEL=2 and NTYPE= or 3} 
BX1=H, FPX2=G13*AREASK (reduced integration} 


A33=BX14*FK2 
JI=1 
boa 210 J=1,HPE 
Iiel 
DG 200 I=1,HPE 
BI = CONSTAGDSF (i} *GDSF (7} *#X 
CONST*SF (1) #SF (7} 4X 
CONST#GDSF (I) #SF (J) *X 
BIL = CONST#SF (1) #GDSF (J) *X 
ELK (IE, JJ} =ELK(II,JJ} + AI3*BIT 
ELK(II,dd+1) =EBLK(II,JJ+1) + A334DIT 
BIM(IE+1,07) =ELK(TI+1,07) 9 + AI3*DIT 
PLE(II+1, J3+1}5ELK(11+1,d0+1) + A33*C1I 
LI=NDF*lt1 
TI=4OF*F+1 
ENDIF 
CONTINUE 
TF{ITEMH.EQ.0 . AND. HTYPE,GT.1) THEN 
CALL TMSFRC (ELF, ELM, FXO, FX1,FX2,H,NTYPE,NE,F3 ,HXELM) 
ERDIF 
EXDIP 
IF (ITEM. GT. 2} RETURN 
IF(EFEM.EQ.1 .OR. ITEM.EQ.2}THEN 


f 


oO 

<) 

y 
| 


Equivalent coefficient matrices for TIME-DEPENDENT problems 
IF{ITEM .EQ. 1} THEN 
Alfa-fanily of time approximation for PARABOLIC equations 


bo 259 J=1,NN 
BUM=0.0 
DO 240 I=1,HN 
SUM=SUH+ (ELM (1,0) -AZ#ELK (E,0} } *ELU(T} 
ELK{1,J}=ELM (I,J) +AL4ELK(2,d) 
ELF (J) =(Ai+4A2) 4ELF (J) +SUM 
ELSE 


Newmark-family of approximation for HYPERBOLIC equations 


L¥ (TIRE. EQ. 0,0) THEN 
DO 260 J=1,NN 
DO 260 I=1,NN 
ELF (J) =ELF (1) -ELK(E,J} #EL0 (1) 
ELK(1L,J)=ELM(I,7) 
ELSE 
DO 270 J=1,NN 
BDO 270 1=1,NN 


Fibi2150 
F1B12160 
F1D12470 
F1D12180 
F1D12190 
F1D12200 
Fib1221¢ 
FPibi2220 
F1b12210 
F1b12240 
F1012250 
F1pi2260 
Fibia270 
Fibiz286 
F1b12290 
F1D12300 
F1012310 
P1D12320 
FiBL2330 
F1iBbi2344 
F1p12350 
F1p12360 
F1D12379 
F1D12390 
F1ib12390 
FiDbi2400 
F1biz4196 
F1b12420 
F1D12430 
F1iD12440 
F1D12450 
F1D1246¢0 
FiD12470 
F1Di2480 
F1D1i2490 
F1D12500 
FiD12510 
Fi0i2820 
F1iBi2530 
F1D12540 
F1D12550 
F1D12560 
F1D125706 
FIDI2580 
FiDt2590 
Fibi2600 
F1bi2616 
F1B126290 
F1D12630 
¥F1b12640 
F1n12650 
Fin1z666 
FLDL2670 
Fipi2¢ao 
Fidie6sa 
F1D127006 
F1D12710 
FID12720 
FiD127340 
Fipi2746 
Fib12750 
Fibi2atéo 
F1iD12776 
F1Di2740 
F1D12790 
F1b12800 
FID129810 
F1D12820 
FLD12830 
FLDi2840 
Fi0i2856 
Fi0i2a66 


ELF (3) =BLF {7} 4ELM{(1,J)} * (AI*ELU (1) +Ad *ELV (1) +AS#EBA (1) } F1D12870 


ELK (1,0) =ELK(I,J7)+A3*ELM(1,J) 
ENDIF 


F1D12880 
F1D12890 
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ENDIF 
ENDIF 
RETURN 
END 


SUBROUTINE ECHOf{IN,IT} 
IMPLICIT REAL#S (A-H, 0-2} 


DIMENSION AA(20} 

WRITE({IT, 40) 

CONTINUE 

READ(TH,30,END=20) AA 

WRITE(IT,60) AA 

Gd TO 10 

CONFINUE . 

REWIND (IN} 

WRITE(IT, 50) 

RETURN 

FORMAT (20A4} ; 
FORNAT(5X,/#+2 ECHO OF THE INPUT DATA STARTS *%4/, /} 
FORMAT (SX,/###4 ECHO OF THE INPUT DATA ENDS *x2a! 7) 
FORMAT (1%, 2044) 

END 


SUBROUTINE JACOBI (N,Q,dVEC,M,V,x, IH, MXNEQ) 


PURPOSE: To diagonalize matrix [9] by successive rotations 


DESCRIPTION GF THE VARIABLES: 


N sss, Order of tha real, symmetric matrix (Q) {N > +) 
(Q] .... The matrix to be diagonalized (destroyed) 

WEC 4... 0, when only eigenvatuas alone have to be found 
[¥] .... Matrix of eigenvectors 

x .ees Number of rotations performed 


IMPLICIT REAL#8 {A-H,O-Z) 
DIHENSION Q(MANEQ ,MXNEQ) , V{MMNEQ,MXHEQ) , X(MXNEQ) , [IH{MXNEQ) 
EPSJ=1.0D-08 


IF(OVEC} 10,450,109 
po 40 T=1,H 

DO 40 J=1,8 

IF (T-7) 30,20,30 


Vil, J}=1.0 - 


GO To 40 
VI, T}=0,0 

CONTINUE 

M=0 

MI=N-1 

DOG 70 [=1,KI 

x(I)=0.0 

HJ=I4+1 

DO 70 J=HI,N 

IF (X{1}=DABS(Q(1,7))} 60,60, 70 
X(1)=DABS(Q(1,7) } 

FH(Ip=7 

CORPIRUE 

DO 100 I=1,MI 

IF(E-1)90,90,60 

TP (MMAX-X(1I)) 90,100,100 
XHAX=X(1} . 

IP=1 

JP=EH(T} 

CONTINUE 

TP (XHAX-EPST} 500,500,210 
M=M4+1 

IF(Q{IP, IP}~Q{JP,JP))} 120,130,130 


120 TANG=-2,04Q{IP, JP) / (DABS (Q(IP, IF) -Q(JP,JP) ) +DSORT((O(IP, IP) 


i 


-O(IP, SP) ) **2+4, 040 f1P, TE} A*Z} } 
Go To 140 


Fibi2300 
Fibigsig 
Fibiza2g 
Fibiz339 


Fipl2940 
F1p12950 
F1D12950 
F1D12970 
F1iD12380 
F1D12596 
F1D13000 
F1D136i0 
F1D13620 
F1D13630 
F1D136496 
F1D13050 
F1D13060 
P1DL3070 
P1B13080 
F1b13090 
Fid13100 
F1D1314196 


Fib13120 
F1p13130 
F1p131490 
F1D13150 
F1Bi3160 
FLDL3170 
FID131i80 
F1D13190 
F1b13200 
F1b13210 
F1D13226 
FiDbt3236 
F1D13240 
F1b13250 
F1ibi3260 
F1D13270 
F1D13286 
F1D13290 
F1D13300 
F1D13310 
F1D13320 
P1DL3330 
FiDd13340 
FLDE3350 
F1D13360 
F1D13370 
P1b13380 
F1Bi3390 
Fibi13400 


/ FED13410 


F1013420 
F1ID13430 
F1D13449 
F1B13450 
F1011466 
FiD1I470 
F1013480 
FiD13490 
F1D13500 
F1B13510 
FibD13520 
FiD13530 
F1D13540 
F1D13550 
F1D13540 
F1D135790 
P1IDL3580 
F1D13590 
FIDL 600 
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130 TANG= 2.0#0(IP, JP) / (DABS(Q(IP, IF) -Q(JP,dP) )+DSORT{ (Q(IP,1P} F1b13610 
1 -QCIP JP) }**24+4.040 (ITP, 3F) #*2)} F1iD13620 
140 COSN=1, C/DSORT (1. 0FTANG#*2} - F1ip13636 
SINE=TANGACOSN F1D136¢60 
QIl=0(IP,IP} F1D13650 
OQ (EF, IP) =COSH* #24 (QTI+TANGS (2.40(IP, JP) +TANG4Q (JF, JF) }) F1D13669 
OfoF, JP) =COSH**2# (Q (JP JP) ~TANG* (2.#Q(IP, dP) -TANG*QIT}} F1D13670 
QCIP,gP)=0.0 FiD1L3680 
IF (QOfIP,IP)-Q(JP,JP}) 150,190,190 F1b13696 
150 TEMP=Q(IF, IP} Fip13700 
O(IP, IP)-G(0P, JP) ¥1D13710 
O(JP ,dP}-TEMP FIDL3720 
EF(SINE) 160,176,170 F1p13740 
160 TEMP=COSi F1D13740 
SOTO 180 F1b13750 
170 TEMP=+COSHK FID13760 
180 COSH=DABS (SINE) FID1L3770 
SINE=TENP F1D137480 
190 DO 260 I=1,ME F1D13790 
IF (I-IF} 210,260,200 F1D13300 
200 IF (§-JP) 210,260,210 F1D13810 
210 IF (TH{T}-IP) 220,239,220 , F1D13920 
220 IF ¢(IH(I}-dP) 260,230,260 FiD13830 
230 K=IH{I) Fini3840 
TEMP=0 (I,K) , FLD13850 
Q(1,K)=0.0 Fipi3e6o 
Hg=it1 F1iDi3670 
¥({I)=9.06 F1Di38B6 
DO 250 J=HI,H F1p13890 
IF (X(I}-DABS(Q(Z,J))) 240,240,259 F1p13900 
240 X(I}=DABS{(O(I,J}} FiD13910 
TH(I}=J F1D13920 
250 CONTINUE F1B13930 
Q(1,K)=TEMP F1Di39940 
260 CONTINUE Fibisss0 
X(IP}=0.0 Pip1asé60 
X(JP}=0.0 ; FiD13970 
DO 430 I=1,N Fip13940 
IF(I<IP) 270,430,320 F1D13990 
270 TEMP=Q{1,1F) P1D14000 
Q{1, IP]=COSNATEMP+SINE*O(T, JP) F1ib14010 
IF (X{I)-DABS(Q(I,IE})} 280,290,290 F1D14620 
280 X(I)=DABS{O(E,IP)) F1D14936 
THEL}=IF F1iD14040 
290 O(1,JP)=-SINE*TEMP+COSN*O (I, IF) Fip14086 
IF (X(I)-DABS(Q(IE,JP}}}) 300,430,430 Fibi4o6o 
300 X(IL)=DABS(Q(E,JP}} F1iD14079 
IH(I)=3P F1bi4080 
GO TO 430 F1p14090 
320 IF(I-JP) 330,430,380 F1b14100 
430 TEMP=9(IP,1) , FiD14110 
O(EP, I} =COSN*TEMP+SINE*Q (1, UP) ‘ ¥1iD14120 
LF(X{IP)<DABS(Q(IP,I})}340,350,350 Fibi4i30 
340 X(IP}=DABS(Q(IP,1I)) F1bi4140 
IH({IP}) =I F1p14150 
450 QO(1,dP)=-SINE*TEMP+COSN*Q (1, JP} FiD14160 
IF (K(I}-DABS(Q(I,JE}}} 390,430,430 FiDLa17o 
380 TEMP=Q(IP,T) F1pi428¢0 
O(IP, 1) =COSN*TEMP+SINESQ (JP,I} F1D14190 
IF(X(IP) ~DABS(Q{IP,1}))390,400, 400 F1D14200 
390 X(IP)=DABS(Q{IP,I}} Fib14216 
IH(IP)=2 Fipid2206 
400 QOTP, t)=-SINE*TEMPTCOSN*O( IP, T) F1D14230 
IF(X(JP) -DABS(Q(0P,1}})410,430,430 Fibil4240 
410 X(JP)=DABS(O(JP,I}} P1Di4259 
IH{ FP} =I F1pi4269 
430 CONTINUE F1D14270 
IF(IVEC) 440,75,446 F1014280 
440 DO 450 I=1,H F1D14290 
TEMP=¥V(1,1P} ¥1D14300 
VCE, EP] =COSN*TEMP+SINE*V (2 ,dP) FiDi14310 
450 V¢(L,cdP}=-SINE*TEMP+COSHaV (I, JP} FiDi4320 
GOTO 75 F1D14330 
500 RETURY FP1D14340 


END F1D14350 
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SUBROUTINE MESH1D (NEM,NNM,NPE,NOD,MXELM, HXNOD,DX,GLX) F1bi14360 


4 Fipiaa7o 

Fipi4ige 

The subroutine cemputes the arrays {GLX} and (HOD] Fipi4aa9o0 

. Fibis400 

{GLX}..., Vector of global coordinates Fibi4430 
{DX}...,.. Vector of element lengths fOX{1) = node 1 coord.) Fibid4izo 
(NOD].... Connectivity matrix Fibida3cg 
F1Ibi4a44g 

F1bi4450 

IMPLICIT REAL*8 {A-H,0-2) F1D14460 
DIMENSION GLA{MAHOD) , OX(KXNOD) ,NOD(MXELM, 4) F1Di447o 
F1ipi4a4a0 

Generate the elements of the connectivity matrix Fipi4430 
Fipi45o0 

BO 10 I=1,NPE Fipi4sio 
NOD{1, F}=1 FipL4520 
CO 20 N=2,NEM Pibias30 
DO 20 Iet,NPE Fipi4s4o0 
NOD(N, 7) = NOD(N+1,1)4NPE+1 Fibl4s60 
FiD14s60 

Ganerate global coordinates of the qlabal nodes FED14570 
FED14580 

GLX (1) =DXx (1) FID14590 
IF (HPE. EQ, 2) THEN FriD14é6090 
DO 30 I=<2,KEH Fipldééia 
GEX(I+2) = GLX{I} + OXfI+1} FLD14620 
ELSE FIDI4630 
DO 40 I=1,NEM FEDI4640 
II=24I F1D14656 
GLA(II} = GLK(II-1) + 0,.54¢BX(I+1} Fini46690 
GLX (II4+1)=GLK(II-1) + DX{I+1} F1D14670 
ENDIF =_ FID14680 
RETURN F1p14630 
END F1D14700 
SUBROUTINE MTRXML(A,H,4M,B,L,C} F1iD14719 
FID14720 

F1D14736 

COMPUTE THE PRODUCT OF MATRICES [A] AND [B]: [C}=[A](B] F1D14740 
FP1ib14750 

F1ibi476é0 

IMPLICIT REAL*8 {A-H,0-Z) Fip14770 
DIMENSION A{50,50) ,B(50,50) ,C(50,50) F1D14760 
BDO 19 I=1,N F1D14790 
DO 10 Ji, F1D14300 
CiT,J}=0.0 F1D14810 
BDO 10 K=1,M F1D14420 
C(1,7)=C(1,J) +AC1,K) +B(K, 5) F1D14830 
RETURH F1D14340 


END Fip14as50 


630) APPENDICES 
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SUBRGUTINE PSTPRC(F3 ,GLF,GLX,NOD,GA, [IELEH, NPE, MODEL ,NTYPE, ITEM, 


* HKELM, MXHEQ, HXNOD, NEM, NDP) 


The subroutine computes the solution and its derivatives at five 
points, including the nodes of the element. Hote that the post- 
conputed bending moment (BM) and shear force (VF) are as per the 
sign conyention shown in Figure 3.33 of the text; they differ in 


sign from the element degrees of freedom, 


Masseeee. Global (i.@., problem) coordinate 

ME ...... Local (i.e., element) coordinate 

SF....... Element interpolation (or shape) functions 
GDSF,..... First derivative of SF w.r.t. global coordinate 
GDDSF.... Second derivative of SF w.r.t. global coordinate 
ELU,..... Element solution vector 

Usiaveees Interpolated solution 

DU...+++. Interpolated derivative of the solution 

He.eeeees Interpolated transversa deflection 

S.ireeees Interpolated rotation function 

DS....... Interpolated derivative of the rotation 

BY....... Interpolated derivative of the transverse deflection 
DDW...... Interpolated secand derivative af transverse defl1. 
DDOW..... Interpolated third derivative af transverse defl. 


F1b14860 
F1D14370 
F1p14360 
F1bp14890 
F1D14960 
F1D14910 
F1D14320 
F1D14930 
F1D14940 
F1b14950 
F1b14960 
F1B14970 
F1D14980 
F1D14990 
F1D15000 
F1D150160 
F1b15020 
F1ID15030 
FIDIS040 
F1D15050 

1015060 
F1D15076 
F1D15080 
F1D15090 
F1D15106 


IMPLICIT REAL#A (A-H,O-3) 


DINEWSION P3(MXELM}) ,GLF (M¥NEQ) ,GLK(MXNOD) , HOD(MXELM, 4) 


r 


DIMENSION XP(9) ,ELX{4),ELU(S) 


COMMON /IO/IN, IT 


COMMON /SHP/SP(4} ,GDSF (4) ,GDDSF(4} ,GJ 


COMMON /STF2/A1,A2,A3,A4,A5,AK0,AXi,5X0,BX1,CX0, C41, £7O,CT1, FXO, 


* FX1 , FXK2 
DATA ZPF/-1,.0D0, -d.750D0, 
* 


HPTS=9 

DO 80 NE = 1, NEM 
L=0 

DO 10 I=1,NPE 
HI=NOD (WE, 1) 

ELX (1}=GEX (NI} 
Li=(HI-1) #NDF 

DO 16 J=1,NDF 
Li=LI+1 

Le*L+1 

ELU{(L} =GLF (LI} 

H = ELX(NPE) - ELM{(1) 


DO 70 NI=2,NPTS 
XI = XP(NI) 


CALL SHP1N(H,ITELEM,NPE,%T} 


IF {MODEL, EQ. 3} THEN 
=a .0 
Dieta 
DoW=0.0 


-0.50D0, -0.250D0, 0.000, 0.250B0, 


5.50D0, 0.750p0, 1,0n0/ 


XC@ELK(1}4+0.54H*(1.0+XT) 


DO 20 T=1,4 
WoW + SF(1}*ELU(T) 


DY =DPW + GDSF¢1) *ELU{I) 
DOW=DDW+ GDDSF (1) *ELU{ 1) 


ODDW=( (EL (1) -ELU(3) ) *#2.0/H-(ELU(4) +ELU(2)) }*6.0/ (H*H) 


ROT=-DH 
TF(NTYPE. EQG.0} THEN 


BM=(BX0+EC*BX1) #DDW 
VF+(BXO+XC*BX1)4DDDW + BXL*DDY 
WRITE (IT,90)XC,W,ROT, BM, VF 


ELSE 
ANU21=BXO*#AXO/AML 
DI={BX2443}/12.0 


D11=DI*AXO / {1.0-BXO*ANUZE) 


D22=DL1+* (Ax1/AX0) 
D1zZ=BxXO*D22 


BHR=D11?DDW*t5C+D122D8 
BMT=Di2*DDW4 XC+D222D0 


F1D15116 
F1D15126' 
F1iD15130 
Fipis149 
FAiD15150 
FiD15160 
F1D15170 
F1Di5180 
F1iD15190 
F1ib15200 
Fipis210 
Fibisaa0 
FLD15230 
F1D15240 
Fip1s2590 
FLD15240 
F1ID15270 
F1015280 
F1D15290 
Fibiss3¢0 
Fib15310 
Fibis320 
Fibi5330 
FLDL5340 
F1D15350 
F1D15360 
FIDiS370 
FIDLS3BG 
FLD15330 
F1D15406 
Fibts4160 
Fibis426 
F1D15430 
F1D15440 
F1D15450 
Flb1S460 
F1b15470 
F1D15480 
F1D15490 
F1b15560 
F1D15510 
Fip15520 
F1b15530 
Fib15540 
F1ibi5550 
F1b15560 
FIp15570 
F1p15580 
F1lb15590 
Fib15600 
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IF (XC.HE. 0.0) THEN 
SFV=D1L1.*(XC*DDOW+DDW) -DeZg*bw/xC 
WRITE(IT, 90) XC,W,ROT,BMR, BMT, SPY 

ELSE - 
WRITE(ET, 90) XC, 4, ROT, BMR, BMT 

ENDIF 

ENDIF 
ELSE 
XC=0.0 
DO 30 I=1,MPE 
300° XQ=XC+SF(1) 4ELX (1) 
IF(HODEL.EQ.1} THEN 

U=0.0 

BU=0.6 

DO 40 I=1,NPE 

UsU+SF (I} #ELU(I} 

40 DU={DI4GDSF (I) *ELU{1) 

IF (HTYPE.EQ.0) FHEH 
BV= (AXO+AK2* XC) *DU 
WRITE (IT, 30) XC,U,SV 

ELSE 
ANUZ1=BXO*AKO /AX1 
IF (NTYPE, EQ. 1} THEN 

C11=BX14AX¥0/ (1.0-BXO#ANUZ1) 
C22=011% (AXE /AXG) 
C12=8x0%C22 
ELSE 
DEHOM=1.0-BKO-ANUZL 
C11=BX1*AX0* (1.0-BXO) / (1. 0+BXG) /DENOM 
O22=DX LAAN (1. 0-ANU21) / (1. 0+ANU21) /DEHOM 
CL2=BXO#C22 
ENDIF 
LF (XC.HNE. 0.0) THEN 
SR=C11#DU+C12aU/ XC 
ST=C124DU+C22aU/ XC 
WRETE({IT, 90) XC,U,SR, ST 
ELSE 
WRITE (IT, 90) XC, 0, DU 
F 


ELSE 
HODEL.EG.2 Calculations 
IF(ITEM.EQ,.0 .AND. NTYPE.GT.1) THEN 
H=ELX (NPE) -ELX (1) 
CALL TMSTRS (GA, ELU,XI,W,D00,6,D5,NE,F3,H,HXELH) 
ELSE 
W=0.0 
DH=0.0 
S = 0.0 
DS=0.0 
DDS=0.0 
DO 50 I=1,NPE 
LezaI-1 
Wa W + SF(I)*ELU(L) 
DW=DW4IGDSF {1} *ELU(L} 
5 = $ + SF(I) *ELUEL+1) 
DS=DS+GDSF {1} *ELU(L41) 
50 BDS=DDS+GDDSF (1) *ELU(L+1} 
ENDIF 
IF(NTYPE.EQ.0 .OR. NTYPE,EZO.2) THEN 
BM=- (BXO+BX1*XC)} aD5 
VF=- (AXO+AX1*XC) * (DHt+S) 
WRITE (IT, 90) XC,W,S,BH, VF 
ELSE 
ANU21=BXO#AXO/A¥1 
DI=(BK1*43) (12.0 
Bil=GE4*Ax0/ (1, 0-BXO*ANU21} 
D22=D11# (AX1/AX0) 
D12=5X0#D22 
BMR==(D114D8*xC+D1348} . 
BMT=—(D124DS*XC+b2248) 
SFV=-FX24 (DW+S) &XC 
WRITE(IT,90)XC,W,S,BMR, BMT, SFV 
ENDIF 
ENDIF 


FID156i0 
Fipis629 
F1ibis639 
Fidis64q 
Fibis650 
F1D15és60 
FiD15670 
FLD15649 
F1ib15690 
Fibi58700 
F1b15716 
F1iDi5720 
F1pis730¢ 
Fidis740 
FLDIS750 
F1D157 60 
P1iD15770 
F1D15789 
Fibi67450 
Fibissa0 
Fibi6éi10 
Fibisé2o 
Fibi5830 
Fipiss4o 
PLID1Sa50 
FLD15860 
F1D15a70 
Fib15aa0 
F1ib15a90 
FID1s900 
F1B15910 
F1b15920 
F1D15930 
F1ibis340 
Fibis950 
F1ID18960 
F1D15970 
F1D15980 
F1D15990 
Fipi6o000 
F1b16010 
F1Di16026 
F1iDi6o39 
F1ib16040 
Fibi6650 
FLbi6060 
FiDi6o76 
Fibi60a0 
Fibiso90 


. Fipis100 


Fi016110 
F1D16120 
F1D16i130 
F1D16140 
F1D16159 
F1D161690 
F1D161706 
F1D16180 
F1ib16190¢0 
FIb16200 
Fibis2iod 
Fi1D162290 
P1b16230 
P1b16240 
F1pi6250 
FPipiszéo 
FIDL6270 
FID16230 
FID16290 
F1ID16306 
F1D16310 
F1B163230 
F1D16330 
Fib16340 
FLb16359 
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FORMAT (2X, 6E13.5} 
EHD 


SUBROUTINE REACTN (MXELM, MXNEQ, NDF,NEM,NOD,NPE,NTYPE,PR,GLF, 
* SE,SL,5A,31,C8,SN, CNT, SNT, HF, VF, PF, XB) 


The subroutine computes the generalized reaction forces in each 
element of the truss {NDF=2) or frame (NDF=3) structure 


IMPLICIT REAL#9 (A-H,0-2} 

DIMENSION PR(HXELM) , SE (MXELM)} ,SL(MXELM) ,SA(HKELM) , SI (MXELM} 
DIMENSION oS {(MXELM) , SN (MXELM} ,CHT(HXELM) , SNT (HXELM) 

DIMENSION HF (HXELM) , VF (MXELM) , PF (HXELM) , XB (MEXELM) Fa 
DIMENSION KOD(MXELM, 4} ,GLF (HXHEQ) 

DIMENSION ELR(S), TRH(6,6) ,THPK(6, 6) 

COMNON/STF1/ELK (9,9), BLM(9,9) ,ELF (9) , ELX (4) , ELU(9) , ELV(9} ,ELA(9) 


HN=HPE*NDF 
DO 440 N=1,NEM 
cHi=cs (nN) 
SNi=sh (KR) 


Call TRSFRM te compute element stiffness matrix and force vector 


L=o 

DO 100 I=1,NPE 

HI=NOD{N, I} 

LI=(NI=1} #NDF 

DO 100 J=1,NDF 

LI=LI+4 

L=#L+i . 
ELU(L}=GLF (L1} 

CALL TRSFRM {HXELM,MXNEO,N,NTYPE,PR,SE,SL,SA,S1,09,SH, 


* CHT, SNT, HF, VF, PF, XB} 


Compute the FORCE and MOMENT RESULTANTS 


DO 120 I=1,NN 

ELR(I} = 0.0 

Bo 119 J=1,HN 

ELR(I} = ELR(I) + ELK(i,d)*ELU(J) 
ELR(1) = ELR(I) < ELF(I} 


ELF(2) = ELR(1)*CN1+ELR(2)*SN1 
ELF(2) = -ELR(1}*SNi+ELR (2) #CN1 
EF (NTYPE,NE.O} HEN 

ELF(3) = ELR{3} 


ELF(4) = ELR(4)*#CHI+ELR(5) *SN1 
ELF (5) = -ELR(4)*SH1+ELR (5) *CNL 
ELF(6) = EER(6) 

ELSE 


ELF(3} = ELR(3) *CN1+ELR(4)}*9K2 
ELF(4} = -ELR(3}*SN1+ELR (4) *CN1 


HRITE(6,150}K, (ELF(I),1=1,NN) 
WRITE(6,260} (ELR(T),T=1,HN) 
CONTINUE 

RETURN 

FORMAT (3X,12,6E42.4) 

FORMAT (5X,6E12.4,/) 

END 


FID16369 
FiDd16370 
F1D16380 
F1D16390 
F1D16490 
F1b16410 


Fibi6420 
Fipié43o 
F1D1644060 
F1D16456 
F1D16460 
F1D1L6470 
FiDi6480 
Fibi6490 
Fibl65600 
F1D16510 
Pib16s20 
Fipies30 
FLDié540 
F1D16550 
FID16560 
FIO1Lé6570 
FipieEsaa 
FIDE6SS¢ 
Fip26600 
F1Bi6610 
F1D16620 
F1D16630 
Finié6é4646 
FiDi6650 
Fibie6séo 
P1b16676 
Fibi66a¢ 
Fipié6s¢ 
Fib1s700 
F1D16710 
F1D16720 
FID16730 
F1D16740 
Fini6750 
FiDL6760 
FLDL6770 
FLDI6780 
F116790 
F1b16800 
F1D16a10 
FLDLEG20 
FIDL6830 
FiD16840 
F1ib16850 
F1ip16566 
FIDLés70 
FIDi68s0 
Finiésso 
Fipiss00 
F1D16910 
F1D16920 
F1D16930 
F1D16940 
FiDi6950 
Fibi6960 
F1D16370 
F1016980 
Fipies9o 
FIbi7000 
FID17010 
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SUBROUTINE SHP1D(H, IBLEM,NPE, XE} 


The subroutine computes shape functions and their derivatives for 
Hermite evbic and “Lagrange linear, quadratic and cubic elements 


Hevteeeeee 


{BSF} .sees 
{PDSF}....+ 
{GDSF}....+ 
{CDDSP}... 
eh rn 


Global (i.e. problem) coordinate 
Local (i.e., element} coordinate 
Element. length 

Interpolation (or shape) functions 
First derivative of SF w.r.t. X1 
Second derivative of SFH w.xr.t. XI 
First derivative of SF w.r.t. X 
Secand derivative of SFH w.r.t. X 
Jacobian of the transformation 


IMPLICIT REAL+S 
COMMON /SHP/SF (4 
DIMENSION DSF (4 


(A-H, 0-2} 
), GDSF(4} ,GDDSF(4} , G7 
), DDSF(4} 


IF (IELEM. EQ.6} THEN 


HERMITE interpolation functions (for the Euler-Hernoulli theory} 


NET=4 
SFfi} = 0.2 
SF {2) 


$4 (2,0-3, O8KIFKIAAR) 


“H* (1, 0-XE) 4(1,07XI*X1} /8.0 


a 
SF(3} = 0.25% (2,.04+39,0%XKE-X1*#3) 


SF(4} HCL, OFXI) #(1,0-XI4XI) /8.6 
DSF(i} = -0.75*(1,0-XE*XE) 
DSPF(2} = H*(1.0+2,048XI+3 ONT 4X1) /8.0 
DSF(3} = O.754(1.0~+XTAXE) 
DSF(4} = He(1.0-2.08#NI-3.04X1"xT) /8.0 
DDSF(L} = 1.54XT 
DOSF(2} = 0.25%H* (1.0-3.0%xT} 
DOSF(3) = <1. 5*XI 
DDSFf4} #-0.25%(1.04+3,02XT) 2H 
ELSE 
HET=NPE 


IF (TELEM. EQ. 1) THEN 


LAGRANGE intexp 
cubic 


LIKEAR interpol 


SF(1} 

SF (2} 

DSF {1} 

DSF {2} 

DDSF {1} 

DDSF {2} 
ELSE 


lation functions used fer linear, quadratic and 
approximation of second-order equations 


ation functions 
0.5%(1.0-XT} 
O.5%*(1.0+XT} 

= -0.45 

= 0,5 


= 0.6 
= 0.0 


LF (IELEM. EQ. 2) THEN 


QUADRATIC inter 


SF 
SF{ 
SF{ 
DSF 
DSF 
BSF 
DES 
DDS 
pbs 
ELSE 


CUBIC interpola 


BF ( 
BF{ 
SF i 
SF i 
DSF 


polation functions 


1) = +0. 5#XI*#(1.0-XT) 
2} = 1.0-XI*XKI 

3) = 0. 54XI&(1.0+X1) 
(1) = -0.5#{1,9-2, 0#XT) 
(2) = -2.08XT 

(3) = O.5#¢1.042, 04X21) 
F(1) = 1.90 

F(2) = -2.90 

F(3) = 1,90 


tion functions 


2) = 0.0625%(1,0-XT) * (9. O*XI*XI-1.) 
2) = 0.56254(1,0-XE4XL) *(1.0-3,08X7} 
3) = 0.5625*(1.0-XE#XL) *(1.0+3.0%X1} 
4) = 0,.06254(9.O4XI¥XI-1.0) #(1.0+XE} 


(1) = 0.06254 (1.0418, O4X1-27.0*4X14xXT) 


F1B17030 
F1ibi7a40 
F1D17650 
F1B17660 
F1BA7O7O 
F1bi70a0 
F1Bb17090 
F1iGi7100 
F1Di7110 
F1bi?i2zo0 
F1p1t7130 
FibL?340 
F1DE?150 
F1DI7i60 
F1BL?i70 
F1b1i71280 
Fib17190 
F1b17200 
F1B17210 
¥F1Di7220 
FIBI7230 
FIbA7240 
F1D17250 
P1B17260 
FIDL?270 
FIPLI?7280 
F1DI7290 
F1D17300 
F1iD17316 
F1D17326 
F1iD1L7336 
Fidi7340 
Fidt74150 
FEDEFI66 
FLiD17370 
PID173400 
F1D17330 
FID17400 
FID17410 
FiI017420 
F1D17430 
F1017440 
FIDiT45o0 
FIBL?460 
FLBLT4é70 
FIbiT4s0 
Fibi7490 
FIB17500 
F1IBi?7510 
F1D17520 
F1ibi7530 
F1IDL7540 
F10147550 
F10175506 
Fipiva7Te 
F1ib1i758¢ 
Fibi7s30 
Fibl76a0 
FiD176510 
Fib17620 
FID17630 
FID]7640 
F1ID17650 
F1D176690 
F1D17670 
Fi617680 
Fibi7690 
FLD17700 
FLDL?710 
FLB17720 
F1D17730 
F1D17740 
F1D17750 
Fipi7760 
FibD17770 
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DSF(2) = 0.56254(-3.0-2, O&X1+9.0*XI*XI) 
DSF(3) = 0.56254(3.0-2, 04X1~9.04XI4XI} 


DSF (4) = 6.06254(18.0#X1+27.04X14XI-1.0} 
DDSF (1) = 0.0625%(18.0-54.0*XT} 
DDSF(2) = 0,5625*(-2,.0+18,0#XT} 
DDSF(3) = 0.56254(-2.0-18,0%XT} 
DDSF (4) = 0.0625%(18,0+54.0*XI} 
ENDIF 


EHDIF 
Compute derivatives of the interpolation functions w.r.t. X 


ENDIF 
Gi = H*o.5 

po 40 I = 1,8ET 

GDSF{(I) = DSF(I) {Ga 
GDDSF(I) = DDSF(I) /oajar 
RETURN 

END 


SUBROUTINE SOLVER (NRM,NCM,NEQUS, NBW, BAND, RHS, TRES} ¢ 


The subroutine sclves a banded, symmetric, system of algebraic 
equations using the Gauss elimination method: {BAND]{¥} = {RHS}. 
The coefficient matrix is input as BAND{NEQNS,NBW) and the column 
vector is input as RHS(NEGNS}, where NEQNS is the actual number 
of equations and NBW is the half band width. The true dimensions 
of the matrix [BAND] In the calling program, are NRM by NCM. When 
IRES is greater than zero, the right hand elimination is skipped. 


JUPLICIT REAL*8 (A“H, 0-2) 
DIMENSIGH BAHD(NRM, NCM) ,RHS (RRM) 


MEQNS=NEQHS~1 

IF(IRES.LE,0) THEN 
DO 30 HPIV=1, EONS 
NPLVOT“HPIV+1 
LSTSUB=NPIV+NBW-1 
IF(LSTSUB,GT.NEQNS) THER 

LSTSUB=NEQNS 

ENDIF 


DO 26 HROW=NPIVOT,LSTSUB 
NCOL=NROW-NPIV+1 
FACTOR=BAND (NPLV,NCOL} /BAND(HPIV, 1} 
DO 10 NCOL=NROW, LSTSUB 
ICGL=NCOL-NROW+L 
JCOL=NCOL-NPIV+I . 
BAND (NROW, TCOL) =BAND (NROW, ICGL) ~FACTOR4BAND (NPIV, JCOL) 
RHS (NROW) =RHS (NROW) -FACTOR*RHS (NPTV} 
CONTINUE 
ELSE 
DO 60 NPIV=1,MEONS 
HPIVOT=NPIV+1L 
LSTSUB=NPIV+NBW-1 
IF{LSTSUB.GT.NEONS} THEN 
LSTSUB=NEQNS 
ENDIF 
DO 50 NROW=NPLVOT, LSTSUB 
HCOL=NROW-NPLV+41 
PACTOR=BAND (NPLV ,NCOL) {HAND (NPTV, 1} 
RHS (NROW) =RHS (NROW) -FACTOR*RHS (NPLV} 
CONTINUE 
ENDIF 


Back substitution 


DO 90 iJK=2,NEQUS 
RPLY=HEONS-LdK+2 
RHS (NPLV) “BHS (NPLV] /BAND(NPIV, 1) 
LSTSUB-NFIV-NBR+E 
LF(LSTSUR.LT.1) THEN 

LSTSUB=1 


FLDL7780 
F1D17799 
F1D17800 
FIDL? alo 
F1D17820 
F1b17a30 
F1D17a40 
F1b17a50 
FIB17a60 
F1D17870 
FID17aEO 
F1B1748990 
F1D173900 
FID17310 
FID17929 
F1B17530 
F1b17940 
F1D17950 
F1b17960 


F1pi7970 
Fibi7sad 
FID17990 
F1D189000 
F1D18010 
F1D18020 
F1D18030 
F1b18640 
F1ib18050 
Fipisoéd 
FIB18070 
Fipiaoat 
F1D1809 
F1iplgiog 
FIp18140 
F1D18120 
F1b18130 
P1D18140 
F1D18150 
Fipiaiéd 
Fib18170 
FID18148G 
Fif18190 
FIDLg200 
Fib182i0 
F1D18220 
F1D18230 
F1D16240 
F1D16250 
FIDL&260 
FLD18270 
FiD18280 
FED1#290 
FiIb18360 
FID18310 
FiD18320 
FiDts339 
FiDis340 
FLp1l#350 
F1D1i8360 
F1D18376 
F1D18390 
F1D18390 
F1D18400 
F1D18410 
F1D184206 
F1ipD18430 
F1p18440 
F1D18450 
FiD18460 
F1D18470 
F1LD15480 
F1DiB490 
F1D18500 
Fibpi8510 
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ENDIF : FID18520 
NPIVOT=NPIV-1 . Fipi1ss30 
DO 80 JKI=LSTSUB,NPIVOT FID18540 
HROW=NELIYO?-JKIFLSPSUB F1b18550 
NCOL=NPIV-NROW+E . ‘ F1b18560 
FACTOR=HAND (NROW , NCOL} F1b18570 
8Q RHS{NROW}) =RHS (NROW) -FACTOR*RHS (NPIV} F1p1854a0 
40 CONTINUE F1pia5s36 
RHS (1)=RHS(1} /BAND (1,1) . F1p18600 
RETURN Fipiseis 
END Fibia6265 
SUBROUTINE TNSFRC(ELF, ELX,PXO,FX1, FX2,H,NTYPE,NE, F3,HXELH) FiDis639 
Fiplasao 

Fiblasso 

The subroutine computes element force vector for the consistent FiD1e669 
interpolation Timoshenko element {CIE} F1Ib1e67a 

F1b18680 

F1018690 

IMPLICIT REAL#3{A—-H,O-%} Fibis700 
COMMON /SHP/SF(4),GDSF(4) ,GDDSF(4)},Gg FiDi8710 
DIMENSION GAUSPT(5,5) ,GAUSWT(5,5),ELF(9),ELE(4),E%(3),FI(HXELM) F1D18720 
F1iD18736 


DATA GAUSPT/5*0,0D0, -.57735027D0, 5773502700, 94*0,0D0,—, 7745966700, PLID18746 
* 0,000, .77459667D0, 270.000 ,-.8611363150, -, 3399910400, 3999610400, FLD1E756 
*, 8611563100, 0.0D0,—. 90618000, ~+.53846900, 0,000, .538469D00, .906180D0/F1D129769 

F1D18770 

DATA GAUSWH/2.0D0,4*0.0D0,2*1,0D0,3%0,0D0,. 5555555500, ,BBRXESssDO, FID18780 

* 0. 55559555D0,240.0D0, . 3478848500, 2%.65214515D0, .3478548500,0,0D0, P1D18790 


* O.236927D0, .d78629D0, . S68889D0, .478529D0,.236927b0/ F1b18800 
F1D186190 

HPE=3 F1Di18620 
LEL=2Z FIPLS830 
HDF=2 FIDLEe49 
HGP=IELt1 F1D18850 
nO 10 I=1,6 FID1E860 
BLF(T)=0.4 FEDL8870 
Fipisaad 

BM (1) =BLX(1} Fipigage 
BY (2)=ELX (1) +0, 54H FIp1g900 
EX(3}=ELX (2} Fib1é910 
Fib1ss20 

BO 50 HI=1,NGP F1D18930 
XI=GAUSPT (NI,NGP} F1ibia94do 
CALL SHPLB(H, JEL,NPE, XI) Fipiessa 
CONST=GJ*GAUSHT (NTI, NGP) Fipieséo 
x = 9.0 PIpbLas7o 
BO 20 J=1,NPFE F1D189690 
X= K + SF(J) *EX{7) F1D18990 
Fip1saco 

Compute the polynomial variation of FX FIDL9010 
FiD19020 

IF{NTYPE, EO. 2) THEN F1D19030 
FXEPXO+ (FPRK+FK2*X) ¥X Fipi9040 
ELSE Fib19650 
FX= (FXO+FXK1*X) #X FiD19060 
ENDIF F1p19070 
F1ni903o 

Element force vector for the consistent interpolation heam element Fipis030 
F1Di9190 

TI=1 F1D19116 
EX) 40 I=1,NPE F1D19126 
ELF (11) =ELF (IT} +FX*SF (1) *CONstT F1019136 
TY=HDF#T+1 F1019146 
COUTIERUE F1019156 
‘ F1019160 

Rearrange the element coefficients FiD191790 
Fibt9180 

Fa (NE) sELF (33 F1bi9190 
ELF (1)=ELF (1)+0.54*F3 (NE) Fipi9200 
ELF (2) =2-0. 1254F3 (NE) *H Fipis92i0 
ELF (3) =ELF (5) +0.5*F3 (NE) F1D19226 
ELF(4)= 0,125%*F3 (HE) #H F1019230 
RETURH F1D192406 


END F1D1i9250 
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SUBROUTINE TMSTRS (GA, ELU,XE,W,DW,S,D5,NE,F3,4,4XELM) ” ¥F1ip19260 
c F1D15270 
Cc . F1D19260 
c The subroutine computes tha solution and ite global derivatives atFib19290 
ies the nine points (including the nodes) of the Timoshenko element F1D19300 
c : F1D19310 
¢ MC. ...0... Global (i.e., problem) coacrdinate F1D19320 
c MI ....22. OCal fi.a. alement} coordinate F1D19340 
Cc SFL, SFQ.. Lagrange linear and quadratic shape functions F1D191340 
c DSFL,DSFO: First derivative of SF w.r.t. global caordinate F1bD191350 
c ELU...e... Column vector of generalized displacements F1p19360 
c W, DW..... Transverse deflection and its derivative F1b19370 
c 5, DS..... Rotation and its derivative F1p19380 
Cc F1D1593590 
Cc : F1D019400 
IMPLICIT REAL*S (A-H,O-2) F1b15410 
COMMON /IO/IN, IT F1D19420 
DIMENSION ELU(9) ,8FL(2) ,8FQ(3) ,DSFL(2) ,DSFQ(3} ,F3 (MXELM} F1019430 
c F1019440 
GI = Hod.5 F1b19450 
c F1019460 
c Interpolation functions for the Lagrange LINEAR element 71019470 
cc. f F1019480 
SFL{1) = 0.5*(1,0-XI} F1p15450 
SFL(2} + 0.5%(1.0+XI) Fipigsoq 
DSFL(1) = -0.5/a@7 , F1pi9s10 
DSFL{(2) = 9,5/G7 F1D19520 
c PiDiS530 
c Interpolation functions for the Lagrange QUADRATIC element Fibis540 
c Fibissse 
SFQ(1} = -0,5*XI*(L.0=1) Fipissé0 
SFQ(2} = 1,.0-x1I4xXI F1b18570 
SFQ(3} = 0,5*XI*(1.0+K1} F1ip19560 
DSFQ(1} = +~0,54(1.0-2,04X1) /GT F1D19599 
BSFPQt2}) = -2.04XI/es F1pi96040 
DSFO(3} = 0.5%(1.042.04XT) far P1D19610 
c F1D19620 
W3=(3.O0AHSEF3 {NE} /GA + 8, 0% (ELD (1)+ELU(3}} FiD1S630 
* + 2,08{ELU(4) -ELU(2}}*H) fi6.0 F1p19640 
W= SFO(L)*ELU(1) + SFO(Z) WS + SFO(S)*ELU(3) F1D19650 
DW= DSFQ(1)*ELU(1) +DSFO(2)*W3 +DSFQ(3}*ELU(3) F1b1s660 
Ss SFE(L)*4ELU(2) + SFL(2)*ELU(4) F1ipis670 
DS= DSFL(1)*ELU(2} +DSFL(2}*ELU(4) F1D1968¢ 
Cc F1D19690 
RETURN F1D19700 
EXD F1Dp1s710 
SUBROUTINE TRSFRM (MXEIM,MXNEO,N,NTYPE, PR,SE,SL,SA,81,C8,5N, F1D19720 
* CNT, SNT,HF,VF,PF,XB} F1D19730 
c F1D19740 
c ° F1B19750 
c The subroutine computes stiffness matrix and force vector for the F1p19760 
inl truss (NDF=2} and frame (NDF=3} elements F1D19770 
Cc F1D19780 
c SE......%oung'’s modulus FIDE9790 
c SLaeee+. Element length F1D19800 
C Cross-sectional area P1D19310 
c SI,.....,Moment of inertia F1P19820 
c Cé....-+,Cosine of the angle of orientation F1D19830 
c SH......8ine of the angle of orientation Finiga4o0 
c HF......Distributed force along the length of the element Fipigaso0 
c VF.....,Distributed force tranaverse to the element FLIDL9860 
c PF......Point force at point other than nodea F1p1sa70 
c XB......Distance along the length from nede 1 of the element FIDL98a90 
g ef the location of the point force, PF F1p19890 
c CHT, STi Direction cesines of the point force's line of applicationF1D19990 
c Fib19910 
Cc F1bn19929 
. IMPLICIT REAL#& (A-H,O-2) Fibi9e40 
DIMENSION FPR(MXELM) ,SE(MXELM) , SL(MXELM) ,SA(MKELM} , S71 (MXELM) Fibi9s40 
DIMENSION CS {MXELM) , SH{(MXELM) , CNT (HXELM) , SNT (MKELM) FIDi9950 
DIMENSION HF (MXELM) ,VF(MXELM) , PF (HXELM) ,XB(MKELM)} FLDL9960 
DIMENSION ELR(S},TRM(6,6),TMPK(6, 6} Fipiss7a 


COMMON/STFL/ELK (9,9) ,ELM(9,9),ELF(9) ,ELX (4) ,-BLU(9},EL¥(9),ELA(3) F2D19980 
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CH1=C5(H) 
SH1=8N (H) 
CN2=CN1*CH1 
SN2=8N1?SN1 
CSN=CH1*5SH1 


Elenent coefficients 
IF{(NTYPE.EQ.0) THEN 


The plane TRUSS element 


NN=4 

C1=SA(N) *SE(H) {SL(N) 
ELK(i,1} = C1l*#cN2 
ELK(2,1} ~ C1*CSN 
ELK(2,2) = Ci*SN2 
ELK(3,1} = -ELK(1,14) 
ELK(3,2) = -ELK(2,1) 
ELK(3,3) = ELK(1,1} 
ELK(4,1) = —ELK(2,1} 
ELK(4,2) = —ELK(2,2} 
ELK (4,3) = -ELK(3,2) 
ELK(4,4) + ELK(2,2) 


PO 10 I=1,NN 
BDO 10 J=1I,NN 
ELK({I,;7} = ELK(J,I) 


Contribution of the point force ta agdal forces 


XI=XB (N) /SLEN} 
SFL = 1,6-XT 
SFL2 = XT 


F1=0.545F (N) *SL(N} 
F3=0, 54HF (N} *SL (Nj 
ELF(1} = F1*CN2 
ELF(2) = F1*SN1 
ELF(3) = F3#CN1 
ELF(4) = F3*8N1 
ELSE 
uw=6 
IF (NTYPE, EQ. 1) THEN 


The EULER-BERNOULLI FRAME élement 


AMU=0.5*5A(N) *SL(N) *SL(N) /SI{N) 
Clm2.O*SE(N) #81 (N) f (SCH) #43) 
C256, 0*SE(N) #51 (N} / (SL(N} *SLEN) ) 
CI=CL+* (AMU*CH2+6,0*5N2} 

€4=C1+ (AMU=6.0) *CSH 

5=C1* (AMUtSN246.0%CN2) 

6=4,. O4SE(H} 287 (N} /SL(H) 


ELK(1,4) = c3 
ELE(2,1}) = c4 
ELK(2,2) = 5 
ELK(3,1} = C2*SH1 


ELK(3,2) =-c2*cN1 
ELK(3,3} = C6 
ELK(4,1) ==c3 
ELK(4,2) =-C4 
ELK(4,3) =-C228N1 
ELK(4,4) = 03 
ELK(S,1) =~ca- 


ELK(S,2) =-c5 
ELK(S,3) = C2*cn1 
ELK(S,4) = ca 
ELK(S,5) = ¢5 
ELK{6,1} = C243N1 
ELK(6,2} =-C2?CH1 


ELK(6,3} = 0.5%¢8 
ELK (6,4) =-C24SN1 


F1D19999 
Fidzoo09 
F1D20010 
F1b20020 
F1D20030 
F1b2004¢ 
Fib2005¢ 
F1D20060 
F1b20070 
P1ib20080 
Fib20090 
Fib20100 
Fib20110 
Fip20120 
Fib20130 
F1bp20340 
Fip20150 
Fipzo1ed 
Fibzoi7a 
FIDZ01B9 
F1ib20190 
F1p20200 
Fip20210 
FIb20226 
F1020230 
F1p20240 
Fip20250 
F1p26260 
F1p20270 
F1b20280 
F1020290 
F1020300 
Fib20310 
F1D20320 
F1D20330 
FID20340 
F1D29350 
F1D20350 
Fib2¢370 
F10290380 
F1b20390 
F1ipz0400 
Fib20410 
Fibz0420 
F1D20439 
F1D20446 
F1D20450 
F1D20460 
P1D20470 
F1D20480 
Fip20440 
Fib20500 
F1b20519 
FiD205290 
FiD20530 
FLD20540 
FID20550 
FiD20560 
FLD20576 
F1iD205a0 
Fip20590 
Fib20600 
Finao610 
Fip20620 
F1pz0630 
F1Ip20640 
F1ib20650 
Fipzcé6d 
F1D20670 
Fib20680 
F1b20690 
Fib20700 
FLO20710 
FID20720 
F1D20730 
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Contribution of the point force to nodal generalized forces 


ELK(6,5} = C24#CNL 


ELK(6,6} = c6 


DO 20 I=1,NN 
DO 20 J=I,KH 


ELK{I,d} = ELK(T,2) 


XI=ZB(N} /SL(N} 
TF=FF (N} 48NT(H) 
AF=PF (N} *CNT(H} 


SFL] = 1.0-XI 
SFL2 RI 
SFH1 


SFH3 
SFH4 


Fix0,54HF(N) *SL(N} 
F2=0 . 5*¥P (N) *ST(K} 


F3=-VF(N} 45L(H} *SLCN) 12.0 


F4e0.54HP (8) *Sh(H) 
F5=0,5*VF (HN) *SLEK) 


F6=VF(N} *SL(H} *SL(K) {12.0 


ELF(2) = FitCHi-F2*SN1 
ELF(2}) = FA*SH1+F2*CH1 
ELF(3) = Fa 
ELF(4}) = P4tCWi-P54SH1 
ELF(5} = F4*SHi+P52cn1 
ELF(é} = F6 

ELSE 


The TIMOSHENKG FRAME element (shaar coefficient=5/6)} 


8G=5 .0*SE(H} /(1.0+PR(N})/12.0 


C1=SA(N} *SE(N) /SL(H)} 
C2=S04SA (N} /SL(H) 
03=0.5*5G64SA (i) 

C4=0. 25456454 (NH) *SL(H) 
C5=SE(N} 452 (N} /SLCN) 


ELK(1,1)=C1 
ELK(2,1)=0.0 
ELK (2, 2}=C2 
ELK(3,1}=0.0 
ELK(3,2}=-¢3 


ELK (3,3) =C44C5 


ELK(4,1})=-¢1 
ELK[4,2)=0.0 
ELK (4,3)=0.0 
ELK(4,4)=C41 

ELK(5,1)=0.0 
ELK (5,2)=-c2 
ELK (5,3)=C3 

ELK(5,4)=0.0 
ELK(5,5)=C2 

ELK(6,1}=0.0 
ELK(6,2}=-C3 


ELK(6,3}=C4-C5 


ELK{6,4)=0.0 
ELK(6,5)=C3 


BLK (6, 6}=C44+C5 


DO 25 I=1,HN 
BO 25 J=1,NN 
TRK{J,1)=0,0 


TRH (1,1) =CHL 
TRM(1,2)=SH1 
TRM(2,1)=-SN1 
TRM(2,2)=CNL 
TRM(3,3}=1.0 
TRM(4,4}=CHL 
TRM(4,5} =SNE 
TERM(S ,4)=-SH1 


+ 
+ 
+ 
+ 
+ 
+ 


= 1.40 — 3.0*XI*XI + 2,0%(X[*#3} 
SFH2 = -XI4{1.04+XT4XE-2.04X1) 4SL(H) 

= S,QAXL*XE -— 2.0% (XI**3} 

m= ~XE* (XIX - XI) *#SL(N} 


SFLL*AF 
SFH1*TF 
SFH2*TF 
SFLZ2*AF 
SFHI+TF 
SFH44TF 


Fibz0740 
PiD20750 
Pid20760 
PAD20770 
Fip20786 
Fib20790 
Faip20800 
Fid20510 
Fib20820 
F1Bb20830 
FID20840 
F1DZ0850 
FIDZ0a60 
FIDZ0870 
F1DZ0880 
FIB2Z0690 
F1D20900 
FID20910 
Fip20920 
Fip20930 
FID20940 
Pip20950 
FED20960 
FID20379 
Fipaosac 
F1D20390 
¥1D21000 
F1D2101¢ 
FID21020 
FID21030 
FID21040 
FLD21056 
FID21060 
Fin21076 
F1p21080 
FADZL090 
F1D21200 
FiD21110 
F1D21120 
F1D21130 
F1D21146 
Fib21150 
F1D21160 
F1D21170 
F1p21180 
F1D21190 
F1D21200 
F1D21210 
F1D21220 
F1D21236 
F1B212406 
F1iD21256 
F1D21260 
Fipz1270 
F1D21280 
FiD21290 
Fib21300 
F1D21310 
FID21320 
F1D21330 
FiD21340 
FiD21356 
F1D21460 
F1D21370 
F1D21380 
F1D21390 
FID21400 
P1p21410 
F1D21420 
Fip21430 
F1D21440 
F1D21450 
F1D21460 
Fib21476 
FiD21460 


900 
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“‘TRM (5, 5)=CHL 


TRM(6,6)=1.0 


DO 30 I=1,NN 
DO 30 JI) NN 


ELK(1,7) = ELK(J,1} 


ho 40 I=1,NN 
DO 40 J=1,NN 


THPK(E,d}=0.0 


DO 40 K=1,NN 
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THPK(I,;J}=TNPK (I, 3} +TRM(K, 1) *ELK(K, J} 


bO 50 1=1,NN 
pO 50 3=1,NH 
ELK(I,d}=0.0 
BG 50 K=1,HN 


ELK(I, J} ELK (I, 7) +TMPK (I,K) *TRM(K,J) 


Contribution of the point force to nodal generalized forces 


“XI“XB(N) /SL(N} 
TF=PF (M) *SNT (i) 
AF=PF (N) #CHT(H) 


SFL1 = 
SFL2 
SFQI 
SFQ2 
SFO3 


hain 


1. 
XI 


O-xT 


{1.0-XT) 4{1, 0-2. 0*XE} 


-X14(2.0-2.08XT) 
4. 


OFXT*{1.0-X1) 


Fi=0.5%HF (N} *SL(N} 
F2=0, 5*VF (N} *SL(K} 


F3==VF (N) *SL(H} XSL(N) (12.0 


F4=0, 54HF (N) *SL(N) 
F5=0, 54¥F (1) #SL(N) 


F6=VF (N) *SL(N} #SL(N} 12.6 


ELF{1) 
ELF(2} 
ELF {3} 
ELF {4} 
ELF(5} 
ELF(6} 
ENDIF 

ENGIF 

RETURN 

ENG 


oe | 


FLtCNi-F2*SH1 
F1SESN1I4+F2*CHi 
F3 
FasCN1-FS*5H1 
F4*SNI+FS4CH1 
F6 


SFLLSAF 
(SFQ1+0. 54SF03) *Te 

0. 1254SFQ3*SL(H) ATF 
SFL2*AF 

(SFQ2+0. 5ASPQ3} ATE 

O.1254SFO34SL(N) ATE 


F1D21496 
F1D21500 
F1D21510 
F1b21520 
F1D22530 
F1D2£540 
F1D21550 
F1D21560 
PiD21570 
Fip21580 
Fin21590 
FEDZ1600 
FLD21610 
F1p21620 
F1D21630 
F1D2i640 
FID21650 
F1D21L660 
F1DZL670 
P1D21680 
F1p21690 
F2D21700 
PED21710 
FLD21720 
¥4021730 
FED21740 
F1D24.750 
F1U21760 
F1021770 
1021780 
F1D217390 
F1021800 
F1D21816 
Fipzia2g 
FLp21a30 
Pib2zie4o 
F1D21850 
F1D21860 
P10D21870 
F1p21880 
F1021890 
Fipz1900 
F1D21940 
F1D24920 
F1D219390 
Fip219490 


APPENDIX 


COMPUTER 
PROGRAM 
FEM2DV2 


OOANoOnaAAMAANANnAnAANANAGANAAN ANNAN AAAARAAN Aan An 


s 


Pe 


e 
t 
Tagram name: FEMZDV2 Length: 274% line 
ke RR eR ee ee eee aR RE 


Program FEM2DVe2 
(AN IH-CORE FINITE ELEMENT ANALYSIS COMPUTER PROGRAM) 
ee 2 22 


This is a finite salement computer program for the 
analysis of two-dinensional problems governed by second-order 
partial differential equations arising in: heat transfer, 
electrical engineering, fluid dynamics, and solid mechanics. 


The program uses linear and quadratic, triangular and 
rectangular, elements with isoparametric formulations. Meshes 
ef only one type of element are allowed for a problem {i.e., 
two different types of elements cannet he used in a problem). 


Many field preblems of engineering and applied science 
ean be analyzed using this program. In particular, FEM2DV2 
can be used in the finite element analysis of problems in the 
following fields: 


1. Heat conduction and convection 

z. Flows of viscous incompressible fluids (by penalty 
function formulation) 

3. Plane elasticity problems 

4. Plate bending problema using rectangular elements 
based on the classical and firat-order (or Hindlin} 
plate theory. 


The main objective of this pregram is to illustrate haw 
finite element formulations developed in Chapters 4§ thru 12 
can be implemented on a computer and used in the analysis of 
engineering problems. Modeling of large and complex problems 
was not an objective of the program, The pragram or parts of 
it can be modified to analyze field prohlems not discussed in 
the book. 
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F2DOQG1L0 
F2n00020 
P2005030 
F2b00640 
F2000050 
Fapnooo6o 
F2b00070 
F2p00080 
F2D00090 
F2D00100 
F2000116 
F2b00126 
F2000136 
F2p00146 
F2000150 
F2000166 
F2b60176 
F2600180 
F2E00190 
F2D00200 
F2000210 
F2000220 
F2p00230 
F2D00240 
F2n00250 
F2D00260 
FP2p0o270 
F2p00280 
F2D00299 
F2Do00390 
F2D00319 
F2aD00320 
F2D00330 
F2000340 
F2000350 
F2000366 
F2D00370 
F2D00380 
F2b00380 
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DESCRIPTION OF SOME KEY VARIABLES USED IN THE PROGRAM 
(See Table 13.1 for a description of other variables) 


[CMAT} Matrix of stiffnesses in @lasticity and plate hending 
problems {computed in the program from eanginesring 
constants, El, E2, G12, ANU12, eta, and thickness) 


{BLA} Vector of elemental nodal accelerations 

{ELF} Vactor of element nodal source (or force) vector 
[ELK] Element coafficient (or stiffness) matrix 

{ELU} Vector of element nodal values of primary variables 
{ELV} Vector of elemental nodal velacities 


{ELX¥} Vector of elemental giobal coordinates: 
ELXY(I,1)=x-coordinate; ELXY(1,2}=y-coordinate 


{GLA} Vector of global nodal accelerations 

{GLF} Veotoxy of global nodal source (ox force) vector 
(GLK) Global coefficient (or stiffness} matrix 

{GLo} Veetor of global nodal values of primary variables 
{GLy¥}. Vector of global nedal velocities 

NDF Number of degrees of freedom per node: 


NDP=1, For SINGLE VARIABLE problems 

NDF=2, For ELASTICITY and VIScoUs FLUID FLOW 

NDF=3, For PLATE BENDING when FSDF or CST(H) 
elements ara used 

NDF=4, For PLATE BENDING When CST(C} element 


fis used 
REQ Total number of equations in the problem (=NNM*NDF) 
HEY Half band width of the global coefficient matrix, GLK 
HH Total number of degrees of freedom per element 


DESCRIPTION OF PARAMETERS USED To DIMENSION THE ARRAYS 


MAXCHY... Maximum number of elements with convection B.C, 
MAXELM... Maximum number of elenents allowed in the program 
MAXNOD,.. Maximum number of nodes allowed in the program 
MAXNX.... Maximum number of allowed subdivisions DX(Z) atang x 
MAXNY.... Haximam number of allowed subdivisions DY(I} aleng y 
MAXSPV... Maximum number of specified primary variables 
MAXSSV,... Maximum number of specified secondary variables 
NCMAX.... Actual column dimension of: (GLK], (GLM]),(GLU}, {GLV}, 
{GLA}, and {GLF} 


The actual row dimension of the assembled coefficient 
matrix should be greater than or equal to the total 
number of algebraic equations in the FE model, 


NRHAX.... Actual row dimension of: [GLK] and [GLH] 


The actual column-dimension of assembled cuafficient 
matrix should be greater than or equal to the half 
bandwidth for statio analysis or the total number of 
aquations for the dynamic analysis, ‘ 


OTE: The values of HRMAX, NCMAX, MAXELM, MAXNOD, MAXCNY, 
MAXS8¥ and MAXSPY in the ‘PARAMETER’ statement should 
madified as required by the size of the problen, 


SUBROUTINES USED IN THE PROGRAM 


BOUNRY, CNCTVT, EGNEOU, INVRSE, ECHO*, ELKMFR, ELKMFT, MSH2DG, 
MSH2DR, PSTERC, QUADRT, SHPRCT, SHPTRI, SOLVER*, TIMER 


Subroutines IWKIN and DGVCSP are the system subroutines used to 
calculate sigenvaluss and eigenveotors. any other subroutines 
{a-g-, AXLBX and JACORE from FEM1DV2) can be used in place. 


IMPLICIT REAL*S (A-H,0-2} 
PARAMETER (NRMAM=310, NCMAX=310, MAKXELM=250, MAXNOD=200, 
MAXSPV=200, MAXSSV=50, MAXCNV=20, MAXNX=25, MAKNY=25) 


DEHENSION ISPV(MAXSPV, 2) , VSPV(MAXSPY) , ISSV(MAXSSV,2) , VSSV(MAXSSY) 


F2p00400 
Fapoa410 
F2b00426 
F2b00436 
F20D00446 
F2D00450 
F2D00460 
F2b00470 
F2bo004a0 
F2000490 
F2000500 
P2060520 
F2b00529 
F2D00530 
F2D00540 
F2D005450 
P2b00566 
Paboos7o¢ 
Faboosat 
Fanbd0540 
F2b00600 
F2D00610 
F2B00620 
F2b00630 
F2n00640 
F2p00650 
F2000660 
F2D00670 
F2D00680 
F2000690 
F2b00700 
F2000710 
F2000720 
F2p00730 
F2000740 
F2bD09750 
F2D00760 
F2ROo770 
F2DG0789 
F2D00799 
F2D00800 
F2D00819 
F2D00820 
F2D00830 
F2b00840 
Pabodssa 
F2abo0860 
Fabooa7o0 
Fabogaao 
F2abogasa 
Fapgosda 
Faboosic 
F2b00920 
F2D00930 
F2000940 
F2eDo0g950 
F2D00960 
F2p00970 
F2D0098G 
F2500930 
F2001000 
Fepoio1e 
F2001029 
F2001930 
F2D019040 
F2001050 
F2D01060 
F2061070 
F2501080 
F2D01090 
F2b01100 
F20D01110 
F2eD01120 
F2D01130 
F2B01140 
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APPENBICES 


BIMENSION IBN (MAXCHY) , INOD (MAXCNV, 3) ,BETA(HAXSPY) , TINF (MAXSSV) 


DIMENSION GLF(NRMAX} , TITLE (20) ,IBS(3),1BP (3) , GLH (NEMAX , NRMAX) 
DIMENSION GLK¢(NRMAX,HCMAX) ,GLU(NRMAX) ,GLV (HRMAX) ,GLA (NRMAX) 
DIMENSION NOD(MAXELM, 9), GLXY (MAXHOD, 2} , DX (MAXHX} , DY (MAXNY} 
DIMENSION EGHVAL(NRMAX) , EGNVEC (NRMAX, NRMAX) , IBDY (MAXSPY} 


COMMOH/STF/ELF (27) , ELK (27,27) ELM (27,27), ELXY¥ (9,2) ,ELU(27}, 


1 ELV{27) ,ELA(27) ,AL,A2,A3,A4,25 


COMMON/FST/A10,A1X,A1¥,A20,A2K,A2Z2¥,A00,C0,CX,CY,FO,FX,FY, 
1 


C44,055,AMU, PENLTY ,CMAT(3,3) 
COMMON /PRE/IPDF, LPDR, NIPF ,WIPR 

COMMON /IO/IN, LTT 

COMMON /WORKSP / RWKSP 

REAL RUKSP(228000) 

CALL IWKIH(228000) 


ak ke eR ee Re RR RRR RR ee we Ee EER KE EE 


* PREPROCESG&OR 


TH=5 

Trr=6 

CALL ECHO (IK, ITT) 
ICONV=0 

THTIAL=0 

NSS¥s0 

NELAG=1 


READIN THE INPUT DATA 


READ(IN,400) TITLE 
Read problem and analysis type 


READ (IN, #) ITYPE, IGRAD, ITEM, NEIGH 
IF (ITEM. #Q.0} NEIGN=0 
IF(REIGH.WE.0) THEN 
IF(ITYPE.LE.3 .AND, NEIGH.GT.1} THEN 
WRITE (ITT, 991} 
STOP 
ELSE 
READ(IN,*) NVALU,NYCTR 
ENDIF 
ENDIF 


Read finite element mesh information 


READ(IN,*) IELTYP,NPE,NESK, NPRNT 
IF{ITYPE,GE.,3 .AND. IELTYP.EQ.0) THEN 
WRITE (ITT, 990) 
STOP 
ENDIP 
IF(NPE.LE.4) THEN 
YEL=1 


ENDIF 

{E(MESH.NE,1} THEN 
READ(IN,*} NEM, NNM 
IF (MESH. EQ.0) THEN 


If mesh CANNOT be generated by the program, read the mesh data in 


the next three statements 


DO 10 H=i,NEM 
REAO(IM,#) (HOD(H, I) ,I=1,NPE) 
READ(IN,*) ((GLEV(I, 7) ,J=1,2),T=1 
ELSE 


When mesh is ta be generated hy the program for more complicated 
geometries, call MSH20General (which reads pertinent data there) 


CALL MSH2DG (NEM, NNM, NOD, MAXELM, MAXNOD,GLXAY) 


UHIT 


NNN} 


HERE 


a a a 


F2D03159 
FP2D011690 
P2D01170 
F2D01180 
F2D01199 
F2001206 
F2D01216 
F2D01220 
F2D01236 
Fa2D01240 
F2D01250 
F2b01260 
F25p01270 
F2001280 
F2001290 
F2001400 
F2001310 
F2001320 
F2D01336 
F2b01340 
F2D01350 
F2001369 
F2D01370 
F20013866 
F20601396 
F2001406 
F2001410 
F2b01420 
F2601436 
F2001440 
F2001450 
F2001460 
F2D01470 
F2D01480 
F26001490 
F26001500 
F2D01510 
Fzbo1520 
F2D04530 
F20D015406 
F2D01L550 
F2DOLE60 
F20Qrs70 
F2D01589 
F2B04E890 
F2b01600 
F2D01610 
F2bD01620 
F2D01630 
F2bd1640 
F2pd1650 
F2DG1660 
FaD01670 
F2D01680 
F2D01690 
F2n027006 
F2004710 
F2D01720 
F2D01730 
F2D01749 
F2D01750 
F2D01760 
F2b01770 
F2b01780 
FaD01790 
F2D01800 
F2D01810 
F2D01820 
F2D01830 
F2D01849 
F2D01450 
F2D0186¢6 
F2D01870 
F2001880 
F2p018950 
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ENDIF | 
ELSE 


Feboisoo 
F2001910 
F2003920 


When mesh is to be generated for rectangular domains, call programP20D01930 


MEH2DRectangular, which requixves the following data: 
READ(IN, *}) NX,NY . 

READ(IN,*} XO, (DX(I},I=1,NX) 

READ(IN,*) YO, (D¥{E},E=1,NY} 

CALL MSH2DR (IEL, IELTYP ,NX,NY,NPE,NNM,NEM,NOD,BX,DY,X0,¥0, 
* GL&Y ,MAXELN , MAXNOD, MAXNX , MAXNY} 
ENDIF 


IF(ITYPE.EQ.0} THEN 
HOF = 1 
ELSE 
TF(ITYPE.GE.3) THEN 
NDF = 3 
ELSE . 
NOP = 2 
ENDIF 
ENDIF 
IF{ITYPE.£O.5) NDF=4 


NEOsnNM4NOF 
HH=NPE*NOF 
IF(HREIGH.£Q.0) THEN 


Compute the half bandwidth of the qlobal coefficient matrix 


HHBH=60 
DO 20 Wel, NEM 
BO 20 Is1,HPE 
DO 20 J=1,HPE 
NW= (TABS (NOD (N, 1) -NOD(N,J) ) 41) #RDF 
IF (NHBW.LT.RW} HHBW=NW 
ELSE 
NHBH=HEO 
ENDIF 


Read specified primary and secondary degresas of freedom: node 
number, local degree of freedom number, and specified value. 


READ(IN,*} NSPY 
IP(NSPV.NE.O) THEN 
_ READ(IN,*) ((ISPV(I,J) ,J=1,2),I=1,NSPV) 
IF(NEIGN.EQ.0} THEN 
READ{IN,*} (VSPV(1),T=1,NSPV) 
ENDIF 
ENDIF 
IF(HEIGH.EQ.0) THEN 
READ{IN,*} NSS¥ 
LF{HSSV.NE.O) THEN 
READ(IN,*) ((ISSV(I,7),d=1,2) ,I=1,NSsv) 
READ(IN,*) (¥SSV(I},I=1,N98¥} 


WRITE(ITT, 400) TITLE 
WRITE(ITT, 910) 
HRITE(ITT, 8905 
WRITE(ITP, 9165 
IFCITYPE.FQ.0} THEN 


Heat transfer and like problems: 
WRITE(ITT, 420) 


Read the coefficlents of the differential equation modeled 


All = AlO + ALKAK + AlY4Y; ABZ = AZO + AIX*X + A2YR¥! AQU=CONST. 


READ {IN,*)A10,A1X%,A1¥ 
READ (IN ,*)A20,A2X,A2% 
READ (IN, #)A00 


F2001940 
F2D01950 
F2D01960 
F2D01970 
F2D01580 
P2D01990 
F2D02000 
F2D02010 
F2no02026 
F2n02036 
Fepe204a 
¥2D02050 
F2D02060 
F2p02c70 
F2D02080 
F2p02090 
F2D02100 
F2N02110 
¥2D02120 
F2002140 
F2002140 
F2002150 
F2002160 
F2D02178 
F2apo2iaa 
F2D02190 
F2D02209 
F2D62210 
F2D02220 
F2D02230 
F2D02240 
F2D02250 
F2D02266 
F2D02276 
F2Do228¢ 
F2p02z2590 
F2002300 
F2D023140 
F2D02320 
F2p02336 
F2002340 
F2D02350, 
F2b02360 
¥2b02370 
F2002380 
F2D02390 
F2D02400 
F2D02410 
F2002420 
F2002439 
F2002440 
F2D02450 
F2D02460 
F2D02470 
F2D02480 
F2p02490 
F2D02500 
F2D02510 
F2D02520 
F2b02530 
F2n02540 
F2002550 
F2p02560 
F2D02570 
F2D02586 
F2D02590 
F2D02606 
F2D02616 
P2002626 
F2D02630 
F2po02649 
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Plate bending problems: 


APPENDICES 


WRITE(IT?, 420) A10,A1X,ALY,A20,A2%,A2¥,A00 
READ( IN, *) LCONV 
IF(ICOHNV.NE.O} THEN 


READ(IN,*) NBE 

READ(IN,*}) (IBN(Z),BETA(I} , TINK (I) ,2=1,NBE) 

READ(IN,*} ({INOD(I, 7} ,J=1,2)},I=1,NBE) 

WRITE (ITI, 440} NSE 

DO 30 I[=1,NBE 

WRITE (ITT, 960} IBN(1), (INOD(I,3) ,J+t,2),BETA(I) , TINF(I} 


ENDIF 
IF(ITYPE.EQ.t} ‘THEN 


Viscous incompressible flows: 


WRITE(ITT 450) 
READ (IN, *) AMU, PENLTY 
WRITE(ITT, 460) AMU,PENLTY 


SE 
IF{ITYPE.EQ.2) THEN 


Plane elasticity problems; fl 


F2002650 
F2D02660 
F2D02670 
F2D02680 
F2B02690 
F2D02700 
F2D02710 
F2D02720 
F2D62730 
F2D02740 
F2b02750 
F2b02760 
F2D02770 
F2D02780 
F2D02790 
Fapo2z600 
F2D02810 
F2ZD02820 
FzZD02830 
F2D0z84G 
F2D02850 
F2D02860 


READ{IN,*) LNSTRS 

WRITE (ITT, 470} 

READ(IN,*} E1,£2,ANU12,612, THKNS ‘ 
WRITE(ITT,520) THKNS,E1,E2,ANU12,G22 


Compute the material coefficient matrix, CMAT(E,J), I,J=1,2,3. 


ANU21-ANUL2*E2 /E1 
DENOM=1,0-AHU12*ANU21 
OMAT (3,3) =G124THENS 
IF {LNSTRS.EQ.0) THEN 


Plana strain (AKU23 = ANU12) 


WRIFE(ITT, 496} 

S0=(1, 0-ANU2~2,04ANULZ*ANU21) 

CHAT (1,1) =THKNS#E14 (1, 0-AHU1Z) {50 

CHAT (1, 2} =THENS*8 *ANU21/50 

CHAT (2,2) “THKNSAE2 *DENOM/S0/ (1. O+ANUL2} 
ELSE 


Plane stress 


WRITR (LTT, 510) 
CMAT (1,1) -THKNS#*E1/DENOM 
OMAT (1,2) =ANUZ14CHAT (1,2) 
CHAT (2,2)=E24CMAT (1,1) {E1 
ENDIF 


ELSE 


WRITE(ITE, 509) 
IF(ITYPE.EQ.3} THEN 
WRITE({ITT, 505} 


z 
WRITE (ITT, 506) 

ENDIF 
READ(IN,*) EL,E2,ANU12,G12,G613,G23, THENS 
WRITE{ITT,520} THKNS,E1,E2,ANU12,G12 
WRITE (ITT, 530} G13,G23 
AND21=ANU124*E2 /EL 
DENGM=1. 0-ANUL2*ANU21 
CMAT (1,1) =(THENS**3) #21 /DENOM/12. 0D0 
CMAT {1,2)=ANUZ1*CHAT(1, 1) 
CMAT (2,2}=E2*CMAT (1,1) /EL 
CMAT (3 ,3}=G12* (THENS #43} /12.0D0 
SCF=5 .0D0/6.0D0 
C44=SCPSG23*THENS 
C55=SCr*G13*THENS 

ENDIF 


F2B02970 
F2002680 
F2p02890 
F2002906 
F20029140 
F2B02920 
Fapo2930 
F2b02940 
PaD02956 
F2d02960 
F2002970 
F2b029a0 
F2bo29s0 
F2n03000 
F2be3010 
F2p03020 
F2D03030 
F2D03040 
F2D03056 
F2D03050 
F2b03 070 
F2D03089 
F2h03090 
F2003106 
F2003110 
F2po3120 
F2003130 
F2po03140 
F2D03180 
F2b03160 
F2D03170 
F2D903180 
FaD031990 
Fano3200 
F2b03210 
F2003220 
F2D03236 
F2003240 
F2D03256 
F2D93260 
F2D032790 
F2003286 
F2003290 
F2H03300 
F2D03310 
F2003320 
F2n03340 
F2B031346 
F2D03350 
F2D03360 
F2p0343790 
FaD03380 
F2D03390 
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CHAT (1,3)=0.0 
CHAT(2,3)=0.8 

CHAT (2, 1}=CMAT (1,2) 
CMAP (3,1)=CMAT (1,3) 
CHAT (3,2)=CMATI2,3} - 


ENDIF 
ENDIF 
IF(NEIGN.EQ.0) THEN 

READ (IN, 4) FO, FX, FY 

WRITE (ITT, 430} FO,FX,FY 
ENDIF 


IF(ITEN.NE.0}) THEN 
READ(IN,*) CO,CX,CY¥ 
IF(ITYPE.GT.1}) THEN 

IF (TT¥PE, EQ. 2) THEN 
CO=THENS*co 
CX=THENS* CX 
CY=THKNS*c¥ 

ELSE 
IF(HEIGN.LE,1} THEN 

CO=THENS2cO 
CX=(THKNS**2) 400 /12.0D6 
cvecx 
ENDIF 
ENDIF 
ENDIF 


IF(NEIGN.NE.O) THEM 
WRITE (ITT, 819} 
WRITE (ITT ,540} CO,Cx,cY 
ELSE 
WRITE{ITT, 620) 
WRITE(ITT, 540) co,cx,c¥ 


Read the necessary data for time-dependent prablens 


READ(IN,*} HTIME,NSTP, INTVL, INTIAL 
IF (INTVL. LE. 0} INTVL=1 
READ(IN, *} OT,ALPA, CAMA, EPSLN 
A1=ALFASDT 
A2=(1.0-ALFA} DT 
WRITE (ITT, 550} DT,ALFA,GAMA,NTIME,NSTP, INTVL 
YF(ITEH.EQ.1) TREK 
IF(NSS¥.NE.O) THEN 
DO 40 I=1,NSSV 
40 VSSV (I) =¥SS (1) *DT 
ENDIF 
IP¢{INTIAL.NE.O} THEN 
READ (IN, *) (GLU(I),1=2,HNEQ) 
EE 


BO 50 I=1,NEQ 
50 GLU(T}=0.0 


DT2=DTéDT 

A3=2,0/GAMA/DT2 

A4=A34DT 

A5=1.0/GAMA-1.0 

IF(INTIAL.NE.O} THEN 
READ(IN,*) {GLU(1} , 141, HEQ} 
READ(IN,*) (GLV{T} ,T=1,NEQ} 
DO 60 1=1,NEQ 


50 GLA(I}40.0 
ELSE 
DO 70 I=1,HEG 
GLU(I)=0.0 
GLY (I) =0.0 
70 GLA(I}=0.9 
ENDIF 
ENDIF 
ENDIF 


F2D034006 
Fabo3420 
F2D03420 
F2D03430 
F2D034490 
F2D03450 
F2003460 
F2003470 
F2D03480 
F2D03490 
F2b03500 
F2D903516 
F2D03520 
F2D03530 
F2D03540 
PaBbO3550 
Fab03560 
F2D04a570 
F2b0435a0 
Fano3590 
F2p03600 
F2003610 
F2D03620 
F2b03636 
F2h03640 
F2b03650 
F2003560 
F2p013579 
F2D03689 
F2D03690 
F2D63700 
F2D03710 
F2D03720 
F2b037306 
F2D03740 
Fabo37Ts0 
Fanoaréeo 
F2003770 
F2D03780 
F2D093790 
F2D03800 
F2D03810 
F2D03820 
F2D038306 
Fapois40 
Fapg3aeso 
F2D038660 
F2p03870 
F2D03880 
F20033830 
F2B03900 
F2003910 
F2D03920 
F2D03930 
F2D03940 
Fedo3950 
FPabo3960 
Fabois76 
F2D03960 
F2D02990 
F2bod000 
F2p04010 
F2b04q929 
FP2B04030 
F2004040 
F2004650 
Fabod¢o6a 
F2004070 
F2D04080 
F2b04090 
F2G064100 
F2D04110 
P2004 120 
F2b04130 
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ELSE 
WRITE (ITT, 830) 
ENDIF 


weREE EuGL oF 


IF(IELTYP.EQ.0)] THEN 
WRITE (ITT, 790} 
ELSE 
WRITE (ITT, 800} 
ENDIF 


WRITE (TTT,560) IELPYP, NPE, NDF, NEM, NN, NEQ,NHBW 


THE DATA 


IF (MESH. EQ.1) ‘WRITE(ITT, 570} NX,N¥ 


WRITE (ITT, 710) NSPY 
IF (NSSV.NE.0) THEN 
WRITE (ITT, 715) NSSV 
WRITE (ITT, 720} 
DO ag TR=1,HSSV 


WRITE( TET, 960) (IS8¥ (1B, JB) ,-JB=1, 2), ¥S8¥ (IB) 


ENDIF 


IF(NPRHT.EQ.1) THEN 
WRITE (ITT, 700) 
DO 100 I=1,NEH 


WRITE(ITT,900) I, (KOD(I, 7} ,J=1,NFE} 


ENDIF 


WRITE(ITT, $10) 

WRITE (TET, 580) 

WRITE (LET, 9190) 

DO 150 IM=1, NN 

DO 110 K=1,NDF 

IBP(K}=0 

TBS {K)=0 

IF (NSPV.NE. 0) -THEK 
DO 120 JP=1,N&SPV 
NODE=18PV (JP, 2) 
NDOF=ISPV(IP,2) 
IF (NODE. EQ.IM) THEN 

IEP (DOF) =RDOF 

ENDIF 
CONTINUE 

ENDIF 


IF(NSSV.HE.0) THEN 
DO 140 J5+1,NSsV 
NODE=ISSV (J, 1) 
NDOP=1S8V (JS, 2) 
EF(HODE.EQ.IM}) THEN 

IBS (NDOF} =NDOF 

ENDIF 
CONTINUE 

ENDIF 


IF(HDF.EQ.1) THEN 


WRITE (IEE, 870) IM, (GLXY{IM, 3) ,d=1,2), (IBP¢(X) -K=1, NDF) , 


* (IBS(K) ,K=1,NDF} 


ELSE 
IF(NDF.EQ.2} THEM 


WRITE(£TT, 920) IM, (GLXY (IM, J) ,791,2), (IBP(RK) ,K=1,NDF) , 


* (IBS{K) ,R=1, NDF} 


ELSE 


IF(NOF.EQ.3} THEN 
WRITE(ITT, 880) IM, (GLXV¥(IM,J) ,J=1,2), (IBP(K) ,K=1,NDF) , 


ELSE 


WRITE (ITT, 885) IM, (GLXY (IM, J) ,J=1,2), (IBP{K},K=1,NDF), 


ENDIF 
ENDIF 
ENDIF 
CONTINUE 
WRITE(ITT, 910} 


(IBS (K) ,K=1,HDP) 


(TBS (K) ,K=1, 8OF) 


F2004144 
F2p04150 
P2B04169 
F2b04170 
F2004180 
F2n04190 


.F2b04200 


F2D04219 
F20n04226 
F2D04230 
F2D04240 
F2D04256 
F2po4260 
Fanoaa7o 
F2004280 
F2004290 
F2b04300 
F2D04310 
F2D04320 
F2D049360 
F2D03340 
F2p04350 
F2D04360 
F2004370 
F2D04380 
F2004390 
F2bo4400 
Pabod4aLo 
F2D04420 
F2p044360 
F2D04440 
P2B04450 
P2D04460 
F2D04470 
F2D04480 
Fep0d49o 
F2D04506 
F2D046510 
F2504520 
F2D04530 
F2004540 
F2004550 
F2004560 
F2004570 
F2p04580 
F2004590 
F2p04600 
F2D048190 
F2D04620 
F2004630 
F2D04640 
F2D04650 
F2D04660 
F2D04670 
F2p04680 
F2n04690 
F2D04700 
F2D04740 
F2D04726 
F2D04730 
F2D04740 
F2D04750 
F2004760 
F2D04770 
F2D04780 
F2D04790 
F2p04800 
F2p04810 
F2004220 
F2004830 
F2p04840 
F2D04850 
F2b04960 
F2D04870 
F2p04ag0 
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Define the polynomial degree and number of integration points 


(based on the assumed variation of the coefficients AX, BX, ete.) 


IPDR = IEL 
IPR = IPDR+IEL-1 
IF(LELTYP.EQ.0} THEN ' 
TF(ITYPE.EQ.0) THEN 
EPDF = 24IEL41 
NIPF = IPDF+EEL 
ELSE 
IF (LTEH.NE.O) THEN 
IPDF = 2*IEL+1 
NIPF = EPDF+IEL 


ELSE 
IPDF = JEL+t1 
HIPF = IEPDF+4£ 
ENDIF 
ENDIF 
ISTR = i 
NSTR = 1 


WRETE(ETT, 480) LPDF,NIPF,IPDR,NIPR, TSTR,NSTR 
ELSE 
IF(ITYPE,GE,.4} THEN 
4 


IPDF = 
ISTR = 2 
BLSE 
IPOF = IEL+1 
ISTR = IBL 
ENDIF 
WRITE(ITT,485) ILPDF,IPDR, ISTR 
ENDIF 
ee a 2 2 Se a a 2 rs 
& * 
* PROCESSOR UNIT * 
* * 
i ee ee 2 2 
IF(CITEM.RE.O} THEN 
TINE=1.0 
ENDIF 


Counter on number of TIME steps begins here 


NT = 0 
NCOUNT=0 
NCOUNT=HCOUNT+i 
TF(ITEM.NE.G .AND, HEIGN.EQ.0) THEN 
IF (NCOUNT,GE,.NSTP) THEN 
Fo=06,0 
Fx#=0,0 
FY¥=0.0 
ENDIF 
ENDIF 


Initialize the global coefficient matrices and vectors 


DO 180 T=1,HEG 
CLF(I}=0.0 

BO 160 g=1,NHBW 
IF(NEIGN,NE.Q) GLM(I,d)=0.0 
GLK(I,J)=0,0 


Do-loop on the number of ELEMENTS to compute element matrices 
and their assembly hegins hare 


DO 250 N=i,NEM 

BO 200 Imi,NFE 

NI=HOD(H,T) 

ELX¥ (1,4) =GLXY¥ (NI, 1) 

ELXY¥ (1, 2)=GLXY¥{NI,2) 

IF(NEIGN.EQ.6) THEN 

IF(ITEM.HE.O) THEN 

LY=(NI-1) *NDF 
L = (I~1}#nDr 


F2BD04899 
F2D04900 
F2pe49$10 
F2D04920 
F2D04930 
Fab04s40 
F2b04950 
FP2004960 
F2p04979 
F2n04980 
F2b04990 
F2p0s8000 
F2b05010 
Faposo2z0 
F2D05030 
F2Ddo05040 
F2D05050 
F2D05060 
F2D05070 
F2005080 
F2D05090 
F2Dos100 
F2n05110 
F2D05120 
F2D05130 
F2b05140 
F2005159 
F2D05160 
F2005170 
F2no05180 
F2p05190 
F2D05200 
F2D05216 
F2D05220 
F2D05230 
F2D05240 
F2D05250 
F2D052606 
F2D05270 
F2b05280 
F2DG42990 
F2D05300 
F2p05320 
F2D05320 
F2005330 
F2D05340 
Papd5350 
F2005360 
Fapos370 
F2005380 
F2005390 
F2o005400 
F2D05410 
F2D05420 
F2D05430 
F2D05440 
P2p08450 
FaDos460 
F2D05¢70 
Fanosdao 
F2n05490 
P2D05500 
FZD05510 
F2D05520 
F2D05530 
F2D05540 
Fapo5ssso0 
F2pos5s6o0 
F2005570 
F2D05580 
Fanos590 
Fanoséna 
F2D08610 
Fepgs620 
F2D05630 


648 = aPrENDICES 


Aeoana 


aoan 4 


Om 


194 


200 


210 


po 190 J=1,NDF 
LI=LE+1 

LaL¢i 

ELU (L} =GLU (LI) 
IF(ETEM.EQ.2) THEN 


ELV (L) =GL¥ (LI} 
ELA (L) =GLA (LI} 


ENDIF 
CONTINUE 


ENDIF 
ENDIF 
CONTINUE 


all subroutine ELKMFT {for Triangular elements) or ELKMFR (for 
Rectangular elements} ta compute the ELement [(K], {M] and {F}. 


IF({IELTYP.£Q.0) THEN 


CALL ELEMFT (NcodmH?T,HEIGN,NPE,NN, ITYPE, ITEM} 


E 
CALL ELEMFR (NCOUNT, NEIGN,SPE,NN,ITYPE, ITEM) 


ENDIF 


IF{ICONY,NE. 


Add the convective terms for CONVECTION type boundary sonditions 
(exact for straight sided elements; otherwise approximate values) 


0} THER 


DO 210 M = 1,HBE 
IF (ISM {H).EO.N) THEN 
Ml = 


M2 
HHL 
HH2 
DL 


BL 
TF 


INOD(H, 1} 
INOD(M, 2} 
NOD(N,NL) 
NOD(H, M2) 


bok uo 


= BETA (MH) *DL 
= TINF (tt) *DL 


tf (IEL. EQ, 1} THEN 


ELK (M1,M1)=ELK(H1,M1)+BL/3.¢ 
ELK (M1,M2)=ELK (M1,M2)+BL/6.0 
ELK (M2 ,H1) =ELK (M2, M1) +BL/6.0 
ELK(H2 ,M2)=ELK (M2 ,M2)+BL/3.0 


DSQRT ( (GLXY¥ (HM2, 1) -GLXY¥ (NM1,1}} **2 
+{CLXY (UM2 » 2} <GLAY (NML, 2) 1 **2) 


ELF (HL) =ELF (M1) +0.5*TF 
ELP(M2)=ELF (Mz) +0.5*TP 


ELSE 


ENDIF 


IF{NPE.GE.8) THEN 
NPELF&4 

ELSE 
NPEL=3 

ENDIF 

H3=#H1+HNPEL 


ELK (M1, M1)=ELK (M1 ,M1)4+4.0#BL/30.0 

ELK (M1 ,M3} ELK (M1,43)+2.0*BL/30.0 

ELK (M1 , M2) =ELK{M1,M2)-BL/30.0 

ELK (M3 , M1) =ELK (M3 ,M1}4+2,04BL/30.0 

ELK (M3 ,M3)=ELK (M3 ,H3} +16. 0*BL/30.0 
ELK (M2 ,M3) ELK (M2 ,H3) +2. 0*BL/30.0 

ELK (M2, ML}=ELK (M2 ,M1) -BL/30.0 

ELK (M43,M2}=ELK(M3,M2)+2.0*BL/30.0 

ELK (M2 ,N2)=ELK (M2,M2)+4,0*BL/30.0 


ELF (M1}=ELF (M1) +TF/6.0 
ELF (M3}=ELF (M4) +4. 0#TP/6.0 
ELF (M2) ELF (M2)+TF/6.0 
ENDIF 


CONTINUE 


ENDIF 


» TF(NCOUNT.£Q.1) THEN 
IF(UPRHT.EQ.1 .OR. NPRNT.EQ.3) THEN 
TF(H.EQ.1) THEN 


Print element matrices and vectors jonly when NPRET=1 ar NPRNT=3) 


WRITE{IET, 610} 


F2D05640 
F2D05650 
F2D05660 
F2D05670 
F2005686 
F20054690 
F2005700 
F2005710 
F2D05720 
P2D057306 
F2D08740 
F2B05750 
F2bD05760 
F2005770 
Fz2p05740 
F2aD05790 
F2B05800 
FabD058 10 
F2D05820 
F2D05830 
F2Dpo5846 
F2b05850 
F2D05860 
F2po05a7To 
F2005369 
F2005890 
F2005900 
F2D05910 
F2005920 
F2D08930 
F2b05940 
F2B05350 
F20D05960 
F2D05970 
F2005980 
F2D05990 
F2b06000 
F2D06010 
F2D00020 
F2D95030 
F2D05040 
F2bo650 
F2b06060 
Fapo6oTo 
F2b06080 
F2006030 
F2D06100 
F2b06119 
F2D06120 
F2D06130 
F2D06140 
F2D06150 
F2b06160 
F2D06179 
Fap06180 
Popadiso 
F2D06200 
F2b06210 
Fapo6224 
F2D06230 
F2D06240 
P2D06250 
F2D06250 
F2D06270 
F2D06280 
F2006290 
F2006300 
F2006316 
F2bo06320 
F2D06330 
F2006340 
F2p06350 
F2D06360 
F2B06370 
F2b0é3390 


aaa 


Hag 


Ome 


220 


230 


249 
259 


260 
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DG 220 T=1,RN 
WRITE(ITT, 930) (ELK(I,7),d=1,NM) 
IF (NEIGH. EQ.0) THEN 

WRITE[{ITT, 630} 

WRITE(ITT,930} (ELF(1),T=1,8R) 
ELSE , 
WRITE (ITT, 620) 

BO 230 1=1,HN 
WRITE(ITT, 930} [ELM(I,J} ,J=1, 4) 
ENDTE 
ENDIF 

ENDIF 

ENDIF 


IF(NEIGR,EQ.0} THEN 
IF(ITEH.NE.@} THEN 


Compute the element coefficient matrices [K-hat] and {P<hat} 
(i.e. after time approximation) in the transient analysis: 


CALL TIMER{NCOUNT, INTIAL, ITEM, HM) 
ENDIF 
ENDIF 


ASSEMBLE element matrices to obtain global matrices: 


DO 240 I=1, NPE 
NR=(NOD(N, 2} ~1) #NDF 
BO 240 IT=1,NDF 
NR=NR+41. 
L={I-1) *NDF+II 
IF (HEIGN. EQ. 0} TREH 
GLF (NR) =GLF (NR) +ELF(L) 
ENDIF 
DO 240 J=1,NPE 
IF({NEIGH.EQ.0} THEN 
NCL={NOD(N,J)=1)} 4NDF 
ELSE 
NO=(NOD (H,7)-1) ANDF 
ENOLF 
Oo 240 37=1,HDF 
M=(3-1) 4NDPHT 
IF{(NEIGN.EQ.0) THEN 
Nc=#=NCL+73+1~-KR 
IF{NC.GT.0) THEN 
GLK (NR, NC} =GLK (NR, NC} +ELK (L,M} 
ENDIF 
ELSE 
HCsNC+1 
GLK (NR, NC} =GLK(NR,NC) +ELK(L,M) 
GLU INR, NC} =GLM (NR, NC) +ELM(L, 4) 
ENOIP 
CONTINUE 
CONTINUE 


Print global matrices when NPRHT > 2 


IF {NCOUNT.LE.1) THEN 
IF(NPRET.GE,2) THEN 
WRITE(ITT, 640) 
BO 260 1=1,NEQ 
WRITE(IT?,930) (GEK(I,3) ,J=1,NHBW) 
IF(NEIGH.EQ.0) THEN 
WRITE (TTT, 650) 
WRITE(IT?,930) (GLP (I} , I=1,NEQ) 
ENDIF : 
ENDIF 
ENDIF 


Impose BOUNDARY CONDITIONS on primary and secondary variables 


IF{NEIGHN.HE.O) THEN 


CALL EGNBOU (GLK, GLH, [RDY, ISPV,MAXSPV, NDF ,NEQ,NEQR,NSPY,NRHAX} 
Call SYSTEM subroutine ‘DGVCSF’ to salve the ETGENVALUE PROBLEM 


P2D06390 
Faposaoo0 
Pan06416 
Fabpoé429 
Fab06439 
F2Do0é6649 
F2noé6459 
F2po6469 
F2D06470 
F2006480 
F2D06490 
F2D06500 
F2D06510 
F2D06526 
P2D06530 
Fano6540 
Fabo6s40 
Fana656a 
F2D06570 
F2D06580 
F2B06590 
PF2006600 
F2D06610 
F2D06620 
F2bo06630 
F2D06640 
F2D06650 
F2D06660 
F2D06576 
F2b06520 
Fan0665¢ 
F2D067 00 
F2D06710 
F2D06720 
F2D0674060 
F2DG6740 
F2D06750 
F2b06769 
F2D06770 
FaDb06780 
F2D06790 
F2pcéa00 
F2D06810 
Fapo6820 
Fabo6a30 
F2b06640 
F2006850 
F2p06660 
F2bo6a7¢0 
F2D06980 
F2p05090 
F2D06900 
F2D06910 
F2D06920 
F2606920 
Pab06s40 
Pabdessa 
Fandas6a 
F2D06976 
F2b06980 
F2D06990 
F2p07000 
F2D07019 
F2D979029 
F2D07030 
F2007040 
Fano7o50 
F2o07060 
F2007670 
F2007086 
F2D0709¢0 
F2D07100 
F2D07110 
F2D07120 
F2007130 
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onoaan 


a 


aoe 


aaanv Le] 


aaa 


270 


260 


23a 


* 


to compute the elgenvalues and eigenvectors, and print them: 


EGNVAL{I} 
EGNVEC(1,3} 


Ith eigenvalue 
Jth component of the Ith eigenvector 


CALL DGVCSP(HEQR, GLE, NRMAX,GLM,NRHAX, EGNVAL, EGNVEC,NRMAX) 


WRITE CITT, 669) 
UF (UVALU. GT. NEQR} NVALU=REOR 
DO 270 Is1,NVALU 
IF{ITYPY.GE.2 .AND. NBIGN.EQ.1) THEN 
VALUE = DSQRT(EGNVAL(I)} 
WRITE (ETT, 840) 1, EGHVAL (1) , VALUE 
ELSE 
WRITE (ITT, 845)1, EGNVAL(I) 
ENDIF 
IF (NVCTR.NE.O} THEN 
WRITE (ITT, 850} 
WRITE (ITT, 930) (EGNVEC(J,1)} ,T=1,NEQR) 
ENDIF 
CONTINUE 
STOP 
ELSE 


CALL BOUNRY (ISPV, ISSV, MAXSPV,MAXSSV, NDF, NCMAX, NRMAX, NEQ, NHBW, 


NSPV ,NSSV, GLK, GLF ,VSPV, VSSV, NCOUNT, ENTIAL) 


F2007140 
F20c7150 
P2B07160 
F2D07170 
F2b07180 
F2D071490 
F2007200 
P2b07210 
F2b07220 
F2n07240 
F2no7240 
F2007250 
F2D072690 
F2b072740 
Fabo7250 
F2D07290 
F2507306 
F2D07310 
F2D07320 
F2D07330 
F2D02340 
F2no7356 
F2E07360 
#2007370 
F2D07380 
F2D07390 


Call subroutine SOLVE to solve the system of algebraic equationsF2007400 


fha solution is returned in the array GLF 


TIRES=6 
CALL SOLVER {HRMAX ,NCMAX, NEO, NHBW,GLK,GLF,[RES) 


LF(ITEM.NE.O) THEN 


For nonzero initial conditions, GLF in the very first solution 


is the acceleration, {A}=(MINV] ({F}-(K](U}} 


IF{NCOUNT.EQ.1 .AND. INTIAL. HE.0) THEW 
TP(ITEM.EQ.2) THEN 
To 280 I=1,NEQ 
GLA (1}=GLF (I} 
WRITE (ITT, 600} TIME 
WRITE(ITT, 930) {GLA(I},I=1,NEQ) 
GOTO 176 
ENDIF 
ELSE 
NT = NT +1 
TIME=TINE+DT 
ENDIF 
ENDIF 


Compute the difference between solutions at two consecutive tines, 


and calculate new velecities and accelerations 


DIFF=0.0 
SOLN=0.4 
DO 290 I=1,NEQ 
{P(ITEM.NE.O} THEN 
SOLN=SOLN+GLF{1] *#GLF (I) 
DIFF=DIFF+(GLF{I}-GLU(1} ) * (GLE (Z) -GLU(I)})} 
ENDIF 
IF (ITEM,EQ.2) THEN 
GLU (L}=A3* (GLF (1) -GLU(I} } -A4#GLV (1) -A5*GLA(E) 
GLY (L}=GLV (I) +A24GLU (I) +A2*CLA (1) 
GLA(I}=GLU(I)} 
ENDIF 
GLU(I)=GLF (T) 
IF(ITEM.NE.G .AND. NT.GT.1) THEN 
- NFLAG=0 
PERCNT=DSQRT (DIFF /SOLN) 
IF(PERCNT.LE.EPSLN) THEN 
WRITE (ITT, 980) 
STOr 
ELSE 
INTGR= (NT/INTVL} *INTVL 


¥F2D07410 
F2b07420 
F2p07430 
Fano7440 
Fab07450 
F2D07460 
F2aD07470 
F2d07480 
FaD07490 
F2D07500 
F2b07510 
F2bo7520 
F2007530 
F2b07540 
F2B07556 
F2D07560 
F2D07570 
F2p07880 
F2007590 
F2B07600 
F2D07610 
Fabg7620 
FaDoe7630 
F2p07640 
F2b07650 
F2D07660 
F2D07670 
F2p07680 
Fapo7ssa 
F2bo7700 
F2n07710 
F2D07720 
F2D07730 
F2D07740 
F2D07750 
F2007766 
F2007770 
F2n07780 
F2n07790 
F2b07a00 
F2p07810 
Febo7a20 
F2D07830 
F2bo7s40 
F2D07850 
F2D07860 
F2D07370 
F2D07T88O 


OOO 


neon 


300 


Print the scelution (i.e., nodal values of the primary variables} 
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IF(IRTGR.EQ.NT) NFLAG=1 
ENDIF 


ENDIF 
IF(NFLAG.NE.0}) THEN 


IF (ITEM.NE.O} THEN 
WRITE(ITT, 590} TIME,NT 
ENDIF 
WRITE{ITT, 660) 
IF(HDF,LE.3) THEN 
HOP=NDF 
ELSE 
HDF=3 
WRITE(ITT, 666) 
WRITE (ITT, 930) (GLU(I) , =¥DF ,HEG, NDF) 
ENDIF 


IF(TPYPE.2Q.0) THEN 


WRITE (ITT, 960) 
ELSE 

WRITE (ITT, 970) 
ENDIF 
IF (NDF.EQ.1) WRITE(ITT, 67) 
IF (NDF.EQ.2)} WRITE(ITT, 680} 
IF(NDF.GE,3) WRITE(ITT, 690} 
IF(ITYEE.EG,O} THEN 

WRITE (ITT, 946} 
ELSE 

WRITE (ITT, 970} 
ENDIF 
DO 300 I=1,NNH 
TI=KDP# (1-1) +1 
IJ=TY4HDF-1 


WRITE(ETT, 950) 1, (GLXY (I,J) ,Je2,2}, (GLU(J) ,J=T1, 7) 


WRITE(ITT, 970} 


ENDIF 


IF(IGRAD.NE.O)} THEN 


TF(NFLAG.£O,1} THEN 


aA eRe ke RDA EE RRR KE ee RE RR KR KR ke eR eK KE 


* 
* 
* 


POSTPROCESSOR UWNIPE 


& 
£ 
* 


tee Ra ERR RRA RRR RRR A RRR ER EEK HE HH 


Compute the 
or STRESSES 


IF(ITYPE,.LE.1) THER 
WRITE (ITT, 970} 
ELSE 
WRITE{ITT,940} 
ENDIF 
IP(ITYPE.LE.O} THEN 
WRITE (ITT, 730) 
IF{IGRAD.EQ.1) THEN 
WRITE (6,740) 
ELSE 
WRITE (6,750) 
ENDIF 
ELSE 
IF (ETYPE. EQ, 1) WRITE(ITT, 760) 
IF (ITYPE, GE, 2) WRITE({ITT, 770} 
IF (ITYPE, £Q.3) WRITE (TTT, 786) 
ENDIF 
IF(ITYPE.LE.1) ‘THEN 
WRITE (ITT, 970} 
ELSE 
BRITE (ITT, 940} 
ENDIF 


DO 320 N=i1,NEM 
DO 310 I=1,NPE 


GRADIENT of the selution far single-variable problens 
for viscous fiows, plane elasticity and plate bending 


F2B57830 
F2D07900 
F2Do79i0 
F2bD07920 
F2bo7940 
F2b07940 
F2D079506 
Fabo7960 
F2D07970 
F2D07990 
F2DO7990 
F2p08000 
F2b0s010 
F2p08020 
F2008030 
Fapdgo40 
F2b08050 
F2D08060 
F2B0a8070 
F200a8080 
F2p08090 
F2bo8i00 
F2D081i10 
F2D0B8120 
F2D08130 
F2D08140 
F2D08150 
F2D08160 
F2D08170 
F2Db08180 
F2bo0816o 
F2Doe8200 
Fapde210 
F2008220 
F2D08230 
F2b08240 
F2cbos8z50 
F2p0a260 
F2D08270 
F2008280 
F2D08290 
F2b0830G 
Fep0a310 
F2n03320 
F2b09330 
F2D098340 
F2BD0835¢ 
F2008360 
F2D08370 
F2D08380 
F2D08390 
Fabpoa8400 
F2D08410 
F2008420 
F2p08430 
F2D08440 
F2b08450 
Fepog460 
F2bo0s470 
F2p0a8480 
F2n08490 
F2008500 
F2b08510 
F2b08520 
F20D08330 
F200854¢0 
F2008550 
F2008566 
F2008570 
F2008580 
F2D085590 
F2D03600 
F2D08610 
F2no0a9620 
F2n08630 
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NI=HOb (W,1) F2po08640 

ELXY (I, 1} <GLX¥ (NI, 1) Fapaadso 

ELXY (1,2) -<GLMY (HY, 2) Fapoa6eo 

LI=(NI+1) *HDF F2D08670 

L=(I-1} *NDF F2poe6aod 

BO 310 J=1,NDF F2Dn8690 

LT=LI+1 F2D08700 

L=L+1 F2D08710 

ELU(L) =GLY (LT) F2D08720 

310 CONFIEVUE F2D08730 
320 CALL PSTPRC(ELXY, ITYPE, [ELTYP, FGRAD, MOF, NPE, THENS, F2D08740 
* ELU, ISTR, NSTR} F2D08756 
LE(ITYPE.LE.1}) THEN F2D08760 

WRITE(ITT, 970} F2p08770 

ELSE F2DG8780 

WRITE(ITT 940} F2D0B790 

ENDIF F2D088600 

ENDIF F2bp08s819 

ENDIF F2D08826 

c F2p08830 
IF(ITEM.NE.0) THEN Fzpessd0 

IF (RT.GE.NTINE)} THEN ’ F2b08850 

STOP F2pds8é60 

ELSE - F2p0ss70 

GOTO 179 ' Fenossso 

ENDIF F2D08899 

ENDIF P2pgaso0 

ENDIF — Fz2bp0s9i0 
STGF F2bogs20 

c F2D08930 
c FoR MAT & F2D08940 
c Fap0s950 
400 FORMAT (20A4) F2D08960 
410 FORMAT [(/,16X,'ANALYSES oF A POISSON/LAPLACE EQUATION } Fapoas7o 
420 FORMAT [(/,5X%,'CQEFFICIENTS OF THE DIFFERENTIAL EQUATION: ‘,//, F2b08458p 
* 8xX,'Coefficient, Alo dee e ew eeeennnnseeeeeaaae!,El2,4,/, F2DOasoso 

* AX, 'Coefficiont, ALK aseeseeeraeeeereraas .=!,E12.4,/, F2D09000 

* BX, Coefficient, ALY cccccsevesecnenceeesenns =), ElZ.4,/, F2OO90IG 

* BX, 'Coeffichant, AZO csesccrevensvseeecoeres =! El2,4,/, F2d09020 

* BX, Coefficlent, AZX cceseeeunccnevecessseet:@*;ElL2.4,/, F2D09030 

* BX, 'Coetficlent, AQY ccssccevvsveeuceeeeunsss=!,H12.4,f, F2DISOAO 

* BX, Coefficient, AQO psc sccssneenereeceaneccre 3? ELBA, f)  F2D09050 
430 FORMAT (/,;5%, "CONTINUOUS SOURCE COEFFICIENTS: ,//, F2D09080 
* 8X, ‘Coefficient, Fo cen stcceeeeeeeesenece ee ELZ.d,f, PF2D59070 

* aX, coefficient, FX peeracee™! ELZ,4,/, F2009080 

* 8X, coefficient, FY wee tceeeeeeeeeenensc eee! ELZ.d, f/f) Fabooosd 
440 FORMAT (/,5X, CONVECTIVE HEAT TRANSFER DATA?’ ,//, F2509100 
* 8X, 'Mumker of elementa with convaction, NBE .=',14,/, F2009110 

a 8X, Elements, their LOCAL nodes and convective’, /, F2p09126 

a aX, heat tranefer data:’,/, F2b09136 

a aX,'Bie. No.',4X,/End Nodes’,8X,/Film Coaff.7,6X, Fzb09140 

® 'PeEnfinity!’,/)} F2009150 
450 FORMAT ¢/,164,/A VISCOUS INCOMPRESSISLE FLOW IS ANALYZED? } F2D09160 
460 FORMAT (/,5%,’PARAMETERS OF THE FLUID FLOW PROBLEM: f/f, F2B09170 
4 8X,’ Viscosity of the Fludd, AMU ccccacccaeee 8? ,ELQ.4, f, F2D09180 

* 8X,’Penalty parameter, PENLTY w.ccccncers se ee™? pEL2.4,/} FabO9190 
470 FORMAT (/,16%,/A 2-D ELASTICITY PROBLEM IS ANALYZED‘} F2609200 
480 FORMAT (/,5%,/NUMERICAL INTEGRATION DATA: ‘,//, Fand6216 
* 8X,'Full Integration polynomial degree, IPDF =’,14,/, Fapog9226 

* 8X,'Humber of full integration points, NIPF =’,14,/, F2D09230 

* 9X,/Reduced Integration polynomial deg.,IPDR =",14,/; F2D099240 

* QX%,‘Ho. of reduced integration points, NIPR =',14,/, F2b03250 

* ax,‘Integ. poly. deg. for stress comp., ISTR =",14,/, F2D09260 

* 8X,‘No. of integ. pts. for stress comp.,NSTR =",14,/) F2B08270 
485 PORMAT (/,5X,/NUMERICAL INTEGRATION DATA:/,//, Fapo9280 
* 8X%,/Full quadrature (IPDF « IPDF} rule, IPDF =‘ ,14,/, F2p09290 

* 8X,/Reduced quadrature (IPDR x IFOR), IPDR =/,Id,/; F2D09300 

* 8X, Quadrature rule used in postproc., ISTR =/,14,/} F2bos310 
490-FORMAT (9%,/**PLANE STRAIN assumptian ia selected by userae’, f} F2b0e3206 
500 FORMAT (/,16%,/A PLATE BEHDING PROBLEM IS ANALYZED’ } F2D05330 
$05 PORMAT (16%, ‘##* using the shear deformation theory ***7} F2D09340 
506 FORMAT (16X, ‘##** using the classical plate theory eee F2D09356 
510 FORHAT (/,8X,‘**4PLANE STRESS assumption is selected by user**‘,/)F2009350 
520 PORMAT (/,5X, "MATERIAL PROPERTIES OF THE SOLID ANALYZED: /,//, F2D09370 
* 8X,‘Thickness of the body, THKNS ........0c.05/,812.4,/, F2D09380 
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8X,’Medulus of elasticity, Ei .,.--..-.-2.-..=',ElZ.4,/, 


‘ F2pas3s0 
* AX, Madulus of elasticity, E2 ..ssseeeeeeeees =',ElZ.4,/, F2D09400 
* 8X,*Poisson = ratio, ANUL2 .. lec ee ee eee eee 47 E12.4,/, F2B09410 
+ aX, Shear modulus, G12... ss eececssacencennn =), E1Z,4)} F2b09420 
530 FORMAT (aX,!Shear modulus, G13 ......csesseseeseaeses=",E12Z.4,/, F2009430 
* 8X,'’Shear modulus, G23 sere renee eae eae eeeee ee sbl2.4,/} P2bOSs40 
540 FORMAT (/,5X%,'PARAMETERS OF THE DYNAMIC ANALYSIS: /,//, F2n09450 
* 8X, ’Coeffictent, CO cere cess nev cccaaeweeeee e194, /, F2N09460 
x BX, fCoeffictent, CX ccc eee c cece c eee eee eee et, E124, f/, F2D09470 
* 8X, ‘Coeffictemt, CY we. eee eee eee eee emf EL2L 4) F2D09480 
550 FORMAT (8X,‘Time increment. used, PT 2... ees eee eee neet?,El2.4,/, F2D09490 
* 8X, ‘Parameter, ALFA wi. ccc eet ee eee eee ee=,bl2.4,/, F2009500 
* €X,/Parameter, GAMA cic cscs tte eee eee es Bleed, f, F2009510 
* 8x,/Number of time steps used, NTIME ......6.=",14,/, F2b09520 
* 8x,/Time step at which load is removed, NSTP.=’,14,/, F2b09530 
* 8x,/Time interval at which soln. is printed..=",34,/) F2b00540 
560 FORMAT (/,5%,/FINITE ELEMENT MESH THFORMATION: *, //, Fenossso 
* QX,/Element type: 0 = Triangle; > = Quad.}..=",14,/, F2p02569 
* BX,/Number of nodes per element, NPE rr shire oe a F2b03570 
* 8X,‘No. of primary deg, of freedom/node, NDF mi I4,/, F2D09580 
* SX,*Number of elements in the mesh, NEM .....=',I4,/, F2009590 
* 8X,‘Number of nodes in the mesh, NUM ........"°,14,/, F2D09600 
* 8X, ‘Number of equations te he solved, NEQ vee’, T4,/, F2D09616 
x 8X,/Half bandwidth of the matrix GLK, NHBW a= ,14) F2D096260 
570 FORMAT (8X,/Mesh subdivisions, NX and NY ..eeeseanes.=!,2T4,/) F2p09630 
580 FORMAT (5X,/Node x-coord. y-coord. Speci. primary 4 secondar2zp09640 
‘ry variables‘,/,38X,/(0, unspacified; >9, specified)’, F2009650 
* /,41%,’Primary DOF Sacondary DOF’) F2n09660 
590 FORMAT (/,5N,‘*TIME* af EV2.5,5X,' Tine Step Humber =‘ ,13} F2p09670 
600 FORMAT (/,5X%,'*PIME* =/,£12.5,' (Enitial acceleration vector:)',/)F2D09680 
610 FORMAT (/,54,’Element coefficient matrix: *,/} Fapo369o 
620 FORMAT (/,5X,’Element mass matrix: ',/) F2p09700 
630 FORMAT (/,5X, Element source vector;:’,/} F2b0971i6 
640 FORMAT (/,5X,‘Global coefficient matrix:?,/)} F2009720 
650 FORMAT (/,5X,'Globai source vectar:’,/} F2D09730 
660 FORMAT (/,5X%,‘S OLUTION :,/) F2D09746 
666 FORMAT (5X,'Nodal values of W,xy for conforming plate element: , /} F2b09750 
670 FORMAT (5%, ‘WNede x-coord, y-coord. Primary DOF?) F2009760 
680 PORMAT {5%X, "Node x-coord. yecoord. VYalue of uf, P2pos770 
£ , Value of v‘) F2D09780 
690 FORMAT (5X,/Node x-coord. y¥-coord. * deflee. w', F2D09740 
* i x-rotation y-rotation’} FZ009806 
700 FORMAT (/,5X,/Connectivity Matrix, (NOD)‘,/} F2D99810 
710 FORHAT (6X,‘No. of specified PRIMARY variables, NSPY =",14} F2D09820 
715 FORMAT (8X,‘*Na. of speci. SECONDARY variables, HSSV =',14,/) F2009830 
720 FORMAT {6%,’Node DOF Value‘ ,/) F2nosa4g 
720 FORMAT (4X,/The orientation of gradient vector is measured from F2D09850 
ithe positive x-axis‘, /) F2D09860 
740 FORMAT (4X,’x-coord. yocoord. -all(dufds) ~a22{dujdy}', F2p09870 
1 3X,’Flux Mgntd orientation'} F2posaad 
750 FORMAT (4K,’x-coord. y-coord, aza(dufdy}  -ali(dufdx)’, Feposaap 
1 3X,’Flux Mgntd orientation’) F2poss00 
760 FORMAT (5X, ’x-coord. y-coord, sigma-x siqma-y’, F2D099190 
* siqma-xy pressure! } F2p09920 
770 FORMAT (5X, 'x-coord. ¥eooord, sigma-x sigma-y/, Fabpog930 
at * siqma—xy" | . F2po9940 
780 FORMAT (5x," sigma~xz sigma-yz‘} F2p0e9950 
750 FORMAT (/,8X,'*4* A mesh of TRIANGLES is chosen by user 443°) F2D09960 
SO) FORMAT (/,4%,'*4* A mesh of QUADRILATERALS is chosen by User **4') Fapogo7o 
810 FORMAT {/,8X,'**%**44 An EIGENVALUE PROBLEM is analyzed 4#4#+++4/) P2009930 
820 FORMAT (/,8X%,'+4++4444% A TRANSIENT PROBLEM is anatygead #2244e44/) Poposgag 
530 FORMAT (/,8X%,/**4*44%% 2 STEADY-STATE PROBLEM is analyzed #2##*%%%°} F2p10000 
840 FORMAT(/,3%,/Eigenvalue(?’,I3,°) =m’, E15.6,3X%,'Fraquency =/,F13.5) F2bi0010 
845 FORMAT(5X,/E TG EN VALUE (',13,7) =',815.6) F2D10020 
850 FORMAT(/,5X,/E IT GENRVECTOR af): F2D19036 
$60 FORMAT (8X,75,5X,215,6X,E23.5,5%,E13.5) F2D10040 
370 FORMAT (5X, 13,2£12,.4,6%,19,9%,15} F2010050 
480 FORMAT (5X,13,2612.4,7%,314,2%, 414} F2010060 
885 FORMAT (5X,13,2E12.4,5X%,414,24,414) F2p10070 
890 FORMAT (12%,‘OUTPUT FROH PROGRAM *FEM2DV2* BY J. WW. REDDY’) F2D10080 
S00 FORMAT (20%,1015}) F2D10096 
910 FORMAT (2X,70(?_ 7),/3 F2D10100 
320 FORMAT (5X,13,26F12.4,8X,215,4%,215} F2D106110 
930 FORMAT (8X,5EH14.5) F2D10120 
940 FORMAT (2%,65{% “),/) F2R10130 
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950 FORMAT (5K,13,5514.5) , F2010140 
a60 FORMAT (5%,15,14,B14.5) F2D10150 
970 FORMAT (2%,77(° "9,/) F2Di0160 


980 FORMAT (/,3%,'*** THE SOLUTION HAS REACHED A STEADY STATE *44/) F2010170 
890 FORMAT (/,3%,/*#TRIANGULAR ELEMENTS ARE NOT ALLOWED POR PLATES*4*)F2p10180 
991 FORMAT (/,3%,/#STABILITY ANALYSIS IS ONLY FOR BENDENG OF PLATES*? ,F2D10130 


* /,3%,¢**** according to the classical plate theory kaekl) F2D10200 

EUD F2B10210 
SUBROUTINE BOUNRY {ISPV, ISSV,MAXSPV, MAXSSV, NDF ,NCMAX, NRMAX,NEQ, ¥F2D10220 

* NHBW SPY, NSSV,8, SL, V8PV, VESV, NCOUNT, INTIAL) F2D10230 

¢ F2pi0z740 
c F2D10250 
c The subroutine implements specified values of the primary and F2B10260 
c secondary variables by modifying the coefficient matrix [S] and F2Di0270 
¢ (banded and symmetric) and the right-hand side vector {SL}. F2Dicz80 
¢ F2b10296 
c F2D103900 
IMPLICIT REAL*S (A-H ,O-@) F2B10316 
DIMENSION S (NRMAX,NCMAX) , SL{NRMAX) , LSFY (MAXSPYV,2} ,-VSPV(MAXSPV} , Stee cee 

* TSS¥(MAXSSV,.2} , VSSV (MAXSSV} ? F2D10330 
COMMON /TO/IN, TTT F2bi0340 

c - F2019350 
TF (HSSV.NE.G} THEN F2D103260 
IF(INTIAL.£Q.0 .OR. NCOUNT.NE. 1) THEN t Fap1oea7o 

¢ F2piosad 
c Implement specified values of the SECONDARY VARIABLES: F2pi0390 
e F2010400 
bo 10 [=1,46sv F2D16410 
JI=(ISSV¢(I,1)-1) ANDF+ISS¥(I,2)} P2D10420 

10 SL(IE}=SL{II)+V¥Ssv(I) F2D10430 
ENDIF F2D10440 

ENDIF F2510450 

c F2D10466 
c Implement specified values of the PRIMARY VARIABLES: F2b10470 
c F2D10480 
IF(NSPV.NE.O} THEN F2D10496 

Do 50 NB=1,HSPY F2010506 
TE=(ISPV(NB,1}-1}*NDF+ISPV (NB, 2) F2D10510 
VALUE=VSPV (NB} F2p10520 
JT=NHBH-1 F2D10530 

I=TE-HHBY F2B10540 

BO 30 II=1,iT F2019550 

IeI+b F2010560 
IF(I.GE.1) THEN F201L0570 

J=LR-FE+1 F2010560 
SL(E}9SL(I)-8(1,7} *VALUE F2bi05a6 

S{I,J}=0.0 FZD10600 

ENDIF F2B10610 

30 CONTINUE F2010420 
S({IE,1}=1.9 F2010610 
SL(1E£)=VALUE P2ni0640 

I#IE F2010650 

DO 46 II=2,NHBW F2p10660 

ImI+1 F2D10670 
IF({I.LE.NEQ) THE F2p10680 
SL{I)=SL(I}-S (IE, EE) *VALUE FzDi0690 

S(IE,12}=0.0 Fzbic700 

ENDIF Pab107190 

40 CORTINUE F2010720 

50 CONTINUE F2B10730 
ENDIF F2D1L0740 
RETURN F2D10750 


EXD 


F2010760 
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SUBROUTINE CNCTVT (NBLEM, NHODE, NODES, MAXELM, MAXHOD, GLXY) 


Generates 


NEL1 


NELL = 
Ne) = Increment from element to the next in the row 


TELT 
HODT 
HPE 


NODE(TI} 
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First element in the row of elements 
Last element in thd row 


ne Node increment from one element to the next 


Number of noes per element 


of the first element in the row 


nodal connectivity array for a specified type of tesh 


Global node numbers corresponding to the Jecal nodes 


IMPLICIT REAL*& (A-H, 0-2} 


DIME 


Read 


HSTOH WODES (MAXEEM,%3) ,GLXY(MAXHOD, 2) ,NODE(49) 


element data 


READ(5,*} HRECEL 


DO 3 


READ(S,*} HELI,NELL, LELINC, NODINC,NPE, {NODE{1),1=1,NPE) 


IF(E 
IP(n 


0 TREC=1,NRECEL 


ELINC.LE.O} IELINC=1 
ODINC.LE.O} NODINC=1 


IF(NELL.LE.HEL1} NELL="EL1 - 


IP(R 


ENDI 
conT 


Da 5 
sUMXx 
SUMY: 
NEN= 
IF(W 


ELL.GT.NELEM) THEN 
WRITE(6, 60) 

STOF 

ELSE 
NINC=-1 

DO 20 NH=NELI,RELL, TELINC 
NINC=HINC+L 

DO 10 M=1,NPE 

NODES (i, H) =NODE(M) +HINC4NODING 
CONTINUE 

F 

INUE 


0 N=1,NELEM 
=0.0 
=6,0 
HPE 
EN.NE.4} THEN 
RO 40 M=5,NEN 
MM=HODES (N,M} 
TP{M.NE.9 .OR. M.HE.6) THEN 
M4=NODES (N,H-4} 
M3=NODES (N,M-3) 
IF(M,EQ.8) M3=NODES(N,1) 
IF (GLXY (MM, 1).EQ.1.E20} 
GLXY (MM, 1}=0.5* (GEXY¥ (M4, 1) +GLXY¥ (M3, 1) } 
EF (GLXY (MM, 2}.E0.1.£20) 
GLXY (MM, 2}=0, 54 (GLE (M4, 2} +6LXY (M3, 2) } 
IF(NEN.NE.8} THEN 
SUMX=SUMX+GLXY (M4, 1) 
SUMY=SUMV4GLXY (4, 2) 
ENDIF 
ELSE 
EF (GLAY (MM,2}.EQ.1.E20) GLXY(MM,1)=0.254SUMX 
IF {(GBXY¥ (MM,2).E0.1,E20) GLXY(HM,2)=0.25*S5UM¥ 
ENDIF 


49 CONTINUE 


5o 
6G 


ENDI. 
CONT 


4 
ENG 


SUBROUTINE EGNEOU(A,D, IBDY,ISPV,MXPY,NDF,NEQ,NEQR,NSPY MRM) 


Ymposes apecifled homegeneous boundary conditions on the primary 
variables by eliminating rows and columns corresponding to the 


spac 


F 
INUE 


FORMAT (/, ‘MSG from CNCTVP: Element number exceeds maximuin value‘) 
ETURH 


ified degrees of freedom 


F2D10770 
FP2bicvag 
F2D10790 
F2n 10800 
F20i0810 
FaDd10820 
F2D210830 
F2pice4o 
F2p1lts0 
Fabi0860 
Fap10a870 
F2D10880 
Fanidasa 
F2ni06090 
F2p10or0 
F2p10s20 
F2B—10930 
F2ZB10940 
F2D10850 
F2D10569 
F2b10870 
F2b10980 
F2p10990 
F2BL1000 
F2bLL010 
P2D11020 
F2D11030 
Fapi1640 
F2D11050 
F2D119060 
F2011070 
F2p11080 
F2D11096 
F2D41106 
F2D11110 
F2D11120 
F2D11135 
F2011140 
F2D11156 
F2D11160 
F2B11470 
F2B11180 
F2011190 
F2b11260 
F2011210 
F2bil220 
P2D11230 
F2D11240 
F2D11250 
F2D11260 
F2011270 
F2011286 
F2D11290 
F2014300 
F2D11310 
F2D113206 
F2D11336 
F2D11340 
F2D11350 
F2011360 
F2D11370 
F2D11380 
F2D11390 
F2D11400 
F2D11420 
FaD11420 
F2D11430 


Fab11440 
F2011450 
F2011469 
F2D11470 
F2D11480 
F2D11490 
Fabiisoo 
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60 
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APPENDICES 


IMPLICIT REAL*8 {(A-H, 0-2) 
DIMENSION A(HRH, NEM) , D(NRM,NRM} ,LSPV(HXPV, 2) , TADY (MXPV} 


DO id I=1,HSPV 
EBDY (1)=(TSPV(1, 1) <1) *NDP+ISPY(L, 2) 
DO 30 I=1,HSP¥ 
IMAX=IBDY(T} 
DO 20 J=1,NSPV¥ - 
IF(IBOY{J).GE.IMAX}) THEN 
IMAX=IBDY (J) 
IKEPT=J 
ENDIF 
COHTINUE 
IBDY {EKEET)=IBDY (I} 
IBDY (L}=IMAX 


CONTINUE 
HEQR = NEQ 
DO 80 T=1,NSPV 
IB=IBD¥ {T) 
IF(IB .LT, NEQR} THEN 
HEQRi=NEQR-1 , 
DO 60 II=IB,NEQR1 
DO 40 df=1,NEOR 
D{IL,J3}=D(II+3, 5g} 
A(IL,da)=A(11t1,d0} f 
BO 50 Jg=1,NEOR 
B(dd,TL}=D(JT, L141) 
A(JJ,II}=A(da,1I+2) 
CONTINUE 
ENDIF 
HEQR=NEQR-2 
CONTINUE 
RETURN 
END 


SUBROUTINE IHVRSE(A,B) 
IMPLICIT REAL*8 (A-H,0-2} 


The subroutine computes the inverse of @ 3x3 matrix,[A]; the 
inverse ia atored in matrix [B] 


DIMENSION A¢3,3), B(3,3) 


G(Z1,22,23,24) = 21*22 ~ £3424 

P(21., 22,23,24) = G(21,22,23,24) f DET 

GCAC2, 23,4 (3,3) ACS 3) pAU9e 2D) . 
ce G{AG2,97),4(3,2) ,AC2-2) ,A00,3)3 . 
3 G(A(2, 2) ,A(3,2) sA(Z, 2) ACB, 1D) 

DET = A(1,i)#C1 + A(1,2}*C2 + A({1,3}4¢3 

B{i,1) = F(A(2,2),8(3,3),A(3,2),4(2,3)) 

B(i,2) = -F(A(1,2),4(2,3),A¢1,3),4(39,2)) 

B(i,3) = F(A(L,2) ,AC2,3},A¢1,3),4(2,2)) 

B(2,28) = -F(A(2,1},A(3,3},A(2,3),4(3,1}) 

H(2,2) = F(A{1,1},4(3,3),A{3,1),4(1,3)}} 


B(2,3) *F(A(2,1),A(2,3},4(2,3) ,AC2,1}} 
B(3,1} F{A(2,1) ,A(3-2},A(3,1),A(2 2} 
B(3,2}) = -F(A(1,1),A(3,2),A(1,2),A(3,1)} 
B(3,3) F(A(1,1),A(2,2},A(2,1),A(1,2)} 
RETURH 

END 


SUBROUTINE ECHO{IN,IT} 


PIMENSION AA(20) 
WRITE(IT, 40) 

CONTINUE 

READ (IN,30,END=20} AA 
WRITE(IT,30} AA 

G0 To 16 

CONTINUE 


F2b11510 
F2D11520 
F2D11530 
F2011540 
F2D1L1550 
F2D11560 
F2Di 1570 
F2p1i580 
F2D11590 
F2b11600 
Pabiie1o 
F2b11620 
F2n11630 
F2D11640 
F2Dii650 
F2D11660 
F2D11670 
F2B11680 
F2011690 
F2011700 
P2011710 
F2D11726 
F2D11730 
F2021740 
F2Di1750 
F2D11750 
F2D11770 
P2D11780 
F2D117960 
F2011800 
F2D11810 
F2B11820 
F2011830 
F2D11840 
F2D11850 


F2DiLLes66 
F2611876 
F2b118a90 
F2611990 
F2B11900 
F2ZDL191i0 
F2D11920 
F2D11930 
F2D11840 
F2D11950 
F2D11¢60 
F2n11970 
F2n11980 
Fanii4s0 
Fabizc06 
F2D12¢10 
F2D12020 
F2D12030 
F2D12040 
F2D1205¢ 
F2D12060 
F2p12070 
F2D12080™. 
F2D12090 
F2D12100 
F2012110 
F2D12120 


F2D12130 
F2012140 
F2012156 
F2012166 
F2D12176 
F2012180 
F2012390 
F2D12200 
F2D12210 
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30 
40 
50 


120 


140 
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REWINO {IN} 

WRITE (IT, 50} 

RETURH 

FORMAT (20A4} . 

FORMAT (5X,7*** ECHO OF THE INPUT DATA STARTS #**?, /) 
FORMAT (SX,'#**** ECHO OF THE INPUT DATA ENDS ###4?, /)} 
END 


SUBROUTINE ELKMFR(NCOUNT,NEIGN,HPE,NN,ITYPE, ITEM) 


Element calculations based on linear and quadratic rectangular 
elements and isoparametric formulatian are carried out for all 
Glasses problems of the book. Reduced inteqrations are used on 
certain terms of viscous flow and plate bending problens. 


IMPLICIT REAL*S (A-H,O-2Z) 
COHMON/ STF fELY (27) , ELK (27,27) , ELM (27,27) , BLXY (9,2), ELU(27), 


1 ELV (27) ,ELA(27},A1,A2,A3,A4,A5 
COMMON /PST/A10,ALX,ALY,AZ0,A2X,A2Y,A00,CO,CX,CY,FO,FK,FY, 
1 


2 
a 
4 


2 
3 
4 


c44,C55,AMU, PENLTY , CMAT(3,3} 
COMHOW/SHP/SF {9} ,GDSF{2,9), SFH{16) ,GOSFH(2,16} ,GDDSPH(3,16) 
COMMON /PNT/IPDF, IPDR,NIPF,HIPR 
DIMENSION GAUSPT(5,5} ,GAUSWT(5,5) 
COMMOK/TO/IN, ITT 


DATA GAUSPT/5*G.0D0, -0.57735027D0, 0.5773502700, 32*0.0D9, 
~O, 7745966700, 0.000, O0.77459667D0, 2*0.0D0, ~0,.86113631B0, 


~O.39998104D0, O.39998104DG, 0.8611363100, O.0D0, +-0.90617Sa4b0, 


—4,53894699100,0.0D0,0.53846931D0,0. 90617984D0/ 


DATA GAUSWT/2.0D0, €40,0D0, 2%*1,0D0, 2*6.0D0, 0.559865555n0, 
O.g8880G5500, O.55555555D0, 240.000, GO. 3478546500, 
270,6522451505, O.34785485D0, O.0D0, 0.2369268600, 
O,47902807D0, O.S5688888ED0, 0.4 786286700, O.23692688D0/ 


NOF = NN/NPE 

IF (ITYPE.LE.3}) THEN 
NET=NPE 

ELSE 
HET=Hu 

ENDIF 


Initisiize the arrays 


BO 120 I = 1,NW 

IF(NEIGN,EG.O} THEN 
ELF(I) = 0.0 

ENDIF 

DO 126 4 = I,NN 

IF(ITEM.NE.¢) THEN 
ELM{1,7}= 0.0 

ENDIF 

ELK(I,J)= 0.0 


Do-loops on numerical (Gauss) integration begin here. Subroutine 
SHPRCF (SHaPe functiong for ReCYangular elements} is called here 


pO 200 NI = 1,IPDF 

DO 200 HJ = 1,7DF 

XE = GAUSPT(NI, IPDF} 

ETA = GAUSPT (NJ, IPDF) 

CALL SHPRCT (NFE,XI,ETA,DET,ELMY,NDF,ITYPS} 
CNS? = DET*GAUSWT (NI, IPDF) *GAUSHT (HJ, IPDF} 
¥=0.0 ° 

¥=0.6 

DO 140 I=-1,HPE 

KOX+ELKY (I, 1} 45F (1) 

YEYFELNY (1,2) #SF (1) 


IF{NEIGN.EQ.0) THEN 
SQURCE=FO+PXOX+FY RY 
ENDIF 


F2D12220 
F2012236 
F2012240 
F2012250 
F2D12260 
F2D12270 
F2B12280 


F2012290 
F2012300 
F2012310 
F2D12320 
F2D12330 
F2D12340 
F2D12350 
F2D12360 
F2D12370 
F2D12380 
F2012390 
F2012406 
F2p12410 
Feb12420 
F2D12430 
F2D12440 
F2D124590 
F2D12460 
F2D12470 
F2D12480 
Fani2490 
F2D 12500 
F2pL25i0 
F20D12520 
F2D12530 
F2D125490 
F2D125590 
F2D12560 
F2Di2570 
F2DI2680 
F2D12590 
F2D12600 
F2D12610 
F2D12626 
F2D12630 
F2D12640 
F2012650 
F2Di2669 
F2012670 
F2012680 
F2D12690 
F2012700 
F2D12710 
F2D12720 
F2D12730 
F2Di2740 
F2B12750 
F2D12766 
F2D12770 
F2D12780 
F2012730 
F2D12800 
F2D12$19 
F2D124820 
F2D12430 
F2apiz840 
F2Diz459 
P2D12860 
PaDi2a70 
F2D124a0 
F2D12890 
Fani2900 
F2B12910 
F2D12920 
F2D12930 
F2Di2940 


658 


oan 
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APPENDICES 
IF(ITEM.WE.O) THEN F2D1295¢ 
IF{ITYPE,LE,2) THEN F2Di29690 
CT=CO+CK*#X+CYRY F2D12976 
ENDIF Papi29480 
ENDIF Fapi299¢ 
IF({ITYPE.LE.O) THEN F2D4£3000 
ALI=A1LO+ALKAXTALE SY F2023016 
A22=AZO4+AZNEN+ADY AY F2013020 
ENDIF F2D13030 
F2b13040 
Ti=1 F2613050 
DO 180 Iei,NET F2b13060 
dgs1 Fap1i3070 
DO 160 J=l,NET F2p1i3080 
IF(iITYPE.LE.3) THEN F2D13090 
S00=SF (1} *#SF(J} sCHST F2D13100 
811=GDSF (1,1) 4GDSF{1,7)*CNST F2D13110 
S22=GDSF(2,]) *GDSF(2,7)*CusT F2D13120 
§12=GDSF (1,1) *6D8P(2,J7) *CNST F2013130 
&21=CDSF (2,1) *GDSF(1,J) 4Cust F2013140 
ENDIF F2033150 
IF{ITYPE.EQ.0}) THEN f F2D13160 
F2D13170 
Heat transfer and like problems (i.e. aingie DOF problems}: F2D13180 
F2D13190 
ELK(I,7} = ELK{I,7) + Al14*S11 + A22*S22 4+ AGOAsSd0 ‘ F2p13200 
IF(ITEM.NE.O} THEN F2013210 
ELM(I,J} = ELM(1,J} + cT#soo F2D13220 
ENDIF F2p13230 
ELSE Fabpis2do0 
TF(ITYPE.EQ.1} THEN F2b19250 
F2b13260 
Viscous {neompressible ftuids: F2D13270 
Compute coefficients associated with viscous terms (full integ.) F2D1328¢ 
F2D13296 
ELK (TE ,o.7) = ELK{II,JJ) + AMUA(2.04811 + 8225 -F2D13300 
ELK(EI+1,J3} = ELK(II+1,700) + ANU*S512 F2pi3316 
ELK(ZTI,JJ+1} = ELK{II,dJ+1} + AMU#321 F2013320 
ELK(LT+1,J3+1)= ELK(TI41,d0+1} + AMU*(SLL t 2.04522) F2B13330 
LTF(ITEM.HE.O} THEN F2013340 
ELM (II, NT} = ELM(I1, dg} + OT*S00 F2p13350 
ELM(II4+1,.00+1}= ELM(TI+1,00+1) + cT*so0 F2D13360 
ENDIF F2D13370 
ELSE F2013380 
IF{ITYPE.EQ.2) THEN F2013390 
F2D13400 
Plane elasticity problems: F2D13416 
F2D4£39426 
ELK (IE, dg} =ELK(I1,00) FOMAT (1,1) *S114CHAT (3,2) 4522 FODEIAI0 


ELK(IZ,JJ+1) =ELK(I1,Jd+1} +CMAT(1,2)*812+CHAT(3,3)*821 Fapia44o 
ELK(II41,J0) <ELK(II+1,03) +CMAT(1,2}*S21+CHAT(3,3)*912 F2b13450 
ELK(Ii+1, JI+1L}+ELK(1I+1,d0+1) +CMAT (3,3) *S114+CMAT(2,2)4822 F2D19460 


FE(ITES.NE.0} THEN F2D13470 

ELM (II, JJ} = ELM(II,Jd} + CT*s00 F2D13480 

ELM (IT+1,00+1)—= ELM(TI+1,07+1) + cT*soo F2D13490 

ENDIF F2b13500 

ELSE F2D19510 

If (ITYPE.GE.4} ‘PHEW . F2D13520 

F2D13530 

Classical plate theory: F2D13540 
F2D13550 


BM1=CMAT (1,1) #GDDSFH(1,7}+CMAT(1,2)*GDDSFH(2,J) F2D13560 
BM2=CMAT (1,2) *GDDSFH(1,J)+CMAT(2,2)*GODSFH(2,J} F2D13570 


BMS=2. O#CHAT (3,3) *GDDSFH(3,J} F2D13580 
ELK{I,7}=ELK{1, J) +CNST* (GDDSFH (1,1) *#BM1+ F2D13590 

GDDSFH (2, I} #BM2+2. O*GDDSFH (3, I} *BME) P2D13600 

IF{ITEM.NE.O) THEN F2D136i0 

$00=SFH (1) *SFH(J} 4CNST FzD1362¢ 

. SXX=CDSFH (1,1) #«GDSFH(1,7) #CNST F2D13630 
SYY=GDSFH (2, 1} #+GDSFH(2,2) *CNST FZD13646 
TF(NEIGN.LE.i} THEN F2D13650 
ELM(I,d)=REM(L,J} + CO#SO00+CX*SXX+C¥ASYY F2D13660 

ELSE F2D13670 

SXY=GDSFH (1, 1} *GDSFH(2 ,.7)*CNST F2D13680 


SYX=GOSPH {2,1} *GDSFH(1,7) *CuST F2D13690 


nog 
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ELM(I,7)<ELM(I,d) + COASKX + CH#SYY 


* + CYS(SXY¥ + SY¥X) 


ENDIF 
ENDIF 
ELSE . 


Shear deformable plate theory: 


ELK (II+1,d0+1)= ELK(IT+i, 7042} + 
CHAT (1, 1} 4#S2Li+CMAT(3,3} #922 
ELK (I1#1,J54+2}= ELK(TI+i,7I+2} + 
CHAT (1,2) #512+CMAT(3,3) 4924 
ELK(IT+2,JJ4+1)= ELK(IT+2,00+1) + 
: CHAT (3,3) *S12+CMAT (1,2) #521 
ELK (TI+2,d0+2)= ELK(LI+2,dg+2) + 
CHAT (3,3) *S11+CMAT (2,2) *322 
IF(ITEM.NE.0} THEN 
IF (NEIGH,LE.1) THEN 
ELM (14 a} = ELM(II,99)} + COtSOO 
ELM(IE+1,d0+1)= EEM(II+1,#7+1}) + cxsso0 
ELM (142, dd+2)= ELM(iT+2,77+2}) + cys*soo 


ELSE 
ELM(II,JJ} .. = BLM(IT, JF) +C0#811+0x%4822 
. +0¥8 (5121822) 
ENDIF 
ENDIP 
ENDIF 
ENDIF 
ENOTP 
ENDIF 


7 = NOFATH 
IF (NEIGN.EQ.0} THEN 


Source of the form fe = FO + FRAX + FY#Y is assumed 


IF(ITYPE.LE.3} THEN 
L=(I-1} 4NDP+1 
ELF(L) = ELF(L)+CNST#SF(I}*SOURCE 
ELSE 
ELF(I} = ELF(1}4CNST¢SFH (1) *SOURCE 
ENDIF 
ENDIF 
EE = NDOF*I+1 
CONTINUE 


IF¢(ITYPE.EQ.1 .OR. ITYPE.2Q.3) THEN 


Use reduced integration ta evaluate coefficients associated with 
penalty terms for flows and transverse shear terms for plates. 


DO 280 NI=1,7PDR 

DO 280 NJ=1, PDR 

MI = GAUSPT (NI, IPDR) 

ETA = GAUSPT (NJ, IPDR) 

CALL SHPRCT (NPE, XI,ETA,DET, ELXY, NDF, ITYPE) 
CNST=DET*GAUSWT {NI , EPDR) *GAUSWT (NU, IPOR) 


IIs1 
DO 260 I=1,NPE 
JJ =1 
DO 240 J=1,NPE 
S$11=CDSF (1,5) *GDSF (4,0) *CNsT 
$22=G0SF (2,1) *GDSF (2,7) *CHST 
512=GDSF (1,I}*#GDSF(2,J)*CNST 
§21=GDSF (2,1) *GDSF(1,7) *CHST 
TF(ITYPE.EQ.1) THEN 
viscous incompressible fluids (penalty terms): 
ELK (ii, 73} ELK(TI, 77) + PENLTY*511 
BLK(II+1,30) ELK(II41 0) + PENLTY*S21 
ELK (II, +1} ELK(TE, 7741) + PENLTYSS12 
BLK (II+1,00+1)= ELK(IY+£,00+1} + PENLTY*s22 
ELSE 


F2D13700 
F2D13710 
F2D13720 
F2613730 
F2513740 
Fab13750 
F2ab13760 
F2Di3770 
F2D13760 
F2Di3790 
F2D1i3800 
F2D130450 
F2D13820 
F2D13830 
F2D133490 
Fa2b13350 
F2D13860 
F2D13870 
F2Bb13880 
Fap13890 
Fabi3960 
Fabi39i0 
F2Di3920 
F2D13930 
F2D13940 
Fap13950 
Fab13966 
Fabi3g7a 
Feo13980 
F2B13290 
F2b14000 
F2p14010 
F2b14020 
F2n14030 
P2014040 
F2014050 
F2D14060 
F2D14070 
F2014080 
P2014050 
F2D014100 
F2p14110 
F2614120 
F2D14136 
F2D14146 
F2D}4150 
F2D14160 
F2D14170 
F2D14180 
F2014130 
F2014200 
Fap14ai0 
F2D14220 
F2D14230 
F2D14240 
F2014259 
F2014260 
F2D14270 
F2014280 
F2014290 
F2014300 
Fabi4410 
F2D14320 
F2D143136 
F2014346 
Fab1l4350 
F2b14360 
F2D14370 
F2014330 
F2D14390 
F2D14400 
P2D14410 
F2D14420 
F2D14430 
F2D14440 
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Shear deformable plates (transverse shear terms): 


F2Di4450 


SOO=SF (I) *SF (J) *CNST 

$10 = CDSF(1,I)*SF(J) *CNST 
S01 = SF(I)4*GDSP(1,J) *CNST 
S20 = GDS¥(2,1)*SF (J) *CHST 
S02 = SF(1)#@DSF(2,3)*CNST 


EEK(II, dd) = ELK(II,d2) 4 C5S*SLLtC44 #822 
ELK{II,¢7+1) = ELK(II,30+1) + C55*S10 
ELK(II+1,33} = ELK{II+1,30) + C55*S01 
ELK(II,Jd+2} = ELK{IT,J3+2} + €444820 
ELR(II+2,03} = BLK(IT+2,d7} +4 C44%s802 
ELK(II+1,SI¢1}= ELK(II+1,d7+£} + C55*#s00 
ELK (II+2,d0+2)= ELK(11+2,07+2} + c44tsoo 

ENDIF 

JJ=HDF#F+1 
TIsHDF*#I+% 
CONTINUE 
ENDIF 
RETURN 


SUBROUTINE ELKMFT(NCOUNT, NEIGH, NPE,NN,ITYPE, ITEM) 


f 
Element calculations based on linear and quadratic rectangular 
elements and isoparametric formulation are carried out for all 
classes problems of the book. Rediuced integration is used on 


penalty terms of viscous flow and plate bending problems. 


IMPLICIT REAL*6 (A-H,0-7} 
COMMON /STF/ELF (27}, ELK (27,27) ,RLM(27,27),ELX¥ (9,2) ,ELW(27), 
ELV (27},ELA{27} ,A1,A2,A3,A4,A5 


a 
COMMON/PST/ALO,ALX,ALY,A20,AR2X,A2¥,A00,C0,CX,C¥,FO,FX,FY, 
1 


129 


044,055,AMU,PENLTY ,CMAT(3,3)} 
COMMON /QUAD/AL1(7, 5) ,AL2 (7,5) ,ALI(7,5) ,ALWE(7,5) 
COMMON /PHT/IPDP, IPDR, NIPF,NIPR 
COMMON /SHP/SF(9} , GBSF (2,9) 
COMMON /IO/IK, IPT 


NDF = NN/HPE 


Call subroutine QUADRaTure to compute arrays of integration 
points and weights for the given NIFF and IPDOF 


CALL GUADRT (HIPF,IPDF) 
Initialize the arraye 


DO 120 I = 1,KK 

IF(NEIGN.EQ,0} THEN 
ELF(I} = 0.0 

ENOLF 

pO 120 J = 1,KN 

IF(ITEM.NE.G) THEN 
ELM(I,J}= 0.0 

ENDIF 

ELK(L,T}= 0.0 


Do-loop on the numerical integration begine here 


DG 200 NI = 1,NTPF 

ACL = ALL(NI,IPDF) 

AC2 = AL2(NI,IPDF} 

AC3 = ALG(WI,IPDF} 

CALL SHPTRI (NPE, ACL,AC2,AC3,DET, ELXY} 
CNST = 0, 5000*DET*ALWT (NI, IPDF} 
¥=0.0 

¥=0.0 

£0 140 I=1, NPE 

YoN+ELXY (1, t}*5F (1) 


140 ¥=¥+ELXY¥(E,2}*SF (1) 


FP2D14460 
Fab14470 
F2D14480 
F2D14496 
F2014500 
F2b14510 
F2014520 
F2014530 
F2D14540 
F2D14550 
F2D14560 
F2D14570 
F2D14580 
F2D14590 
F2514406 
F2bi4610 
F2014620 
F2D14630 
F2D14640 
P2014650 


F2014660 
F2014670 
F2014680 
F2014690 
F2b14706 
F20214710 
F2014726 
F2D14730 
F2014740 
F2D14756 
F2D14760 
F2D14776 
F2014780 
F2014790 
F2D14800 
P20148106 
F2D14820 
F2D14830 
F2D14849 
F2Di4850 
F2D14869 
Fepida7¢ 
F2D14980 
F2D14890 
F2D14900 
F2D14910 
F2D14920 
F20149350 
F2014940 
F2014950 
F2014960 
F2pi4970 
F2b14980 
F2014990 
F20158000 
F2p1s010 
F2bpi5020 
F2D15030 
F2n15040 
F2D15050 
Fabisd6o 
F2D150790 
F2015080 
F2b15096 
F2015100 
F2D15110 
F2bi5120 
F2Di5130 
F2D19140 
F2D15150 
F2D15160 
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, F2D15170 

IF (NEIGH. FEQ.0) THEN F2D15180 
SOURCE=FO+FX4*K+F¥*¥ F2D15190 
ENDIF . F2D15200 
IF ({ITEM.NE.6) THEN F2D15210 
OT =COACKER+CY*Y , F2D15220 
EHDIF™ F2015230 
TF (ITYPE.LE.O} THEN F2D15240 
ALLBALO+ALXAM+ALY AY F2D15250 
A22=AZOTAZRSXTAZLAY F2D15260 
BMDIF F2015270 
F2b15280 

TE=1 F2b15299 
DO 180 I=1,NPE F2p15300 
* JJ=1 F2D15310 
BO 160 J=1,NFE F2015320 
SQ0sSF{I) *SF (J) *CNST F2D15339 
$11-GDSF{1,1)*GDSF(1,J) *cHust F2D15340 
S22=GDSF (2,1) *Gpsr(2,J) achst F2D15350 
§12-GDSF (1,1) 4GDSF (2,7) *cnsT F2D15360 
521=GDSF (2,1) #GOSF (1,7) acnust F2D15370 
EF(ITYPE.EG.O) THEN F2D15380 
Fabi15390 

Heat tranefer and like problems (i.e. single DOF problems}: F2D15400 
ELK(I,7) = ELK(I,J) + A11*S£ii + A22*S22 + Agda*SOO F2Di5420 

IF (ITEM. NE.0) THEW F2015430 
FEM{I,7) = ELM(Z,7) + OT*so0 F2D15440 

ENDIF F2p15456 

SE F2015460 
IF(ITYPR.EQ.1) THEN F2D15470 
Febis480 

Viscous incompressible fluida: F2D15490 
Compute coefficients associated with viscous terms (full integ.) F2D15400 
F2D15510 

ELK (II wn} = ELEK{II,J7} + AMU*(2.0%541 + 522) P2D15520 
BLK(II+1,03) = ELK(IT+1,07) + AMU*S12 F2D15530 
ELK(II,du+i) = ELK(II,dJ+2}) + AMU*sS21 F2D15540 
ELK{Iit1,Jd+1}= ELK{II+1,33+1) + AMU*#(S1i + 2.04522) F2D15559 
EF(ITEH.NE.G) THEN F2D15560 
ELM(II,JJ) = ELM{IT,JJ} + ¢T*800 P2D15570 
ELM(Qi+1,JJ+1j)= ELM(1I+1,J7+1) + CT*s00 F2D15580 

ENDIP F2D15590 

ELSE rabpis6o0 
F2Di5610 

Plane elastiaity problems: F2bi5620 
Fapiseso 

ELK (IT ,JJ) ™ELK(II,3I} 4CMAT (1,1) *511+CHAT(3,3} #522 F2D15640 


150 


180 
200 


ELK(IT,JJ¢2} =ELK(YI,da+1}) +OMAT(1,2)*45i2+CMAT (3,3) #821 F2D15650 
ELK(II+1,33} =ELK(II+1,da}] +OMAT(1,2)4S21+cMAT(3,3}*512 Fapi56ea 
ELK (11+, 3341} ELK (II+1, Ja+i) +OMAT(3,3)*#S11+CMAT(2,2}4822 F2ZD15670 


IF(ITEM.NE.0) THEN F2D156890 

. ELM (II, JJ} =# ELM(II,JJ) + cresoo F2D15690 
ELM (II+L ,JI+1}= ELM(LI+1,J0+1) + cr*soo0 Foapis700 

ENDIF F2D15710 

ENDIP F2D15720 
ENDIF F2D15739 
aI = NDF*I+1 . F2D15740 
EF(NEEGH.EQ.0} THEN F2B15750 
F2b15760 

Source of the form fx = FO + FX#K + FY#¥ is asaumed Fapis?70 
Fabis7eo 

L=(I-1) *NBF+14 Fabis790 
ELF(L) = ELF (L)+CNST#SF(T}*S0URCE F2pEss00 
ENDIF F2D15810 
Il = NDF*I+1 . F2D15820 
CONTINUE F2D15830 
F2015840 

IF ({ITYPE.EQ.1 .OR. ITYPE.EQ.3} THEN F2DiL58s0 
F2D15860 

Use reduced integration to evaluate coefficients associated with F2pise70 
penalty terms for flows and transverse shear terms for plates, F2D153880 
F2D15830 

Call subroutine QUADRaTure to compute arrays of integration F2015900 


points and weights for the given HIPR and IPDR F2D15916 
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CALL QUADRT (HIPR, TPOR) 


DO 280 NE=1,NIPR 

ACL = ALA(NI,IPDR) 
AC2 = ALZ(NI,IPDR} 
AC3 = ALI(HL,IPDR} 


CALL SHPTRI(NPE,AC1,AC2Z,ACI, DET, BELAY) 


CNS? = 0.50D0*DET+ALWT (NI, IPOR} 


TI=1 

DO 260 T=1,NPE 
dt = 1 

DG 240 J=1,NPE 


S11=CDSF (1,1) #GDSF (1,7) *CNsT 
S22=-GDSF (2,1}*#GDSF {2,7} *CNsT 
512<GDSF(1,1}*GDSF(2,7}*cNsT 
S21=GDSF (2,1) *GDSF {1,7} AcnsT 


IP(ITYPE.EQ.1) THEN 


Viseous incompresaible fluids {penalty termes): 


ELK(II,dd} 

ELK(II+1,J7} 

ELK(II,dd+1} 

ELK(11+1,Jd+1) 
ELSE 


Hiads 


Shear deformable plates 


ELK (II, JJ} 
ELK (II+1,30} 
ELK (EI, JJ+1} 


+ 
+ 
+ 


F2D15926 
F2D15936 
P2D15946 
F2D15956 
F2015960 
F2D15970 
F2D15980 
F2D15990 
F2D16000 
F2D16010 
F2D16020 
F2D16030 
F2D16040 
F2D16050 
F25016060 
F2D16070 
F2p1i6680 
F2d16930 
F2pis6io00 
F2D16110 
F2p3rs120 


7 F2D1i6130 


PEHLTY*S11 
PENLTY*321 
PENLTY*512 


ELK(II+1,37+1) + PEWLTY*s22 


(transverse shear terms): 


SOO=SF (1) *SF (J) #cns? 

$10 = GDSF(1,I) *8F(a}*CNST 
801 = SF(L)*GDSF(1,7}*cnst 
S20 = GDSF(2,1) *SF(J}*cNST 
S02 = SF(T)*GDSr (2,0) *cNST 


ELK (IT, 77} = 
ELK (TE ,dd+1) 
ELK(LE+1 dd} 
ELK (IE, dg+2) 
ELK(EI4+2 ,Jd} 
ELK(II41, 3741) 
ELK (II +2 ,Jd+2)= 
ENDIF 


Honon tt dl 


240 JJ=NDF*J+1 
260 IL“HDF4*I+1 
280 COHTINUE 


ELK (IL, Jd} 
ELK (I1,dd+1) 
ELK(II+1, Jd} 
ELK (II, JI+2} 
ELK (IT+2, JJ} 


+ 
+ 
+ 
+ 
+ 


ELK(II+1,33+1) + 
ELK(IT+2, 3342} + 


CSS*S11+Cede5za 
C$54510 
554501 
C44%*520 
C44%S02 
c552S06 
C447800 


SUBROUTINE MSH2DG(NELEM, NNODE, NODES, MAXELM, MAXNOD, GLXY} 


Generates nodal point coordinates for apecified type meshes 


NODL = First node number in the line segment 
HODL = Last node number in tha line segment 


HODINC= Nede increment from one node to the next along the line 


41,¥1 = Global coordinates of the first node on the Line 
XL,¥L = Global coordinates cof the last node on the line 


RATIG 


IMPLICIT REAL#Aa (A-H,O-2Z) 


DIMENSION GLXY(MAXHOD, 2) 


BO 10 T=i,NNODE 
GLAY (I, i) =1.E20 
GLEY (I,2)91.E20 


Read number of the records (line segmmentsa) and data in each line 


READ (5, *}NRECL 
GG 30 TREC#1L,NRECL 


The ratio of the first element te the last element 


F2D16140 
F2D16150 
F2Di6169 
F2D16170 
F2D16180 
F2D16190 
F2D16200 
F2D16210 
F2D15220 
F2Di6235 
F2ni6240 
F2D16250 
F2D16260 
F2Di6270 
F2D16280 
F2D16290 
F2D16300 
F2p16310 
F2016326 
F2016330 
F2D16340 
F2D16350 
F2D16360 
F2D16370 
F2D16380 
F2D16390 
F2D16400 


F2D16410 
F2D16420 
F2b16430 
F2D16440 
F2D1i6450 
F2D16460 
F2D16470 
F2516480 
F2D16490 
FP2p16500 
F2D16510 
F2D16520 
F2D16530 
F2bi6540 
F2b1i6550 
F2016560 
F2b16570 
F2D16580 
F2D15550 
F25016600 
F2D1i6610 
F2D16620 
F2D16630 
F2D16640 
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READ (S, 4})NOD1,NODL, NODINC, X1, ¥1, XL, Yu, RATIO 
IF (NODL.LT.NOD1) NODL = NODL 
IF{NOD,,HE.HOD1) THEN 


20 
ENDT 


IF (NODINC.LE.OG}) WODINC = 1 
IF (RATIO.LE.0.0} RATIO=1.0 
HODEF = (NODL-HOD1) /NODING 
XLISNL-X1 

¥YL1=¥L-¥1 

GLKY{HOD1, 1)=X1 

GLXY (NODL, 2)=¥2 

ALNGTH=DSORT (XLL*XLL+¥Li4*¥1L1) 
ALINC={2, O*ALNGTH/NODIF} *RATIO/ (RATIO+1.0) 
ALRAT=ALINC/RATIO 
IF(HODIF.NE.1) DEL=(ALINC-ALRAT) / (NODIF-1)} 
IF (HODIF.EQ.1) DEL=0.0 
SUM=0.0 

Im-1 

DO 20 N=1,NODIF 

TmT+i 

SUMSSUM+ALINC-I*DEL 
NI=HODL+N*HODINC 

GLXY (NI, 1} =X1+5L14SUM/ALNGTA 
GLXY (NI, 2) =¥14¥L1*8SUM/ALNGTH 
CONTINUE 

F 


36 CONTINUE 


CALL CNCTVT (NELEX, NHODE, NODES, HAXELM,MAXNOB,GLKY) 


RETURN 


END 


~SUBROUTINE MSH2DR(IEL, IELTY® ,NX,NY,HPS,HNM, HEH, NOD,DK,D¥,X9,¥0, 
GLXY, HAXNEM, MAXNNH, MAXNX, MAXHY) 


1 


The subroutine generates arrays [NOD] and (GLAY] for rectangular 
ing. The domain is divided into WX eubdivisions alang the 
x-direction and N¥ subdivisions in the y-direction. The subdivi- 
sions.define ractangular elements of the type required. 
trianquiar element mesh, the subdivision defines two linear ele- 
ments with their common diagonal being inclined to the right. 


doma 


IMPLICIT REALAS {A-H, 0-2 


} 
DIMENSION NOD{MAXNEM, 9} ,GLXY (HAMNNM, 2) , DX (MAXHX) , DY (MAANY) 


COMMON /I0/IN, ITT 

NEX1 = NX+i 

HEY = NY+1 

xx = TELANX 

NYY = IELSNY 

WUXL = NEX + 4 

NYYi = HYY + 1 

HEM = NX*NY 

IF (TELTY?. EQ, 0) NEM=2*X*HY 
RNM=HEE ANY YL 


IP(HPE.EQ.8}0NM = NXMG*HYY1 -— NX*HY 


IF{I 


Generate the array [HOD]: 


ELTYF,EO.0} THEN 


TRIANGULAR ELEMENTS 


NX2=24NX 
HY2=24nY 
NoD{t,1} = 4 
nop{i,2} = TEL¢1 


NOD(i,3) = LTEL*NXK1+LEL+2 
IF(NPE .G¥. 3) THEN 


NOD{1,4) = 2 

HOD(1,5) = NXXL + 3 

NOD(1,6) = XXL + 2 
ENOIF 


Nop(2,4) = 1 


F2016650 
F2016660 
F2616670 
F2D16680 
F2D16690 
Pab1é700 
FaDlé7io 
F2D16720 
F2bi6730 
F2b16740 
F2016750 
F2D16760 
F2D16770 
F2D16780 
F2D1L6730 
F2Di6800 
F2D16816 
F2D16820 
F2D16830 
F2D16840 
F2D16850 
F2516860 
F2D146876 
F2016880 
F2b16690 
F2016300 
F2D16910 
F20169290 
F2016930 


F2p16940 
F2D16956 
F2n16966 
F2D16970 
F2D169380 
F2D16950 
F2D17000 
F2D17010 
F2b17020 
F2D17030 
F2aD17046 
F2D17056 
F2D17060 
F2Di7070 
F2D170380 
F2D17090 
F2D17100 
F2D17110 
F2D17120 
F2D17k390 
F2D17140 
F2017150 
F2D17160 
F2017170 
F2D171806 
F2b17190 
F2Di7200 
F2D17210 
F2D17220 
Fz2017230 
F2017240 
F2D17250 
F2D17260 
F2ab17276 
F2D17280 
F2D17290 
F2D17300 
F2Di7310 
P2b17320 
F2DI7330 
F2D17340 
F2B17350 
FeDp1736a 
F2D17379 
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40 


60 


100 
110 


izQ 


430 
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NOD(2,2}) = NOD{1,3} 

H00(2,3) =. IBLANX1+1 

TF (NPE .GT. 3} THEN 
Won(2,4) = NOD(1,6} 


Won(2,5} = NODf1,3} - 1 
Won(2,6} = NOD(2,4} - 1 
ENDIF 
K=3 
DO 60 T¥=1,nY 
LaL¥4Nx2 


M=(L¥=1) #NX2 
TF(HX.GT.2) THEN 
DO 30 H=K,L,2 
pO 20 1=1,NPE 


NOD(N,I) = NOD(N-2,I)+IEL 
NOD(N+1,E}= NOD(N-1,1)+IEL 
CONTINUE 

ENDIF 

IF(IY.LT.N¥} THEN 
DO 40 T=1,HPE 
HOD(L+1, E}=NOD(M+1, 1} +LELANKNY 
HOD(L+zZ, 1} =NOD (M+2, 1) FTELANKXA 

ENDIF 

K=L+3 

ELSE 


RECTANGULAR ELEMENTS 


Ko = 0 
IF (NPE .EQ. 9) Koel 


NoD(i, 1) = 1 
NOD(2,Z) = LEL+1 
NOD(2,3) = N¥XL+(LEL-LLS#NEXI+ZEL+1 
JF(RPE «EQ. 9} NOD(1,3)=44NX+5 
NOD(1,4) = NOD(1,3) = IEL 
IF(HPE .GT. 4) THEN 
HOD{1,5) = 2 
NOD(1,6} * NMXL + (NPE-6} 
NoD(1,7} = NOD(1,3}) - 1 
HWon(i,a} = NX¥1+2 
IF(HPE .E0, 9} THEN 
HOD(1, 3) =NXXL+2 


EF(WY .GT. 1) THEN . 
Heil 
BDO 110 N = 2,N¥ 
Lo= (N-1)4NX + 21 


bO 100 I = 1,NPE 
HOD(L, I) = NOD(M,1}4NXX14 ¢(2EL<1) sNER1+KO4NK 
K=L 

ENDIF 


IF(NX .GT ,1) THEN 
BO 140 NI = 2,NX 
DO 120 I = 1,NPE 
Ki = TEL 
IF(I .EQ. § .OR, I .EQ. 8)Ki=1+KO 
NOD{HI,1) = NOD(NI-1,1)+K1 
Mo= HE 
DO 140 Wd = 2,N¥ 
L = (HJ+1)4NX+NI 
DO 130 J = 1,NPE 


NOD({L,7}) = NOD(M, 7) +NXXA+(LEL-1)} #NEX1+KOeNx 


Mab 
__ ENDIF 
ENDIF 


Generate the global coordinates of the nodes, 


DX (NEXL}=0.0 
DY (NEY1}=0.4 


{GLXY]: 


Fabi7iso 
F2b17390 
F2b17460 
Fapl7410 
F2p17429 
F2D1L7430 
F2D17440 
F2017450 
Fapi7¢6o 
F2b17470 
F2p17480 
F2D17490 
F2D17500 
F2D17510 
F2D17520 
F2P1L7539 
F2D17540 
F2DL7550 
F2D17566 
F2D17570 
F201 4580 
F2D17550 
F2D17600 
F20176i0 
F2Di7629 
F2D17630 
F2D17640 
F2D17650 
F2D17660 
F2D17670 
F2D17680 
F2017690 
F2D1L7700 
F2Di771i6 
F2Di7720 
F2D47730 
F2B17740 
F2Di7750 
Fabi?Téo 
F2017776 
F2b17780 
F2B17790 
F2B17800 
F2D17810 
F2017820 
F2017836 
F2bi7a40 
F2D1i7a50 
F2017860 
F2b1i7a70 
F2D17830 
F2D17890 
F2017900 
F2D17910 
F2D17920 
F2b17930 
F2D17940 
F2D17950 
F2017960 
F2DL7979 
F2D1L7980 
F2D17996 
F2018006 
F2D18016 
F2018020 
F2018030 
F2D18046 
F2D19050 
F2018060 
F2D18070 
F2D16060 
F2D18096 
F2018100 
F2018116 
Fab18126 
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XC=XKo F2DL8130 
yc=vo P2D18140 
IF(NPE .EQ. 8) THEN F2018150 

DO 260 HI = 1, NEY1 F2D218160 

I = {HHXL+NEX1) *(NI-1L)t1 F2D18i70 

3 = 2441-1 , F2p18180 
GLAY(i,1) = xe F2018199 
GEXY(1,2) = Yc F2018200 

BO 150 HJ = 1,NX F2D18210 

DELX=0. 5%DM(HT} F2D18229 

T=THi F2018230 
GLAY(I,1} = GLMY(I-1,1)+D8LX F2D18249 
GLXY(I,2} = YC F2D18250 

TsT+1 F2D18260 
GLXY(I,1} = GLEY (I-1,1}+DELX F2D18270 
GLXY(I,2} = ¥¢ Fapis2ao 

150 CONTINUE F2B1i8290 
IF(NI.LE.HY¥) THEN P2018300 

- I = Itt F2b18310 

¥C= ¥C+0.54DY (NT) P2018320 

GLEY(1,1) = Xe F2D38336 

OLKY({T,2) = ve F2bis34¢ 

PO 160 II = 1, NX F2D18350 

Y= I+ F2D18360 

GLYY{(I,1} = GLAY{I-1,1)+DX {II} F2016376 

160 GLXY(I,2} = ¥c P2D18386 
ENDIF Fapisso¢ 

. 190 f YC = ¥C+0, 5*DY (NI} Papi8400 
c F2D18440 
ELSE F2n18420 
yce=yo F2pis430 

DO 200 NI = 1, NEYL F2D18449 

xc = x0 F2D18450 

E = NXXL*LEL* (NI-i) F2D19460 

DO 190 NOI = 1, WEXKi F2D18470 

T=i+1 F2D18480 
GLEY(I,1) = xe F2D18490 
GLXY(I,2) = ¥c Fapiasoo 

IF (HI.LT.NEX1) THEN F2018520 
TF(IEL.EQ.2} THEN F2n1as20 

T=I+i F2D18530 

HC = KC + 0.5#DX(NO} F2nies46 

GLEY(I,1} = Xe F2b18550 

GLXY(1I,2} = Ye F2D18560 

ENDIF F2D18570 

EXDIF F2D18580 

190 Xe = XC + DX(NT}/IEL F2D19590 
Xe = Xo F2D19600 
IF{IEL.£O.2) THEN F2D18610 

¥C = YO + O,S*DY¥(HI) F2D18620 

DO 195 NO = 1, NEX1 F2D18630 

I=sI41 F2D18640 

GLYY(I,1) = Xe F2D186450 

CLAY (1,2) = ¥c F2D18660 
IF(NJ.LT.NEX1) THEN F2D18670 

T=I4+1 F2D186a0 

XC = Xo + 0.54DX (NT) F2D18690 

GLXY(I,1) = xe F2D1a700 

GLXY(T,2) = Y¢ F2D18710 

ENDIF F2D18720 

195 Ke = XC + 0. 58DxX (NO) F2D18730 
ENDIF F2D18740 

200 ¥C = ¥C + DY(NI) /IEL F2D18750 
ENDIF F2018766 
RETURN F2018770 
END . F2D18780 
SUBROUTINE PSTPRC(ELSY, ITYPE, [ELTYP, IGRAD, NOF, NPE, THENS, ELU, F2D18790 

* TSTR,HSTR} F2018890 
F2D18810 

F2D18820 


AoA oAa 


Computes the derivatives of the solution for heat transfer like F2D18830 
problems and stresses for fluid flow, plane elasticity and plate F2D18840 
bending probleme. 


F2bi8850 
P2DLés6o 
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IMPLICIT REAL*$ {A-H,0-Z) 
DIMENSION X(3},¥(3),GAMA(3) ,BEPA(3),ELX¥(9, 2), ELU(27} ,GAUSPT(4,4)F2D18890 


COMMON /PST/A10,A1%,A1¥,A20,A2K,A2¥,A00,C0,CX,C¥, FO, FX, FY, 


COMMON /SHD/SF (9), GDSF(2,5} ,SFH(16) ,GDSFH(2,16) ,GDDSFH(3,16) 


044,C55,AMU, PENLTY ,CMAP (4,3) 


COMMON /QUAD/AL1(7,5) ,AL2(7,5} ,AL9(7,5),ALWT{7, 5) 
COMMON /TO/IN, ITT 


DATA GAUSPT/44#0.0D0, -O.5773502700, O.5779502700, 24*0.0D0, 
~O.77d59607D0, B.000, O.77459667D0, 0.6D0, -0.86113631D0, 


-O,39998104D0, 0.33998104D0, 0.86113631D0/ 


Pl#4,0D0*DATAH (1.000) 
CONST=180.0D0/P1 
IF{IELTYP.EO.0) THEN 


Computation of the gradient/streasses at the reduced-integration 
points of TRIANGULAR ELEMENTS: 


CALL QUADRT (NSTR, ISTR) 


DO 40 NI=1,HSTR 

ACL = ALL(NI,ISTR} 

AC2 = AL2(NI,ISTR} 

AC3 = ALG(HI,ISTR} 

CALL SHPTRI{NPE,ACL,AC2,ACI,DET, ELEY} 
xC = 0,0 

vo = 0.0 

DO 1¢ I=1,NPE 

XC = XC+SFP(T} *ELNY(I, 1} 
YO = ¥C+SF(T} #ELNY(T, 2} 
IF(ITYPE.LT.3} THEN 


o.0 
0.0 
o.0 
= 07,0 
20 I[=],NPE 


teu 


JoNOFst-L 
IF (I TYPE, EQ.0}J=1 


Ux 
Uy 


= UX + ELU{J}4#GDSF(1,1) 
= UY + BLU(J)#¢DSF (2,1) 


IF{ITYPE.GE.2E) THEN 


K=J+1 
YX = VX + ELU(K) *GDSF(1,1} 
V¥oo= V¥ + ELU(K)#GDSF{2,1} 


ENDIF 
CONTINUE 


IF(ITYPE.EG,0}) THEN 


Single-degree-of-freedon problems: <<---~+++-+=--------------------- 


SX = ~{A1LO+ALX#XC+ALY#¥C) 4X 
SY = _ = (AZO+A2MANCHAZYAYC) AOY 
VALUE= DSQRT(SH4424+5¥ 442) 
IF (IGRAD.EQ.1} THEY 

Qx=sX 


IF(QX.£0.0.0) THEN 
IP(QY.LT.0.0) THEN 
ANGLE =-90.0 
ELSE 
ANGLE = 90.0 
ENDIF 
ELSE 
ANGLE=DATAN2 (QY ,QX} *CONST 
ENDIF 
WRITE{ITT, 200) XC, ¥C,Q%,Q4, VALUE, ANGLE 


ELSE 


F2D18670 
F2D18880 


F2D18900 
F2b1i8910 
F2D18920 
F2b18930 
F2D18940 
F2D18950 
F2D18950 
F2D18970 
F2D18380 
F2D18990 
F2D19000 
F2D19010 
F2Di9020 
F2D19030 
F2D15040 
F2D19050 
F2D19060 
F2D12070 
Fz2b19080 
F2D199090 
F2D19300 
F2D19i190 
P2B19120 
F2b19130 
F2p191490 
FaDis150 
F2D19160 
F2D19170 
F2Di91leo 
F2DL9190 
F2D19200 
F2D19210 
F2D19220 
F2D19230 
F2b19240 
F2B192h0 
F2B19260 
F2B19270 
F2019280 
F2D19290 
F2b13300 
F2D19310 
F2D19320 
F2D19330 
F2D19340 
F2D19350 
F2D19360 
F2D19370 
F2D19380 
F2D19390 
F2019400 
F2b19410 
F2B19420 
F2D19430 
F20194460 
F2D19450 
F2D019460 
F2bi94d76 
F2D19486 
F2bis496 
F2D19500 
F2D1$510 
F2019520 
F2D19530 
F2019540 
F2019550 
F2619560 
F2b19570 
F2D19580 
F2D19590 
F2019600 
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IF(ITYPE.EG.1) THEN 


“‘iscous incompressible flows (penalty model) t----+-e7~---------- 


PRESSR = =PENLTY* (UX+VY} 
SPRESK = 2. O*AMU*UX-PRESSR 
STRESY = 2. 0*AMU*¥VY+PRESSR 
STRSXY = AHU*(UY+Vx) 


F2D19610 
F2D19620 
F2D19630 


77F2D19640 


F2D19650 
F2D19660 
F2D196706 
F2D19686 
F2D19690 


WRETEC(ITT, 300} XC, ¥C,STRESX, STRESY,STREXY,PRESSR F2D19700 


ELSE F2019710 

F2019720 

Plane elasticity problems: ---~-~---—-—-—---—-——— nnn weno F 3019730 
F2b19740 

STRESX = (CMAT(1,1)*UX+CHAT(1L, 2) *VY) /THENS F2019750 

STRESY = (CNAT(1,2}*DX+CMAT(2,2) *VY) /THRNS F2019760 

STRSXY = CMAT (3,3) 4 (U¥+VX) /THRNS F2DLS77G 

WRITE(ITT, 300) XC, ¥C, SPRESX, STRESY , STRSXY F2E19780 

ENDIF 1 FeD19796 

ERDIF F2019800 

ENDIF F2619810 

40 CONTINUE F2D19820 
ELSE F2pi9839 
F2p19840 

Calculation of the gradient/stresses at the reduced integration F2D19850 
gauss points of RECTANGULAR ELEMENTS: P2D19860 
. F2D19870 
_ DO £00 NI=1,I8TR FaDLg8s0 
DO 100 NJ=],25TR P2DL98960 

XE = GAUSPP(NI, 137} F2bi9900 

ETA = GAUSPT (NI, ISTR} F2ni9910 
CALL SHPRCT (NPE, XI, £TA,DET,ELXY,NDF,ITYPE) F2D19920 

Fe - 0.0 F2019530 

yc = 0,0 F2b19940 

BO 50 I=1,NPE F2D18950 

xC = XC+HSF(1) *ELXY(1I,1} Fabiss6o 

50 YO = ¥C+4SE(I) *EEXY (1,2) F2D19970 
IF(ITYPE,LT.3) THEN Fep199ac 

UX = 0.6 FP2p19990 

Uy = 3.6 F2D20000 

vx = 0.0 F2D20010 

VY = 6.0 Feb2a020 

BO 60 I[=1,NPE F2020030 
J=NDF#I-1 F2020040 

IF (ITYFE. EQ.O0}J=i F2b20050 

UX = UX + EL.) *GDSr(1,T) F2B20060 

UX = UY + ELU(T)2GDSF (2,1) F2R20070 

IF (ITYPE.GE.1) THEN F2D20080 

Kad+1 F2520099 

VXoo= VX + ELU(K}4*GDSF (1,1) Fab20b00 

VYoo= V¥ + ELU(K}*GDSF(2,1} Fep20110 

ENDIF F2D20120 

40 CONTINUE F2D20136 
F2020140 

IF (ITYPE.EQ.0) THEN F2D20150 
F2D20160 

Single-degree-of-freedon problems: ---=-.------------- poets eeene ee FID20170 
F2D201]80 

sx = -(ALOFALX*AXC+ALYSYC) #UX F20289190 

ay =m -(A2O+A2K*XC+AZYA YC} AUY F2020200 

VALUE= DSORT(5X**2+SY%%2) F2D20210 

IF (IGRAD.EQ.1} ‘THEN F2020220 

Ox=8K F2020230 

OY=s¥ F2b020240 

ELSE F2020250 

OX=-3Y¥. F2020260 

Q¥= SX F2020270 

ENDIF F2D20290 
IF(OX.20.0.0) THEN F2b20290 

TF (OY.LT.0.0) THEN F2020300 

ANGLE =-90,0 F2020110 

ELSE F2p20320 

ANGLE = 50.90 F2D20330 

ENDIF F20203740 
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ELBE 
ANGLE=DATAN?2 (Q¥ , OX} *CONST 

ENDIF 

WRITE(ITT, 200} XC, ¥C,OX,QY, VALUE, ANGLE 


ELSE 


Viscous incompressible flows (penalty model} :------------~-~ 


IF(IT¥YPE.EQ.1) THEN 


PRESSR = -PENLTY*(UX+V¥} 
STRESX = 3, 04AMUAUX-PRESSR 
STRESY = 2. 04AMU*VY—-PRESSR 
STRSKY = ANUS (UY+¥X} 


F2020359 
F2020360 
F2020370 
F2020380 
F2D203960 
F2D20406 
F2b20416 
F2026420 


camel F2b20430 


F2D20440 
Fap20450 
F2D20460 
FeD20470 
F2b20480 


WRITE(ITT,300) XC, ¥C,STRESX,STRESY,STRSXY,PRESSR F2D20490 


ELSE F2b20500 

F2DB20510 

Piane elasticity problems: qc + +ssssenesseunnnes-------- o---------- F2D20520 
P2D20530 

STRESK = (CMAT(1, 1) 4*UX+CMAT(1,2}*#V¥) {/THENS F2Bb20546 

STRESY = (CHAT£1,2)4UX+CMAT(2,2)#VY¥) / THENS F2D2 0550 

STREXY = CMAT(3,3} 2 (OY+VX) /TRRHS F2D20560 

_ WRITE{ITT, 300} XC, YC, STRESX, STRESY , STRSXY F2D20870 

ENDIF F2D20580 

ENDIF F2b20599 

ELSE ‘ F2ed20600 
F2b20610 

Plate bending problems:----- were e enna ~~ --F2D20620 


Stresses SGMAX, SGMAY and SGNXY are computed at the top/bottom of F2b20630 


the plate (and SGHMZ and SGMY2 are constant through thickness} 


PLTD= (THRNS+THENS} /6.0D0 


sIX = 0.0 
SsI¥ = 0.6 
DWX = 0.6 
DWY = 0.6 
DEXY = 0.6 
DSYX = 0.0 
DOsax = 0.0 
DSyY¥ = 0.0 


IF(ITY¥PE.EQ.3) THEN 


First-order 


shear deformation theory of plates:-----~---~-+—- 


OO 80 I=1,NPE 
JHDF* (I-1)41 


KeJ+1 

LaK+1 

DWX = DWK+GDSF(1,I) *ELU(d) 
DWY = DWE+GDSF (2,2) *ELU(J) 
SIX = SIX+SF(I)*ELU(K} 

SIY = STY4S¥(T}*ELU(L} 
DSXX = DSXX+GDSF (1,1) *ELU(K} 
DSX¥ = DSXY4GDSF (2,1) *ELU(K} 
BSYX = DSYX4GDSF (1, I} *ELU(L) 
DS¥Y¥Y = DSYY+GDSF (2,1) *ELU(L) 


SGMAX = (CMAT(1, 1) *DSXX+CMAT (1,2) *DSY¥) /PLTD 
SGMAY = (CMAT(1,2) #0SXX+CMAT (2,2) *DSYY) /PLTD 
SGURY = CMAT(3,3) *(DSXY+DSYX) /PLID 

SGMKZ = 1,24055*(DWE+S1X) /THRNS 

SGMYZ = 2,2*C44*(DWY4+S1Y) /THENS 
HRITE(ITT,300} XC, ¥C, SGMAX, SCMAY, SCMXY 
HRITE(ITT,400} SGMXZ, SGMYZ 


ELSE 


Classical theory of plates: 


NH=NPE*NDF 

DO 90 Im1,NY 

DSXX = DSXX+GDDSFH{1,I) *ELU(I} 
DSYY = DS¥YY+GDDSFH(2,I)*ELU(T} 
DSX¥ = DSXY+GODSFH(3,1)*ELU(T) 


SGMAX =-(CMAT (1,1) *DSXX+CMAT (1,2) *DSYY¥) /PLTD 
SGMAY =~ (CMAT(1,2) *DSXX+CHAT(2,2}4DSYY¥) {PLTD 


F2b206406 
F2D20650 
F2bz20660 
F2D20670 
F2b20680 
F2B20690 
F2020700 
F2b20710 
F2020720 
F2D20730 
F2D20740 
F2D20750 
F2D20760 


------ F2D20770 


F2020780 
F2020790 
F2020800 
F2B20810 
F2_20820 
F2020830 
F2b20840 
F2020850 
F2D20860 
F2D20870 
F2D260880 
F2bD208396 
F25b263900 
F2D20910 
F2020920 
F2D20930 
F2020940 
F2020959 
F2020960 
F2D20970 
F2Dz0980 
F2D20990 


wo 73F2D21000 


F2p21010 
F2n21026 
F2D21030 
F2021040 
F202 1050 
F2p21060 
F2021079 
F2D21030 
F2D219090 
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SGMXY =-4O8CMAT [3 3} *DSXY/PLTD 
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Fz2b21100 

WRITE(ITT,300) XC, ¥C,SGMAX, SGHAY ,SGHAY F2b21110 

ENDIF F2D21120 

' ENDT? F2D24130 
100 CONTINUE F2b21140 
ENDIF . F2D21150 
200 FORMAT(SE13.4,3X,F7.2) F2D21160 
300 FORMAT (GEL3.4} F2D21175 
400 FORMAT(26%, 2213.4) F2D21180 
RETURN F2021190 
END F2D21200 
SUBROUTINE QUADRT(NIP,IPD} F2D21215 
F2D21226 

F2D21230 

Quadrature points and weights for triangular elements F2D21240 
IPD = Integrand Polynemial Degree F2D21250 
HIP = Nomber of Integration Points F2021260 
P2D21270 

- F2n21280 
IMPLICIT REAL#8 (A-H,O=2) F2D21290 
COMMON /QUAD/AL1 (7,5) ,AL2(7,5},AL3(7,5} , ALWI (7,5) F2b21300 
F2b21410 

Initialize arrays F2p21320 
F2p21330 

DG 22 J = 1, NIP F2b21340 
nO 10 J = 1, IeD F2D214350 
ALI{(i, 7} = 9. 000000000G00000 F2b21360 
ALZ(1I,7} = 8, o000000d0000000 F20D21370 
ALI(I, J} = 6, 500000000000000 F2D21380 
ALHT(I,J) = o.déecogo0000no00 F20213496 
10 CONTINUE F2021406 
20 CONTINUE F2b21410 
F2D21420 

One-point quadrature (for polynomials of order 1}: F2021430 
F2021440 

ALLEL, 1) = 0,333333333333333 F2021450 
ALZ (3,1) = 9,.333333333333333 F2021460 
ALI (EL, 1) = 0,333333333333333 F2021476 
ALWT(1,1) = 1.000000000000000 F2021480 
F2D21490 

Three-point quadrature (for polynomials of order 2}: F2021500 
Fap21520 

ALL(1,2) = 6, o0000000G000000 F2D21520 
AL? (1,2) = oOo, 50000cT 00000000 F2021530 
ALI{1,2} = 9, 50000Cc00C000000 F2021540 
ALL{(2,2} = 9, 50000Cc0GC000000 F2021550 
ALZ{2,2} = 9, 0c00000G0000000 F2021560 
ALD (2,2) = 9,.50000C000000000 F2D21570 
AL1L(3, 2) = 9, 50000C000000000 F2021580 
ALZ(3,2) = 9,500000000000000 F2521590 
ALI(3,2} = 6.900000000600000 F2D21600 
ALWHT(1,2}) = 6.333333333933333 F2D21610 
ALWT(2,2) = 6.333333339533333 F2021820 
ALWE(3,2) = 0.3333333939333335 F2b216390 
F2D21640 

Four-point quadrature (for polynomials of order 43}: F20215659 
F2021660 

ALI(1,3] = §.333333339392919333 F2b21670 
ALZ (1,3) = 0,33333333393433333 F2D21680 
AL3f1,3) = Q,333333333333333 F2D21690 
AL1(2,;3} = oO. 600000000000000 F2D21700 
AL2(2,3} = 9,200000000000000 F2bD21710 
ALI(2,3} = 9, 20000c0000000000 F2p21720 
ALL(3,3) = 0,26000c0000000000 F2D217390 
AL2(3,3} = &.690000000000000 F2D21740 
AL3(3,3) = 0.200000000000000 F2D21750 
AL1 (4,3) = 0,2p0000C00000000 F2bD21760 
AL2 (4,3) = QO, 2b000000000000G F2bD21770 
AL3(4,3) = &.600000000009000 FzD21780 
ALHT(1,3] = -0,.56250000000090G F2D21790 
AINT(2,3) = 0,.520833339999933 F2b21800 
ALWI(3,3} = 0,.520833333333333 F2p2181¢0 
ALHT (4,3) = 0.520833333333333 F2D21820 


670 
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AaAnANAnARAgAN 


APPENDICES 


Six-point quadrature (for polynomials of order 4): 
ALI(1,4} = QO,816847572980459 
AL2 (1,4) = O,091576213509771 
AL3 (1,4) = 0,.091576213509771 
AL1(2,4) = 0,091576213509771 
AL2 (2,4) = 0,816647572980459 
AL3(2,4) = 0.091576219509771 
AL1(3,4) = 0,091576213509771 
AL2(3,4) = 0.091576219509771 
ALI (2,4) = 0,816847572980459 
ALI (4,4) = 0.10810930181E8070 
AL2 (4,4) = 0,445948499915965 
AL3 (4,4) = 0.445960490915965 
AL1(5,4) = 0,445946490915965 
AL2(5,4} = 6,108103018168070 
AL3(S,4} = O.445948q90955965 
ALL(6,4} = 0.445948490915965 
AL2(6,4} = 0,445948490915965 
ALI(6,4} = %,108103018168070 , 
ALWE(1,4} = 0,109951742655422 
ALHT (2,4) = 0.109951743685322 
ALWT(3,4} = 0.1099517439655322 
ALHT(4,4} = 0.223381589678011 ’ 
ALWT(5,4} = 0.223361589678014E 
ALHT(6,4) = 6.223381589679011 
Seven-point quadrature (for polynomials of order 5}: 
AB1 (1,5) = 0.333333333333333 
AL2(1,5}) = 0.393333333333333 
AL3(1,;5) = 0.333333333333333 
ALI (2,5) = 0.797426985353087 
AL2 (2,5) = 0,.101296507323456 
AD3 (2,5) = 0.101286507323456 
ALi (3,5} = 0.101286507322456 
ALZ(3,5} =~ 0.797426985353087 
AL3{3,5} = 06.101286507323456 
ALI{4,5} = 6,10128650732345¢ 
AL2{4,5} = 6.4101286507323456 
ALI (4,5} = 0.797426985353087 
ALL{5,5} = O.059715871789770 
AL2{5,5} = §.470142064105115 
AL3 {5,5} = 0.4701420641605115 
ALL(6,5) = 06.470142064105115 
AL2 {6,5} = 0.059715571789770 
AL3 (6,5} = 6.470342064105115 
ALL{7,5} = 6.470142064105115 
ALG (7, 5} = 0.470142064105115 . 
AL3 (7,5) = 0.059715871789776 
ALHT(1,5} = 0.225000000C000C0 
ALWT(2,5} = 0.125939190544827 
ALWI{(3,5} = 0.125939190544827 
ALWI(4,5) = 0.125939180544827 
ALWI(5,5}) = 0.232394152788506 
ALHT(6,5) = 0.232394152788506 
ALWI({7;,5} = %.132394152788506 
RETURN 

END 


SUBROULINE SHPRCT (NPE, XI, BTA, DBT, ELXY, HDF, 1'TYPE} 


The subroutine evaluates the interpolation functions (SFfI}) and 
their derivatives with respect to global coordinates {SDSF(1I,J)) 
for Lagrange linear & quadratic rectangular elements, using the 
igoparametric formulation. The subroutine also evaluates Hermite 
interpolation functions and their global derivatives using the 


subparametric formulation. 
SF(I}........Enterpolation function for nede I of the element 
DSF(U,T}).....Derivative of SF(I) with respect to XI if J=1 and 


and ETA if J=2 


F2D21836 
F2D21840 
F2D21850 
F2D21960 
F2D21870 
F2D21380 
F2D21890 
F2D21900 
F2D21910 
F2D21920 
F2D219350 
F2D21940 
F2021950 
F20D21%560 
F2D21970 
F2D219486 
F2D21990 
F2D22009 
F2D22010 
F2D22020 
F2D22430 
F2D22040 
F2D22050 
P2b22060 
F2022076 
P2D22080 
F2022090 
F2D22100 
F2D22110 
F2D22120 
F2D2213¢ 
F2D22140 
F2D22150 
F2D22160 
P2D22170 
P2D22180 
F2D22490 
P2n227200 
F2B22210 
F2D22220 
F2DB22235 
F2B222449 
F2D22250 
F2b22260 
F2D22270 
F2b223280 
F2n22290 
F2D22300 
F2022340 
Fap32320 
F20D22330 
F2022340 
F2022350 
F2D22360 
F2D22370 
F2D22380 
F2D22390 
F2D22400 
F2022416 
F2N22420 
F2D22430 


F2n32449 
Fap224590 
F2D22460 
F2D22470 
F2D22480 
Fab22490 
F2D22500 
FaD225106 
Fab22520 
F2022530 
F2D22540 
F2p22550 
F2D22560 
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GPSF(0,I}....Derivative of SF(I) with respect to X if J=1 and 
and Y if dg=2 


XNODE(I,J)...d*TH (J=1,2) Coordinate of node I of the element 
NF(Z).....+..:Array of element nodes (used to define SF and DsFr) 
GJ(1,J).,..,,dacobian matrix 


GFINV(I,J}...Inverse of the jacobian matrix 


IMPLICIT REAL*8 (A-H,O-%} 

DIMENSION ELXY (9,2), XNODE(9, 2) ,NE(3),DSF(2,9) ,GJ (2,2) ,GFINV(2,2) 
DIMENSION GGJ(3,3) ,GGINV(3,3) ,DDSJ(3,16} ,DOSF(3,4) ,DICB(3,2), 

* DSFH(3,16} ,DDSFH(3, 16) 

COMMGH/SHP/SF (9) ,GDSF (2,9), SFH(16), GDSFA{2, 16} , GDDSFH(3,16} 
COMMOK/IO/IN, LTT 

DATA MHODE/~1,0D0, 241.0D0, -1.0D0, 0.0D0, 1.0D0, o.0De, -1.0D0, 
* 0.0DG, 2#-1.0D8, 241.000, -1.0b6, o.0Dn6, 1,0nt, 2*0,0D0/ 
DATA NP/1,2,3,4,5,7,6,8;9/ 


FHC(A,B) = A+B 
IF(HPE.EQ.4) THEN 


LINEAR Lagrange interpolation fuenetiens for FOUR-NODE element 


BO 10 F=1, NPE 

XP = XNODE{I,1} 

YP = XHODE(E,2} 

XEQ = 2,04XI*XP 

ETAO=1,0-+ETA*+¥P 

SF(I) = 0,254FNC(XTO, BTAO) 

DSF(1,I)= 0.254FHC(XB, PTAO} 

DSF(2,1)= 0.25*FNC(YP,XxTO} 
ELSE 

IF(NPE.EQ.8) THEN 


QUADRATIC Lagrange interpolation functions for EIGHT-HODE element 
nO 20 I = 1, NPE 
Ni = NP[E} 
XP = SNODE(NI,1) 
¥P = XNODE(NT,2) 
AIG = 1. 0+85#xXP 
ETAG = 1. 0+ETA*¥P 
XI10 = 1.0-XI*xI 
EPAL = 1.0-ETA*ETA 


YF(X.LE.4) THEN 
SF (NZ) = 0, 25*FHC(AI0, ETAQ) 4 (XI*XP+ETASYP-1.0) 
DSF(1,NI) = G.25*FNC{ETAO, XP) + (2. 0+XT4XP+ETASYP) 


DSF(2,HI) = O. 254 FHC (ATO, YP) *(2. OFETASYPLXTI AXP) 
ELSE 
IF(I.LE.6) THEW 
BF HI} = 0.5*PNC(XI1, ETA) 
DSF(1,NI} = -FNC(XI, ETAO} 
DSF(2,NI} = 0. 5*FNC(YP,XI1} 
ELSE 
SF(NL) = 0, 5%FNC(ETAL, 4I0} 
DSF(L,NI}) = 0,5*FNC(XP,ETA2} 
DSF(2,HI) = -FNC(ETA,%I0) 
ENDIF 
ENDIF 
CONTINUE 
ELSE 
QUADRATIC Lagrange interpolation functions for NINE-NODE element 
BO 30 I=1,NPE 
NI = NP{[I) 
XP = XNODE(NI,1) 
¥P == XNODE(NI,2) 
XIG) = 1.04+X1*XP 
ETAG = L.O+ETASY?P 
KI1 = 1.0-¥7#xX1 
ETAL = 1,0-BYASETA 
XIZ = KP*HL 


IF(I .LE. 4} THEN 


F2022579 
F2p22580 
F2p225390 
F2b22600 
Fat22610 
F2D22620 
F2022630 
F2b22640 
F2022650 
F2022660 
F2b22670 
F2D22680 
F2p22690 
Fap2z2700 
F2bp22710 
F2D22720 
F2D22730 
Fab22740 
Pab22750 
FaD22760 
FaD22770 
Faba2780 
F2022790 
F2b22400 
F2b22410 
Fabz22629 
F2022830 
F2b22840 
F2D22850 
F2D22860 
F2022870 
F2022880 
F2b22896 
F2B22900 
F2022916 
F2D22920 
F20224930 
F2D22940 
F2022950 
F2022960 
F2b22976 
F2022980 
F2D22950 
F2D22000 
F2D23619 
F2D23020 
F2D23030 
F2bp23040 
F2D23050 
FaD23960 
F2D23070 
P2n230a0 
F2p2409a 
F2D23100 
F2D231190 
F2D23120 
F2B23130 
F2b23140 
F2b23150 
F2023160 
F2D23170 
F2D23180 
F2D23190 
F2023206 
F2D23210 
F2D23220 
F2D23230 
F2D23240 
F2D23259 
F2023260 
F2D23270 
F2D23280 
F2D23290 
F2d23300 
F2D23310 
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oon 


qaq0n0o 


oon 


SF(HI} = 0,25*FNC (X10, ETAQ} *#XE2*ETA2 
DSF(1,NI}= 0, 25*XP*FNC(ETAZ,ETAQ} *(1.0+2.0*XI2) 
DSF(2,NI}= 0, 25*YP*FNC(KI2,KiG) *(2.042, 0*ETAZ} 


ELSE 
IP(I .L8. 6) THEN 
SP(HI) = 0, 5*FNC(XI1,ETAQ}*ETA2 
DSF(i,NI) = -XI2FHC(ETA2, EPAQ) 
DSF(2,NI) = 0.5#FNC(KE1, YP} *(1.04+2.0+ETA2} 
ELSE 
IF(1 .LE. @) THEN 
SF (NI) = 0. 5*FHC({ETAL, X10) *XI2 
DOSF(2,NI} = —-ETA*PHC(XE2, X10) 
DSF(1,NI) = O.5*PHC{ETAL, XP) *{1.0+2.04XI2} 
ELSE 
SF (NT) = FNC{XI1,29FA1) 
DSF(1,NI) = -2.04XL*ETAL 
DSF(2,N1I) = <2.0*ETA‘XIL 
ENDIF 
ENDIF 
ENDIF 
30 CONTINUE ’ 
ENDIF 
ENDIF 
Compute the Jacobian matrix (GJ] and its inverse [GJINV] 
po 40 I = 2,2 
oo 40 J = 1,2 
GJ(I,7} = 0.0 
no 40 K = 1,NPE 
40 GU(I,3) = GI{I,d) + DSF(1,K) *ELXY({K,7) 
DET = GS(1,1} #67 (2, 2) -GF(4,2) *G7 (2,1) 


50 


GJINV(E,1) 


GI(zZ,2) /DET 


GJINV(2,2) = GJ (1,1) /DET 


GIINV(i,2) 


=G3 (1,2) /DET 


GIINV(2,1) = -GI(2,1)/DET 


EF(ITYPE.LE.3) THEN 


Compute the derivatives ef the interpolation funetions with 
respect to the global ceerdinates ix,y)]! (GDSF] 


DO 50 I = i,2 

DO 5¢ J = 1,NPE 

GDSF(I,3) = 0.0 

bo 50K = 14, 2 

GDSF(I,7) = GDSF(I,d) + GTENV(I,R)#DSF(K,J) 


ELSE 


Conforming Hermite interpolation functions (four-nede element) 


IF(HDF.EQ.4} THEN 
II = 


DO 60 I = 1, NPE 


XP = XNODE(I,1) 

YP = XNODE{I,2) 

XT1 = XI*XP-1,0 

4I20 = XT1-1.0 

ETA = ETA*YP-1.6 

ETAZ = ETA1-41.60 

MEO = {XI+XP) #42 

EPAG = {ETASYP) 4+2 

XIPO = XItKE 

XIPL 3 3.0*X2*XP+XE*XP 

KEP2 = 3.0*X41*3P+2.04XP42%2 

¥YIPO = ETAYP 

VIPL = 3. 0*#ETASYP+¥P4Y¥P 

VIP2 = 3. 0#ETAS¥P+2,.04YP*¥P 

SFH(IT) 0.06254PNC(ETAG, BTA2) *FNC(XEO, X12) 
DSFH(1,11) 0. C6254 FNC(ETAC, ETA2) *XIFC* (XiP1-4.0} 
DSFH(2, 11) 0. 0625£PNC(XIO, X12} *VIPO* (¥YEP1—4.0) 


DDSFH{1, 12) 
DDSFH{Z, 11) 
DDSFH(3,11) 


0. 125*PNC(ETAO, ETA2) *{XIP2=2.0) 
0, 1254PNC(XIO, X12) *(¥IP2-2.90) 
G.0625% (XIPL-4..0) *(YIP1-4.0) *XIPO*YIPO 


freuen 


F2p23320 
F2D23330 
F2D23340 
F2D23350 
F2D23366 
F2D23370 
F2D23396 
F2D23390 
F2D23400 
F2D23410 
F2D23420 
F2023430 
F2D23440 
F2D234450 
F2D23460 
F2n23470 
Fap23480 
F2023430 
F2D23500 
¥F2b23510 
F2D23520 
F2023530 
F2023840 
F2023550 
F223560 
F2b23570 
F2p23580 
F2D23590 
F2D23600 
F2D23610 
F2D23620 
Fap23630 
Fonad640 
F2023650 
F2b23660 
F2b23670 
F2b23690 
F2D23690 
P2D23700 
P2D23710 
F2p23720 
F2n23740 
F2D23740 
F2p23750 
F2D23760 
F2D23770 
F2D2374a0 
F2D23790 
F2p23800 
F2023910 
F2D23820 
F2p23830 
F2n23840 
Fapa3850 
F2n23860 
Fap2a3870 
F2pa3a80 
F2D23890 
F2D23906 
F2023910 
F2D23920 
F2D23930 
F2D23940 
F2D23950 
F2D23960 
P2D23970 
F2D23980 
F2023990 
F2024006 
F2p24010 
F2024020 
F2024030 
F2024040 
F2b24050 
F2D24040 
Fep24070 


nod 


aanan 


60 


80 


SFH(IT+1} 
DSFH(i, 1I+1) 
DSFH(2,T%+1} - 
DDSFH(1, TI+1} 
DDSFH{2, I+1} 
DDSFH (3, I1I+1} 


SFH(11+2) 

DBSFH{1,11+2)} 
DSFH(2,11+2) 
DDSFH{1,11+2) 
BDSPH(2,11+2) 
DDSFH(3, 11+2) 


SFH(II+3} 
DSFH (i, EX+3) 


_ DSFH{2, 1243) 


_- 
ELSE 


DOSFH{L,1E+3) 
DOSFH{2,EI+3) 
DESFH{(3, LI+3} 
IE = I*HDF + 1 
CONTINUE 


1h t 2a t 


kane dt 


= 
= 
= 
= 
ry 
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-0.06254XPAPNC (XIG,XI1} *FNC(BTAG, ETA2) 


—0.06254FHC(ETAO , ETA2} *#XP*XIPG* (XIPL—-2.0} 


—0.06254ENC{XEO, XI1} *XP*YIPO*(YIPL-4.} 
-0.125*FNC(ETAQ, ETA2} *XP4 (XIP2-1.0) 
—O.125*FHC(XIO,XI1) * (¥IP2-2.0) *4P 

-0. 0625*XPAXLPO* (XIP1“2.} *(¥IP1-4.) *¥IPO 


-0.0625*YDP4PNC (ETO, X12) FNC (ETAO, ETAL} 
-0,0625*FNC(ETAO, ETAL) 8YP*KLPO* (XIPI-4 .j 
“0, 0625*FNC(XIO, X12} #¥PSYIPO* (¥IP1~2.) 
-0,125#FNC(ETAO, ETAL) *¥E* (XIP2-2.} 

=O. 1254*FNC (XO, XL2) #YE* (YIP2-1.0) 


0. 0625*YPa4YIPO* (¥YIP1—-2,}*(XIP1-4.0} *KIPO 


0.06254XP*¥P*FNC(XIO,X%i1) *FNC(ETAO, ETAL) 


F2D24080 
F2D24090 
F2D24100 
F2D24110 
F2D24120 
F2D24130 
F2D24140 
F2D24150 
Pab24160 
F2p24170 
Fap241ad 
F2D24150 
F2D24200 
F2b24210 
F2pn24220 
F2p24230 


0,.0625*FNC(ETAO, ETAL) *XP*YP4 (XIPI-2Z, ) #*XIPOF2024240 


0, G625*FNCCKIO, X11) *XP*YP* (YIPI-2.) *¥IPO 
@, L254FNC(ETAO, ETAL) *XP*YP* (XIP2-1.) 
O.1254FNC (X10, X11) *XP*¥P* (YIP2-1.0) 


F2b24250 
F2b24260 
F2024270 


0. 06254XPeYP*Y¥TPOLXIPO* (YIPI~2,} #(XIP1-2.) F2024280 


F2024290 
F2b24300 
F2024310 
F2B24320 


Non-conforming Hermite interpolatian functions (Four-node element} F2024330 


ENDIF 


TI os t 

DO a0 ¥ = 1, HEE 

xP * XNODE(I,1} 

YP 0 = XHODE(1,2) 

xTO = NI*#XP 

ETAOG = ETA#YP 

XIPL = XIO+i 

ETAPS = ETAOG+1 

XIML = XIG-1 

ETAMt = EBTAG-1 

XIB 3,042. 0*XIG+ETAG-3.0#XI#X-ECASETA-2 ,O*2KI/ XP 
ETAD = 3,Q0+H1I0+2.0*ETAQ—-XI#XI—-3.0*EPA*tETA-2 . OETA SYP 
ETAXI = 4,042, 0% (XIO+ETAO}—3.04 (NI*KE+ETAAETA) 


—2,.0* (ETA/YP+XI/XP) 


BFH(II) = 0. 125*XLPLI*ETAPL4 (2. 0+XT0+ETAO-XI*XI-ETA*ETA} 


DSFH(1,11} 
DSFH (2,11) 
DDSFH (1,11) 
DDSFHf2,1T) 
DDSFH(3,1T) 


SFH{IT+1} 
DSFH{t,IT+4) 
DSFA(2,II+1)} 
DDSFH({1,II+1) 
DDSFH{2,II+1) 
DDSFH(3,II+1) 


SFH(II+2) 
DSFH (1, 11+2} 
DSFH (2, II+2} 
DDSFH(1, 11+2) 
DDSFH (2, 1I+2} 
DDSFH(3,TI+2} 
II = T*NDF + 1 
CONTINUE 


roe 


tagdag 


ito t 


0, L25*XP*ETAPLAXID 
0, 1254 ¥P*XIP14+ETAD 

0, 250+XP£ETAP LA (XP-3.0*XI-1,0/XP) 
0, 250*¥P4XT P14 (¥P“3. O8ETA“1.0/¥P) 
0. 125*XP*¥PeETAXI 


GO. 125*XP*KTP1L*KEPL AX IMF ETAPL 
O.125*XPeXPeETAPL* (3.0*#XEO-1.0) *XTP1 
6, L254XPaYPaeXEPi*XIPLAXIMi 

0. 250*XP*XP*XKPRETAPL# (3. 0*KI0+1,0) 
o.0 
O.1L25*¢XP*XP4YP* (3, O*XT0-2.0) *XIPL 


0. 125*#¥Ps*XIFISETAPL*ETAPL*ETAML 

0. 125*XP*YP*ETAPI*ERTAPL*ETAM) 

0. 1254 YP*Y¥R*EXE PLA C3. O*ETADH=1. 0) #ETAPL 
0.0 

0. 2502YP*Y¥P*YPRKTP1* (3, O*ETAO+1 . 0) 
0.125 4XP*Y¥P2YP% (49, 0*ETAQ-1,0) *ETAP1 


Compute the global first and second derivatives of the Hermite 


interpolation functions. 
linear Lagrane 


DDSF( 
DDSF{ 
DOSF ( 
DOSF ( 
DOS ( 
ODSE ( 


1,1} = o,oD0 
2,1} = o.ope 
3,i) = o,250n0 
1,2) = 9.0n0 
2,2) = 6,oD0 
3,2) = - 0.250D0 


The geometry is approximated using the 
interpolation functions (Subparametric formulation} F2024760 


F2D24340 
F2024350 
F2024360 
Faba4370 
F2b24380 
F2D24390 
P2p24400 
P2b24410 
F2024420 
F2024430 
F2p24440 
Fap24450 
F2D24460 
F2D24470 
F2D24440 
F2p244990 
F2D24500 
F2024510 
F2p24526 
F2D24530 
F2024540 
F2024550 
F2024560 
F2024576 
F2p24580 
F2024590 
F2b24660 
F2b24610 
F2D24620 
F2D24630 
F2024640 
F2D24650 
F2024660 
F2024670 
F2n24680 
F20246390 
F2024700 
F2024710 
F2024720 
F2024734 
F2024740 
F2D24750 


F2024770 
F2024780 
F2024790 
F2024800 
F2024810 
F2D24820 
F2D24830 


G74 APPENDICES 


#0 


104 
110 


aan 


136 
140 


160 


160 
1790 


aga 


186 


190 
200 


aeaneq 


DOSF{i,3) = o.0b0 
posF(2,3} = o.ob0 
DOSFf3,3} = 6,250D0 
DOSFf1,4$ = 0,09D0 
DosF(2,4) = 4,000 
DOSF(3,4) = - 0,.250D0 


Compute global first darlvatives of Hermite functions 


NN=EDF#HPE 
BO 110 t= 1, 2 
bo tc0 7 = 1, KN 
Sif = 0.000 
DO $90 K = 1, 2 
SUM = SUM + GJINV(1L,K) *DSFH{K,3} 
CONTINUE 
GDSEH(I,J} = SUM 
CONTINUE 
CONTINUE 


Compute global second derivatives of Hermite functions 


DO 140 LT = 1, 3 
po 1390 7 = 1, 2 
SUM = 0,0D0 
Dd 120 K = 1, NPE 
SUM = SUM + DDSF(I,K) *ELXY (K,7) 
CONTINUE 
DICB(I,c) = SUH 
CONTINUE 
CONTINUE 


po 170K #1, 4 
pO is0 J = 1, NN 
SUM = 0.900 
DG 156 B= 1, 2 
SUM = SUM + DICB(K,L}*GDSFH(E, 7) 
CONTINUE 
DDSI (K,J}) = SUM 
CONTINUE 
CONTINUE 


Compute the jacobian of the transformatian 


GG (1,1)=GI (1,1) *60(4,1) 

GGI (1, 2)=G7 (1,2) *G7 (1,2) 

GGJ (1,3) =2.04G0 (1, 1} *G7(1,2)} 
GGI(2,1)=Go (2,2) 4GT (2,1) 

GGJ{2,2}=Gd (2,2) *G7(2, 2) 

GOI {2,3} =2,04GI(2,1) 4G (2,2) 

Gos (3,1}=GI (2,1) 460 (1,1) . 
GOT (3,2)=G3 (2,2) 467(1,3) 

GES (3,3}=GI (2,1) 4GT (1, 2)467 (1,1) #67(2,2) 

CALL INVRSE(GGJ,GGINV) 


DO 200 I = 1, 3 
pO 190 J = 1, HN 
SUM = 0.0D0 
Io 180 K= 1, 3 
SUM = SUM + GGINV(I,K)*(DDSFH(K,J) -DDS3(K,J}} 
COHTINUE 
GDDSFH{I,J) = SUM 
CONTINUE 
CONTINUE : 
ENDIF 
RETURH 
END 


SUBROUTINE SHETRI (NPE, ALL,AL2,AL3,DET, ELXY} 


The subroutine computes the Lagrangian interpolation functions 
and their global derivatives at quadrature points for the linear 
and quadratic (i.e. three-nede and six-node} triangular elements 
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ta 


IMPLICIT REAL*8 (A-H, 0-2) 

COMMON /SHE/SF(9} , GDSF (2,9) 

DIMENSION DSF(3,9),ELXY{(9,2) ,GJ(2,2) ,GJINV(2,2} 
Initialize the arraya 


boO1o0 I] = 1, HPE 


DSF({1,I) = 0.0D0 

DSF{2,I1}) = 0.0D0 

DSF({3,I) = 0.0D0 
CONTINUE 


IF (HPE.EQ.3) THEN 

Linear Lagrane interpolation for three-nede element 
SF{1} ALL 
SF (2} AL? 
SF{3} AL? 
OSP(1,1) = 1.005 
BSF(2,2) = 1.005 
BSF(3,3) = 1.000 

ELSE 


Aol 


Quadratic Lagrange interpolation functions for six-nde element 


SF{1} = AL1 * (2,020 * ALI - 1) 
SF(2} = ALZ * (2.0b0 * AL2 - 1} 
SF{3} = ALS * (2.0D0 4 AL3 - 1} 
SF{4} = 4.0D0 * ALI # AL2 

SF{S5} = 4.0D0 * AL2 # ALS 

SFié}) = 4,0D0 * ALY * ALL 
DSP(1,1) = 4.000 * ALL - 4 


BSF(2,2) 2 4.0D0 * AL2 ~ 4 
DSF(3,3) = 4.000 * ALG - 1 
DSFf1,4) = 4,000 * AL2 
DSF(2,4) = 4,0D0 * ALL 
DSF{2,5) = 4,0D0 * ALI 
DSFf3,5) = 4,0D0 * AL2 
DSFf1,6) = 4.0b0 * ALS 
DSF(3,6) = 4.050 * ALL 
ENDIF 


Compute the global derivatives of SF(I). Note that the special 
form of the Jacobian for area coordinates, AL3 = 1-ALI1-AL2 is 
substituted 


BO 40 K = 1, NPE 
SUM = SUM + (DSF(I,K) - DSF(4,K)}*ELRY(K, 7} 
CONTINUE 

GI(I,7} = SUM 

CONTINUE 

CONTINUE 


DET = GJ{i,1)*G7(2,2) - GI(1,2)*G7(zZ,1) 


GJINV(1,1) = GJ(2,2)/DET 
GJINV(2,2} = GF(1,1)/DET 
GJINV(1L,2} = -GJ¢1,2)/DET 
GJINV(2,1} = -GIé2,1) /DET 


hd 100 t = 1, 2 ; 
DO 90 J = 1, NPE : 
SUM = 0,0D0 

DO gO K = 1, 2 

SUM = SUM + GJINV(I,K) * (DSF{K,7) - DSF(3,7}) 
CONTINUE 

GDSF{I,J)} = SUH 

CONTINUE 

CONTINUE 

RETURN 

RAD 
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APPENDICES 


SUBROUTINE SOLVER (NRM,NCM,NEONS, NBW, BAND, RHS, IRES) 


The subroutine anlves a banded, symmetric, systen of algebraic 
equations using the Gausa elimination method: [BAND] {U} = {RHS}. 
The coefficient matrix is input as BAND{WEONS,NBW) and the column 
yeetor is input as RH&(NEQNS}), where NEQNS is the actual number 
of equations and NBW ia the half band width. The true dimensions 
of the matrix [BAND] in the calling program, are NRM by NCM. When 
IRES is greater than zero, the right hand elimination 13 skipped. 


IMPLICIT REAL*S (A<H,O-2} 
DIMENSION BAND (HRM, NCH) , RHS (NRM) 


HEQHS=NEQNS-1 

IF(IRES.LE.0} THEN 
DO 30 NPIV=1,MEQNS 
HPIVOTSHPIV+L 
LSTSUB=NPLY+NBR-L 
IF({LSTSUB.GT.NEONS) THEN 

ESTSUB=NEQNS 

ENDIF 


DO 26 NROW=NPIVOT, LSTSUB ' 

HCOL=NROW-HPTV42 

FACTOR=BAND (NPIV,NCOL) /BAND (NPIV, 1} 

DO 10 NCOL=NROW, LSTSUB 

ICOL=NCOL-NROWEL 

JCOL=NCOL-NPIVS1 

BAND (NROW, ECOL} =BAND (NROW, LCOL) -FACFOR*BAND (HPIV, JTCOL) 

RHS (NROW) =RES (HROW) -FACTOR*RHS (NPIV} 

CONTINUE 

ELSE 

bo 60 NPIV=1,MEONS 

NPIVOT=NPIV4L 

LSTSUB=NPLV+NBH-1 

IF (LSTSUB.GT.NEQUS) THEN 
LSTSUB=HEONS 

ENDIF 

DO 50 NROWSNPIVOT, LSTSUB 

NCOL=NROW-NPIV+1 

FACTOR=BAND(NPIV,NCOL) /BAND{NPIV, 1} 

RHS (NROW} =RHS (NROW) -FACTOR*RHS (NPLV) 

CONTINUE 

ENDIF 


Back substitution 


PO 90 IJK=2,NEONS 
NPIV=NEQNS—IdKt2 
RHS (NPL¥)=RHS{NPIV) /BAND(NFIV,1} 
LSTSUB=NPIV-HBW+1 
IF(LSTSUB.LT.1) THEW 

LSTSUB=1 
ENDIF 
NPIVOT=NPIV-1 
DO 80 JKI=LSTSUB,NPIVOT 
HWROWNPTVOT-JKI+LSTSUB 
NCOL“NPIV-HRGHW+1 
FACTOR=BARD (NROW, NCOL) 
RHS (NROW}=RHS (HROW) -FACTOR*RHS (NPIV) 
CONTINUE 
RHS (1) =RHS(1) /BAND(i, 1} 
RETURN 


END 


SUBROUTINE TIMER (NCOUNT, INTIAL, ITEM,NN} 


The subroutine computes the algebraic equations associated with 


the parabolic and hyperbolic differential equations bu using the 
alfa-family and Newmark family of approximations, respectively. 
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IMPLICIT REAL*S (A-H, 0-2) 


COMMON / STF /ELE (27) «EEK (27,27) , ELM (27,27) , ELKY(9, 2), REU(27) 


ELV(27},EGA(27),A1,A42,A3,44,A5 


IF{ITEM.EQ.1) THEN 


The 


alfa-family of time approximation for parabokic equations 


DO 20 r=1,nN 
SUK=0.0 

DO 10 J=1,NN 

SUH=SUM+ (BEM(Z, 3) -A2*ELK (1,3) ) *ELt (3) 


ELK(1,J)=ELM{I, J) +A1*ELK (1,7) 
ELF (I)=(At+A2} #ELF (5) +SUM 
ELSE 
The Newmark intergration scheme for hyperbolic equations 
IF(HCOUNT.FQ.2 .AND. INTIAL.NE.0) THEN 
DO 40 I = 1,KW 
ELF({I) = 0.9 
DO 40 J = 1,0N 
ELF(I) = ELF{I}-ELK(1,J}*ELU(3) 
ELK(1,J)= ELM{T,J} 
ELSE 
BO 70 IT = 1,NH 
SUM = 0,0 
DO 60 J = 1,NN 
Suu = SUM+ELM (I, J} 4 (A3*ELU (J) +A44ELV (7) +A54ELA (J) ) 
ELK({I,7)= ELK(I,J}+A9*ELM(T,.7} 
ELF(I) = ELF{I)+SUN 
ENDIF 
ENDIF 
RETURN 
END 
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INDEX 


Accuracy of solution, 14, 202-207 

Alternative formulations, 579-594 

Alpha family of approximations, 228-230, 
374, 492, 504 

Approximation error, 199-200 

Approximation, temporal (or time) {ree 
Temporal approximation) 

Approximation functions, 4, 12, 40-57, 53, 
78 


(See alsa Interpolation functions) 

Area coordinates, 407-411 

Assembly of finite elements, 7, 89-94, 
109, 151-154, 168, 173, 265-267, 
297, 318-322, 408-410 

Axisymmetric problems, 10-12, 103-105, 
132, 135, 141, 195, 272-274, 281, 
288-290, 323, 345, 393, 303, 362 


Backward difference method (see Time 
integration schemes) 
Balance of energy {see Conservation of 
energy) 
Bandwidth, 101, 265-267 
Bars, 59, 63, 124, 125 
Beams, 143, 198 
on elastic foundations, 59 
large deflection bending of, 595-597 
Euler-Bernoulli theory of, 37, 47, 60, 
212, 272 
Timoshenko theory of, 212, 221, 240, 
272 
Beam elements, Euler~Bernoulli, 143-167, 
238, 239, 241, 242 
Timoshenko, 177-187, 238, 239, 241, 
242 


Bending of beams (see Beams) 
Bending of plates (see Plates) 
Bilinear forms, 33-50, 76, 146, 301, 342 
Boundary value problem, 21 
Boundary conditions, 22, 67, 109 
convective type, 107-109, 541, 552 
Dirichtet, 99, 131, 267 
essential, 28, 30-39, 59, 71, 75, 100, 
175, 267, 458, 591 
force, 75 
geometric, 75 
homogeneous, 22, 29, 67 
impositition of, 95, 154-158, 298, 321, 
339, 361-363, 468, SE2, 522 
mixed, 268 
non-homogeneous, 22, 29, 42, 67 
natural, 28, 30-39, 71, 75, 100, 175, 
268, 458, 591 
Neumann, 132, 268, 367 
Newton, 268, 341 
Boundary integral, evaluation of, 313-318, 
328, 344-346, 363, 466-468 
Boundary integral methods, 16 
Brick element, 601 
Bubnov—Galerkin method (see Galerkin 
method) 
Buckling loads, 209, 213, 242 


C* Approximation, 97 

C° plate elements, 111 

Central difference method (see Time 
integration schemes} 

Classical plate theory (see Plate theory) 

Collocation method, 16, 40, 55-57, 137, 
581 
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Coefficient matrix, 86 
Compatible elements (see Conforming 
elements) 
Compatibility of elements, 442-445 
Completeness of functions, 43, 50, 56, 67, 
7 
Computer implementation, 258-270, 533- 
540 ; 
Computer programs: 
applications of, 270-291, 440-575 
general purpose, 59 
FEMID, 271 
FEMIDV2, 270-286 
FEM2D, 533 
FEM2DV2, 540-569 
PLATE, 533 
Condensed equations, 95, 110, 127, 156, 
461, 165, 174, 176, 328, 330, 349 
Conforming ciements, 406, 407, 515 
Connectivity of elements (see Assembly) 
Continuity equation {see Conservation of 
mass} 
Conservation: 
of energy, 120, 133, 353, 599, 605 
of finear momentum, 119, 353, 457, 483, 
605 
of mass, 119, 353, 483, 605 
Consistent interpolation element (CIB), 
181, 184, 191 
Consistent interpolation, 179, 191 
Consistent mass matrix (see Mass matrix) 
Constant-strain triangutar element, 462. 
Constant-average-acceleration method, 231 
Constitutive equations, 457-459 
Constraint equations, inclusion of, 187-191 
Convective heat transfer (see Heat 
transfer) 
Convergence: 
of solution, 7, #4, 77, 116, 185, 201- 
205, 222 
h-, 201, 222, 442-444 
p-, 201, 222, 442-444 
rate of, 201, 203, 205, 222 
Coordinate: 
local (or clement), 79, 83, 148, 248, 
308, 312 
global, 79, 83, 248, 312 
natural (or normal), 248, 416-420 
Coordinate transformation, 83, 248-250, 
421-429 
Cramer’s rule, 78, 113 
Crank—Nicolson scheme (see Time 
integration schemes) 


Dirac delta function, 55, 99, 358, 581 


Direction cosines, 25, 300, 345 

Dirichlet boundary condition {see Boundary 
conditions) 

Discrete element method (DEM),. 14 

Divergence theorem, 24, 300 


Ejgenfunctians {see Eigenvectors} 
Eigenvalue problems, 22, 209-213, 370- 
3g4, 520-522 
Eigenvalues, 22, 208, 376 
Bigenvectors, 72, 209, 375 
Elements (see Finite elements) 
Energy norm, 200, 201 
Equal interpolation element (BIE), 183 * 
Equations of motion, 210-212, 225, 457, 
513, 518 
(See also Conservation ‘af linear 
momentum) 
Equipotential lines, 356 
Firror, 199, 200, 208, 222 
approximation, 97, 99, 100, 199 
computational, 100 
quadrature and finite arithmetic, 199 
measures of, 200-201 
pointwise, 200 
Error estimate, 7, 401-205, 216, 222 
Euler equations, 120 
Buler-Bernouillt: 
beam theory, 47, 99, 395 
frame element, 167-177 
hypothesis, 37 
Eulerian deseription, 118 
Evaluation of boundary integrals, 313-318 


Finite difference method, 4, 228-231 
Finite element mesh (see Mesh) 
Finite element computer programs (see 
Computer programs) 
Finite element equations for (See also 
Finite element models for): 
axisymmetric problems (see Axisymmetric 
problems) 
bar element (see Bars) 
beam element {see Beams) 
brick {see Brick element} 
constant-strain triangular element (CST), 
405 
frame element {see Frame element} 
isoparametric element (see Isoparameiric 
formulation) 
space-time element {see Spacetime 
- element) 


nr 


‘ 


Finite elemeat equations for (Contd. ): 
transition element {see Transition 
element) 
truss element {see Truss element) 


Finite element method, basic concepts, 4-° 


15, 58, 59 
computer appticatons of, 270-291, $40 
- 518 
Finite element model af: 
axisymmetne problems, 193-105, 323- 
334 
bars, 85-95 
classical plate element, 514-518 
cigenvalue problems, 213-216, 370-374, 
320-522 
Euler-Bernoulli beam theory, 144-151 
frames, £78-187 
heat transfer, 108-117, 340-352 
inviscid flows, 117-123, 353-365 
membrane, 369, 385, 384 
noolinear problems, 594-599 
one-dimensional problems, 67-141 
plane elasticity, 461-465 
shear-deformable plate element, 318-319 
three-dimensional problems, 600, 601 
Timoshenko beam element, 178-183 
time-dependent problems, 224-229, 370- 
375, 382-384, 465, 520-522 
torsion, 365-368 
two-dimensional problems, 301-303, 324 
viscous fluid flow, 484-494 
First-order shear-deformation theory (see 
Flate thecry) 
Fluid mechanics, 297, 353-364 
Flow about a circular cylinder, 554 
Flow of: 
fluid squeezed between plates, 501, 502, 
560 
viscous incompressibie fluid, 60, 61, 482— 
507 
viscous lubricant, 497-350] 
Flow chart for: 
FEMIDYV2, 261 
FEM2D V2, 534 
Fluids: 
incompressible, 61, 121, 482, 489, 541 
ideal, 118 
Newtonian, 118, 121, 136 
viscous, 60, 67, 118, 533, 541, 573 | 
Force vector (see Source vector} 
Forward difference method (see Time 
integration scheme) 
Fourier series, 50) 
Fourier components, 210 
Fourier heat conduction law, 75 
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Frame clement: 
Ewler—Bernoulli, 167-177 
Timoshenko, 177-191, 272 
Fuil integration element (FIE), 185, 187 
Fully developed flows, 121 
Functionals: 
bilinear, 26, 27, 33-35 
linear, 26, 33-35 
quadratic, 40, 41, 39 


Galerkin method, 4, 54, 57, 581-586 
Gauss points for: 
rectangular clements, 431 
triangular elements, 436 
Gauss (—Legendre) quadrature (see 
Quadrature) 
Generalized displacements, 147 
Generalized forces, 146 
Gradient thearem, 24, 25, 300 
Gradient operator, 24 
Groundwater flow, 132, 296, 355-359 


Hall-band width, 105 
Hali-band, upper, 265 
Heat transfer, 71, 105-117, 296, 297, 340, 
541, S70 
axisymmetric, 272, 278, 323 
cylindrical geometries, 323 
conductive, 105, 346-350, 384 
convective, 39, 68, 107, 341, 350-352, 384 
radiative, 346 
transient, 233-236, 376-379 
Heavyside step function, 527 
Hencky—Mindlia plate theory (see Plate 
theory} 
Hermite interpolation functions, 148, 419, 
420, 5i4 
Homogeneous solution, 210 
Hooke’s law, 366 
Hydrostatic pressure, 121, 373 
Hyperbolic equations, 224, 230-231, 381, 564 


Initial conditions, 22 

Initial value problems, 21 

Integral statements (see Weighted-integral 
statements) 

Integration by parts, 22-24 

Integration points (see Gauss points) 

Interelement compatibility (see Conforming 
elements} 

(See also Compatibility of elements} 
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erpolation functions: 5, 7, 447-151, 44- 
454 
for rectangular elements, 408-311, 441-419 
for serendipity elements, 419 
for triangulat elements, 404-307 , 405-411 
af Hermite family, a0, 148, 207, 215, 419 
of Lagrange family, 80, $2, 169, 249, 
303-31h, 404-419 
properties of, 77, 84, 149, 307, 601 
nviscid flow, 334, 353, 362, $41, 571 
rrotational flow, 296, 353, 354, 358 
[solines, 333 
isoparametric formulations, 251, 423 


Jacobian matrix, 424, 601 
Jacobian of transformation, 206, 250, 425, 
427 


Kirchhoff plate theory (see Plate theory, 
classical) 
Kirchhoff free-edgc condition, 514 


L, norm, 200 

Lagrange interpolation functions, 80 
one-dimensional, 78-84, 249 
two-dimensional, 403-311, 404-420 

Lagrange multiplier method, 4gg—491 

Lagrange multipliers, 488, 4g9, 492 

Lagrange family of finite clements, 249 

Lagrangian description, 119, 133 

Laplace equation, 367, 391 

Laplacian operator, 24 

Least-squates method, 4, 54-55, st 

Least-squares model, 40, 63, 98, 581, 532. 

Linear independence, 67 

Lumped mass matrix (see Mass mateix) 


Mass lumpicg: 

proportional, 292, 233 

row-sum, 232 
Mass matrix, 2d 

consistent, 229, 232 

lumped, 232 
Master rectangular element, 404, 429-433 
Master triangular element, 433-438 
Material time derivative, 393 
Membranes, 360, 381, 384 


esh: 

effect, 524 

generation, 198, 335-339; 441-448, 527, 
§48-551 


Mesh; (Contd): 
refinement, 

jr-version, 722, 442 

p-version, 972, 442 
Mindlin plate theory (see Plate theory, sheat- 

deformation) 

Mixed formulations, 590-594 
Mode shape, 211 


Natural frequencies, 209 

Natural vibrations, 211, 381, 473, §20 

Navier-Stokes equations, 6G, 120, 598 

Newton-Cotes quadrature (see Quadrature} 

Newton-Raphson method, 397 ’ 

Newton's kaw of cooling, 17, 441, 580 

Nodeless coefficients, ié 

Nodeiess variables, 14 

Nonconforming elements, 315 

}onlinear problems, §79--606, 594, 597-598 

Normal derivative operator, 25 

Nuemann boundary conditions {see Boundary 
condition) 

Numerical integration, 246-292, 421-438 


Oxthogonalily conditions, 50 


Parabolic equations, 234, 227, 230, 372-373, 
534 
Pascal’s triangle, 405, 407 


Plane elasticity problems, 533, 538, 573 
Plane sttess assumption, 471 
Plane stress problem, 456, 458 
Plane strain problem, 456, 458 
Plane elasticity, 455-481 
finite element model, 461 
eigenvalue and transient problems, 465 
weak form model, 464 
Plane truss element, 167 
Plate bending, 508-532 
Plate theory, classical, 508-516, 529 
shear-deformation, 508, 509, 516-520 
Poiseuille fiow, 122 
Poisson equation, 49, 62, 297, 325, 369, 384, 
386, 554 
Postprocessing of solution, 96-97, 158-160, 
298, 322 


Preprocessor, 299, 287, 534 ' 
Primary variables, 74-75, OO, 318, 319 
Primitive variables model (see Velocity- 
pressure formulation} 
Principle of virtual displacements, 123, 459 
Prism elements, 602 
Processor, 259, 262, 287 
Program: 
FEMID, 258, 271 
FEMIDV2, 258-270 
applications of, 270-291 
flew chart of, 231 
input for, 274-278 
source listing of (see Appendix 1) 
FEMID, 533 
FEM2D V2, 533-553 
applications of, 551-575 
flow chart of, 534 
input for, 542-547 
source listing of (see Appendix 2) 


Quadratic functional, 33-35 
Quadrature paints (see Gauss points) 
Quadrature (See also Numerical integration): 
Gauss—Legendre, 248, 954-258, 255, 237, 
421 
points, 248, 431, 436 
Newton-Cates, 253, 255, 287 
Quarter-point elements, 441 


Racially symmetric problems, 103-105 
Radiation, 39 
Rayleigh--Ritz: 

solution, 44, 45 

method, 4, 40 
Rectangular elements, 308-311, 411-420 
Reduced integration element (RIE), 184, 

185, 187, 191 

Reduced integration, 180, 492, 519 
Residual, 19 
Ritz coefficients, 41, 61 
Ritz method (see Rayleigh-Ritz method) 
Ritz solution, 331 


Secondary variables, 73-75, 90, 103 
balance (or equilibrium) of, 318 
Seepage (see Groundwater flow} 
Semidiserete finite element models, 225-227, 
373 
Separation of variables, 210 
Serendipity elements, 412, 416, 419 
Shape functions {see Interpolation functions) 
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Shear correction factors, 1TT 
Shear-deformahtle plate model {see Plates} 
Shear locking, 179, 191, §19, 520 
Simpson's one-third rule, 247, 253° 
Singular points, 339 


_ Source vector, 86 


Stability criteria, 230, 233, 375, 383 
Stability of numerical schemes, 229-239, 377, 
384 
Stability (or geometeic) stiffness matrix, 215, 
52i 
Stiffness matrix (See also Coefficient matrix) 
of: 
har element, 87, 126 
beam elements, 151, 181-183 
frame element, 169, 171 
plane elastic element, 464 
plate bending elements, 535, 921 
truss element, 173 
Strain-disptacement relations, 457 
Stream function, 61, 354, 360-362, 367, 398, 
504 
formulation, 360 
-Vorticity formulation, 61, 504 
Stress—strain relations, 457 
Subdomain method, 16, 40, 581, 582, 584 
Subparametric elements (see Subparametric 
formulation) 
Subparametric formutation, 251 
Superparametric elements (see 
Superparametric formulation) 
Superparametric formulation, 251, 423 
Supmetric, 200 


Tangent stiffness matrix, 595 
‘Taylor series, 4, 204 
Temperature, ambient, 342 
Temporal approximations (see Time 
approximation schemes} 
Tensor product, 430 
Tetrahedral elements, 407 
Thermal conductivity, 11, 71, 109, 216, 333 
Theee-dimensional problems, 579-606, 599 
Time approximation schemes, 224-233, 244, 
374, 375, 382, 383, 402, 465, 492, 
§20-522 
Time-dependent problems, at, 224-241, 370- 
384, 520, 554 
‘Time integration schemes: 
backward difference, 228, 231, 375 
central difference, 231, 383, 400 
collacation, 402 
conditionally stable, 229 
constant-average-acceleration, 383 
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Time integration schemes: (Contd.): 
Crank—Nicolson, 228, 375, 377, 379 
explicit, 230 
forward difference, 228, 375 
Galerkin, 228, 231, 238, 375 
Howhbalt’s, 230 
linear acceleration, 231, 383 
implicit, 230 
Newmark, 382 
stable, 229 
unstable, 229 
Wilson’s, 230, 402 

Timoshenko beam theory, 61 

Timoshenko frame element, £77 

Torsion, 365-369, 398 

Total potential energy principle, 35, 143, 148 

Transient analysis, 227-241, 374-384, 474- 

476, 501-503, 527, $28 

Transition clements, 299, 478 

Triangular elements, 304-308, 405-410 

Truss element, 167 


Variational problem, 34, 76, 301 
Variation, first, 27 

Variational symbol, 27-28 
Variational methods, 4, 13, 14, 40-59 


Velocity potential, 355-358, 362-364 
Velocity— pressure formulation, 484-487 
Viscous incompressible flows (see Fiuids) 
Vorticity, 61, 504 


Warping function, 367 
Wave equation, 379 
Weak form, 30-33, 40, 51, 73-76, 104, 108, 
£28, 214, 225, 299-301, 342-345, 380 
580, 391 
for: Euler—Bernoulli beams, 145-147, 595 
viscous flows, 484-486, 491 
Navier-Stokes equations, 598 
plane elasticity problems, 459-461 
plate bending, 513, 517 . 
three-dimensional problems, 600 
Timoshenko beams, 177 
Weight function, 20, 20, 37, 42, 53, 74, 145, 
177, 299, 461, 485, 581 
Weighted-integral statements, 18-20, 28-40, 
33, 37 
Weighted-integral method, 4, 18 
Weighted-residual methods, 51-57, 98, 580— 
590 
Weighted-integral form (see Weighted- 
integral statements) 
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Abstract—Higher-order shear-deformable refined theories, based on isoparametric elements, are adopted 
for transient dynamic analysis of symmetric and unsymmetric sandwich and composite beam 
constructions. These shear-correction coefficient free theories model cross sectional warping using 
nonlinear variation of inplane displacements across the depth. They also mcorporate transverse shear 
stress in the formulation. A special lumping scheme is employed for the evaluation of diagonal mass 
matrix, and a central difference scheme is used for carrying out the integration of the equation of motion, 
to obtain the response history. Through numerical experiments, the efficacy of higher-order models in 
predicting displacements and stress, resultants over from the first-order theory, with respect to time, is 
clearly brought out in this paper. © 1997 Elsevier Science Ltd. 


1. INTRODUCTION 


1.1. The need for refined theories 


The study of laminated composite and sandwich 
material constructions is a fertile area of research 
among aero-industries and space research establish- 
ments. This is due to the ease and advantage of such 
materials: with a choice of different fibre materials, 
orientation and stacking sequences, the behaviour 
pattern of either isotropic or orthotropic or 
anisotropic material could be achieved. The resultant 
laminate could then be made with the required 
stiffness, strength to weight ratios and damage 
tolerance as well as superior fatigue response 
characteristics. 

These materials, on the other hand, are not devoid 
of problems, such as delamination at free edges due 
to interlaminar normal stresses and low lamina 
strength, cross sectional warping including the core, 
transverse shear effects etc. Thus, any analysis of such 
constructions would only be realistic and accurate 
when the models employed are capable of addressing 
these issues and providing solutions to these 
probiems. 


1.2. Classical theory 


In addition to the above, the Literature on beam 
formulations reveals that the Euler—Bernoulli theory 
has been the most prevalent for the transient dynamic 
analysis of beams and arches [1] and frames [2-6]. 
The major handicap with this theory is that it neglects 
the transverse shear strain completely and hence gets 
restricted to sections with high aspect ratios only. 
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1.3. First-order theory 


The incorporation of transverse shear deformation 
into the governing equation by Timoshenko [7], was 
the first step towards the first-order shear defor- 
mation theory. Early versions of beam finite elements 
with the inclusion of rotary inertia and shear effects 
were reported by McCallay(8] and Archer [9}. 
Kapur [10] proposed a Timoshenko element with 
independent cubic polynomials for transverse dis- 
placements due to bending and shear. Two versions 
of the Timoshenko element were published, with 
cubic variation of transverse displacement and 
rotation of neutral! axis (11, 12). 

Different orders of interpolation for w and @ were 
employed in the development of shear deformable 
elements (13, 14]. Both w and @ and their respective 
spatial derivatives were considered as nodal degrees 
of freedom by Thomas and Abbas [15] for their 
version of the Timoshenko element. This theory was 
employed for transient dynamic analysis of elastic 
and elastoplastic beams and frames using © elements 
for comparison with that of Euler-Bernoulli theory 
using C' elements by Kant and Marur [16]. The 
shortcomings in this theory are the assumption that 
the shear strain remains constant across the 
thickness, and the need for a problem-dependent 
shear-correction coefficient. 


1.4. Second-, third- and fourth-order theories 


A second-order theory with two constants, one 
depending on the cross sectional warping and the 
other on the transverse direct stress, was proposed by 
Stephen and Levinson [17]. Heyliger and Reddy [18] 
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proposed a third-order theory and its refined version, 
with transverse normal stress components, was 
reported later [19]. An attempt towards a fourth- 
order beam theory with the inclusion of transverse 
shear strain and warping of cross section was made 
by Levinson (20] and an improved version of the 
same was subsequently proposed by Rychter [21]. 


1,5. Higher-order theory 


A higher-order model, as a further development of 
fourth-order theory and based on Hamilton's 
principle, was reported by Bickford (22} for the 
dynamic analysis of elastic beams. Reddy [23] also 
formulated a higher-order model, incorporating the 
transverse shear stress with C' elements. Kant and 
Gupta (24] proposed a refined higher-order model, 
with the inclusion of transverse shear and normal 
stress components with simple C° elements, for the 
static and free vibration analysis of isotropic beams. 
Later, the higher order models were extended to the 
static analysis of composite and sandwich beams, 
both without [25], and with (26), the transverse 
normal strain components. 


1.6. Higher-order theory for transient dynamics 


While the Euler-Bernoulli theory is very much 
restricted to thin sections, the first-order theory 
always requires a problem-dependent factor. More- 
over, this theory cannot model the cross sectional 
warping, an important element in modelling com- 
posites. The second-order theory [17] needs two 
factors, making this theory a problem-dependent one 
also. The third-order theory(18] has the basic 
disadvantage of C' continuity, while the fourth-order 
theory {20] has been formulated exclusively for beams 
with narrow rectangular cross sections and, hence, 
cannot be directly applied to other beams with 
arbitrary cross sections. The higher-order theory [23} 
also retains the C' continuity. 

The higher-order models of Kant and_ his 
co-workers [24-26], however, are free of all these 
shortcomings and are based on isoparametric 
elements. Moreover, they assume cubic axial strain, 
quadratic transverse shear strain and linear trans- 
verse normal strain components in order to capture 
the behaviour of composite and sandwich construc- 
tions. 

While the analysis of such structures requires a tool 
like higher-order theory, the picture that emerges 
from the study of the literature clearly indicates the 
wider usage of Euler—Bernoulli and first-order shear 
deformation theories. In addition, the untapped 
potential of higher-order models for the exploration 
of transient dynamic behaviour of composites and 
sandwiches is indicated. 

Hence, three higher-order models are proposed in 
this paper, in order to investigate the mechanics of 
composite and sandwich beams, undergoing transient 
dynamic deformations. 
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2, HIGHER-ORDER THEORIES AND FORMULATIONS 


2.1, Higher-order models 


The higher-order displacement model, based on the 
Taylor’s series expansion (27] of the displacement 
components, is given by 


ux, z, t) = u(x, 1) + 20, (x, 2 
+ 2uF{x, 0+ 2OF(x, 2), Cl) 


w(x, Zz, f) = wolx, ), (2) 


where tm and wo are axial and transverse displace- 
ments, in the x-z plane at time ¢, 8, is the rotation 
of cross section about the y-axis, and uf and @* are 
higher-order terms arising out of Taylor series 
expansion and defined at the neutral axis. 

The possible variations of axiai displacement given 
by eqn (1) are 


u(x, Z, f) = uu, t) + 20,00, 1) + Zui(x, 1), G) 
and 

u(x, Z, £) = uolx, 2) + 20,(x, 1) + COP Ge, 1). (4) 
The models given by eqns (3), {4} and (1) can be 
designated as Higher Order Beam Theory 4a, 
HOBT4b and HOBTS, respectively, with the 
transverse displacement remaining the same for ail 
the three models, as given by eqn {2}. The following 


presentation is based on HOBTS, as the other two 
modeis are the special cases of HOBTS itself. 


2.2. Total energy 
The total energy of a system can be given by 


L=T~—TI, (5) 
and 
IT = U,— BW, (6) 


where U, is the internal strain energy, W, is the work 
done by the externa! forces, and 7 is the kinetic 
energy. 
Equation (6) can be rewritten as 

L = Sfu'pu do — feo do —fwPdx], (7) 

where 
a= {uw}, a= fun}, 

¢= {0.Te I. 


€ = [e.y,J', 


P = [p,p.!'. 
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2.3. Internal strain energy 
Now the displacements can be written as 


u=Z,4 
where 
u = [uw] 
d= [wowol.ud OF] 
and 


1oz~e2?7 
z-[\ 10 0 Al 
The strains are written as 


€x = Eu + 26% + 2K, + 2°KE 


Yur = od + 27p* + 2Ky., 
where 


[ee 5 KP] = [e148 85.0%.) 


[O6*Kx.] = {(Wor + 6.)302 2ué], 
and can be expressed in the matrix form as 
e=Z 
where 


E = [Ewe aK KF |Ob* Kx] 


(8) 


(8a) 


(8b) 


(8c) 


(9) 
(10) 


(10a) 


(10b) 


(11) 


(11a) 


(1 1b) 


The constitutive relation of a typical lamina is 


given by 


where 


(12) 


(12a) 


(12b) 


The internal strain energy, after carrying out the 
integration across the cross section, becomes 


u=§ [ee dx (13) 
2 7 
where 
¢=De (13a) 
The stress resultants are given by 
& = (N.N? M,ME|QO*S] (14) 
and 
B= { zpz dz 
NL fh 
=. { ZDZ, dz (15) 
L=I Jie) 


which appears in a matrix form as, 


(16) 


where NZ stands for the (total) number of layers of 
the cross section, 


NL A, Ay A, 


and 


A, = (hi —hi_ ik, k= 1...7. (16b} 


2.4. Kinetic energy 


The kinetic energy can be expressed using eqn (8) 
as 


T=} aides (17) 
! 


744 S. R. Marur and T. Kant 


where 


= 6 | Zip.Zoae 


NL hy 
=b ». ZiprLe dz, 


tml Jay _y 


(17a) 


Here, p, is the mass density of a particular layer. 

The diagonal elements of the matrix given by the 
above equation, corresponding to any node i, can be 
expressed by 


NL fh, 
m= 5 > [11z*z*z*]p, dz. 


tw=l he | 


(18) 


2.5. Work potential 


Similarly, the external work done is modified using 
eqn (8) as 


W,= { aP dx (19) 
where 
P = Z\P (19a) 
or 
P = [popamaPamsy. (19b) 


Now, the total energy reappears with eqns (13), 
(17) and (19) as 


b=} aa dx — 13 | 24 dx — [aPas] (20) 
4 | 1 


3, FINITE ELEMENT MODELLING 


In isoparametric formulations, the displacements 
within an element can be expressed in terms of its 
nodal displacements as 

d = Na,, (21) 
where a, is a vector containing nodal displacement 
vectors of an element, and is given by 

a, = [didjds ...d,] (21a) 
and N is the shape function matrix. 

Similarly, the strain within an element can be 
written as 


é= Ba, (22) 


where B is the strain displacement matrix. 
The non-zero elements of B corresponding to a 
particular node i can be given as 
By = Bu = By = Bas = By = Ni; 
By = Ni; Bes = 3N:; 


Bry = 2N, . (23) 


With eqns (21) and (22), total energy can be written 
as 


L = i: [ wan dra — [B05 [a dy — ai [WP dx 
1 1 1 


-1 [wawaxi.— [2a [ BDBaxe 
1 1 


-« { wPax | 


Applying Hamilton’s principle on L, we get the 
equation of motion as 


(24) 


Md + Kd = f(s), (25) 
where 
M= { N'sN dx (25a) 
1 
K=6 | BDB dx (25b) 
1 
f(t) = | NP dx. (25¢) 
q 
3.1. Mass matrix evaluation 
The consistent mass matrix is evaluated as 
NG 
M.= )) W,NiaN|J| (26) 


1 


where NG is the (total) number of gauss points (four 
in this case), W, is the weighing coefficient and |J| is 
the determinant of Jacobian. 

If the total mass of an element can be given by 


m= [p de, 


and the sum of the diagonal coefficients of the 
consistent mass matrix given by eqn (26), correspond- 
ing to any translational degree of freedom alone, is 
termed as Xm,, then the specially lumped mass 


(27) 
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matrix can be obtained [28] by scaling all the diagonal 
elements of the consistent mass matrix as 


Tt, = My" {Zany (28) 


and making all the off-diagonal terms of the 
consistent mass matrix zero. 


3.2. Stiffness matrix evaluation 
The stiffness matrix can be evaluated as 


kK. =5 5S W,BDBIJ| 


rel 


(29) 


where total number of Gauss points are four for 
bending and three for shear terms evaluation. 


3.3. Load vector evaluation 


The consistent Joad vector, due to a uniformly 
distributed transverse load po, is given by 


NG 
f(t) = x WNP | (30) 


where 


p=[0 pp 0 0 0] and NG=3. (30a) 


3.4. Solution of equation of motion 


The governing equation of motion is solved using 
the central difference predictor technique [29] to 
obtain the response history at different time steps. 


4, NUMERICAL EXAMPLES 


In order to test the proposed higher-order models, 
beams with both sandwich and composite construc- 
tions, subjected te transverse dynamic loadings, are 
considered in this study. Isoparametric cubic 
elements are employed to discretize the beams. All the 
experiments are carried out on an IBM compatible 
486 computer on DOS in double precision. 

A simply supported beam of 30 in long and unit 
width is discretized using four cubic elements. The 
length to depth ratio of the beam is five and is 
subjected to a transverse dynamic load of 300 Ib in-’. 
The boundary conditions used for the simply 
supported case are as follows: 


b=wWwo=ue=0 at x=0 and x=L. 
The quantities like w(1/2,0), «(0,z), Q(0) and 


M(1/2) are expressed with respect to time, in 
their own dimensions, with u(0,z) being scaled by 
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—1, while the following are non-dimensionalized as 


u(O, z) = u(O, 2)E./(—po) 


(1/2, z} = 6, (1/2, 2)0/(— po) 


and expressed as the variation along the depth of 
cross section. 


Experiment | 


First, a symmetric sandwich beam with 0/90/core/ 
90/0 configuration is studied. 


Data | 
Face sheets [30]: (top/bot) 


E, = 0.1742 x 10° psi 

E. = 0.1147 x 10” psi 
cc = 0.7983 x 10° psi 

p = 0.1433 «x 107° lbs’ in-* 
t= 0,3 in. 


Core (315: 
G,: = 0.2042 x 10° psi 
p = 0.3098 x 107° Ib s? in-* 
t=48in 
tft, = 8. 


The cross section is split into six layers; top and 
bottom faces into two layers each and the core into 
two parts. 

Figure 1 shows the transverse displacement 
response history. While HOBTS and HOBT4b give 
identical values, which are almost three times higher 
than that of Timoshenko, the period of the response 
due to first-order theory is almost half its higher- 
order counterparts. HOBT4a predicts results which 
are stiffer than Timoshenko both in amplitude and 
period. A similar pattern is observed in the inplane 
response history in Fig. 2. The shear force at the left 
support of the simply supported beam is presented in 
Fig. 3. While higher order models predict higher 
amplitude and period than the first order model, 
HOBT4a is stiffer than Timoshenko. The midspan 
peak bending moment due to HOBTS and HOBT4b 
is marginally less than Timoshenko while the 
higher-order period is nearly twice that of Timo- 
shenko. HOBT4a is stiffer than Timoshenko as 
shown in Fig. 4. 

The variation of inplane displacement along the 
depth is depicted in Fig. 5. While the first-order 
theory and HOBT4a predict the linear variation, 
HOBTS and HOBT4b bring out the warping of the 
cross section clearly. The inplane stress variation also 
illustrates the difference in the predictions of 
Timoshenko, HOBT4a and the rest, as shown in 
Fig. 6. 
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Fig. 3. Shear force variation with time of symmetric sandwich beam. 
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Fig. 9. Shear force variation with time of unsymmetric sandwich beam. 
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Experiment 2 

The same data used in Experiment | is considered 
here, but with an unsymmetric configuration of 
0/90/core/0/90. The transverse displacement response 
is shown in Fig. 7. The magnitude and period of the 
response of HOBTS and HOBT4b are 3x and 2x 
that of Timoshenko; HOBT4a is stiffer than 


first-order theory. The vanation of inplane displace- 
ment, shear force and bending moment are given in 
Figs 8-10. The magnitude of inplane displacement 
and the period of shear and bending moment of 
higher order models are nearly double those 
computed by first-order model and HOBT4a. 
Timoshenko and HOBT4a predict only a linear 
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inplane displacement while higher-order models show 
the nonlinear variation in Fig. 11. Variation of 6, is 
plotted in Fig. 12. The higher-order models compute 
stresses that are lesser than those predicted by the 
other two, mainly due to the fact that inplane 
displacement by HOBTS5 and HOBT4b at 
1=0.18 x 10-*s, is much less than those predicted 
by HOBT4a and first-order theory, as can be seen in 
Fig. 8. 


Experiment 3 


Next, a symmetric composite construction of 
0/0/90/90/0/0 combination with the following proper- 
ties is considered [32]. 


Data 2 
E, = 0.7620 x 10° psi 
E, = 0.3048 x 10’ psi 
Gee = 0.1524 x 10’ psi 
p = 0.7257 x 10-‘ Ibs? in-* 
tae @ 1 in. 


The transverse displacement by Timoshenko is the 
highest in this case followed by HOBTS and 
HOBT4b, as shown in Fig. 13; HOBT4a is again the 
stiffest. In the case of inplane displacements, HOBTS 


and HOBT4b are the highest, followed by Timo- 
shenko and HOBT4a as in Fig. 14. This is due to the 
presence of various higher-order terms in the 
displacement function of u. From Figs 15 and 16, it 
can be observed that ail higher-order models are 
marginally lesser than Timoshenko in their predic- 
tions of shear force and bending moment. 

The cross sectional warping clearly brought out by 
higher-order models is presented in Fig. 17. Similarly, 
the nonlinear variation of inplane stress by higher- 
order models is shown in Fig. 18. 


Experiment 4 


The unsymmetric configuration of 0/90/0/90/0/90 
with the properties given by Data 2, is considered in 
this case for time history response evaluation of the 
beam. From Fig. 19, it can be observed that HOBTS 
predicts a transverse displacement response, which is 
higher than those of HOBT4b and Timoshenko 
(which are quite close in this case}, while HOBT4a 
computes the stiffest results of all. The inplane 
displacement history, as in Fig. 20, presents a 
different picture. HOBT5 computes the highest, 
followed by HOBT4b, HOBT4a and Timoshenko in 
that order. In the case of shear force, HOBT4b and 
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Timoshenko are much closer to HOBTS as in Fig. 21, 
while HOBT4a predicts slightly higher peak values 
with lesser period. The bending moment by 
Timoshenko, HOBT4a and HOBT4b closely follow 
the HOBTS moment with HOBT4a again having 
lesser period compared to others, as plotted in Fig. 22. 

The variation of & and ¢, are plotted in Figs 23 and 
24, which clearly brings out the nonlinear inplane 
displacement and inplane stress variation due to 
higher-order models compared to the linear predic- 
tions by HOBT4a and Timoshenko. 


§. CONCLUSIONS 


In our study, three refined higher-order, shear 
correction coefficient free models have been analysed 
by employing them for transient dynamic analysis of 
sandwich and composite beams. From the exper- 
iments conducted, it becomes apparent that the very 
stiff performance of HOBT4a renders it almost 
unusable. 

The higher order models (HOBTS and HOBT4b) 
predict responses which are quite high compared to 
Timoshenko, for both symmetric and unsymmetric 


sandwich constructions. The warping of cross section 
and nonlinear inplane distributions is vividly brought 
out by these higher-order models. Another interesting 
feature in the case of sandwiches, is that both HOBTS 
and HOBT4b predict identical results. 

In the case of composites, the order of difference 
between the higher-order and the first-order models 
is less compared to sandwiches. Timoshenko predicts 
slightly higher values in comparison with these 
higher-order models for symmetric composites, 
except for inplane displacements. For the unsymmet- 
ric composites, HOBTS yields higher inplane and 
transverse displacements than those given by the rest. 
For both the symmetric and unsymmetric cases, the 
warping of the cross section and the nonlinear 
inplane stress distribution is brought out well by 
higher order models. 

For sandwiches and symmetric composites, as both 
HOBTS and HOBT4b are identically effective, and 
for unsymmetric composites as HOBTS is better than 
HOBT4b, HOBTS can well be employed as an 
efficient higher-order refined model for transient 
dynamic analysis of sandwich and composite 
constructions of beams. 


Higher order theories for dynamic analysis of beams 


LEGEND 
— HOBTS 
eoo HOBT4b 
——- HOBT4a 
xx * TIMOSHENKO 


0, in LB\in (10°) 
mn 


Shear force at L 


0.6 0.8 . 4.0 1.2 14 16 1.8 

Time (x10 sec.) 

9 Fig. 21. Variation of shear force with time of unsymmetric composite beam. 
LEGEND 
HOBTS 

9000 HOBT4b 

—— HOBT4a 

« « « TIMOSHENKO 


Midspan bending moment in LB-in (x10*) 


0.2 0.4 0.6 08 61.0 12 1.4 1.6 18 
Time (x10 sec.) 
Fig. 22. Variation of bending moment with time of unsymmetric composite beam. 


757 


758 S. R. Marur and T. Kant 


LEGEND 
*@* HOBTS 
— HOB Téb 


—--HOBT4a 


---- TIMOSHENKO 


Fig. 23. Inplane displacement distribution of unsymmetric composite beam at T= 0.9 x 10-*s. 


LEGEND 
---- HOBTS 
oO HOBT4b 
»xx HOBT4a 
—-— TIMOSHENKO 


Fig. 24. Distribution of inplane stress of unsymmetric composite beam at T = 0.9 x 107*s, 


REFERENCES 3. Toridis, T. G. and Khozeimeh, K., Computer analysis 
of i frames. Computers and Structures, 197, 1, 
1. Wu, R. W. H. and Witmer, E. A., Finite element 193-221. 

analysis of large elastic-plastic transient deformations 4. Mondkar, D. P. and Powell, G. H., Finite element 
of simple structures. AZAA Journal, 1971, 9, 1719-1724. analysis of nonlinear static and dynamic response. 
2. Toridis, T. G. and Khozeimeh, K., Inelastic response of international Journal of Numerical Methods in Engin- 

frames to rapists loads. Journal of the Structural eering, 1977, 11, 499-520. 
Division of the ASCE, 1971, 97, 847-863. 5. Hilmy, S. I. and Abel, J. F., Material and geometric 


tH. 


12. 


13. 


14, 


15. 


16, 


17. 


18. 


Higher order theories for dynamic analysis of beams 


nonlinear dynamic analysis of steel frames using 
computer graphics. Computers and Structures, 1985, 21, 
825-840. 


. Kam, T. Y. and Lin, 8. C., Nonlinear dynamic analysis 


of inelastic steel plane frames. Computers and Struc- 
tures, 1988, 28, 535-542. 


. Timoshenko, 8. P., On the correction for shear in 


differential equations for transverse vibrations of 
prismatic bars. Philosophical Magazine, Series 6, 1921, 
41, 744-746. 


. McCallay, R., Rotary inertia correction for mass 


Hotta Report no. DIG/SA, GEC, New York, 63-73, 


. Archer, J., Consistent matrix formulations for struc- 


tural analysis using finite element techniques. A/AA 
Journal, 1965, 3, 1910-1928, 


. Kapur, K., Vibrations of a Timoshenko beam using 


finite element approach. Journal of the Acoustic Society 

of America, 1966, 40, 1058-1063. 

Carniege, W., Thomas, J. and Dokumaci, E., An 

improved method of matrix displacement analysis in 

Mier problems. Aeronautical Quarterly, 1969, 20, 
1-332. 

Davis, R., Henshell, R. D. and Warburton, G. B., A 

Timoshenko beam element. Journal of Sound and 

Vibration, 1972. 22, 475-487, 

Nickel, R. and Secor, G., Convergence of consistently 

derived Timoshenko beam finite elements. International 

Journal of Numerical Methods in Engineering, 1972, 5, 

243-253. 

Thomas, D. L., Wilson, J. M. and Wilson, R. R., 

Timoshenko beam finite elements. Journal of Sound and 

Vibration, 1973, 31, 315-330. 

Thomas, J. and Abbas, B. A. H., Finite element model 

for dynamic analysis of Timoshenko beams. Journal of 

Sound and Vibration, 1975, 41, 291-299. 

Kant, T. and Marur, S. R., A comparative study of C° 

and C' elements for linear and nonlinear transient 

dynamics of building frames. Computers and Structures, 

1991, 40, 659-678. 

Stephen, N. G. and Levinson, M., A second-order beam 

theory. Journal of Sound and Vibration, 1979, 67, 

293-305, 

Heyliger, P. R. and Reddy, J. N.. A higher-order 

beam finite element for bending and vibration 


19. 


20. 
21. 


22. 


23. 
24. 


25. 


26. 


27. 


28. 


31. 
32. 


739 


a Journal of Sound and Vibration, 1988, 126, 
Soldatos, K. P. and Elishakoff, 1., A transverse shear 
and normal deformable orthotropic beam theory. 
Journal of Sound and Vibration, 1992, 154, 528-533. 
Levinson, M., A new rectangular beam theory. Journal 
of Sound and Vibration, 1981, 74, 81-87. 

Rychter, Z., On the accuracy of a beam theory. 
Mechanical Research Communications, 1987, 14, 99- 


105. 

Bickford, W. B., A consistent higher-order beam theory. 
Developments in Theoretical and Applied Mechanics, 
1982, 11, 137-142. 

Reddy, J. N., Energy and Variational Methods in 
Applied Mechanics. Wiley, New York, 1984. 

Kant, T. and Gupta, A., A finite element model for a 
higher-order shear deformable beam theory. Journal of 
Sound and Vibration, 1988, 125, 193-202. 

Kant, T. and Manjunath, B. S., Refined theories for 
composite and sandwich beams with C° finite elements. 
Computers and Structures, 1989, 33, 755-764. 

Kant, T. and Manjunath, B. S., Higher-order theories 
for symmetric and unsymmetric fibre reinforced 
composite beams with C® finite elements. Finite 
Elements in Analysis and Design, 1990, 6, 303-320. 
Lo, K. H., Christensen, R. M. and Wu, E. M., A 
higher-order theory of plate deformation I. Homo- 
geneous plates. ASME Journal of Applied Mechanics, 
1977, 44, 663-668. 

Hinton, E., Rock, T. and Zienkiewicz, O. C., A note on 
mass lumping and related processes in the finite element 
method. International Journal of Earthquake Engin- 
eering Structural Dynamics, 1976, 4, 245-249. 


, Marur, S. R. and Kant, T., A modified form of the 


central difference predictor scheme for damped nonlin- 
ear systems. Computers and Structures, 1994, 50, 
615-618. 


. Chen, J. K. and Sun, C. T., Nonlinear transient 


responses of initially stressed composite plates. Comput- 
ers and Structures, 1985, 21, 513-520. 

Allen, H. G., Analysis and Design of Structural 
Sandwich Panels. Pergamon, London, 1969 

Reddy, J. N., On the solutions to forced motions of 
rectangular composite plates. ASME Journal of Applied 
Mechanics, 1982, 49, 403-408. 


Journal of Reinforced Plastics and 
Composites 


http://jrp.sagepub.com/ 


A Review of Refined Shear Deformation Theories for Isotropic and 
Anisotropic Laminated Beams 
Y. M. Ghugal and R. P. Shimpi 
Journal of Reinforced Plastics and Composites 2001 20: 255 
DOI: 10.1177/073168401 772678283 


The online version of this article can be found at: 
http://jrp.sagepub.com/content/20/3/255 


Published by: 
@SAGE 


http:/Awww.sagepublications.com 
Additional services and information for Journal of Reinforced Plastics and Composites can be 
found at: 
Email Alerts: http://jrp.sagepub.com/cgi/alerts 
Subscriptions: http://jrp.sagepub.com/subscriptions 
Reprints: http:/Awww.sagepub.com/journalsReprints.nav 
Permissions: http://www.sagepub.com/journalsPermissions.nav 


Citations: http://jrp.sagepub.com/content/20/3/255. refs. html 


>> Version of Record - Feb 1, 2001 
What is This? 


Downloaded from jrp.sagepub.com at UNIVERSITE LAVAL on June 13, 2014 


A Review of Refined Shear Deformation 
Theories for Isotropic and Anisotropic 
Laminated Beams 
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ABSTRACT: A review of displacement and stress based refined theories for isotropic and 
anisotropic laminated beams is presented. Various equivalent single layer and layerwise the- 
ories for laminated beams are discussed together with their merits and demerits. Exact elas- 
ticity solutions for the beam problems are cited, wherever available. Various critical issues, 
related with beam theories, based on the literature reviewed are presented. 


KEY WORDS: refined beam theory, shear deformation in beams, isotropic thick beams, 
laminated thick beams, equivalent single layer beam theories, layerwise beam theories, elas- 
ticity solutions of beams. 


INTRODUCTION 


ECENT ADVANCES IN the technology of composite materials has led to the use 
R:: laminated composite beams as structural components in various engineer- 
ing applications due to the superior mechanical properties of these materials. How- 
ever, shear deformation effects become more pronounced in such structures due to 
the low transverse shear moduli as compared to inplane tensile moduli, when sub- 
jected to transverse loads. This necessitates the accurate structural analysis of lami- 
nated beams. 

In this paper a review of refined shear deformation theories for the struc- 
tural analysis of shear deformable isotropic and laminated beams is presented. 
The methods of development of refined theories are presented. More empha- 
sis is placed on the recent advances in the modeling and analysis of laminated 
beams. 
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DIFFERENT METHODS OF DEVELOPMENT OF 
REFINED THEORIES 


Theories of beams involve basically the reduction of a three dimensional prob- 
lem of elasticity theory to a one-dimensional problem. Since the thickness dimen- 
sion is much smaller than the longitudinal dimension, it is possible to approximate 
the distribution of the displacement, strain and stress components in the thickness 
dimension. The various methods of development of refined theories based on the 
reduction of the three dimensional problems of mechanics of elastic bodies are dis- 
cussed by Gol’ denveizer [1], Kil’chevskiy [2], Donnell [3], Vlasov and Leont’ ev 
[4], and Sayir and Mitropoulos [5]. These methods are as follows: 


1. Methods based on hypotheses 
(a) The semi-inverse method 
(b) The method of trigonometric functions 
(c) The method of full range Fourier series expansion 
2. The method of expansion 
3. The asymptotic method 
4. The method of successive approximation 
5. The mixed method 


In all the above methods, reduction is carried out with the use of thickness coor- 
dinate. In the method of expansion, generally, Taylor series, McaLaurin series, 
Legendre polynomials and Bernstein polynomials are used in the thickness coor- 
dinate. However, in the method of asymptotic expansion, the small parameter such 
as ratio of thickness to length, i.e., the slenderness parameter, is generally used. 

In this paper, theories are broadly classified as 


1. the single layer (smeared) theories 
2. layerwise (discrete layer) continuum theories 


Necessary details (like method of development etc.) are given while discussing the 
theories. These theories have their roots in theories of isotropic beams, and these 
will be discussed first for the sake of completeness. 
THEORIES OF ISOTROPIC BEAMS 
Theories based on method of hypotheses and methods of relaxed hypotheses 
are presented in the order of their improvements. Their kinematical hypotheses are 
also presented. 


Elementary Theory of Beam (ETB) 


It is well-known that elementary theory of bending of beam based on Eu- 
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ler-Bernoulli hypothesis disregards the effects of the shear deformation. It is also 
known as classical beam theory. The theory is applicable to slender beams and 
should not be applied to thick or deep beams since it is based on the assumption 
that the plane sections which are perpendicular to the neutral layer before bending 
remain plane and perpendicular to the neutral layer after bending, implying that 
the transverse shear and transverse normal strains are zero. The displacement field 
of the theory is as 


dw 
u(x, Z) = Uy — Z— 
(x,Z) = Up ik 


w(x, Z) = w(x) 


where up is the midplane displacement component and w is the transverse dis- 
placement. 

When the elementary theory of beam (ETB) is used for the analysis laminated 
beams, deflections are underestimated and natural frequencies and buckling loads 
are overestimated. This is the consequence of neglecting transverse shear defor- 
mation in ETB. 

Refined theories with shear deformation effects taken into account, have been 
pioneered by Rankine, Bresse, Lord Rayleigh, Timoshenko, Vlasov and others. 
These refined theories have been fruitfully applied to both theoretical and practi- 
cal solid mechanics problems. 

Analysis of thick isotropic and laminated beams is complicated by the two di- 
mensional nature of stress and strain state. The use of elasticity theory is practi- 
cally unfeasible due to mathematical difficulties and the complexity of laminated 
systems. This led to the development of refined shear deformation theories for 
beams which approximate the two dimensional solutions with reasonable accu- 
racy. 


First-Order Shear Deformation Theory 

This theory is an improvement over the elementary theory of beam. Rankine [6] 
and Bresse [7] were the first to include both the rotatory inertia and shear flexibil- 
ity effects as refined dynamical effects in beam theory. This theory is, however, re- 
ferred to as the Timoshenko beam theory as mentioned in the literature by Rebello 
et al. [8] and based upon kinematics it is known as first-order deformation theory 
(FSDT). The kinematics of the theory is as follows: 


U(X, Z) = Ug + 2x 


w(x, Z) = w(x) 
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where up, w and o, are the unknown variables. , is the rotation of across section of 
the beam at the neutral layer. Rayleigh [9] included the rotatory inertia effect while 
later the effect of shear stiffness was added by Timoshenko [10]. Timoshenko 
showed that the effect of shear is much greater than that of rotatory inertia for 
transverse vibration of prismatic beams. The first correct boundary conditions for 
the Timoshenko beam were derived by Kruszewski [11] and Dengler and Goland 
[12]. This theory is well discussed by Dym and Shames [13]. 

In Timoshenko beam theory transverse shear strain distribution is constant 
through the beam thickness and therefore requires shear correction factor to cor- 
rect the strain energy of deformation. Mindlin and Deresiewicz [14] calculated 
this factor for variety of cross sections of beams. Cowper [15,16] and Murty 
[17,18] have given new expressions for this coefficient for different cross sections 
of the beam. History of shear coefficient is given by Kaneko [19] and critically ex- 
amined by Hutchinson and Zillmer [20] and Hutchinson [21]. Further discussion 
on the shear coefficients in beam bending is presented by Rychter [22]. 

Stephen and Levinson [23] have introduced a refined theory incorporating 
shear curvature, transverse direct stress and rotatory inertia effects. The governing 
differential equation is similar in form to the Timoshenko beam equation. How- 
ever, the theory requires two coefficients, one for cross sectional warping and the 
second dependent on the transverse direct stresses. These coefficients for various 
cross sections are evaluated. 

Rychter [24] studied a rectangular beam bending theory which incorporates 
the usual mean deflection and a rotation represented in terms of the relative axial 
displacement of the upper and lower surfaces of the beam. Renton [25] has pro- 
posed a generalized beam theory to evaluate the shear stiffness of various cross 
sections. 

Fan and Widera [26] and Kathnelson [27] developed an improved engineering 
theory for elastic isotropic uniform beam using asymptotic analysis of the 
variational equation of the Hellinger-Reissner principle for the three dimensional 
theory of elasticity. The theory gives Timoshenko type governing equations. 

Zaslavsky [28] investigated the limitations of the classical shearing stress for- 
mula of the strength of material theory by applying it to the non-homogeneous sec- 
tions to determine the shearing stresses. 

The limitations of the elementary theory of bending (ETB) of beams and first 
order shear deformation theory (FSDT) for beams forced the development of 
higher order shear deformation theories. 


Higher-Order Shear Deformation Theories 
In these theories displacement distribution is represented by power series ex- 


pansion in thickness coordinate to take into account shear deformation effects 
[29,30]. The displacement field of the general third order theory is as 
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u(X,Z) = Ug + 2b, + ag + oc, 
W(x, Z) = Wo + 20, + ZW, + aoe 


where up, Wo, 0. Wy, &y, 0-, W;, &, are unknown functions of position x. From this 
general third order theory, various displacement based theories can be obtained by 
different combination of terms. 


Parabolic Shear Deformation Theories 


This section deals with the refined theories giving parabolic transverse shear 
stress distribution through the thickness of the beam and obviating the need of 
shear correction factors. 

Soler [31] developed the higher order theory for thick isotropic rectangular 
elastic beams using Legendre polynomials and Tsai and Soler [32] extended it to 
orthotropic beams. Effects of shear deformation and transverse normal stress are 
included. The interrelation between classical beam theory and higher order theo- 
ries is explicitly brought out. 

Essenburg [33] studied an elastic beam of rectangular section, loaded in such a 
manner that contact with a smooth rigid surface is included. The displacement 
field of the theory assumes the transverse normal component of deformation as 
quadratic in thickness coordinate and includes the effect of transverse shear defor- 
mation. The inplane displacement is assumed to be the linear function of thickness 
coordinate. 

Leech [34] used the Hamilton’s principle to develop a series of beam theories of 
increasing accuracy including parabolic shear deformation theory. The kinemat- 
ics of the third order theory satisfy the zero shear strain conditions on the upper and 
lower edge of the beam. 

Levinson [35-38] obtained the higher order beam theory providing the fourth 
order stiffness of differential equations, satisfying two boundary conditions at 
each end of the beam. No shear correction factors are required since the theory sat- 
isfies the shear stress free surface conditions on the top and bottom of the beam. 
The through the thickness variation of transverse shear stress is parabolic. How- 
ever, Levinson’s kinematic model is variationally inconsistent. The displacement 
field of theory is as 


2 
(2,2) = ty + z| by - (i (°. n =| 


w(x, Z) = w(x) 


where uo, w and 6, are the unknown functions. 
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Bickford [39] used Hamilton’s Principle to derive a consistent, higher order 
theory for the elastodynamics of beam based upon the kinematic and stress as- 
sumptions previously used by Levinson [35]. Bickford’s variationally consistent 
theory consists of a sixth order system of differential equations, and satisfies three 
boundary conditions at each end of the beam. 

Rychter [40,41] verified the consistency and accuracy of Levinson’s theory by 
imbedding it in the two-dimensional linear theory of elasticity. It is shown that the 
Levinson’s variationally inconsistent theory is more accurate than the 
variationally consistent theory of Bickford. Petrolito [42] presented a finite ele- 
ment solution of uniformly loaded thick beams using the Bickford’s theory. 

Rychter [41] has given a simple and accurate fourth-order theory for beam 
bending based on adequate displacement and stress distributions in the beam. This 
theory is an extension of Levinson’s theory which incorporates transverse shear 
deformation, transverse normal stress, self-equilibrating axial stress and cen- 
troidal axis elongation-contraction due to Poisson’s effect. 

Rehfield and Murthy [43] formulated a beam theory that includes the effects of 
transverse normal strain, transverse shear strain, and nonclassical axial stress with 
the help of a plane stress elasticity solution of simply supported beam under uni- 
form load. However, the drawback of this theory is that the stresses, derived from a 
specific loading condition and from which strains are estimated, are not necessar- 
ily valid for an arbitrary loading condition. Rychter [44] studied the accuracy of 
the Rehfield and Murthy’s theory in a more general way and confirms its adequacy 
for anisotropic beams with increased transverse shear deformability. 

Baluch et al. [45] formulated a theory which takes into account the influence of 
transverse shear and transverse normal strain on the bending of isotropic beams. 
The theory obviates the need of shear correction factor. The semi-inverse method 
is used to derive the refined theory. Valisetty [46] developed a refined bending the- 
ory for beams of solid circular cross section using semi-inverse approach. 

Krishna Murty [47] formulated a third order beam theory including the trans- 
verse shear strain and nonclassical (nonlinear) axial stress. In this theory the para- 
bolic transverse shear stress distribution across the depth of the beam can be ob- 
tained using constitutive relations. The displacement field of the theory is as 


2 
dw Af z 
u(x,z) =U Z +z] 1 x 
(x, z) = Up ae al d, 


where ug, W,, W, and d, are the unknown functions. The transverse deflection is 
considered as a sum of two partial deflections, the deflection due to bending w, and 
the deflection due to transverse shearing w,. o, is the rotation of a cross section of 
the beam at the neutral surface. 
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A parabolic shear deformation beam theory assuming a higher-order variation 
for axial displacement has been presented by Bhimaraddi and Chandrashekhara 
[48]. Apart from the usual simple parabolic variation, six other shear strain varia- 
tions are considered: the sinusoidal variation, cubic, quadratic, and sixth-order 
polynomials, and satisfy the surface constraints. A cantilever, a simply supported 
and clamped beams of isotropic material are solved by various theories proposed. 

Irretier [49] discussed the various refined effects in dynamical theories for lin- 
ear, homogeneous beams and it is shown that the shear deformation influence is 
the most important. 

Heyliger and Reddy [50] and Kant and Gupta [51] presented finite element for- 
mulations based on higher order shear deformation theories for bending and vibra- 
tion of isotropic beams. 

Irschik [52] has established an analogy between refined beam theories and the 
classical Bernoulli-Euler theory using the principle of virtual work. The first and 
third order theories are used to establish the analogy for transverse deflection. 


Refined Theories Using Method of Successive Approximations 


Donnell [53] provided the series solution in the loading function, for the deflec- 
tions and stress in continuously loaded beams of rectangular cross section in terms 
of the top and bottom loading. Donnell [3] also studied the effect of transverse 
shear strain and transverse normal stresses on the deflection of centrally loaded 
simply supported thick beam. Thus the transverse deflection consists of three 
parts, viz flexural or bending deflection, deflection due to transverse shear strain 
and deflection due to transverse normal stresses. 

Boley and Tolins [54] calculated the stresses and deflections in rectangular 
beams and bars subjected to normal and shear forces varying smoothly along the 
span, from the two dimensional elasticity theory by an iterative procedure. 


Trigonometric Shear Deformation Theories 


A refined theory containing the trigonometric sine, cosine or hyperbolic sine 
and cosine functions in thickness coordinate, in the displacement field is termed 
here as trigonometric shear deformation theory (TSDT). The trigonometric func- 
tions involving thickness coordinate are associated with transverse shear deforma- 
tion effects and the shear stress distribution through the thickness of the beam. 
This is another class of refined theories in which number of displacement variables 
in the simplest form can be the same as those in FSDT. 

Refined beam theories with the introduction of trigonometric function in terms 
of thickness coordinate in kinematical assumptions are introduced by Vlasov and 
Leont’ ev [4] and Stein [56]. It is interesting to note that in respect of plates similar 
trigonometric functions in thickness coordinates were used by Levy [55], 
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Kil’chevskiy [2] and, as has been mentioned by Love [57], also by Kelvin and Tait. 
The displacement field of the Vlasov and Leont’ev theory is as 


U(X, Z) = ZU (X) + uy (x) sof | 


W(X, Z) = W(X) + vo (x) co 
The displacement field of Stein’s theory is as 


u(x, Z) = ZU (x) + wscosin( 5 | 


2 
w(x, Z) = w(x) + nco( 


In these displacement fields, the first right hand term represents the displacements 
when the sections are assumed to remain plane; the second terms are introduced to 
correct the inaccuracies due to this assumption and that of zero transverse elonga- 
tions. 

However, in these theories shear stress free boundary conditions are not satis- 
fied on the top and bottom surfaces of the beam. This deficiency is removed by Rao 
[58] in arefined theory developed for beams. The theory is as simple as first order 
shear deformation theory. However, it is variationally inconsistent. Ghugal and 
Shimpi [59] developed a variationally consistent refined trigonometric shear de- 
formation theory for flexure and free vibration of thick isotropic beams. The 
displacment field of the theory in its simplest form is as 


d h., 
U(X, Z) = Ug (xX) — Z = + i sol } 


w(x, Z) = w(x) 


The number of displacement variables in this theory are the same as those in 
FSDT. The theory satisfies the zero transverse shear stress conditions on the top 
and bottom surfaces of the beam and thus obviates the need of shear correction fac- 
tor. 
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Elasticity Solutions 


The elasticity solutions for simply supported and cantilever beams of narrow 
rectangular cross sections subjected to UDL and tip load respectively are given by 
Lekhnitskii [60] and Timoshenko and Goodier [61] using Airy’s stress polynomial 
functions and using stress functions in the form of a Fourier series. The effects of 
transverse shearing force and transverse normal stress on the deflection of the 
beams are included. 

Iyengar and Prabhakara [62] provided a three dimensional elasticity solution 
for the analysis of beams continuous over an infinite number of equally spaced 
supports. It is assumed that the beam is made of homogeneous, isotropic and per- 
fectly elastic materials. 

Neou [63] and Niedenfuhr [64] developed the method for determining the poly- 
nomial Airy stress function for homogeneous beams considered as a plane stress 
elasticity problem. Hasin [65] applied it to the anisotropic case. 


LAMINATE BEAM THEORIES 


Equivalent single layer and layerwise laminated beam theories are presented in 
this section. In the equivalent single layer displacement based theories one single 
expansion for each displacement component is used through the entire thickness 
of the laminate. In layerwise theories each layer is treated as a separate beam and 
discrete layer transverse shear effects are introduced into the assumed displace- 
ment field. 

While cylindrical bending provides a convenient tool for performing a 
one-dimensional analysis of laminated plates, a theory for laminated, anisotropic 
beams is also important, beam being a basic structural element. The difference be- 
tween cylindrical bending and beam bending is analogous to the difference be- 
tween plane strain and plane stress in classical theory of elasticity. The major dif- 
ference is in the bending stiffness term (see Whitney [66]). 


Elementary Theory of Beams for Laminates 


In laminated composite beams, the transverse shear deformation significantly 
affects the transverse displacement, the natural frequencies of vibration, and the 
buckling loads. The elementary theory of beam, which is based on the 
Bernoulli-Euler assumption that planes initially normal to the midplane remain 
plane and normal to the midsurface after bending, leads to high percentages of er- 
ror in the analysis of anisotropic beams due to the neglect of transverse shear de- 
formations. 

Tauchert [67] examined the validity of the elementary theory of beam (ETB) 
for anisotropic beams. The unidirectionally reinforced composite beams with fi- 
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bers oriented at various angles relative to the longitudinal axis of the beam are con- 
sidered. The comparison of results of ETB with elasticity results showed that the 
ETB yields acceptable results for beams having an aspect ratio of 10 or more. 

Krajcinovic [68] developed a variationally consistent layerwise shear deforma- 
tion theory for composite beam. The theory is developed under the assumption that 
the Bernoulli’s hypothesis is valid for each lamina independently but not for the 
entire cross section as a whole. Ojalvo [69] employed the classical Euler-Bernoulli 
beam theory to laminated beams. 


First-Order Shear Deformation Laminate Theory 


Swift and Heller [70] studied laminated beams by assuming layerwise constant 
shear strains and a continuous transverse displacement through the thickness. This 
is alayerwise application of Timoshenko beam theory. The results of a sine loaded 
two layered, unsymmetrically stacked graphite epoxy beam with simple supports 
are presented. 

Shear correction coefficients for orthotropic beams are derived by Bert [71] 
and Dharmarajan and McCutchen [72]. Gordaninejad and Bert [73] employed the 
Timoshenko beam theory for the analysis of laminated beams. 


Higher-Order Laminate Beam Theories 


Equivalent single layer and layerwise laminated beam theories based on 
method of power series expansion in thickness coordinate are presented in this 
section. 


PARABOLIC SHEAR DEFORMATION THEORIES 

Ambartsumyan [74] developed a layerwise shear deformation theory for sym- 
metric cross-ply laminates assuming the parabolic transverse shear stress distribu- 
tion within each layer. The semi-inverse method is used to derive the displacement 
field of theory. The resulting theory is a parabolic shear deformation theory. 

Krishna Murty and Shimpi [75] and Krishna Murty [76] developed the higher 
order shear deformation theories based on the elementary theory of beam and ap- 
plied these theories for the vibration analysis of laminated beams. 

Silverman [77] presented a parabolic shear deformation theory for the narrow 
doubly symmetrical three layer rectangular beam. The principle of minimum po- 
tential energy is used to obtain the governing equations and boundary conditions. 
Formulae for the deflections, bending and shear stresses have been developed for 
cantilever and simply supported beams. 

Hu et al. [78] presented the experimental validation of parabolic refined shear 
deformation theory for fiber reinforced beams. The results were found to be closer 
to those predicted by refined theory. 
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Khdeir and Reddy [79] presented the analysis of symmetric and antisymmetric 
cross-ply laminated beams using classical, first-order, second-order and 
third-order theories. Soldatos and Watson [80] developed a general theory for the 
accurate stress analysis of homogeneous and laminated composite beams which 
takes into consideration the effects of both transverse shear and transverse normal 
stress. 


LO-CHRISTENSEN-WU TYPE HIGHER ORDER THEORIES 

The Lo, Christensen and Wu theory [29,30] developed a consistent higher order 
theory for homogeneous and laminated plates including effects of transverse shear 
deformation, transverse normal strain and a nonlinear distribution of the inplane 
and transverse displacements with respect to the thickness coordinate. The theory 
contains eleven displacement variables. This theory is widely used by many re- 
search workers for the analyses of shear deformable beams and plates; and ob- 
tained the closed form and finite element solutions. 

Kant and Manjunatha [81] and Manjunatha and Kant [82,83] developed a set of 
higher order theories for the analysis of composite and sandwich beams using the 
Lo, Christensen and Wu theory. The C° finite element formulation was presented 
for the flexural analysis of symmetric and unsymmetric composite and sandwich 
beams. 

Maiti and Sinha [84] and Vinayak et al. [85] presented the finite element analy- 
sis of the symmetric and unsymmetric thick laminated beams based on the higher 
order theory of Lo et al. [29]. 

Soldatos and Elishakoff [86] developed a third order shear deformation theory 
for static and dynamic analysis of an orthotropic straight beam based on classical 
beam theory. The theory incorporates the effects of transverse shear and trans- 
verse normal deformation. 

Recently, Murakami et al. [87] developed anisotropic beam theories with shear 
deformation to investigate the effect of constitutive coupling, bending, and trans- 
verse shearing deformation on the deflection of an anisotropic cantilever beam 
with narrow rectangular cross section. First-, second- and third-order shear defor- 
mation displacement based theories are proposed. Reissner’s mixed variational 
principle is used to formulate the boundary value problem. It is concluded that 
higher order beam theories are necessary to capture the normal shear coupling ef- 
fects. 


LAYERWISE THEORIES 

Reddy [88] presented a more general theory for composite analysis based on a 
layerwise displacement field. The theory can be specialized to a number of partic- 
ular theories. Assuming transverse incompressibility and layerwise representation 
of inplane displacement, the displacement field of a laminated beam can be written 
as 
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u(Xx,Z) = Ug + U(x,z) 


w(x, Z) = w(x) 


where uy and w are, respectively, the longitudinal and transverse displacements of 
a point on the reference axis of the laminate and the function U(x,z) represents a 
layerwise inplane displacement. 

Lu and Liu [89] extended Reddy’s generalized laminate plate theory (GLPT) 
using Hermite cubic shape functions to get the continuity of interlaminar shear 
stresses. Results of single layered, two layered and three layered cross-ply lam- 
inate for cylindrical bending are presented. However, theory is layer dependent 
and computationally complicated. 

Davalos et al. [90] analyzed the laminate beams with a layerwise constant shear 
theory. The layerwise constant shear stress obtained from constitutive relations is 
transformed into parabolic distribution using quadratic functions (Lagrangian 
Polynomials) and various numerical applications are presented using finite ele- 
ment method. 


Elasticity Solutions 


A three dimensional elasticity analysis of nonhomogeneous bars in flexure has 
been carried out by Muskhelishvili [91] with all layers having the same Poisson’s 
ratio. The analysis becomes complicated when each layer is having different Pois- 
son’s ratio. 

Silverman [92] presented elasticity solutions for bending of orthotropic beams 
under polynomial loads using Airy’s stress functions. Formulas for the deflec- 
tions, bending, and transverse shear stresses for simply supported and cantilever 
beams are given. 

Lekhnitskii [60] provided the exact solutions of laminated beams using Airy’s 
stress polynomial functions. Each layer is assumed to be specially orthotropic in 
the plane of bending. A more general solution for multilayered composite cantile- 
ver beam subjected to transverse load and a moment at the free end is presented 
and specialized it for the two layered unsymmetrically laminated cantilever beam. 

Gerstner [93] developed the elasticity solution for a composite beam consisting 
of three isotropic elastic layers using Airy stress function. Pagano [94,95] pre- 
sented exact elasticity solutions for composite laminates in cylindrical bending. A 
unidirectional laminate and two and three layered cross-ply laminates subjected to 
sinusoidal load are considered. 

Rao and Ghosh [96] presented a plane stress elasticity solution of an unsym- 
metrically laminated beam using Airy’s stress function. A simple and direct tech- 
nique to choose Airy’s stress function suitable to solve a laminated beam under 
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polynomial load is presented with the help of the strength of materials theory. All 
the layers are of different composite materials. 

Cheng et al. [97] has given a three dimensional elasticity solution for symmetri- 
cally laminated rectangular beams where each layer is assumed to be homoge- 
neous, transversely isotropic, and unidirectionally reinforced. Only symmetri- 
cally laminated cantilever beam with tip load is considered. The solution can be 
applied to a simply supported or clamped beam with concentrated load at midspan 
using Saint Venant’s Principle. The transverse normal deformation is included in 
the formulation. 

Holt and Webber [98] provided exact solutions to sandwich beam, plate and 
shell problems. 


COMMENTS ON LITERATURE REVIEWED 


A review of the literature indicates the following points related to the refined 
theories where further research is required for the rational analysis of shear de- 
formable isotropic and laminated beams. 


1. Most of the research work is devoted to flexural analysis of thick isotropic 
beams using refined theories and comparatively less work is available on the 
flexural analysis of laminated beams using equivalent single layer and layerwise 
theories. 

2. Although the layerwise theories give excellent results for displacements and 
stresses, they suffer from major computational drawback due to the heavy alge- 
bra involved and require reduction of displacement variables by proper model- 
ling techniques. 

3. Analysis of unsymmetric cross-ply laminated beams using layerwise theories 
with minimal number of displacement variables are not available. 

4. Simple layerwise theories making use of constitutive relations to obtain the 
transverse shear stresses directly with reasonable accuracy are not available. 
Such theories are more suitable for the finite element analysis since the recovery 
of these stresses by post-processing via equilibrium equations (which is a te- 
dious task) is avoided. 

5. Use of refined shear deformation theories using trigonometric functions involv- 
ing thickness coordinate is not fully explored. The layerwise shear deformation 
theories for the analysis of laminated beams using method trigonometric func- 
tions are not available in the literature. 

. Exact solutions for cross-ply laminated beams are not available in the literature. 

7. Refined theories for the analysis of beams subjected to shear loads on the top and 
bottom of the beam are rarely available. 

8. Refined theories for bending analysis of beams with non-rectangular cross sec- 
tions are rare. 


joy 
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Abstract 


An exact dynamic stiffness matrix for a twisted Timoshenko beam is developed in this paper in order to 
investigate its free vibration characteristics. First the governing differential equations of motion and the 
associated natural boundary conditions of a twisted Timoshenko beam undergoing free natural vibration 
are derived using Hamilton’s principle. The inclusion of a given pretwist together with the effects of shear 
deformation and rotatory inertia, gives rise in free vibration to four coupled second order partial 
differential equations of motion involving bending displacements and bending rotations in two planes. For 
harmonic oscillation these four partial differential equations are combined into an eighth order ordinary 
differential equation, which is identically satisfied by all components of bending displacements and bending 
rotations. This difficult task has become possible only with the help of symbolic computation. Next the 
exact solution of the differential equation is obtained in completely general form in terms of eight arbitrary 
constants. This is followed by application of boundary conditions for displacements and forces. The 
procedure leads to the formation of the dynamics stiffness matrix of the twisted Timoshenko beam relating 
harmonically varying forces with harmonically varying displacements at its ends. The resulting dynamic 
stiffness matrix is used with particular reference to the Wittrick—Williams algorithm to compute the natural 
frequencies and mode shapes of a twisted Timoshenko beam with cantilever end condition. The exact 
results from the present theory are compared with numerically simulated results using simpler theories, and 
some conclusions are drawn. 
© 2003 Elsevier Ltd. All rights reserved. 


1. Introduction 


There is a considerable amount of published literature on the free vibration analysis of twisted 
beams [1-17]. Recently, the present author has made a contribution to this literature [18] by 
investigating the free vibration characteristics of a twisted beam by using the dynamic stiffness 
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method for the first time. It is evident from the research reported in the literature that prior to the 
emergence of the popular finite element method, there were some outstanding works on the 
subject using exact analytical methods which are based on the solution of classical differential 
equations of motion. In particular, the works of Troesch et al. [2] and Diprima and Handelman [3] 
need special mention. These developments are no-doubt significant and they are as relevant today 
as they were at the time, particularly when solving bench mark problems and validating the finite 
element and other approximate methods [10,11]. However, a striking shortcoming of these 
classical analytical works is that they are essentially based on Bernoulli-Euler assumptions and 
therefore, do not account for the effects of shear deformation and rotatory inertia on the free 
vibratory motion of the twisted beam. 

As the search for refined beam theories has continued over the years the incorporation of the 
effects of shear deformation and rotatory inertia has progressively become more and more 
difficult. When developing a refined beam theory the inclusion of these terms is undoubtedly an 
increased and additional complexity. (Clearly the level of complexity increases as the beam theory 
becomes more and more refined.) Since Timoshenko implemented the effects of shear deformation 
and rotatory inertia on a simple Bernoulli-Euler beam in the earlier part of last century [19], 
research workers have recognized the importance of these effects. These are particularly important 
for natural frequencies of non-slender beams where the length-to-depth ratios are generally small, 
and also when higher natural frequencies are required [20]. The term “Timoshenko beam”’ (which 
represents a beam theory which accounts for shear deformation and rotatory inertia) is now 
universally accepted and has featured in literally hundreds of papers, covering amongst others, 
bending-torsion coupled (metallic) beams [21] and composite beams [22]. 

It appears that no one has made a serious analytical approach to investigate the free vibration 
characteristics of a twisted Timoshenko beam of the type analyzed here. It would seem that the 
expressions needed to derive the governing differential equations for the problem have proved to 
be too daunting. The problem is further compounded by the fact that even after the governing 
differential equations have been derived considerable difficulties would unavoidably arise in 
obtaining an explicit solution in closed analytical form. Clearly, the algebraic expressions for the 
solution are expected to be extensive and may possibly assume unmanageable proportions. This 
predominantly algebraic problem can now be overcome because a powerful tool has become 
available. This is, of course, symbolic computation that has made significant advances in recent 
years and these have taken place in different directions. It is now considered to be a break through 
in solid mechanics [23] and there are a number of diverse and wide-ranging symbolic computing 
packages currently available [24,25]. 

Against the above background this paper sets out to develop an exact dynamic stiffness matrix 
for a twisted Timoshenko beam, and then uses it to investigate its free vibration characteristics. It 
will be shown later that the dynamic stiffness formulation for a twisted Timoshenko beam is 
considerably more difficult than that of its Bernoulli-Euler counterpart [18]. A secondary object 
of this paper is to demonstrate a worthwhile application of symbolic computation in solving 
complex dynamical problems. 

The structure analyzed in this paper is a twisted beam, in which the effects of transverse shear in 
two planes are included. This structure will necessarily undergo torsional deformation as it flexes, 
but in this paper this induced torsional deformation is ignored. This is a reasonable assumption 
for beams with doubly symmetric cross-section for which the shear centre and centroid are 
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coincident and as a result the torsional deformation may be assumed to be uncoupled from 
flexure. However, the present method imposes a serious restriction when analyzing many practical 
twisted beams such as idealized compressor, turbine and helicopter blades for which the shear 
centre and centroid are not coincident. In this respect the twisted beam analyzed in this paper 
exists as an academic concept with limited applications, but has no doubt the merit of introducing 
structural effects of such complexity that successful analysis is possible only by the use of symbolic 
computation. Of course, the inclusion of induced twisting response further increases the 
complexity of the analysis very considerably. For the purpose of demonstrating the make-or- 
break contribution of the symbolic computation, the simplified twisted beam model that has been 
chosen—however unreal—is felt justified. The present investigation is considered to be a major 
step towards developing a more refined theory for twisted beams. 

The investigation proceeds with the fundamental assumptions of allowable displacements of a 
twisted Timoshenko beam in coupled flexural motion. The kinetic and potential energy 
expressions are derived to formulate the Lagrangian. Hamilton’s principle is then applied to 
derive the governing differential equations in free vibration. The expressions for the shear forces 
and bending moments at any cross-section of the beam are recovered from the natural boundary 
conditions, which emerge routinely from the Hamiltonian formulation. By assuming harmonic 
oscillation the governing partial differential equations are reduced to ordinary differential 
equations, and are combined into one ordinary differential equation by making substantial use of 
symbolic computation. The final differential equation is of eighth order and solved in closed 
analytical form. The boundary conditions for bending displacements, bending rotations, shear 
forces and bending moments are imposed on the general solution. This enables the elimination of 
the arbitrary constants from the general solution, leading to the formation of the dynamic 
stiffness matrix of the twisted Timoshenko beam. Finally using the Wittrick—Williams algorithm 
[26] the resulting dynamic stiffness matrix is processed to obtain natural frequencies of some 
chosen examples. The results are discussed and some conclusions are drawn. 


2. Theory 


A twisted beam of length L is shown in Fig. | in a right handed Cartesian co-ordinate system. 
The global co-ordinate axes Y YZ are shown at the left-hand end of the beam whereas the local co- 
ordinate axes xyz (in lower cases) which vary along the length, as a result of the twist, are shown 
on the right-hand side. The local y and global Y axes are coincident, both passing through the 
centroid, and are perpendicular to the beam cross-section, and therefore, represent the axis of 


Fig. 1. Axis system and notation used for a twisted Timoshenko beam. 
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twist of the beam. The rate of twist k is assumed to be constant along the length. Thus, if the twist is 
zero at the left-hand end, and ¢ (in radian) at the right-hand end, then k = ~/L. The area of cross- 
section of the beam is A and the two principal second moment of areas are J, and J,, respectively. 

The derivation of the governing (partial) differential equations of motion of a twisted beam (see 
Fig. 1) undergoing free natural vibration is of some considerable complexity, particularly when 
the effects of shear deformation and rotatory inertia are taken into account. This is achieved by 
applying Hamilton’s principle (see Appendix A for details). The resulting differential equations in 
free vibration are presented here for the first time as follows: 


—pAii + k,AGu" — k?k,AGu + kAG(k, + kw! + k, AGW’ — kk,AGO = 0, (1) 
—pAw+k,AGw" — k?k,.AGw — kAG(k, + kul — kk, AGW — k,AG6' = 0, (2) 
—p1,6 + El,6" — kK’ EI-0 — k,AGO — kk: AGu+ k,AGw' + kK(EL, + El)’ = 0, (3) 
—pl + El" — PEL — k, AGW — kk, AGw — k, AGu! — k(EI, + EI.)0' = 0, (4) 


where u and w are displacements in the x and z directions of a point lying on the centroidal axis 
and located at a distance y from the origin, 0 and w are the corresponding bending rotations about 
the local x and y axes, p, E and G are respectively the density, Young’s modulus and modulus of 
rigidity (shear modulus) of the beam material, pA is the mass per unit length, E/,, El, k,AG and 
k,AG are the bending and shear rigidities in the principal planes with k, and k, being the shear 
correction (or shape) factors, and a prime and an over dot represent differentiation with respect to 
distance y and time f¢, respectively. 
If harmonic variation of u, w, 0, and y with circular (angular) frequency w is assumed then 


u(y, t) = U(y)e'" 
w(y, t) = Wye 


lot (5) 
Ay, t) = O(y)e 
Wy, t) = Pye 
where U(y), W(y), O(y) and Y(y) are the amplitudes of u, w, 0, and w in free vibration. 
Substituting Eq. (5) into Eqs. (1)-(4) gives 
k, AGU" — (k°k.AG — pAw”)U + kKAG(k, + k,)W' — kk,AGO + k, AG¥’ = 0, (6) 


—kAG(k, + k)U' +k. AGW" — (k’k, AG — pAw’)W — k,AGO' — kk, AG¥ = 0, (7) 
—kk-AGU + k,AGW' + EL,0" — (k° El, + k-AG — pl.w’)O + kK(El, + EL)¥' =0, — (8) 
—k,AGU' — kk, AGW — kK(El, + EL.)O' + EL" — (El, +k: AG — pl-w’?)¥ =0. (9) 


Introducing the non-dimensional variable € (in place of y) where 
w) 
= yk =y-. 10 
c=JRay (10) 
Eqs. (6)-(9) can be written in the following form: 


k(D? — n+ bes2)U+k1+ DW — nO + D¥ = 0, (11) 
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k(1 + wDU — k(uD* + b2s? —1)W+ pDO + ¥ = 0, (12) 
—ykU + ukDW + (us?D? + b2r2s2 — s? — pO + (us2 +. 2)D¥ = 0, (13) 
kKDU + kW + (us? + s2)DO — (82D? + b2r2s? — us? — 1)¥ = 0, (14) 
where 
_k, > pAw* > pAw 
L a ke by. a EL.k* 2 ELK” (15) 
2 2 2: 2 
P Elk? 2 ELK 2 _ Lh? 2k (16) 
*" k:AG "7?  k,AG A ——— 
and 
d 
D=—. 1 
de (17) 


By carrying out an extensive amount of symbolic computation using REDUCE [24], Eqs. (11)-(14) 
can be combined into one differential equation by eliminating all but one of the variables U, W, O 
or ¥ to obtain, after a lot of simplification, the following eighth order differential equation: 


(D+ C\D° + C,D* + C3D? + Ci) H = 0, (18) 
where 
H=U,W,0 or¥ (19) 
and 
CQ =44PF49)4+hPC4+5°), (20) 
Co = (6 — by — br) + byl + bys) + bere + b282) + BATE + 82) 
x {14+ OY + sD} + OU + 9) — (2 + BED), (21) 


C3 = (4+ 6b% + 662) — (7°. + 72)(bEs2 + 4s?) — 20627? + ber?) 
+B (7? —8)1+ 87) -Rer +s) - en 
+ B2(r2 — s2)(1 + B27?) — B27? + 2)\(1 — Bers? 


00 60, 8) Pa (22) 
Ca =(1 = By) = b2) + bebe — bores) + BAL — buys (yrs + bes; — bebyser 
+ bis2(bor, + byr2) — (1 — bes (bisz + bor, + 572) — bys — by) 
+ Pree — Bsr? : — Bs s¢r? , (23) 


The differential Eq. (18) is linear with constant coefficients so that the solution for H (and hence 
for U, W, © and ¥) can be sought in the form 
H=e&. (24) 
Substituting Eq. (24) into Eq. (18) yields the auxiliary (or characteristic) equation 
AB + Cao + Colt + O32 4.4 = 0. (25) 
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The eighth order polynomial in 4 above, can be reduced to a quartic as follows: 
p* + Cip> + Cop” + Csp + Ca = 0, (26) 
where 
p= OF Ley. (27) 


The roots of p (and hence of 4) can now be obtained by using standard procedure [27], for 
example, by factorizing the quartic of Eq. (26) into two quadratics. Note that the roots of p (or 4) 
can be real or complex depending on the coefficients of the quartic. 


Thus the solutions for U, W, © and ¥Y can be written as 
8 


UA= > Pye’ = Pyeé + Pye! ae P30 + Pye’ + Pses¢ + Pee’? s Pe? z' Pee’, (28) 
j=l 


8 
W(é) = S- Oje"" _ Oye" + One? + O3e"* + Ox4e"** + Ose" + Ove’* + O70" + Oge’*®, (29) 
j=l 


8 
O(g) = S- Rye’ _ Rye" + Roe”2* + Re + Rye“ + Rse* + Roe’ + Rye’ + Rge’8é (30) 
j=l 


and 


8 
P(E) = S~ Sje’* = Sye’® + Spe’ + Sye’* + Sye™™ + Sse’* + Soe’ + Spe" + Sge***, (31) 
j=l 


where /,(j = 1,2, ...,8) are the eight roots of the auxiliary Eq. (25) and P;, Q;, Rj, and S; are four 
different sets of constants. 

It can be shown by substituting Eqs. (28)—(31) into Eqs. (11)-(14) that the constants P;, Q;, R;, 
and S; are related as follows: 


where 

aj = —AjAj/Bj, Bj = —Aj/G, Yj = —Dj/(AIQ) (33) 
with 

Aj = b3s2(—pny + sj +3) + up, — m +5; — 13), (34) 
Bj = b3s2(un, — wsj + n34;) + pp, — 4+ G+ nzA;)s (35) 
Cy = bos2 unr + Mrz) — naltj + 07 + us 827) — 2uNgk;, (36) 
Dy = B282(ny + psd; — &) + up(u— ny + & + 034)), (37) 
m= 1- bist, m= Mba, Ng =e +S m= E+, (38) 
Ge = SAF — us, = pp=1+4j, mj =1-4), (39) 


Zz 


ty = MBI SOTA; — I), 97 = BISA; — 1), | = MSA; Sz (40) 
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The expressions for shear force and bending moment in the local axis system (see Appendix A) for 
harmonic oscillation of the beam, are given by 


Vi. = — ELT!" — 1B — 74+ 1)0' +27] 


8 8 8 8 
= — ELK | S747 S,e —r S> Se — (9 + DS) AR’ +b2r2 S* se 
j=l j=l j=l j=l 
8 
= — ELR Sy; — 1 + br) — (r+ DB AMP, (41) 
j=! 
EI, ey} " ! 22 
V, = [rO" —-O+(r+ l)¥ + br,0] 


8 8 8 8 
= | S72 — S7 Re $F +) Sr aySje4® + BPSD Rye? 
i j=! j=! j=1 j=! 
El, 3 : 12 2 ds Ajé 
=—*k S 1B(rA; — 1 + b2re) + (r + WyjAjl Pie” (42) 
j=l 


and 


M, = —EI,k(6' +P) = —EI,k 


8 8 8 
So aR +> se = ELK S (BA; +9) Pe, (43) 
j=l 


j=l j=l 


8 
= —-ELk S Ai a BP ie, (44) 
j=l 


M, = —EL-k(¥' — @) = —EL-k 


8 8 

1. Seis efi 
S > AjSje coe S- Rye j 
j=l jJ=1 


where a prime now denotes differentiation with respect to € and 
_ El, 
EL, 


The dynamic stiffness matrix of the twisted beam can now be obtained by applying the boundary 
condition for displacements and forces at its ends. 

The boundary conditions for the bending displacement and bending rotation are: 

At the left-hand end: 


r (45) 


y=0€=0):U=Uyn, W=Wa, O=0,, P=, (46) 
At the right-hand end: 


The boundary conditions for the shear force and bending moment are: 
At the left-hand end: 


y=0(=0): Vy. = Via, Vz = Va, Mx = Mui, Mz = My (48) 
At the right-hand end: 
y=0C=@=kD): Vy = - x2) Vz = —Vi2, My = —Myo, Mz = —Ma (49) 
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Substituting Eqs. (46) and (47) into Eqs. (28)-(31) gives 
8 


Ui = U0) = 50 Pi, (50) 
=I 
8 
W. = W0) = S_ wP;, (51) 
= 
8 
Ox1 = OO) =k) BP; (52) 
= 
8 
P= ¥O)=kY_ Pj (53) 
= 
and 
8 
Ux. = U(f) = SP (54) 
jal 
8 
Wa = Wh) = a Piece, (55) 
jal 
8 es 
O90 = O) =kY— B,Pje"?, (56) 
jal 
8 
Vn = VP) =kY_ y,Pje%*, (57) 
j=l 
Eqs. (50) and (57) can be written in matrix form as follows: 
Ux1 Ri Rin Rp Ria Ris Rie Riz Ris} | Pi 
W. Ry, Roa =R3 Roa Ros, Rog Roy Rog | | Po 
Ox R3, R32 R33, R34 R35) R36 R37 Rag | | P3 
Pear| | Rar Raz R43 Rag Ras Rao Raz Rag | | Pa (58) 
Ux Rs, Rs. R53 Rsa Rss Rs) R57 Rsg | | Ps 
Wr Ror Ror Rex Roa Ros Roe Ror Ros | | Po 
0x2 Ryn Ry Rp Ria Ris Rie =a Rog | | Po 
bi) Rg, Rex Rg3 RgaRgs_ Re) Rg7_— Rigg | | Ps 
or 
6 = RP, (59) 


where the elements of R (for 7 = 1,2,3...8) are given by 
Ry=1 (60) 
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Ryj = %, 
Ry = kB;, 
Ry = ky;, 
Rs = eH? 


Rg = aje"?, 
Rs; = kyo. 


Substituting Eqs. (48)-(49) into Eqs. (41)-(44), gives 
8 
Ver = V0) = —ELI? SN ly,(Aj + B32 — 1) — + DBA) 


j=l 


yf eee ; 
Vin = V0) =k) NBA; + boy — D+ (r+ DyyAdP 
j=l 


8 
My = M,(0) = — Elk? S (BA; + 9) P is 
j=l 


8 
Mz = M,(0) = —EI-K S°(yjAj — BP; 
j=l 


and 
8 4 
Vio = Vio) = ELK S yj + 8272 — rn) — + DB AIP, 
j=l 
8 


EI, P , hy 
Vin = Vb) = AK? DIB rd + bare — V+ (r+ DyjAilPe™*, 


j=l 


8 
Myo = My(p) = ELK? NS “(B)Aj + 1) Pe”, 
j=l 


8 
M.y = M,() = ELK? Y\(yjAj — Bi) Pje””, 
j=l 
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(61) 
(62) 
(63) 
(64) 
(65) 
(66) 


(67) 


(68) 


(69) 


(70) 


(71) 


(72) 


(73) 


(74) 


(75) 
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Eqs. (68)-(75) can be written in matrix form as follows: 
Vx, On On O3 Qis Dis Oie Qi Dis} | Pi 
V., Ox, Q2 O23 Qo4 O25 Ore Qo7 Org | | Po 
Mx, 031 Q32 O33 Q34 O35 O36 O37 O38 | | P3 
M., Q4, Qa2 O43 Q4g O45 Qae Qa7 Qag | | Pa 


Va. | ~ Q51 Qs. O53 Osa Qs5 Qs6 O57 Osg | | Ps 7) 
V2 Q61 Q62 Qe; Qos Qos Qos Qe7r Qos | | Po 
My Qn Qn On Qa O15 Qe Qn Ore | | Pr 
M2 Osi Qsr Qs3 Osa Qss Ose Os7 Oss | P 
or 
F = QP, (77) 
where the elements of Q (for 7 = 1,2, ...,8) are given by 
Oy = ELK [yj + ber — 1) — © + BAL, (78) 
Ely 3 g2 sp pond , 
Ory = PIB (0A; + BE — ++ Day (79) 
Ox = —ED,k(B;Aj + ¥;), (80) 
Ou = —ELK (yj = B)) (81) 
and 
Os; = ELK yA; + br, — rn) — (r+ DB Ajle*?, (82) 
Oo; = —31B (V2 + bor, — + (r+ DyAjle””®, (83) 
r 
O17 = Elk?(BjAj + ye", (84) 
Ox; = ELK (y,A; — Be*®. (85) 
The constant vector P can now be eliminated from Eqs. (59) and (77) to give 
F = QR ‘5 = KS, (86) 
where 
K=QR'! (87) 


is the required dynamic stiffness matrix. 

When computing the dynamic stiffness matrix K, it should be noted that the roots of p and 
hence for 2, see Eqs. (25) and (26), can be complex and as a consequence, the elements of matrices 
Q and R can be complex. Therefore, the matrix inversion and multiplication steps of Eq. (87) 
must be carried out using complex arithmetic. The resulting dynamic stiffness matrix K will, of 
course, be symmetric and real, with imaginary parts of each element being zero. 
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Thus, the force displacement relationship at the nodes of the harmonically vibrating twisted 
Timoshenko beam is given by 


Vx Kit Kin Kis Kia Kis Kip Ki7 Kig | | Ux 

Vi Kyo Ko3 Kog Kos Kno Koz Kog | | Wa 
Mx, K33 K34 35) K36) K37_— Kg | | Ox, 

M., _ K4g Kas Kap Kaz Kag | | Pri (88) 
Vio Kss_ Ks6 Ks7_ Ksg | | Ux2 

Vn S YY OM Keo Koy Keg | | Wn 
My Ky, K7g | | Ox, 

Mn Ksg | | Pz, 


It is now necessary to transform the above relationship to global co-ordinates using an 
appropriate transformation. Clearly, the displacements and forces at the left-hand end of the 
twisted beam are already in global co-ordinates, whereas the corresponding displacements and 
forces at the right-hand end are in local co-ordinates (see Figs. 1 and 2). 

Referring to Fig. 2, the shear forces and bending moments at the right hand of the element can 
be resolved from global to local co-ordinates as follows. (Note that the lower and upper cases 
have been respectively used for the suffices of shear forces and bending moments to indicate 
whether they correspond to local or global co-ordinates.) 


Vx, = Vx, cos @ — Vz, sin d, (89) 
V., = Vx, sin @ + Vz, cos &, (90) 
M,, = My, cos ¢ — Mz, sin ¢, (91) 
M., = My, sind + Mz, cos ¢. (92) 


Thus, the relationships for the shear force and bending moment between the global and local 
co-ordinates at both ends of the beam element can be expressed as 


V5, 10000 0 0 0 Vy, 
Va 01000 0 0 0 Vz, 
M,., 00100 0 0 0 My, 
Mi = 00010 0 0 0 Mz, (03) 
Vi, 000 0c -s 0 0 Vy, 
V. 000 0 s 0 0 Vz, 
M,, 0 0 0 0 0 c —s| | My, 
M., 00000 0 +s «€ Mz, 


where 
c=cos¢ (94) 
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Ve, = Vz, 


Fig. 2. Shear forces and bending moments at the ends of the twisted Timoshenko beam shown in local and global 
co-ordinates. 


and 
s=sing. (95) 


The displacements can be transformed from the global to local co-ordinates exactly in the same 
way as the forces by making use of the above transformation matrix T, given by 


10000 0 0 0 
01000 0 0 0 
00 100 0 0 0 
00010 0 0 0 
T= (96) 
000 0c -s 0 O 
000 0 s 0 O 
000 0 0 c -s 
000 0 0 SoC 


In this way the stiffness matrix of the twisted beam in global co-ordinates K can now be 


formulated as x ; 
K = TKT, (97) 


where T’ denotes the transpose of the transformation matrix T. 


3. Application of Wittrick—Williams algorithm 


The dynamic stiffness matrix of Eq. (88) can now be used to compute the natural frequencies 
and mode shapes of twisted Timoshenko beams with various end conditions. A non-uniform 
twisted Timoshenko beam can also be analyzed for its free vibration characteristics by idealizing it 
as an assemblage of many uniform twisted Timoshenko beams. An accurate and reliable method 
of calculating the natural frequencies and mode shapes of a structure using the dynamic stiffness 
method is to apply the well-known algorithm of Wittrick and Williams [26] which has featured in 
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numerous papers [28,29]. Before applying the algorithm the dynamic stiffness matrices of all 
individual elements in a structure are to be assembled to form the overall dynamic stiffness matrix 
K; of the final (complete) structure, which may, of course, consist of a single element. The 
algorithm monitors the Sturm sequence condition of Ky in such a way that there is no possibility 
of missing a frequency (or mode) of the structure. This is, of course, not possible in the 
conventional finite element method. The algorithm (unlike its proof) is very simple to use and 
because of its extensive coverage in the literature the procedure is not repeated here, but interested 
investigators are recommended to read Refs. [28,29]. 


4. Scope of the theory and restrictions 


The twisted beam considered in this paper is assumed to behave according to the Timoshenko 
theory which accounts for the effects of shear deformation and rotatory inertia, but the beam has 
a constant rate of twist along its length and is assumed to exhibit coupling between bending 
displacements only. These displacements are considered to be uncoupled with torsional and/or 
extensional deformations. Also the cross-section of the beam is not allowed to warp. These 
assumptions are quite legitimate for many twisted beams with doubly symmetric cross-section, 
but they can be severe for many other (practical) twisted beams such as helicopter or turbine 
blades for which coupling between bending, torsional and extensional deformations and the 
rotational speed can have significant effects. The dynamic stiffness development of such complex 
twisted beams involves much more difficulty requiring additional insights. 


5. Results and discussion 


The dynamic stiffness theory developed above for a twisted Timoshenko beam is applied to a 
cantilever blade taken from the literature [13,18]. This example is particularly suitable for 
investigating the degenerate case when the effects of shear deformation and rotatory inertia are 
ignored so that the results become directly comparable with published results. However, in order 
to validate the theory and demonstrate the accuracy of results using the Timoshenko theory, the 
well-established computer program BUNVIS-RG [30,31] that evaluates the dynamic stiffness 
method for untwisted Timoshenko beam elements is used. When modelling a twisted beam and 
preparing data for BUNVIS-RG a large number of untwisted beam elements with an appropriate 
orientation of each was utilized. The example blade [13,18] has a length ZL = 3.048m with a 
substantial angle of twist which is zero at the root and 40° at the tip so that the rate of twist 
k = o/L = 0.22905 radian/m. The structural and other properties used are: (i) E = 70 x 10° N/m’, 
(ii) G = 27 x 10° N/m”, (iii) p = 2700 kg/m?, (iv) A = 0.0127667 m?, (vi) El, = 2869.7 N m”, (vii) 
EI, = 57393N m”, (vii) k, = 2/3, and (viii) k, = 5/8. 

The first five natural frequencies of the blade obtained from the present theory are shown in 
Table | together with those obtained from the Bernoulli—Euler theory [18]. Shear deformation and 
rotatory inertia have had very little effect on the natural frequencies of this particular blade. This 
is because the blade is extremely slender and the key parameters r,, rz, 5, and s, which principally 
affect the natural frequencies when using the Timoshenko theory are very small for the problem. 
These are r, = 0.00041, r, = 0.00184, s, = 0.00081, and s, = 0.00362. The slenderness ratios of the 
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Table | 
Natural frequencies of a twisted blade [13,18] with cantilever end condition 
Frequency number Natural frequency (rad/s) 
Bernoulli—Euler theory [18] Present theory 
1 3.4717 3.4715 
2 13.347 13.340 
3 25.171 25.165 
4 56.372 56.363 
5 103.26 103.20 


blade in the two principal planes ((L/,/J,/A) and (L/,/J_/A)) being, respectively, around 1700 
and 380 are thus very large. Of course, the shear deformation and rotatory inertia are not 
expected to have any major effect on the natural frequencies of such a very slender blade. 
However, the results of Table | indicate that when the effects of shear deformation and rotatory 
inertia are taken into account, the natural frequencies decrease as expected. 

A more appropriate comparison is made with the same illustrative example as above, but with 
the bending rigidities EJ,, and EI, increased by a factor of 5000. This gives the Timoshenko beam 
parameters r, = 0.029, r, = 0.130, s, = 0.057, and s, = 0.256. The first three natural frequencies 
of the twisted cantilever beam obtained using the present theory are shown in Table 2 alongside 
the results obtained using the Bernoulli-Euler theory [18]. The significant difference in results 
between the Timoshenko and the Bernoulli—Euler theories is apparent, particularly for the second 
and third natural frequencies of the twisted beam. Similar results were obtained using BUNVIS- 
RG [30,31] with a large number of untwisted beam elements. It has earlier been established [18,32] 
that approximate results of a discretized structure using a number of uniform straight elements 
converge almost parabolically to the exact result with increasing number of elements. The first 
three natural frequencies for the cantilever obtained from BUNVIS-RG [30,31] using 10 and 20 
elements and their parabolic limits are shown in Table 3 using both the Bernoulli-Euler and the 
Timoshenko theories. A comparison of results illustrated in Tables 2 and 3 shows good agreement, 
and they clearly indicate that the parabolic limit of the approximate natural frequencies agrees to 
five-figure accuracy to the exact ones which is in accord with earlier investigations [18,32]. 

The final set of results using the present theory was obtained to demonstrate the effects of 
slenderness ratio on the natural frequencies of a twisted Timoshenko beam. Using a cantilever 
twisted Timoshenko beam with the same rate of twist as above, a comparison of natural 
frequencies was made between this beam and that of an untwisted beam. For both twisted and 
untwisted beams the computed natural frequencies with the inclusion of the effects of shear 
deformation and rotatory inertia (7) are compared with those (w?) obtained when using the 
Bernoulli-Euler theory [18]. The percentage difference in the result ((w? — w1)/w*®) x 100% is 
plotted against the slenderness ratio (L/rg) of the twisted beam, where the radius of gyration rg is 
defined as rg = ¥/(,J_/A’). The plot for the first three natural frequencies (mn = 1, 2 and 3) for the 
twisted beam is shown in Fig. 3 by solid lines whereas the corresponding results for the untwisted 
beam are shown by broken lines. These results demonstrate that the effects of shear deformation 
and rotatory inertia on the natural frequencies of a twisted beam are similar to those encountered 
in an untwisted beam. However, the effects are seen to be marginally more pronounced in the case 
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Table 2 
Effects of shear deformation and rotatory inertia on the natural frequencies of a cantilever twisted beam 
Frequency Natural frequency (rad/s) 
number 

Bernoulli-Euler theory Present theory r, = 0.029, % difference 

[18] 7, =r; = sy = 5; =0 rz = 0.130, s, = 0.057, 

Sz = 0.256 

1 245.50 239.09 2.61 
2 943.38 769.77 18.40 
3 1779.6 1425.5 19.90 
Table 3 


Natural frequencies of a twisted beam computed by BUNVIS-RG [30,31] using straight untwisted beam elements 


Frequency number Natural frequency (rad/s) 


Bernoulli—Euler theory Timoshenko theory 


10 elements 20elements Parabolic limit 10 elements 20 elements Parabolic limit 


1 245.47 245.49 245.50 239.06 239.08 239.09 
2 946.26 944.10 943.38 771.01 770.08 769.77 
3 1769.7 1777.1 1779.6 1421.9 1424.6 1425.5 


of a twisted beam than that of an untwisted one. As expected the effects are more significant for 
higher natural frequencies and smaller slenderness ratios. 


6. Conclusions 


The governing differential equations of motion of a twisted Timoshenko beam undergoing free 
natural vibration are derived applying Hamilton’s principle. These are subsequently used to 
develop the dynamic stiffness matrix of the twisted Timoshenko beam. The application of the 
dynamic stiffness matrix is demonstrated by numerical results with particular reference to the 
Wittrick—Williams algorithm. The exact results from the present theory are validated by 
predicting the parabolic limit of approximate results obtained from the idealization of a twisted 
Timoshenko beam using a large number of untwisted beam elements. The shear deformation and 
rotatory inertia have similar effects on the natural frequencies of a twisted beam as they have on 
an untwisted beam. The research presented in this paper can be used as an aid to validate the finite 
element and other approximate methods, and is expected to stimulate further research on the 
dynamic stiffness development of complex structural elements. 


Appendix A. Derivation of the governing differential equations of motion of a twisted Timoshenko 
beam 


Hamiltonian mechanics is used to derive the governing differential equations of motion of a 
freely vibrating twisted Timoshenko beam, which has a uniform rate of twist along its length. 
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Fig. 3. The effects of shear deformation and rotatory inertia on the variation of the first three natural frequencies of a 
twisted and an untwisted beams as a function of slenderness ratio. twisted beam (f = 40°, &k = 0.22905 rad/m), 
----- untwisted beam (¢ = 0°, k = Orad/m). 


A set of allowable displacements and rotations is used as the starting point to form the system of 
direct and shearing strains. The expressions for strain energy and kinetic energy are then derived 
and subsequently used when applying Hamilton’s principle. 

In Fig. 4, O(X, Y, Z) is an inertial frame, with OY along the line of centroids of the undeflected 
beam cross-sections. Let G be the centroid at Y = y, and Gx and Gz principal axes in bending of 
the cross-section. The two-dimensional axis system in the plane of the cross-section represented by 
G(x, z) has a right handed rotation @ about OY, so that the angle between Gx and OX (and also 
between Gz and OZ) is ¢ as shown. This is the angle of twist at y so that the rate of twist k (which 
is assumed to be constant) is 0d /dy. 

Let the local displacements be u along Gx and w along Gz, and @ and w be the rotations of the 
cross-section about the x- and z-axis, respectively. Now consider an adjacent section at Y = 
y+dy, and let G(x,Z) be the corresponding axis system, see Fig. 5. Allowing for the relative 
rotation df = k dy of the element dy, the axial and shearing strains of a point P on the Gxz-plane 
due to bending and shearing actions can be derived by identifying the elastic distortion of an 
element of sides dy, dx and dz as follows. 


A.1, Expression for shearing strains and strain energy due to shear 


Since the displacements at G are u along Gx and w along Gz, the corresponding displacements 
at G are u+ (Ou/dy) dy along Gx and w + (@w/dy) dy along Gz. Now to examine the shearing 
strains y,,, and y., at P (see Fig. 5) it is necessary to determine the change in the right angle formed 
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y Y 


Fig. 4. Displacements and rotations of the centroid G at a distance y from the origin of the twisted Timoshenko beam 
shown in local co-ordinates. 


“NX 


w+w’dy 


P,Q 


utu’dy 


x 
Fig. 5. Displacements of the centroids G and G at the left and right-hand ends of an elemental length dy of the twisted 


Timoshenko beam shown in local co-ordinates. 


by lines drawn through P parallel to Gx and Gy for the evaluation of +,,, and lines drawn parallel 
to Gz and Gy for the evaluation of y.,.. 7 - 

The displacements u+(0u/dy)dy along Gx and w+ (dw/dy)dy along Gz will have the 
following components (see Fig. 5): 


Ou Ow ; 
(« + ay ay) cos(d@) + (» + ay ay) sin(d@) along Gx 


and 


ou : Ow 
= (u dk a iy) sin(d@) + (w + On ay) cos(d@) along Gz. 
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Using the general rules for infinitesimal calculus and neglecting higher order terms so that 
cos(dg) 2&1 and sin(dg)=d¢ in the limit, the above components can now be written as 


u+ a dy+w oe dy, along Gx 


ey oy 
and 
—u = dy+wt+ ody. along Gz. 


Thus, the relative a in planes Gxz and Gxz are 


= dip ae dy = OE sc iey, dy, along Gx 
5 ey oy 


ap dw aw 
(-u a By “) ay = (- ku) dy, along Gz, 


where k = (0¢/Oy) is the rate of twist. 


Therefore, the contributions to the shearing strains ),,, and y, as a result of the above 
displacements are respectively, given by 


Ou ow 
(= +e) and (- ku +2), 


The effect of the right-handed rotation @ about Gx (or Px) and wy about Gz (or Pz) is to modify the 
shearing strains, and we have, defining the shear strain as the reduction in a right angle in a 
defined plane, the final expressions for the shearing strains y,,, and y.,, as follows (see Fig. 6) 


and 


Ou 
= ial A.l 
and 
Vey Ss fg ep (A.2) 
oy 


From these identified shearing strains, the expression for the strain energy Ws due to transverse 
shear can now be written as 


1 L 
Us =5 / / / G2, +72, dv = [ | Glkey?, + ka?) dA dy 
V 0 A 
1 L 
=3 [| xGAlrg)? + K-GAQ,. PY dy 
1 L 
= | {k,GA(W + u' + kw)? + k,GA(—6 + w' — ku)’} dy, (A.3) 
0 


where a prime denotes differentiation with respect to y. 
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Vy =W tu’ +kw 


Vy = -—O04+w’—ku 


Fig. 6. Shearing strains of an infinitesimal element dy in the xy and yz planes. 


A.2. Expression for normal strain and strain energy due to normal strain 


In order to determine the axial strain ¢, at P in the Gxz plane as a result of bending actions, 
consider a line through P, parallel to OY, which meets the section GxzZ at Q, say (see Fig. 5), then 
PQ for the undeformed beam is of length dy. Now if one finds the relative displacements of 0 to P 
in the Y direction, the normal strain at P follows at once, as follows. 

The co-ordinates of P in the Gxz and GxzZ axis systems are, respectively, (x,z) and 
(x —kzdy,kx dy +z), see Fig. 5. The bending rotations of the plane Gxz about the axes Gx 
and Gz being 0 and w, the corresponding bending rotations of the plane GxZ about Gx and Gz are 
0+ 0’ dy and w +’ dy, respectively. 
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In section Gxz the displacement of P in the Y direction is —z0 + xw whereas in section Gxz the 
displacement of Q in the Y direction is —2(0 + 0’dy) + xX(W + dy). 
Thus the axial displacement of Q is 
—(z+kx dy)(0+ 6'dy) + (x — kz dy) + wW'dy) 
= —20+ x + (—kx0 — 26’ — kz + x’) dy. 
Noting that the axial displacement of P is —z0 + xw, the normal strain ¢, at P can now be written 
as 
&y = —kx0 — 26! — kay + xp = x’ — k0) — 20 + kw). (A.4) 


Therefore, the strain energy Wg due to axial strain resulting from bending actions is given by 
1 Lf FaP ha 

te-5] | [ Beeo=; | | ee aaey=5 | E | {x(W/ — ko) ~ 20 + yd dy. 
2 V : 2Jo Ja” 2 Jo A 


(A.5) 


Noting that Gx and Gz are principal axes so that [ [,xzdA = 0, the above expression simplifies 
to 


LD 
Up = ; | {EI(0' + kw)? + EL(W' — k6)} dy, 0) 
0 


where J, and J, are the second moment of areas of the cross-section about the principal axes Gx 
and Gz, respectively, and defined in the usual notation as follows: 


t= ff Pas, k= f f aa. (A.7) 


A.3. Total strain energy due to bending and shearing actions 


The total strain energy % can now be obtained by adding the strain energy due to shearing 
strain resulting from the shear load and strain energy due to normal strain resulting from bending 
actions, given by Eqs. (A.3) and (A.6), respectively. Thus, 


L 
U = Up + Us = 5 i [LEI + key)? + EL! — k0y} 


+ {k,AG(w + ul + kwy + k,AG(—0 + w' — ku)*}] dy (A.8) 


A.4. Expression for the kinetic energy 


The kinetic energy of the twisted Timoshenko beam can be formulated from the velocity 
components of the point P on the Gxz-plane as follows. These velocity components can be 
obtained by taking the time derivative of the displacements of P in the Gx, Gy and Gz directions. 
Clearly the velocity of the point P along Gx, Gy and Gz are u, —z6+ x, and w, respectively, with 
an over dot representing the time derivative. 
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So the kinetic energy Y of the twisted beam can be formulated as 
y=] [ [ota + (20 + sah? + 007} dv = 5 / “(pAGi-+ wi) + pcb? + pl} dy, (AS) 
where p is the density of the beam material. 
A.5. Application of Hamilton’s principle and derivation of the governing differential equations 


Using the expressions for potential and kinetic energies W and Y of the twisted beam (see 
Eqs. (A.8) and (A.9)) Hamilton’s principle can now be applied to derive the governing differential 
equations of motion in free vibration. 

Hamilton’s principle states that 


t2 
5 | Ldat=0, (A.10) 
ty 


where Y = Y — UW is the Lagrangian, and the integration is taken between arbitrary intervals of 
time ¢; and f) for a dynamic trajectory. 

Substituting the expressions for W and Y from Eqs. (A.8) and (A.9) for the Lagrangian ¥ in 
Eq. (A.10) and using the 6 operator, integrating by parts and noting that du, dw, 60 and dw are 
completely arbitrary, the governing differential equations of motion of the twisted Timoshenko 
beam are derived. As a by product of the Hamiltonian formulation the associated natural 
boundary conditions which give the expressions for shear forces and bending moments are also 
obtained. The whole procedure for the present problem is tedious, but merely a mathematical 
process. The derivation is routinely carried out by successive integrations, the details of which are 
too extensive to report. The final expressions are given as follows. 


A.6. Governing differential equations of motion in free vibration 


—pAii + k,AGu" — k°k-AGu + kAG(ky + k.)w' +k, AGW’ — kk, AGO = 0, (A.11) 
—pAw+k,AGw" — k’?k,.AGw — kAG(k, + kul — kk, AGW — k,AG6' = 0, (A.12) 
—p1,6 + EL,0" — k°EI,0 — k,AG@ — kk,AGu+ k-AGw' + k(El, + El.)W' =0, — (A.13) 


~pl.b + EL" — KEL — ky AGW — kk, AGw — k, AGu — k(El, + EI.)0' = 0, (A.14) 


A.7. Natural boundary conditions 
Shear force in the x direction: 
V. = —k,AGu — k, AGW — kk, AGw. (A.15) 
Shear force in the z direction: 


V, = —k,AGw' + k,AGO + kk,AGu. (A.16) 
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Bending moment about the x-axis: 

M, = —ED,0' — KEL. (A.17) 
Bending moment about the z-axis: 

M, = —El,w' + KEL. (A.18) 


With the help of the governing differential Eqs. (A.13) and (A.14), the expressions for the shear 
forces V, and V, in Eqs. (A.15) and (A.16) can be written in the following alternative forms: 


Vy. = —ELy" + PEL + k(EL, + EL)0' + pL, (A.19) 


V, = El,6" — k°EI,0 + k(El, + El,)W' — p10. (A.20) 
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Abstract. The spectral element matrix is derived for a straight and uniform beam element having an arbitrary cross-section. The 
general higher-order beam theory is used, which accurately accounts for the transverse shear deformation out of the cross-sectional 
plane and antielastic-type deformation within the cross-sectional plane. Two coupled equations of motion are derived by use 
of Hamilton’s principle along with the full three-dimensional constitutive relations. The theoretical expressions of the spectral 
element matrix are formulated from the exact solutions of the coupled governing equations. The developed spectral element 
matrix is directly applied to calculate the exact natural frequencies and mode shapes of the illustrative examples. Numerical 
results of the thick isotropic beams with rectangular and elliptical cross-sections are presented for a wide variety of cross-section 
aspect ratios. 


Keywords: Beam, higher-order, shear deformation, dynamic analysis, spectral element matrix 


1. Introduction 


Beam members are basic structural components widely used in many types of structures within the fields of 
mechanical, aeronautical, automobile and civil engineering. Because of the practical importance, a large number of 
investigators have made efforts to deal with the static and dynamic analyses of the beams. The analyses of slender 
beams have been performed mostly using the elementary Bernoulli-Euler theory. This theory assumes that the plane 
sections of the cross-section remain plane and particular to the beam axis. 

A more refined beam theory is Timoshenko beam theory which accounts for the shear deformation and rotary 
inertia that are neglected in the elementary theory. In Timoshenko beam theory the distribution of the transverse 
shear strain is constant through the beam thickness and therefore requires the shear correction factor to correct the 
strain energy of deformation. Timoshenko [1] first developed a theory which allowed one to study the vibrational 
behavior of the thick beams by approximately accounting for transverse shear deformation and rotary inertia, where 
the cross-section remained undistorted and the in-plane stresses were zero. Mindlin and Deresiewicz [2] calculated 
the shear correction factor for a variety of cross-sections of the beams. The dynamic shear strain distribution may 
differ significantly from the parabolic form of the static shear strain distribution. Cowper [3] presented a method 
to determine the shear correction factor based on the static three-dimensional elasticity theory along with Saint- 
Venant’s static flexure warping function. Hutchinson [4] investigated the behavior of the shear coefficient for a 
rectangular Timoshenko beam by comparison of the Timoshenko beam solution with a three-dimensional solution 
for a simply-supported beam. It was found that a shear coefficient would have to be a function of the wave length as 
well as the aspect ratio. 
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The limitations of the elementary Bernoulli-Euler beam theory and first-order Timoshenko shear deformation 
beam theory force the development of higher-order shear deformation beam theories. Stephen and Levinson [5] 
developed a second-order model for studying the beam vibrations with two governing differential equations having 
two independent coefficients. The first coefficient was similar to the Timoshenko’s shear correction factor, which 
depended upon Saint-Venant’s static flexure warping function, while the second coefficient depended upon the 
transverse shear stress state. Levinson [6] developed the higher-order shear deformable theory for beams with 
thin rectangular cross-sections that correctly accounted for the stress free boundary conditions on the upper and 
lower surfaces as well as the parabolic shear strain distribution through the thickness without the need for a shear 
correction factor. This was accomplished by expanding the axial displacement to include a cubic distribution through 
the thickness. This additional displacement was identical to the Saint-Venant’s static flexure warping function for 
thin rectangular cross-sections, but for general cross-section shapes the correct expansion should be an infinite 
series of transcendental functions. Bickford [7] considered a shear deformation theory for rectangular beams that 
correctly accounted for the stress free boundary conditions on the upper and lower surfaces of the beam while 
retaining the parabolic distribution of the transverse shear strain. Murty [8] formulated a third-order beam theory 
including the transverse shear strain and nonclassical axial stress. In this theory the parabolic transverse shear stress 
distribution across the thickness of the beam could be obtained using the constitutive relations. Levinson [9] obtained 
the higher-order beam theory with the fourth-order differential equations, satisfying two boundary conditions at 
each end of the beam. No shear correction factors were required since the theory satisfied the shear stress free 
surface conditions on the top and bottom of the beam. Rychter [10] verified the consistency and accuracy of 
Levinson’s theory by imbedding it in the two-dimensional linear theory of elasticity. It was shown that the Levinson’s 
variationally inconsistent theory was more accurate than the variationally consistent theory of Bickford. Heyliger 
and Reddy [11] used a higher-order theory and noted the inadequacy of the shear correction factor in predicting the 
natural frequencies. Petrolito [12] presented a finite element solution of uniformly loaded thick beams using the 
Bickford’s theory. Kathnelson [13] developed an improved engineering theory for elastic isotropic uniform beam 
using the asymptotic analysis of the variational equation of Hellinger-Reissner principle for the three-dimensional 
theory of elasticity. Wang et al. [14] discussed the derivation and comparison of the Bernoulli-Euler, Timoshenko, 
and Reddy-Bickford beam theories extensively. Reddy et al. [15] gave solutions to the Levinson beams in terms 
of the classical beam solutions. Ghugal and Shimpi [16] presented a review of the displacement and stress based 
refined theories for isotropic and anisotropic laminated beams. Aalami [17] studied the vibrational behavior of a 
general prismatic beam with an arbitrary cross-section by using a Rayleigh-Ritz energy approach to the general 
three-dimensional problem. His numerical and graphical results clearly illustrated the presence and importance of 
both the out-of-plane shear deformation and in-plane deformation for extremely high vibrational modes. Ie and 
Kosmatka [18] developed a static theory for a general cylindrical or prismatic beam that incorporated both out-of- 
plane shear and in-plane deformation functions, where these functions were assumed known. In fact, these functions 
could be determined exactly for simple cross-sections by solving Saint-Venant’s bending and flexure problems, 
and approximately for an arbitrary cross-section by applying either a two-dimensional finite element approach or a 
power series approach. Kosmatka [19] presented a new beam theory for studying the static and vibration behaviors 
of the cylindrical or prismatic beam-type structures having an arbitrary cross-section. This general higher-order 
theory accurately accounted for the transverse shear deformation out of the cross-sectional plane and antielastic-type 
deformation within the cross-sectional plane. 

A review of the literature indicates that the refined theories for dynamic analysis of the beams with non-rectangular 
cross-sections are rare. Most of the research work related to the dynamic analysis of thick isotropic beams assumes 
that the in-plane cross-sectional stresses are negligible and the cross-section does not deform in its own plane and 
comparatively less work is available on incorporating both out-of-plane shear and in-plane deformation in a unified 
manner. The objective of this paper is to develop an exact spectral element matrix for a general higher-order beam 
element with an arbitrary cross-section, which has not still been reported in literature. Although several researchers 
have investigated and elaborated the spectral element method [20,21], it should be noted that there are differences 
in the way they compute the spectral elements from the way used in this paper. The explicit analytical expressions 
for the entries of the spectral element matrix are derived in the paper. The spectral element method is often referred 
to as an exact method as it is based on the exact shape functions obtained from the exact solutions of the element 
differential equations. The usefulness of the method becomes apparent when higher frequencies and better accuracies 
of the results are required. 
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Fig. 1. A prismatic isotropic beam. 


In this paper, the spectral finite element formulation for a thick isotropic beam having an arbitrary cross-section 
is presented. The general higher-order beam theory is employed [19], which considers both out-of-plane shear 
dependent warping and in-plane deformations. The theoretical expressions of the spectral element matrix for the 
general higher-order beam element are derived from the exact solutions of the governing differential equations. 
The application of the derived spectral element matrix to calculate the natural frequencies and mode shapes of 
the particular beams uses the automated Muller root search algorithm [22]. Numerical results are presented and 
compared with the available solutions in literature to validate the accuracy and efficiency of the current approach. 


2. Mathematical formulation 


A prismatic isotropic beam with a general homogeneous cross-section, as shown in Fig. 1, is considered in this 
paper. A Cartesian co-ordinate system (x,y, z) is defined on the beam, where x and y are coincident with the 
principal axes of the beam cross-section and z is coincident with the centroidal axis. The current development is 
further restricted to the study of vibrational behavior in the y — z plane only, and the displacement relations are 
defined as [19] 


ur (x,y, 2,0) = O0(z, t)/Ozbx(2, y) (la) 
Uo(x,y, 2,0) = v(z,t) + 00(z, t)/Ozpy (x,y) (1b) 
us(x,y,2,t) = yO(z,t) + [Ov(z, t)/0z + A(z, t)]v. (2, y) (Ic) 


where (uj, U2, U3) are the displacements of a point along the (2, y, z) coordinates, u(z,t) represents the time- 
dependent y direction displacement and 6(z, t) the time-dependent rotation about the x axis. The three functions 
Wo(x,y), Yy(x,y), and w,(x,y), which are assumed to be known, can be determined exactly for simple cross- 
sections by solving Saint-Venant’s bending and flexure problems, or approximately for arbitrary cross-sections using 
either a two-dimensional finite element approach or a power series approach [19]. 

The time-dependent strain-displacement relationships of the beam are defined as 


Ean = 00/020, /Ox (2a) 
Ey = 00/AzOy [Oy (2b) 
Exz = yOO/Oz + A(Av/Oz + 0) /Azw. (2c) 
Yyz = (Ov/Oz + 0)(1 + OW, /Oy) + 070/27 Wy (2d) 
Yaz = (Ov/Oz + 0)O~./O0 + 870/827 hy (2e) 


Yay = 00/0z(OW2/Oy + Oy /Oz) (2f) 
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where Ezz, Eyy and €z, are the normal strains in the x, y and z directions, respectively, and 7y,, 722 and yz, are the 
shear strains. 
The general constitutive relations are given as 


One = (A+ 2G ene + AEyy + AEzz (3a) 
Oyy = Exe + (A+ 2G) eyy + AEzz (3b) 
Ozz = AEae + AEyy + (A+ 2G)Ezz (3c) 
Tyz = GYyz (3d) 
Taz = Gaz (3e) 
Try = Gay (3f) 


Here, and G are defined as Lame’s constants. 
A= Ev/(l+v)(1-2v) G=E/2(14+v) 


where £ is Young’s modulus and v is Poisson ratio. 
The total strain energy Uof the beam shown in Fig. | is given by 


1 L 
U= 3 i 7 (CxxExe + OyyEyy + OzzExze + Tyz Vyz + Taz Vaz + Tay Yay )dAdz (4a) 
0 A 
Substituting 022, Cyy, zz and Tyz, Tz, Try from Eqs (3a)—(3f) into Eq. (4a) yields 


1 L 
U= > if iy [(A+ 2G)ez, + (A+ 2G)e%, + (A+ 2G)e2, + G73, + Grz, + G2, 


(4b) 
+2rExxEyy + 2rExxEzz + 2ZACyyEzz] dAdz 
The total kinetic energy T of the beam is defined by 
1 L 
T= >| | ply + 3 + u3)dAdz (Sa) 
2Jo Ja 


where p is the mass density per unit volume of the beam and the superscript dot represents a derivative with respect 
to time t. 
Substituting u1, ug and u3 from Eq. (1) into Eq. (Sa) results in 


L 
Tas ff of bie)? + (6+ bey)? + [y8 +(e + Bw.) dAde (Sb) 
2 0 A 


where the superscript prime refers to a partial derivative with respect to z co-ordinate. 
The governing equations of motion and boundary conditions for the displacement relations given by Eq. (1) can 
be obtained conveniently by means of Hamilton’s principle, which can be stated in the form 


te 
/ (6T — 5U) dt = 0 


: sats ks (6) 
dv 60 dv 60 0 att th, to 


Herein dU and 6T are the variations of the strain and kinetic energies, respectively. 

Substituting Eq. (2) into Eq. (4b), then substituting the resulting equation and Eq. (5b) into Eq. (6) and performing 
the variational operations yields the following governing differential equations of motion for the beam based on 
general higher-order theory 


D120" + Dogu"” — Ay (v" + 6’) — Ap0” + mi + S16’ — (Je” + 326’) = 0 (7a) 
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—(D110" + Dygu!”) + Ar (v' + 0) + A126” + Ar(v” + 0”) 


as 2: (7b) 
+A20” + Jot! + [pO — (Jit + Jp0") = 0 


where 


m= | paa I = f ov +.)aa =f pvyaa 
J, = f ow + ¥g)aa I= f putaa Jo= f oly + ¥.)v-dA 
Du= f + 2G){(u+ ¥.) + (Ofx/Ox)? + (Apy/Ay)?} 


+2M (y + Uz) (OU2/Ox + Ovy/Oy) + Ove /OXOy/Oy} + G(Ovx/Oy + Ory /Ox)?dA 


De = i {A + 2G)(y + Hz) + A(AY2/Ox + Oypy/Oy)}b.dA 


Da = | (A+ 2G)b2dA Au= | G{(1 + Ov. /Oy)* + (Oy./Ox)?}dA 
A A 


Age i G{(1 + Ovz/dy)ty + OWz/Orvx}dA Ag = | G{pi + wy}dA 
A A 


The associated boundary conditions at the ends of beam (z = 0, L) are obtained as follows 


[-D 26" = Dov" + Au(v" + 0) + Ay26"” + J," + Jeb dv =0 (8a) 


[Diso! + Dygv" —= Aja(v" + 6’) = A260” + JyU + Jyi'| 60 = 0 (8b) 


[D120 + D220" du! =0 (8c) 
[Aya(v" + 0) + A220" 60 =0 (8d) 


3. Spectral finite element 
It can be shown that Eq. (7) have solutions that are separable in time and space, and that the time dependence is 
harmonic. Letting 
v(z,t) = V(z)sinwt (9a) 
O(z, t) = O(z) sinwt (9b) 
where w is the angular frequency, V(z) and O(z) are the amplitudes of the sinusoidally varying transverse displace- 


ment and normal rotation, respectively. 
Introducing Eq. (9) into Eq. (7), the following differential eigenvalue equations are obtained 


D0" + DoW" — Ay(V" +0’) — A209” 


_ 217 2eE/ 277 2eE/ — (10a) 

mw*V — Jyw*O' 4+ Jw V Jow*O’ = 0 

—D,,0" — DiyoV" + Ari (V! + 8) + Arp” + Ai2o(V"" + 0”) hae 
+A20!" — Jow?V' — Ipw? + Jyw?V’ + Jpw?O” = 0 


The solutions to Eq. (10) can be expressed as 
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V(z) = Ae** (11a) 
@(z) = Be** (11b) 


Substituting Eq. (11) into Eq. (10), the equivalent algebraic eigenvalue equations are obtained and the equations 
have nontrivial solutions when the determinant of the coefficient matrix of A and B vanishes. Setting the determinant 
equal to zero yields the characteristics equation, which is an eighth-order polynomial equation in k 


nak® -f n3k° -f now + mK? +o =0 (12) 
where 
na = Ag2Do2 


13 = Aly — A11 A22 — 2A12D12 + D7y + 2A12D22 — Di D22 + (Do2Jp + Aro Jz)w” 
no = Ai1(Di1 — 2Di2 + Doz) + Jp Jew* 

—(DazIp + 2(—A12 + Diz)(J1 — Jz) + Ardy + (—2Ar2 + Dir) Jz + Azgm)w 
m =w (Ar (Ip + 201 — 2dy + Jz) —2Ar2mM+ Dim 

+((Ji — Je)? — IpJz — Jpm)w?) 


no = —Aipmw? + Ipmu* 


2 


Therefore the fourth-order polynomial equation for the roots x = « ~ must be solved. The solutions can be found in 


close-form as follows. 
Equation (12) can be rewritten as 


x* + ax? + aey? + a3x +44 =0 (13) 
where 
a, =13/N4 @2=%2/N4 a3=m/N4 a4 =No/N 
The fourth-order Eq. (13) can be factorized as 
(x? + pix + a)(x? + pax + q2) = 0 


where 


Pl 1 2 ea, 1 at —= 2a3 
HS ra, 44/a — 4a +4. =-/|\, + —_—__——— 
ali 5 1 1 2 1] q2 9 1 ae — 4a +4 = Za + Di 


and .; is a real root of the following cubic equation 


dB — apd? + (ara3 — 404) + (4a204 — a3 — aZa4) = 0 (14) 


Then the four roots of the fourth-order Eq. (13) can be written as 


2 2 
{u}--t+VB-0 {u}--B2 Re s 


If the discriminant of cubic Eq. (14), D, is negative, then Eq. (14) has usually three real roots, which can be written 


as 


Ai = a2/3 + 24/—-Qcos(0/3) Az = a2/3 + 24/ —Q cos ((9 + 277) /3) 


Ag = 2/3 + 24 —Q cos ((W + 4n)/3) 


where 
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Q 


a a) ee 
Q mM M M M P P 
Fig. 2. Sign convention for positive shear force Q(z), bending moment M(z), generalized moment (z) and higher-order moment P(z). 


o=oos(R/ 0" @ = —4 (a3 - Sara3 + 12a) 


a 1 = 2 _ 
R= 3y (2a — 9a,aza3 + 27a3 + 27aza4 — 72a2a4) D=Q?+ R? 


Whichever of the three roots is chosen, the same solutions are obtained. 
The general solutions to Eq. (10) are given by 


V(z) = Aze™!* + Ase "1% + Azge®?* + Aye “27 + Ase™* + Age “3% + Aze™4* + Age *4* 


‘ (16a) 
= (Ag;-1e%9* + Agje “9*) 
j=l 
O(z) = Bie"! + Boe“ ™!* + Bge™* + Bye "?* + Bre™** + Bee *** + +Bre™* + Bge*4* aes 
4 
= S- (Bo;-1e"9* + Boje “)*) 
j=l 
V"(z) = D0 mj(Aay-1€"* — Aaje™"*) (16c) 
j=l 
4 
0'(z) = S- tjKj(Agj-1e9* + Agje 9") (16d) 
j=l 


where Kk} = \/X1,K2 = \/X2.K3 = \/X3,K4 = ,/X4. In the solution of Eq. (13), if any of the x ;’s are zero or are 
repeated, the solutions to the differential Eq. (10) will be modified according to the well-known methods for ordinary 


differential equations with constant coefficients, for those particular values of y ;. 
From Eq. (16), only eight of the sixteen constants are independent. The relationship among the constants is given 


by 
Boj-1 = tj Aoj-1 
Bes 
where 


tj = (—ArKs + Dok; + (—m abe Je6 sw) {Aj 


A; = Kj (Ai + (Aj2 _ Dy2)K5 + (Ji _ Jz)w)\(j =1~ 4) 


According to the sign convention shown in Fig. 2, the expressions of shear force Q(z), bending moment M(z) , 
generalized moment M(z) and higher-order moment P(z) can be obtained from Eqs (8) and (16) as follows 


4 
Q(z) = SS [Diat Ks + Dok — Ai (Kk; + t;) a Ajatyni 
j=1 
2 2 ar (17a) 
+W J2Kj + w Jot; | (Agj-1e%9” = Agje “j*) 
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V, V, 

2, Q, 
PB M, M, M, M, oO 
0, V, 0, 0, V, 0, 


Fig. 3. Boundary conditions for displacements and forces of beam element. 


4 
M(z) = S- [—DutjK; Dyk t Ajoky t Ajatj Ky + Agot jk 
j= 
+w? Jy + w Int; | (Ag;-1e%9* + Agje 9*) 


BB 


4 
M(2) = 90 [—Dast jj — DooKj] (Aoj-1€"* + Ange”) 


4 
P(z) => > [ Aj2kj Ajat; Agot;K5| (Ag;—1e"* = Agje “*) 


j=1 


Refer to Fig. 3, the boundary conditions for displacements and forces of the beam element are, respectively, 


ge Vea "OS 0). Vea ol =o; 
z=L: V=VWe O=02 W=Vn OO =Oh 
z=0: Q@=Q, M=M, M=M, P=P, 
z=L: Q=-Q. M=—-M, M=-M, P=-P» 


(17b) 


(17c) 


(17d) 


(18a) 


(18b) 


Substituting Eq. (18a) into Eq. (16), the nodal displacements defined in Fig. 3 can be expressed in terms of A ; as 


{D} = [R]{A} 


where { D} is the nodal degree-of-freedom vector defined by 
{D} = {Vi 1 Vi ©4 Vo Oz V3 04)" 


{A} = {Ai As As Ar Az Aa Ae As} 


1 1 1 1 1 1 1 1 
ty ta t3 t4 —ty —te —ts —ta 
K1 K2 K3 Ki TAI —Ke2 —K3 Ka 

[R] = tik tok2 t3Kk3 taka ty K1 take t3Kk3 t4Kk4 

r 4 ehil ef2l ef3l eral evil eT k2t eT k3l e hal 

tye£ toet2t tge"3t tye4t —tye 14 toe 2k —tze "3b —tye 4b 
Kemet Koeht2t Kg erst Kgesl —Kye7 Mb —K e7 2b —Kge7 3h —Kge7 4b 
ty Ke tone?! take" tyakge™# tyre tonge "24 tgK3e "34 takge “4h 


Substituting Eq. (18b) into Eq. (17), the nodal forces defined in Fig. 3 also can be expressed in terms of A ; as 


{FP} = [EL A} 


where { F’} is the nodal force vector defined by 


(19) 


(20) 
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{F} = {Qi My My Py Qo Mz My P2}" 
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in which 
t; — Dyat «4 + Doo} _ Ai (kK; + t;) _ AjatjKi + wok; + w Jot; 
tj => —Dytjr; gard Dy2k5 + Aoki + Ajatjky + Agot jk + wy + Ww Iptjkj 


tj = —Dyatjr; = Doki 


t; = Aj2k; Ajat; Anat K4 G =1n~ 4) 
Eliminating the coefficients A; from Eqs (19) and (20) gives the following relationship between the nodal forces 
and nodal displacements 


{F} = [A][R]-*{D} = [K]{D} (21) 


where [K] is the spectral element matrix. It should be mentioned that the explicit analytical expressions for the 
terms of the spectral element matrix could be derived using the symbolic manipulator software such as Maple [23], 
although the expressions are too lengthy to list in the paper. 


4. Muller root search method 


Once the spectral element matrix is obtained, the appropriate boundary conditions for the particular beam under 
consideration are applied to obtain the frequency characteristic determinant, which equals zero when an eigenvalue 
of the beam is found. Obviously the resulting frequency characteristic equation is a transcendental function of 
frequency, which allows an infinite number of natural frequencies to be accounted for. Although more advanced 
algorithms and more complex procedures may be used to determine the frequency values of the characteristic 
equation, a simple automated Muller root search method [22] is adopted in the present study to determine all the 
natural frequencies in a given frequency band. The mode shapes corresponding to the natural frequencies can 
be found in the usual way by making an arbitrary assumption about one unknown variable of the beam and then 
calculating the remaining variables in terms of the arbitrarily chosen one. 

Let us denote the frequency characteristic determinant by f(w) and consider the solution of f(w) = 0 by Muller’s 
method. Muller’s method uses a quadratic approximation to the function f by interpolating a quadratic polynomial 
through the last three computed points and then determining where this curve crosses the w axis. The following 
algorithm is an implementation of Muller’s method. This algorithm terminates when a prescribed error tolerance on 
| f(w)| has been achieved or a maximum number of iterations has been performed. 


(1) Pick three distinct values of w, 1.e., wo, W1,W2. Set i = 1 and compute 
hg =04 —Wi-n; hig = Wigs — wis Oi = (f (Wi) — f(wi-1))/has 
ditt = (fF (isi) — f(wi))/Pizas di = (Git — 05)/(higa + he). 
(2) Compute 
b = Oita +higidi; Di = (03 — 4 f (wits)di) ae 
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Table 1 
Comparison of natural frequencies (in Hz) of Simply-Supported rectangular section beam 
Mode No. b/a = 1000 b/a=1 b/a = 0.5 Third-order Timoshenko 

Present Ref. [19] Present Ref. [19] Present Ref. [19] 
1 123.11 123.10 122.62 122.61 123.68 123.69 119.60 118.70 
2 159.01 159.02 159.37 159.38 160.55 160.57 158.38 159.32 
3 303.65 N/A 296.85 296.85 252.28 252.29 281.47 271.70 
4 310.53 310.39 303.18 N/A 310.93 N/A 313.70 314.58 
5 503.48 N/A 465.28 N/A 388.38 N/A 454.82 421.05 
6 532.62 N/A 518.96 N/A 487.06 N/A 549.09 549.77 

Note: N/A denotes the result not available. 
y iy 
2b 2b 
x Xx 


Fig. 4. A rectangular section used in example | and an elliptical section used in example 2. 


(3) If |b; — D;| < |b; + D;| then set E; = b; + Dj;; else set FE; = b; — D; 

(4) Set hizo = —2f (Wi41)/ Eis Wi4e = wig + hize. 
where w;+2 is the new approximation of the root w;,1. The process is continued until a desired accuracy is 
obtained. The rate of convergence is high and may be increased if an estimate of the eigenvalue is available. 
Previously roots may be removed from f(w) by dividing it by [[R_, (w — wx), where wx (k = 1,2,---,p) 
are the first p roots. 


5. Numerical results and discussion 


Two example problems are considered to demonstrate the accuracy of the spectral finite element model based on 
general higher-order beam theory. 

The first example is of a rectangular cross-section beam shown in Fig. 4. The geometrical and physical properties 
of the beam are F = 2.1 x 101'Pa, vy = 0.333, p = 7860 kg/m?, L = 10m,b=5m. 

First, the vibration behavior of the Simply-Supported beam is studied for three cross-section aspect ratios b/a. 
To validate the correctness and accuracy of the proposed formulation, the present results are given in Table | and 
compared with the previously published solutions [19] whenever possible. The numerical results based on third-order 
shear deformation and Timoshenko beam theories are also shown in Table 1, the shear correction factor is taken 
as 5/6 for Timoshenko beam theory. It can be seen from Table 1 that the present results are excellent agreement 
with the existing solutions. As a further validation of the current spectral element model, Aalami [17] predicted 
the fundamental frequency for a beam with L = 10 m having a square cross-section with a = b = 5 m using a 
Rayleigh-Ritz energy approach on the full three-dimensional problem, which is 122.09 Hz. This value is very close 
to the present solution 122.62 Hz. 

Then, the spectral finite element model of the beam based on the general higher-order theory is used to compute the 
natural frequencies of the beam with a variety of aspect ratios. Five different aspect ratios, i.e., b/a = 1000, b/a = 10, 
b/a = 2, b/a = 1 and b/a = 0.5 are considered. In order to investigate the effect of the aspect ratio on the vibration 
frequencies, the first six natural frequencies of the beam are calculated and the percentage variations are plotted 
against the aspect ratio in Fig. 5. The percentage variation is defined as percentage variation = 100(w — w)/wo, 
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Table 2 
Natural frequencies (in Hz) of Simply-Supported rectangular cross-section beam 
Aspect ratio b/a Mode No. 
1 2 3 4 5 6 
1000 123.11 159.01 303.65 310.53 503.48 532.62 
10 123.10 159.01 303.65 310.41 503.64 531.85 
2 122.91 159.15 303.39 307.33 507.15 513.93 
1 122.62 159.37 296.85 303.18 465.28 518.96 
0.5 123.68 160.55 252.28 310.93 388.38 487.06 
Table 3 
Natural frequencies (in Hz) of Clamped-Free rectangular cross-section beam 
Aspect ratio b/a Mode No. 
1 2 3 4 5 6 
1000 55.37 166.37 268.87 415.29 452.59 641.79 
10 55.38 166.31 268.91 415.01 452.56 641.68 
2 55.72. 164.83 269.76 407.97 451.97 631.06 
1 56.98 161.37 272.15 383.04 451.91 545.12 
0.5, 61.83 156.30 271.12 299.43 402.43 490.40 
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Fig. 5. Percentage variations of first six frequencies versus aspect ratio for (a) Clamped-Free and (b) Simply-Supported rectangular section 
beams. 


where wo is the natural frequency of the beam with the aspect ratio b/a = 0.5. The numerical values of the first six 
natural frequencies are also shown in Tables 2 and 3. For the Simply-Supported boundary condition, the calculations 
of the analytical solutions using the expressions given by Kosmatka [19] are also performed. However, the analytical 
solutions are not displayed in Table 2 because they are complete agreement with the results predicted by the present 
formulation. It can be noticed from Fig. 5 that the effect of aspect ratio b/a on the natural frequencies of the beam is 
rather complex, it depends upon the particular boundary condition and mode number. There is a tendency that the 
aspect ratio has a pronounced effect on the higher frequencies. For the Clamped-Free end condition, increasing the 
aspect ratio from 0.5 to 1000 yields an increase in the frequency approximately — 10.45%, 6.44%, —0.83%, 38.69%, 
12.46% and 30.87% for the first, second, third, fourth, fifth and sixth modes, respectively. 

For the Clamped-Free boundary condition, the first six normal mode shapes of the beam with cross-section aspect 
ratio b/a = 1000 are computed and the numerical results are plotted in Fig. 6. 

The second example is a beam with elliptical cross-section, as shown in Fig. 4. The numerical data for this 
example is the same as the previous one. The first six natural frequencies of the beam with five different cross-section 
aspect ratios, i.e., b/a = 1000, b/a = 10, b/a = 2, b/a = 1 and b/a = 0.5 are also calculated and the numerical 
results are given in Tables 4 and 5. The percentage variations of the natural frequencies are plotted against aspect 
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Fig. 6. First six normal mode shapes of Clamped-Free rectangular cross-section beam with aspect ratio b/a = 1000: (a) mode 1; (b) mode 2; 
(c) mode 3; (d) mode 4; (e) mode 5; (f) mode 6. 


ratio in Fig. 7. The analytical solutions for the Simply-Supported end condition are also computed and they are 
found to be in perfect agreement with the present solutions. Figure 7 shows that the effect of aspect ratio on the 
natural frequency of elliptical section beam is different from that of rectangular section beam and the effect of aspect 
ratio on the higher frequencies can be significant. For the Clamped-Free boundary condition, changing the aspect 
ratio from 0.5 to 1000 increases the natural frequency by about —10.30%, — 1.67%, —0.86%, 26.71%, 12.58% and 
21.33% for the first, second, third, fourth, fifth and sixth modes, respectively. 
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Natural frequencies (in Hz) of Simply-Supported elliptical cross-section beam 


Aspect ratio b/a 


5 6 


1 
1000 118.01 
10 118.00 
2 117.94 
1 117.93 
0.5 119.82 


479.03, 546.37 
478.92 545.73 
479.04 530.21 
478.06 493.59 
412.93 488.40 


Natural frequencies (in Hz) of Clamped-Free elliptical cross-section beam 


Aspect ratio b/a 


5 6 


1 
1000 51.89 
10 51.89 
2 52.08 
1 52.88 
0.5 57.85 
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Table 4 
Mode No. 

2 3 4 
191.15 291.87 = 331.23 
191.05 291.80 331.03 
189.91 291.56 326.79 
186.77 294.15 312.45 
179.25 262.05 317.61 

Table 5 
Mode No. 

2 3 4 
161.04 280.61 391.45 
161.02 280.53 391.36 
161.03 279.80 390.13 
161.53 279.38 384.48 
163.78 283.05 308.94 

1st 
---2nd)  *87 
ee. 3rd 
“7 |---- 4th 154 i 
-+-+ 5th : 
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463.26 612.91 
462.99 612.86 
457.81 614.53 
447.46 569.00 
411.51 505.18 
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Aspect ratio b/a 


Fig. 7. Percentage variations of first six frequencies versus aspect ratio for (a) Clamped-Free and (b) Simply-Supported elliptical section beams. 


6. Conclusions 


A spectral element matrix has been developed for an isotropic beam with an arbitrary cross-section. 


The 


general higher-order beam theory is used, which considers both out-of-plane shear-dependent warping and in-plane 
deformations. The theoretical expressions of the spectral element matrix are formulated from the exact solutions 
of the governing differential equations of motion of the beam element. Application of the spectral element matrix 
enables exact prediction of the natural frequencies and mode shapes of the isotropic beams or of simple structures 


containing them. Two illustrative examples show exact agreement with the existing published results. 
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Abstract. The spectral element matrix is derived for a straight and uniform beam element having an arbitrary cross-section. The 
general higher-order beam theory is used, which accurately accounts for the transverse shear deformation out of the cross-sectional 
plane and antielastic-type deformation within the cross-sectional plane. Two coupled equations of motion are derived by use 
of Hamilton’s principle along with the full three-dimensional constitutive relations. The theoretical expressions of the spectral 
element matrix are formulated from the exact solutions of the coupled governing equations. The developed spectral element 
matrix is directly applied to calculate the exact natural frequencies and mode shapes of the illustrative examples. Numerical 
results of the thick isotropic beams with rectangular and elliptical cross-sections are presented for a wide variety of cross-section 
aspect ratios. 


Keywords: Beam, higher-order, shear deformation, dynamic analysis, spectral element matrix 


1. Introduction 


Beam members are basic structural components widely used in many types of structures within the fields of 
mechanical, aeronautical, automobile and civil engineering. Because of the practical importance, a large number of 
investigators have made efforts to deal with the static and dynamic analyses of the beams. The analyses of slender 
beams have been performed mostly using the elementary Bernoulli-Euler theory. This theory assumes that the plane 
sections of the cross-section remain plane and particular to the beam axis. 

A more refined beam theory is Timoshenko beam theory which accounts for the shear deformation and rotary 
inertia that are neglected in the elementary theory. In Timoshenko beam theory the distribution of the transverse 
shear strain is constant through the beam thickness and therefore requires the shear correction factor to correct the 
strain energy of deformation. Timoshenko [1] first developed a theory which allowed one to study the vibrational 
behavior of the thick beams by approximately accounting for transverse shear deformation and rotary inertia, where 
the cross-section remained undistorted and the in-plane stresses were zero. Mindlin and Deresiewicz [2] calculated 
the shear correction factor for a variety of cross-sections of the beams. The dynamic shear strain distribution may 
differ significantly from the parabolic form of the static shear strain distribution. Cowper [3] presented a method 
to determine the shear correction factor based on the static three-dimensional elasticity theory along with Saint- 
Venant’s static flexure warping function. Hutchinson [4] investigated the behavior of the shear coefficient for a 
rectangular Timoshenko beam by comparison of the Timoshenko beam solution with a three-dimensional solution 
for a simply-supported beam. It was found that a shear coefficient would have to be a function of the wave length as 
well as the aspect ratio. 
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The limitations of the elementary Bernoulli-Euler beam theory and first-order Timoshenko shear deformation 
beam theory force the development of higher-order shear deformation beam theories. Stephen and Levinson [5] 
developed a second-order model for studying the beam vibrations with two governing differential equations having 
two independent coefficients. The first coefficient was similar to the Timoshenko’s shear correction factor, which 
depended upon Saint-Venant’s static flexure warping function, while the second coefficient depended upon the 
transverse shear stress state. Levinson [6] developed the higher-order shear deformable theory for beams with 
thin rectangular cross-sections that correctly accounted for the stress free boundary conditions on the upper and 
lower surfaces as well as the parabolic shear strain distribution through the thickness without the need for a shear 
correction factor. This was accomplished by expanding the axial displacement to include a cubic distribution through 
the thickness. This additional displacement was identical to the Saint-Venant’s static flexure warping function for 
thin rectangular cross-sections, but for general cross-section shapes the correct expansion should be an infinite 
series of transcendental functions. Bickford [7] considered a shear deformation theory for rectangular beams that 
correctly accounted for the stress free boundary conditions on the upper and lower surfaces of the beam while 
retaining the parabolic distribution of the transverse shear strain. Murty [8] formulated a third-order beam theory 
including the transverse shear strain and nonclassical axial stress. In this theory the parabolic transverse shear stress 
distribution across the thickness of the beam could be obtained using the constitutive relations. Levinson [9] obtained 
the higher-order beam theory with the fourth-order differential equations, satisfying two boundary conditions at 
each end of the beam. No shear correction factors were required since the theory satisfied the shear stress free 
surface conditions on the top and bottom of the beam. Rychter [10] verified the consistency and accuracy of 
Levinson’s theory by imbedding it in the two-dimensional linear theory of elasticity. It was shown that the Levinson’s 
variationally inconsistent theory was more accurate than the variationally consistent theory of Bickford. Heyliger 
and Reddy [11] used a higher-order theory and noted the inadequacy of the shear correction factor in predicting the 
natural frequencies. Petrolito [12] presented a finite element solution of uniformly loaded thick beams using the 
Bickford’s theory. Kathnelson [13] developed an improved engineering theory for elastic isotropic uniform beam 
using the asymptotic analysis of the variational equation of Hellinger-Reissner principle for the three-dimensional 
theory of elasticity. Wang et al. [14] discussed the derivation and comparison of the Bernoulli-Euler, Timoshenko, 
and Reddy-Bickford beam theories extensively. Reddy et al. [15] gave solutions to the Levinson beams in terms 
of the classical beam solutions. Ghugal and Shimpi [16] presented a review of the displacement and stress based 
refined theories for isotropic and anisotropic laminated beams. Aalami [17] studied the vibrational behavior of a 
general prismatic beam with an arbitrary cross-section by using a Rayleigh-Ritz energy approach to the general 
three-dimensional problem. His numerical and graphical results clearly illustrated the presence and importance of 
both the out-of-plane shear deformation and in-plane deformation for extremely high vibrational modes. Ie and 
Kosmatka [18] developed a static theory for a general cylindrical or prismatic beam that incorporated both out-of- 
plane shear and in-plane deformation functions, where these functions were assumed known. In fact, these functions 
could be determined exactly for simple cross-sections by solving Saint-Venant’s bending and flexure problems, 
and approximately for an arbitrary cross-section by applying either a two-dimensional finite element approach or a 
power series approach. Kosmatka [19] presented a new beam theory for studying the static and vibration behaviors 
of the cylindrical or prismatic beam-type structures having an arbitrary cross-section. This general higher-order 
theory accurately accounted for the transverse shear deformation out of the cross-sectional plane and antielastic-type 
deformation within the cross-sectional plane. 

A review of the literature indicates that the refined theories for dynamic analysis of the beams with non-rectangular 
cross-sections are rare. Most of the research work related to the dynamic analysis of thick isotropic beams assumes 
that the in-plane cross-sectional stresses are negligible and the cross-section does not deform in its own plane and 
comparatively less work is available on incorporating both out-of-plane shear and in-plane deformation in a unified 
manner. The objective of this paper is to develop an exact spectral element matrix for a general higher-order beam 
element with an arbitrary cross-section, which has not still been reported in literature. Although several researchers 
have investigated and elaborated the spectral element method [20,21], it should be noted that there are differences 
in the way they compute the spectral elements from the way used in this paper. The explicit analytical expressions 
for the entries of the spectral element matrix are derived in the paper. The spectral element method is often referred 
to as an exact method as it is based on the exact shape functions obtained from the exact solutions of the element 
differential equations. The usefulness of the method becomes apparent when higher frequencies and better accuracies 
of the results are required. 
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a 


Fig. 1. A prismatic isotropic beam. 


In this paper, the spectral finite element formulation for a thick isotropic beam having an arbitrary cross-section 
is presented. The general higher-order beam theory is employed [19], which considers both out-of-plane shear 
dependent warping and in-plane deformations. The theoretical expressions of the spectral element matrix for the 
general higher-order beam element are derived from the exact solutions of the governing differential equations. 
The application of the derived spectral element matrix to calculate the natural frequencies and mode shapes of 
the particular beams uses the automated Muller root search algorithm [22]. Numerical results are presented and 
compared with the available solutions in literature to validate the accuracy and efficiency of the current approach. 


2. Mathematical formulation 


A prismatic isotropic beam with a general homogeneous cross-section, as shown in Fig. 1, is considered in this 
paper. A Cartesian co-ordinate system (x,y, z) is defined on the beam, where x and y are coincident with the 
principal axes of the beam cross-section and z is coincident with the centroidal axis. The current development is 
further restricted to the study of vibrational behavior in the y — z plane only, and the displacement relations are 
defined as [19] 


ur (x,y, 2,0) = O0(z, t)/Ozbx(2, y) (la) 
Uo(x,y, 2,0) = v(z,t) + 00(z, t)/Ozpy (x,y) (1b) 
us(x,y,2,t) = yO(z,t) + [Ov(z, t)/0z + A(z, t)]v. (2, y) (Ic) 


where (uj, U2, U3) are the displacements of a point along the (2, y, z) coordinates, u(z,t) represents the time- 
dependent y direction displacement and 6(z, t) the time-dependent rotation about the x axis. The three functions 
Wo(x,y), Yy(x,y), and w,(x,y), which are assumed to be known, can be determined exactly for simple cross- 
sections by solving Saint-Venant’s bending and flexure problems, or approximately for arbitrary cross-sections using 
either a two-dimensional finite element approach or a power series approach [19]. 

The time-dependent strain-displacement relationships of the beam are defined as 


Ean = 00/020, /Ox (2a) 
Ey = 00/AzOy [Oy (2b) 
Exz = yOO/Oz + A(Av/Oz + 0) /Azw. (2c) 
Yyz = (Ov/Oz + 0)(1 + OW, /Oy) + 070/27 Wy (2d) 
Yaz = (Ov/Oz + 0)O~./O0 + 870/827 hy (2e) 


Yay = 00/0z(OW2/Oy + Oy /Oz) (2f) 
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where Ezz, Eyy and €z, are the normal strains in the x, y and z directions, respectively, and 7y,, 722 and yz, are the 
shear strains. 
The general constitutive relations are given as 


One = (A+ 2G ene + AEyy + AEzz (3a) 
Oyy = Exe + (A+ 2G) eyy + AEzz (3b) 
Ozz = AEae + AEyy + (A+ 2G)Ezz (3c) 
Tyz = GYyz (3d) 
Taz = Gaz (3e) 
Try = Gay (3f) 


Here, and G are defined as Lame’s constants. 
A= Ev/(l+v)(1-2v) G=E/2(14+v) 


where £ is Young’s modulus and v is Poisson ratio. 
The total strain energy Uof the beam shown in Fig. | is given by 


1 L 
U= 3 i 7 (CxxExe + OyyEyy + OzzExze + Tyz Vyz + Taz Vaz + Tay Yay )dAdz (4a) 
0 A 
Substituting 022, Cyy, zz and Tyz, Tz, Try from Eqs (3a)—(3f) into Eq. (4a) yields 


1 L 
U= > if iy [(A+ 2G)ez, + (A+ 2G)e%, + (A+ 2G)e2, + G73, + Grz, + G2, 


(4b) 
+2rExxEyy + 2rExxEzz + 2ZACyyEzz] dAdz 
The total kinetic energy T of the beam is defined by 
1 L 
T= >| | ply + 3 + u3)dAdz (Sa) 
2Jo Ja 


where p is the mass density per unit volume of the beam and the superscript dot represents a derivative with respect 
to time t. 
Substituting u1, ug and u3 from Eq. (1) into Eq. (Sa) results in 


L 
Tas ff of bie)? + (6+ bey)? + [y8 +(e + Bw.) dAde (Sb) 
2 0 A 


where the superscript prime refers to a partial derivative with respect to z co-ordinate. 
The governing equations of motion and boundary conditions for the displacement relations given by Eq. (1) can 
be obtained conveniently by means of Hamilton’s principle, which can be stated in the form 


te 
/ (6T — 5U) dt = 0 


: sats ks (6) 
dv 60 dv 60 0 att th, to 


Herein dU and 6T are the variations of the strain and kinetic energies, respectively. 

Substituting Eq. (2) into Eq. (4b), then substituting the resulting equation and Eq. (5b) into Eq. (6) and performing 
the variational operations yields the following governing differential equations of motion for the beam based on 
general higher-order theory 


D120" + Dogu"” — Ay (v" + 6’) — Ap0” + mi + S16’ — (Je” + 326’) = 0 (7a) 
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—(D110" + Dygu!”) + Ar (v' + 0) + A126” + Ar(v” + 0”) 


as 2: (7b) 
+A20” + Jot! + [pO — (Jit + Jp0") = 0 


where 


m= | paa I = f ov +.)aa =f pvyaa 
J, = f ow + ¥g)aa I= f putaa Jo= f oly + ¥.)v-dA 
Du= f + 2G){(u+ ¥.) + (Ofx/Ox)? + (Apy/Ay)?} 


+2M (y + Uz) (OU2/Ox + Ovy/Oy) + Ove /OXOy/Oy} + G(Ovx/Oy + Ory /Ox)?dA 


De = i {A + 2G)(y + Hz) + A(AY2/Ox + Oypy/Oy)}b.dA 


Da = | (A+ 2G)b2dA Au= | G{(1 + Ov. /Oy)* + (Oy./Ox)?}dA 
A A 


Age i G{(1 + Ovz/dy)ty + OWz/Orvx}dA Ag = | G{pi + wy}dA 
A A 


The associated boundary conditions at the ends of beam (z = 0, L) are obtained as follows 


[-D 26" = Dov" + Au(v" + 0) + Ay26"” + J," + Jeb dv =0 (8a) 


[Diso! + Dygv" —= Aja(v" + 6’) = A260” + JyU + Jyi'| 60 = 0 (8b) 


[D120 + D220" du! =0 (8c) 
[Aya(v" + 0) + A220" 60 =0 (8d) 


3. Spectral finite element 
It can be shown that Eq. (7) have solutions that are separable in time and space, and that the time dependence is 
harmonic. Letting 
v(z,t) = V(z)sinwt (9a) 
O(z, t) = O(z) sinwt (9b) 
where w is the angular frequency, V(z) and O(z) are the amplitudes of the sinusoidally varying transverse displace- 


ment and normal rotation, respectively. 
Introducing Eq. (9) into Eq. (7), the following differential eigenvalue equations are obtained 


D0" + DoW" — Ay(V" +0’) — A209” 


_ 217 2eE/ 277 2eE/ — (10a) 

mw*V — Jyw*O' 4+ Jw V Jow*O’ = 0 

—D,,0" — DiyoV" + Ari (V! + 8) + Arp” + Ai2o(V"" + 0”) hae 
+A20!" — Jow?V' — Ipw? + Jyw?V’ + Jpw?O” = 0 


The solutions to Eq. (10) can be expressed as 
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V(z) = Ae** (11a) 
@(z) = Be** (11b) 


Substituting Eq. (11) into Eq. (10), the equivalent algebraic eigenvalue equations are obtained and the equations 
have nontrivial solutions when the determinant of the coefficient matrix of A and B vanishes. Setting the determinant 
equal to zero yields the characteristics equation, which is an eighth-order polynomial equation in k 


nak® -f n3k° -f now + mK? +o =0 (12) 
where 
na = Ag2Do2 


13 = Aly — A11 A22 — 2A12D12 + D7y + 2A12D22 — Di D22 + (Do2Jp + Aro Jz)w” 
no = Ai1(Di1 — 2Di2 + Doz) + Jp Jew* 

—(DazIp + 2(—A12 + Diz)(J1 — Jz) + Ardy + (—2Ar2 + Dir) Jz + Azgm)w 
m =w (Ar (Ip + 201 — 2dy + Jz) —2Ar2mM+ Dim 

+((Ji — Je)? — IpJz — Jpm)w?) 


no = —Aipmw? + Ipmu* 


2 


Therefore the fourth-order polynomial equation for the roots x = « ~ must be solved. The solutions can be found in 


close-form as follows. 
Equation (12) can be rewritten as 


x* + ax? + aey? + a3x +44 =0 (13) 
where 
a, =13/N4 @2=%2/N4 a3=m/N4 a4 =No/N 
The fourth-order Eq. (13) can be factorized as 
(x? + pix + a)(x? + pax + q2) = 0 


where 


Pl 1 2 ea, 1 at —= 2a3 
HS ra, 44/a — 4a +4. =-/|\, + —_—__——— 
ali 5 1 1 2 1] q2 9 1 ae — 4a +4 = Za + Di 


and .; is a real root of the following cubic equation 


dB — apd? + (ara3 — 404) + (4a204 — a3 — aZa4) = 0 (14) 


Then the four roots of the fourth-order Eq. (13) can be written as 


2 2 
{u}--t+VB-0 {u}--B2 Re s 


If the discriminant of cubic Eq. (14), D, is negative, then Eq. (14) has usually three real roots, which can be written 


as 


Ai = a2/3 + 24/—-Qcos(0/3) Az = a2/3 + 24/ —Q cos ((9 + 277) /3) 


Ag = 2/3 + 24 —Q cos ((W + 4n)/3) 


where 
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Q 


a a) ee 
Q mM M M M P P 
Fig. 2. Sign convention for positive shear force Q(z), bending moment M(z), generalized moment (z) and higher-order moment P(z). 


o=oos(R/ 0" @ = —4 (a3 - Sara3 + 12a) 


a 1 = 2 _ 
R= 3y (2a — 9a,aza3 + 27a3 + 27aza4 — 72a2a4) D=Q?+ R? 


Whichever of the three roots is chosen, the same solutions are obtained. 
The general solutions to Eq. (10) are given by 


V(z) = Aze™!* + Ase "1% + Azge®?* + Aye “27 + Ase™* + Age “3% + Aze™4* + Age *4* 


‘ (16a) 
= (Ag;-1e%9* + Agje “9*) 
j=l 
O(z) = Bie"! + Boe“ ™!* + Bge™* + Bye "?* + Bre™** + Bee *** + +Bre™* + Bge*4* aes 
4 
= S- (Bo;-1e"9* + Boje “)*) 
j=l 
V"(z) = D0 mj(Aay-1€"* — Aaje™"*) (16c) 
j=l 
4 
0'(z) = S- tjKj(Agj-1e9* + Agje 9") (16d) 
j=l 


where Kk} = \/X1,K2 = \/X2.K3 = \/X3,K4 = ,/X4. In the solution of Eq. (13), if any of the x ;’s are zero or are 
repeated, the solutions to the differential Eq. (10) will be modified according to the well-known methods for ordinary 


differential equations with constant coefficients, for those particular values of y ;. 
From Eq. (16), only eight of the sixteen constants are independent. The relationship among the constants is given 


by 
Boj-1 = tj Aoj-1 
Bes 
where 


tj = (—ArKs + Dok; + (—m abe Je6 sw) {Aj 


A; = Kj (Ai + (Aj2 _ Dy2)K5 + (Ji _ Jz)w)\(j =1~ 4) 


According to the sign convention shown in Fig. 2, the expressions of shear force Q(z), bending moment M(z) , 
generalized moment M(z) and higher-order moment P(z) can be obtained from Eqs (8) and (16) as follows 


4 
Q(z) = SS [Diat Ks + Dok — Ai (Kk; + t;) a Ajatyni 
j=1 
2 2 ar (17a) 
+W J2Kj + w Jot; | (Agj-1e%9” = Agje “j*) 
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V, V, 

2, Q, 
PB M, M, M, M, oO 
0, V, 0, 0, V, 0, 


Fig. 3. Boundary conditions for displacements and forces of beam element. 


4 
M(z) = S- [—DutjK; Dyk t Ajoky t Ajatj Ky + Agot jk 
j= 
+w? Jy + w Int; | (Ag;-1e%9* + Agje 9*) 


BB 


4 
M(2) = 90 [—Dast jj — DooKj] (Aoj-1€"* + Ange”) 


4 
P(z) => > [ Aj2kj Ajat; Agot;K5| (Ag;—1e"* = Agje “*) 


j=1 


Refer to Fig. 3, the boundary conditions for displacements and forces of the beam element are, respectively, 


ge Vea "OS 0). Vea ol =o; 
z=L: V=VWe O=02 W=Vn OO =Oh 
z=0: Q@=Q, M=M, M=M, P=P, 
z=L: Q=-Q. M=—-M, M=-M, P=-P» 


(17b) 


(17c) 


(17d) 


(18a) 


(18b) 


Substituting Eq. (18a) into Eq. (16), the nodal displacements defined in Fig. 3 can be expressed in terms of A ; as 


{D} = [R]{A} 


where { D} is the nodal degree-of-freedom vector defined by 
{D} = {Vi 1 Vi ©4 Vo Oz V3 04)" 


{A} = {Ai As As Ar Az Aa Ae As} 


1 1 1 1 1 1 1 1 
ty ta t3 t4 —ty —te —ts —ta 
K1 K2 K3 Ki TAI —Ke2 —K3 Ka 

[R] = tik tok2 t3Kk3 taka ty K1 take t3Kk3 t4Kk4 

r 4 ehil ef2l ef3l eral evil eT k2t eT k3l e hal 

tye£ toet2t tge"3t tye4t —tye 14 toe 2k —tze "3b —tye 4b 
Kemet Koeht2t Kg erst Kgesl —Kye7 Mb —K e7 2b —Kge7 3h —Kge7 4b 
ty Ke tone?! take" tyakge™# tyre tonge "24 tgK3e "34 takge “4h 


Substituting Eq. (18b) into Eq. (17), the nodal forces defined in Fig. 3 also can be expressed in terms of A ; as 


{FP} = [EL A} 


where { F’} is the nodal force vector defined by 


(19) 


(20) 


J. Sujuan et al. /A spectral finite element model for vibration analysis of a beam based on general higher-order theory 187 


{F} = {Qi My My Py Qo Mz My P2}" 


ty to ts t4 vt Te —ts —ta 

i tg t3 ta t to t3 t4 

ty to t3 ta ty to_ t3_ ta 
we \o i) 3 4 —t —te —t3 —t4 
[ ] = tye™4 toet2t t3e"3l tye! t- evil toe *2b tze— "3h tye 42 


tye” —toet2) —tze"3h tyes? —tye—™ 4” —tye—2 —tge— "3h tye hat 
tre 4 inen! igen! iach = tre 14 tye h2h —tge 3h —tye hab 
tye4 toet2t test tye4l t eo ril toe *2b tze "3h tye 42 


in which 
t; — Dyat «4 + Doo} _ Ai (kK; + t;) _ AjatjKi + wok; + w Jot; 
tj => —Dytjr; gard Dy2k5 + Aoki + Ajatjky + Agot jk + wy + Ww Iptjkj 


tj = —Dyatjr; = Doki 


t; = Aj2k; Ajat; Anat K4 G =1n~ 4) 
Eliminating the coefficients A; from Eqs (19) and (20) gives the following relationship between the nodal forces 
and nodal displacements 


{F} = [A][R]-*{D} = [K]{D} (21) 


where [K] is the spectral element matrix. It should be mentioned that the explicit analytical expressions for the 
terms of the spectral element matrix could be derived using the symbolic manipulator software such as Maple [23], 
although the expressions are too lengthy to list in the paper. 


4. Muller root search method 


Once the spectral element matrix is obtained, the appropriate boundary conditions for the particular beam under 
consideration are applied to obtain the frequency characteristic determinant, which equals zero when an eigenvalue 
of the beam is found. Obviously the resulting frequency characteristic equation is a transcendental function of 
frequency, which allows an infinite number of natural frequencies to be accounted for. Although more advanced 
algorithms and more complex procedures may be used to determine the frequency values of the characteristic 
equation, a simple automated Muller root search method [22] is adopted in the present study to determine all the 
natural frequencies in a given frequency band. The mode shapes corresponding to the natural frequencies can 
be found in the usual way by making an arbitrary assumption about one unknown variable of the beam and then 
calculating the remaining variables in terms of the arbitrarily chosen one. 

Let us denote the frequency characteristic determinant by f(w) and consider the solution of f(w) = 0 by Muller’s 
method. Muller’s method uses a quadratic approximation to the function f by interpolating a quadratic polynomial 
through the last three computed points and then determining where this curve crosses the w axis. The following 
algorithm is an implementation of Muller’s method. This algorithm terminates when a prescribed error tolerance on 
| f(w)| has been achieved or a maximum number of iterations has been performed. 


(1) Pick three distinct values of w, 1.e., wo, W1,W2. Set i = 1 and compute 
hg =04 —Wi-n; hig = Wigs — wis Oi = (f (Wi) — f(wi-1))/has 
ditt = (fF (isi) — f(wi))/Pizas di = (Git — 05)/(higa + he). 
(2) Compute 
b = Oita +higidi; Di = (03 — 4 f (wits)di) ae 
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Table 1 
Comparison of natural frequencies (in Hz) of Simply-Supported rectangular section beam 
Mode No. b/a = 1000 b/a=1 b/a = 0.5 Third-order Timoshenko 

Present Ref. [19] Present Ref. [19] Present Ref. [19] 
1 123.11 123.10 122.62 122.61 123.68 123.69 119.60 118.70 
2 159.01 159.02 159.37 159.38 160.55 160.57 158.38 159.32 
3 303.65 N/A 296.85 296.85 252.28 252.29 281.47 271.70 
4 310.53 310.39 303.18 N/A 310.93 N/A 313.70 314.58 
5 503.48 N/A 465.28 N/A 388.38 N/A 454.82 421.05 
6 532.62 N/A 518.96 N/A 487.06 N/A 549.09 549.77 

Note: N/A denotes the result not available. 
y iy 
2b 2b 
x Xx 


Fig. 4. A rectangular section used in example | and an elliptical section used in example 2. 


(3) If |b; — D;| < |b; + D;| then set E; = b; + Dj;; else set FE; = b; — D; 

(4) Set hizo = —2f (Wi41)/ Eis Wi4e = wig + hize. 
where w;+2 is the new approximation of the root w;,1. The process is continued until a desired accuracy is 
obtained. The rate of convergence is high and may be increased if an estimate of the eigenvalue is available. 
Previously roots may be removed from f(w) by dividing it by [[R_, (w — wx), where wx (k = 1,2,---,p) 
are the first p roots. 


5. Numerical results and discussion 


Two example problems are considered to demonstrate the accuracy of the spectral finite element model based on 
general higher-order beam theory. 

The first example is of a rectangular cross-section beam shown in Fig. 4. The geometrical and physical properties 
of the beam are F = 2.1 x 101'Pa, vy = 0.333, p = 7860 kg/m?, L = 10m,b=5m. 

First, the vibration behavior of the Simply-Supported beam is studied for three cross-section aspect ratios b/a. 
To validate the correctness and accuracy of the proposed formulation, the present results are given in Table | and 
compared with the previously published solutions [19] whenever possible. The numerical results based on third-order 
shear deformation and Timoshenko beam theories are also shown in Table 1, the shear correction factor is taken 
as 5/6 for Timoshenko beam theory. It can be seen from Table 1 that the present results are excellent agreement 
with the existing solutions. As a further validation of the current spectral element model, Aalami [17] predicted 
the fundamental frequency for a beam with L = 10 m having a square cross-section with a = b = 5 m using a 
Rayleigh-Ritz energy approach on the full three-dimensional problem, which is 122.09 Hz. This value is very close 
to the present solution 122.62 Hz. 

Then, the spectral finite element model of the beam based on the general higher-order theory is used to compute the 
natural frequencies of the beam with a variety of aspect ratios. Five different aspect ratios, i.e., b/a = 1000, b/a = 10, 
b/a = 2, b/a = 1 and b/a = 0.5 are considered. In order to investigate the effect of the aspect ratio on the vibration 
frequencies, the first six natural frequencies of the beam are calculated and the percentage variations are plotted 
against the aspect ratio in Fig. 5. The percentage variation is defined as percentage variation = 100(w — w)/wo, 
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Table 2 
Natural frequencies (in Hz) of Simply-Supported rectangular cross-section beam 
Aspect ratio b/a Mode No. 
1 2 3 4 5 6 
1000 123.11 159.01 303.65 310.53 503.48 532.62 
10 123.10 159.01 303.65 310.41 503.64 531.85 
2 122.91 159.15 303.39 307.33 507.15 513.93 
1 122.62 159.37 296.85 303.18 465.28 518.96 
0.5 123.68 160.55 252.28 310.93 388.38 487.06 
Table 3 
Natural frequencies (in Hz) of Clamped-Free rectangular cross-section beam 
Aspect ratio b/a Mode No. 
1 2 3 4 5 6 
1000 55.37 166.37 268.87 415.29 452.59 641.79 
10 55.38 166.31 268.91 415.01 452.56 641.68 
2 55.72. 164.83 269.76 407.97 451.97 631.06 
1 56.98 161.37 272.15 383.04 451.91 545.12 
0.5, 61.83 156.30 271.12 299.43 402.43 490.40 


35— ---2nd 
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Fig. 5. Percentage variations of first six frequencies versus aspect ratio for (a) Clamped-Free and (b) Simply-Supported rectangular section 
beams. 


where wo is the natural frequency of the beam with the aspect ratio b/a = 0.5. The numerical values of the first six 
natural frequencies are also shown in Tables 2 and 3. For the Simply-Supported boundary condition, the calculations 
of the analytical solutions using the expressions given by Kosmatka [19] are also performed. However, the analytical 
solutions are not displayed in Table 2 because they are complete agreement with the results predicted by the present 
formulation. It can be noticed from Fig. 5 that the effect of aspect ratio b/a on the natural frequencies of the beam is 
rather complex, it depends upon the particular boundary condition and mode number. There is a tendency that the 
aspect ratio has a pronounced effect on the higher frequencies. For the Clamped-Free end condition, increasing the 
aspect ratio from 0.5 to 1000 yields an increase in the frequency approximately — 10.45%, 6.44%, —0.83%, 38.69%, 
12.46% and 30.87% for the first, second, third, fourth, fifth and sixth modes, respectively. 

For the Clamped-Free boundary condition, the first six normal mode shapes of the beam with cross-section aspect 
ratio b/a = 1000 are computed and the numerical results are plotted in Fig. 6. 

The second example is a beam with elliptical cross-section, as shown in Fig. 4. The numerical data for this 
example is the same as the previous one. The first six natural frequencies of the beam with five different cross-section 
aspect ratios, i.e., b/a = 1000, b/a = 10, b/a = 2, b/a = 1 and b/a = 0.5 are also calculated and the numerical 
results are given in Tables 4 and 5. The percentage variations of the natural frequencies are plotted against aspect 
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0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0 
ZL ZL 


Fig. 6. First six normal mode shapes of Clamped-Free rectangular cross-section beam with aspect ratio b/a = 1000: (a) mode 1; (b) mode 2; 
(c) mode 3; (d) mode 4; (e) mode 5; (f) mode 6. 


ratio in Fig. 7. The analytical solutions for the Simply-Supported end condition are also computed and they are 
found to be in perfect agreement with the present solutions. Figure 7 shows that the effect of aspect ratio on the 
natural frequency of elliptical section beam is different from that of rectangular section beam and the effect of aspect 
ratio on the higher frequencies can be significant. For the Clamped-Free boundary condition, changing the aspect 
ratio from 0.5 to 1000 increases the natural frequency by about —10.30%, — 1.67%, —0.86%, 26.71%, 12.58% and 
21.33% for the first, second, third, fourth, fifth and sixth modes, respectively. 
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Natural frequencies (in Hz) of Simply-Supported elliptical cross-section beam 


Aspect ratio b/a 


5 6 


1 
1000 118.01 
10 118.00 
2 117.94 
1 117.93 
0.5 119.82 


479.03, 546.37 
478.92 545.73 
479.04 530.21 
478.06 493.59 
412.93 488.40 


Natural frequencies (in Hz) of Clamped-Free elliptical cross-section beam 


Aspect ratio b/a 


5 6 


1 
1000 51.89 
10 51.89 
2 52.08 
1 52.88 
0.5 57.85 


3275 


24- ie 


Percentage variation (%) 


T 
1 10 100 
Aspect ratio b/a 


1 
1000 


Percentage variation (%) 


Table 4 
Mode No. 

2 3 4 
191.15 291.87 = 331.23 
191.05 291.80 331.03 
189.91 291.56 326.79 
186.77 294.15 312.45 
179.25 262.05 317.61 

Table 5 
Mode No. 

2 3 4 
161.04 280.61 391.45 
161.02 280.53 391.36 
161.03 279.80 390.13 
161.53 279.38 384.48 
163.78 283.05 308.94 

1st 
---2nd)  *87 
ee. 3rd 
“7 |---- 4th 154 i 
-+-+ 5th : 
vot [eee 6th}, | 


463.26 612.91 
462.99 612.86 
457.81 614.53 
447.46 569.00 
411.51 505.18 
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Aspect ratio b/a 


Fig. 7. Percentage variations of first six frequencies versus aspect ratio for (a) Clamped-Free and (b) Simply-Supported elliptical section beams. 


6. Conclusions 


A spectral element matrix has been developed for an isotropic beam with an arbitrary cross-section. 


The 


general higher-order beam theory is used, which considers both out-of-plane shear-dependent warping and in-plane 
deformations. The theoretical expressions of the spectral element matrix are formulated from the exact solutions 
of the governing differential equations of motion of the beam element. Application of the spectral element matrix 
enables exact prediction of the natural frequencies and mode shapes of the isotropic beams or of simple structures 


containing them. Two illustrative examples show exact agreement with the existing published results. 
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A Hyperbolic Shear Deformation Theory taking into account transverse shear deforma- 
tion effects, is presented for the static flexure and free flexural vibration analysis of thick 
isotropic beams. The displacement field of the theory contains two variables and does not 
require shear correction factor. The hyperbolic sine function is used in the displacement 
field in terms of thickness coordinate to represent shear deformation. The most impor- 
tant feature of the theory is that the transverse shear stress can be obtained directly from 
the use of constitutive relation, satisfying the stress free boundary conditions at top and 
bottom of the beam. Hence, the theory obviates the need of shear correction factor. Gov- 
erning differential equations and boundary conditions of the theory are obtained using 
the principle of virtual work. Results obtained for flexure and free vibration of simply 
supported uniform, isotropic beams are compared with those of elementary, refined, and 
exact beam theories to validate the accuracy of the theory. 


Keywords: Shear deformation; thick isotropic beam; static flexure; transverse shear 
stress; free vibration; hyperbolic shear deformation theory. 


1. Introduction 


It is well-known that classical Euler—Bernoulli theory of beam bending, also known 
as elementary theory of bending (ETB), disregards the effects of the shear deforma- 
tion. The theory is suitable for slender beams and is not suitable for thick or deep 
beams since it is based on the assumption that the transverse normal to the neutral 
axis remains so during bending and after bending, implying that the transverse 
shear strain is zero. Since the theory neglects the transverse shear deformation, it 
underestimates deflections and overestimates the natural frequencies in case of thick 
beams, where shear deformation effects are significant. 


*Corresponding author. 
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Bresse [1859], Rayleigh [1880], and Timoshenko [1921] were the pioneer investi- 
gators to include refined effects such as the rotatory inertia and shear deformation 
in the beam theory. Timoshenko showed that the effect of transverse shear is much 
greater than that of rotatory inertia on the response of transverse vibration of 
prismatic bars. This theory is now widely referred to as Timoshenko beam theory 
or first-order shear deformation theory (FSDT) in the literature. In this theory, 
transverse shear strain distribution is assumed to be constant through the beam 
thickness and thus requires shear correction factor to appropriately represent the 
strain energy of deformation. 

Cowper [1966] has given refined expressions for the shear correction factor for 
different cross-sections of the beam. The accuracy of Timoshenko beam theory 
for transverse vibrations of simply supported beam in respect to the fundamental 
frequency is verified by Cowper [1968] with a plane stress exact elasticity solution. 

To remove the discrepancies in the classical theory and FSDT, higher-order or 
equivalent refined shear deformation theories were developed and are available in 
the open literature for static and vibration analysis of beams. 

Levinson [1981], Bickford [1982], Rehfield and Murthy [1982], Krishna Murty 


o] 


[1984], Baluch et al. [1984], and Bhimaraddi and Chandrashekhara [1993] presented 
parabolic shear deformation theories (PSDTs) assuming a higher variation of axial 
displacement in terms of thickness coordinate. These theories satisfy shear stress 
free boundary conditions on the top and bottom surfaces of the beam and thus 
obviate the need of shear correction factor. Irretier [1986], Kant and Gupta [1988], 
and Heyliger and Reddy [1988] presented higher-order shear deformation theories 
(HSDFTs) for the static and free vibration analyses of shear deformable uniform 
rectangular beams. 

There is another class of refined theories which includes trigonometric func- 
tions to represent the shear deformation effects through the thickness. Vlasov and 
Leont’ev [1966] and Stein [1989] developed refined shear deformation theories for 
thick beams including sinusoidal function in terms of thickness coordinate in the 
displacement field. However, with these theories shear stress free boundary condi- 
tions are not satisfied at top and bottom surfaces of the beam. This discrepancy is 
removed by Rao [1989] in a refined theory developed for beam. However, formula- 
tion of the theory is variationally inconsistent. Ghugal and Shimpi [2000] developed 
a variationally consistent refined trigonometric shear deformation theory (TSDT) 
for flexure and free vibration of thick isotropic beams. Sonawane and Ghugal [2006] 
studied the effect of transverse normal strain on flexural response of thick beams. 
Recently, Ghugal [2007] developed the single variable PSDT to study the response of 
thick beams in flexure. Theory developed yields very good results for displacements, 
stresses, and frequencies. 

In this paper, a variationally consistent hyperbolic shear deformation theory 
(HPSDT) for thick beams is developed. The theory is applied to simply supported 
uniform isotropic solid beam of rectangular cross-section for both static and free 
vibration analysis. A general solution is obtained. The results obtained are compared 
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with those of elementary, refined, and exact beam theories available in the litera- 
ture. The credibility of the present theory is established by accurate evaluation of 
displacements, stresses, and frequencies. 


2. Theoretical Formulation 


The theoretical formulation of a uniform isotropic thick beam based on certain kine- 
matical and physical assumptions is presented. The variationally correct forms of 
differential equations and boundary conditions, based on the assumed displacement 
field are obtained using the principle of virtual work. The beam under consideration 
occupies the region: 


O<a2<L; —b/2<y<b/2; —h/2<2<h/2, 


where x,y, z are Cartesian coordinates, L is the length, b is the width, and h is the 
total depth of beam. The beam is subjected to transverse load of intensity g(x) per 
unit length of the beam. The beam can have any meaningful boundary conditions. 


2.1. Assumptions made in the theoretical formulation 


(1) The axial displacement consists of two parts: 


(a) displacement given by ETB of beam; 

(b) displacement due to shear deformation, which is assumed to be hyperbolic 
in the nature with respect to thickness coordinate, such that maximum 
shear stress occurs at neutral axis as predicted by the ETB of beam. 


(2) The axial displacement wu is such that the resultant of axial stress o, acting 
over cross-section should result in only bending moment and should not result 
in force in «-direction. 

(3) The transverse displacement w is assumed to be a function of longitudinal 
length coordinate of beam. 

(4) The displacements are small as compared to the beam thickness. 

(5) The body forces are ignored in the analysis. (The body forces can be effectively 
taken into account by adding them to the external forces.) 

(6) One-dimensional constitutive laws are used. 

(7) The beam is subjected to transverse load only. 


2.2. The displacement field 


Based on the above-mentioned assumptions, the displacement field of the present 
beam theory is given by: 


u(x, z,t) = eet) 4 = cosh (5) —hsinh (3) o(a, t), (1) 


w(a,t) = w(a,t). (2) 


Here u and w are the axial and transverse displacements of the beam center line 
in the x and z directions, respectively, and t denotes time. The hyperbolic function 


Int. J. Comput. Methods 2009.06:585-604. Downloaded from www.worldscientific.com 
by QUEENSLAND UNIVERSITY OF TECHNOLOGY on 10/13/14. For personal use only. 


588 Y. M. Ghugal & R. Sharma 


is assigned according to the shearing stress distribution through the thickness of 
the beam. The function ¢(2, t) is an unknown function to be determined and is 
associated with the rotation of the cross-section of the beam at neutral axis due to 
shear. 


Normal strain 


Ou Orw 1 Od 
fe= 5 = %o 3 + = cosh (5) —h sinh (= *)| an (3) 


0 0 1 
Yor = a + = cost (5) — cosh (3) d. (4) 


According to assumption (6), one-dimensional constitutive laws are used to 
obtain the normal bending (axial) and transverse shear stresses. These stresses 
are given by: 


Shear strain 


Stresses 


Or = Eeéz, Trz = Gyzz; (5) 


where FE and G are the elastic constants of beam material. 


2.3. Governing equations and boundary conditions 


Using Eqs. (3)-(5) for strains and stresses and dynamic version of principle of 
virtual work, variationally consistent governing differential equations and boundary 
conditions for the beam under consideration are obtained. The principle of virtual 
work when applied to the beam leads to: 


z=h/2 
bf ff (o20€x + TrzdYxz)dzdu 


—h/2 


z=h/2 Pw c= 
b — dzdx — dwdz = 
+p is [ 7 (Sous AR sw) zdx I. qowdz = 0, (6) 


where the symbol 6 denotes the variational operator. Employing Green’s theorem in 
Eq. (6) successively, we obtain the coupled Euler-Lagrange equations which are the 
governing differential equations of the beam and the associated boundary conditions 
of the beam. The governing differential equations obtained are as follows: 


EI ( AG x) - I oe _ Anes is Fal = g(a, t), (7) 


oat x3 wor axe OF 
a3 a a3 
EI (4053 = B55 | ~ pl (40 PEE = Boss | + GACod = 0, (8) 


where Ap, Bo, and Co are the constants as given in Appendix. The associated bound- 
ary conditions obtained are as follows: 


O?w Ord O?w Od 
ar (FF 3 - 405-5) 7 (oe ~ Acar 


) =0 or wis prescribed, (9) 
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O?w Od Ow , ; 
EI & _ Ay 5") =0 or an 8 prescribed, (10) 
2 
plage = 8 oh ok Gapeerined (11) 
Ox? Ox 


Thus, the variationally consistent governing differential equations and the associated 
boundary conditions are obtained. The static (flexural) and dynamic (vibration) 
behavior of beam is given by the solution of these equations and simultaneously 
satisfaction of the associated boundary and/or initial conditions. 


2.4. The general solution for static flexure of beams 


The governing equations for static flexure of beam can be obtained from Eqs. (7) and 
(8) by discarding the terms containing time (t) derivatives. Using these equations, 
general solution for w(a) and ¢(x) can be obtained. By integrating and rearranging 
the first governing equation (Eq. (7)), one can get following equation: 

@w , 6 Q(x) 

Ao gS = ae, 

dx3 dx? EI 
where Q(x) = [qdzx + C is the generalized shear force resulting from the support 
and loading conditions for the beam under consideration and the second governing 
equation (Eq. (8)) can be written as: 

Bw Bodo 

oe = 0. 13 

dx? Ag dx? eg (13) 
Using Eqs. (12) and (13), a single differential equation in terms of ¢ can be obtained 
as follows: 


(12) 


do 2 Q(z) 
ae 8? ae 
where the constants a, 3, and \ used in Eqs. (13) and (14) are given in Appendix. 


The general solution of above Eq. (14) is given by: 


(14) 


Q(z) 
BEI 
The general solution for transverse displacement (w) can be obtained by substituting 
the expression for ¢ in Eq. (13) and integrating thrice with respect to x. The 
solution is 


ob = Co cosh Ax + C3 sinh Ax — 


(15) 


a | 
Elw(x) = II qdxdxdadx + a + = ELC? cosh Ax + C3 sinh Aq] 


Cyn? 


+ +Csrx+ Ce, (16) 


where C)—Cg are the arbitrary constants of integration and can be obtained by 
imposing natural (forced) and kinematic (geometric) boundary conditions of beam. 
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2.5. Axial stress 


Final solutions for w(x) and $(x) can be obtained using Eqs. (15) and (16) depend- 
ing upon the loading and boundary conditions of the beams. Substituting the final 
solution for w(a) and (x) in the displacement field, the final displacements can 
be obtained. Finally, the axial stress a, could be obtained by using stress-strain 
relation (constitutive relation) as given in Eq. (5). 


2.6. Transverse shear and transverse normal stresses 


The transverse shear stress T,, can be obtained either by using the constitutive 
relation or by integrating equilibrium equation with respect to the thickness coor- 
dinate. Two-dimensional elasticity equilibrium equations by ignoring body forces 
can be used to obtain transverse shear and transverse normal stresses. These equa- 


tions are: 
OGke :. OTe 
= 17 
ao ee Cn 
OTx2  O0zz 
Ox Oz (18) 


Integrating Eq. (17), with respect to the thickness coordinate z and imposing the 
following boundary condition at bottom surface of the beam 


[Tez]z=n/2 =0 


expression for T;, can be obtained satisfying the requirement of zero shear stress 
conditions on the top and bottom surfaces of the beam. 

By substituting the expression obtained for transverse shear stress into Eq. (18) 
and integrating it with respect to the thickness coordinate z and then imposing the 
following boundary condition at bottom of the beam 


[Pzz]z=h/2 =0 


expression for o,, can be obtained satisfying the requirement of surface constraints 
at the top and bottom of the beam. 


3. Illustrative Examples 


3.1. Example 1: Simply supported beam with uniformly 
distributed load q 


A simply supported beam with rectangular cross-section (b x h) is subjected to 
uniformly distributed load (UDL) ¢ over the span L at surface z = —h/2 acting 
in the downward z direction. The origin of beam is taken at left end support, i.e. 
at « = 0. The boundary conditions associated with simply supported beam are as 
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follows: 
dw ao dw L 
EI = fl ——= =o=0 at == 19 
dx? dx? dx e Fie ea 9) 
and 
d?w do 
EI — = EI— =w= t =0,L. 20 
7 reel 0 at «=0, (20) 


The boundary condition, ¢ = 0 at « = L/2 is used from the condition of symmetry 
of deformation, in which the middle cross-section of the beam must remain plane 
without warping [Gere and Timoshenko (1986)]. From the general solution of beam, 
expressions for ¢ and w are obtained as follows: 


qL x sinh A(L/2 — x) 
(2) = omar (1 7 27) ~ OL/2) evant ee 


4 xv ax ax 
a a i() = ei gi =| 


He eC-2)- oe SSaara)) 


The displacements and stresses (static flexural response) of the beam can now be 
obtained using this solution. The results of simply supported beam subjected to 
UDL, for maximum nondimensional transverse displacement, axial or normal bend- 
ing stress and transverse shear stress are presented in Tables 1 and 2. 


3.2. Example 2: Simply supported beam with central 
concentrated load P 


A simply supported beam with rectangular cross-section (b x h) is subjected to 
concentrated load P at mid span, i.e. at « = L/2 at surface z = —h/2. The origin 
beam is taken at left end support, i.e. at « = 0. The boundary conditions associated 


Table 1. Nondimensional maximum transverse displacement (w#), axial stress (2), 
and transverse shear stresses (zz) for simply supported beam subjected to uniformly 
distributed load (UDL) with aspect ratio, S = 4 (Example: 1). 


Source Model w On TOR 7EE 
Present HPSDT 1.806 12.258 3.074 2.709 
Euler—Bernoulli ETB 1.563 12.000 a 3.000 
Timoshenko [1921] FSDT 1.766 12.000 2.000 3.000 
Heyliger and Reddy [1988] HSDT 1.806 12.260 2.917 2.726 
Ghugal and Shimpi [2000] TSDT 1.805 12.277 3.005 2.721 
Ghugal [2007] PSDT 1.808 12.436 2.980 2.225 
Sonawane and Ghugal [2006] TSDT 1.781 12.440 2.946 2.551 


Timoshenko and Goodier [1970] Exact 1.785 12.200 3.000 = 
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Table 2. Nondimensional maximum transverse displacement (7), axial stress (¢z), and 
transverse shear stresses (7zz) for simply supported beam subjected to uniformly dis- 
tributed load (UDL) with aspect ratio, S = 10 (Example: 1). 


Source Model w Gx FoR 7EE 
Present HPSDT 1.602 75.258 7.560 7.209 
Euler—Bernoulli ETB 1.563 75.000 — 7.499 
Timoshenko [1921] FSDT 1.595 75.000 4.999 7.499 
Heyliger and Reddy [1988] HSDT 1.601 75.246 7.416 7.250 
Ghugal and Shimpi [2000] TSDT 1.601 75.277 7.644 7.246 
Ghugal [2007] PSDT 1.601 75.246 7.491 6.726 
Sonawane and Ghugal [2006] TSDT 1.596 76.529 7.584 7.058 
Timoshenko and Goodier [1970] Exact 1.598 75.200 7.500 — 


with simply supported beam can be obtained from Eqs. (19) and (20). Thus, the 
general solutions for ¢ and w are obtained as follows. 


o(x) = 


w(a) = 


P cosh Ax 
sa . tne 23) 
PL? [a r\3 SPL |e sinh Ax 
48 EI [35 = (z) | 5GA F ~ XE cosh(AL/2) | ° Ca 


The results of simply supported beam subjected to concentrated load, for maxi- 
mum nondimensional transverse displacement, axial or normal bending stress and 
transverse shear stress are presented in Tables 3 and 4. The values of axial stress 
are presented at x = aoL from left end support. 


3.3. Example 3: 


Free flexural vibration of beam 


A simply supported beam in Example 1 is considered for free flexural vibration. 


The material properties used are as follows: 


E 


=210GPa, p=0.3 and p=7800Kg/m°* 


Table 3. Nondimensional maximum transverse displacement (), axial stress (@z at 
x = aoL), and transverse shear stresses (7z,2) for simply supported beam subjected 
to concentrated load with aspect ratio, S = 4 (Example: 2). 


Source Model w On oR 7EE 
Present HPSDT 2.974 5.734 0.748 0.75 
Euler—Bernoulli ETB 2.500 6.000 a 0.75 
Timoshenko [1921] FSDT 2.986 5.976 0.584 0.75 
Ghugal [2007] TSDT 2.973 5.735 0.774 0.75 
Silverman [1980] HSDT 2.974 

Timoshenko and Goodier [1970] Exact 2.913 5.734 0.75 = 


Note: The values of ag for present (HPSDT) and Ghugal (TSDT) are 0.46377 and 
0.4779, respectively, and that for ETB, FSDT and exact theory is 0.5 for aspect 


ratio 4. 
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Table 4. Nondimensional maximum transverse displacement (w), axial stress (Gz at 
x = aoL), and transverse shear stresses (7x2) for simply supported beam subjected 
to concentrated load with aspect ratio, S = 10 (Example: 2). 


Source Model w Ox FoR FEE 
Present HPSDT 2.577 14.733 0.748 0.75 
Euler—Bernoulli ETB 2.500 15.000 _ 0.75 
Timoshenko [1921] FSDT 2.578 14.939 0.584 0.75 
Ghugal [2007] TSDT 2.570 14.733 0.774 0.75 
Silverman [1980] HSDT 2.576 

Timoshenko and Goodier [1970] Exact 2.569 14.734 0.75 = 


Note: The values of ag for present (HPSDT) and Ghugal (TSDT) are 0.4855 and 
0.4911, respectively, and that for ETB, FSDT and exact theory is 0.5 for aspect ratio 
10. 


where F is the Young’s modulus, p is the density, and jz is the Poisson’s ratio 
of beam material. The governing equations for free flexural vibration of simply 
supported beam can be obtained by setting the applied transverse load equal to 
zero in Eqs. (7) and (8). A solution to resulting governing equations which satisfies 
the associated boundary or initial conditions is of the form: 

Tx 


w(a2,t) = Wsin— SiN Wt (25) 


> 


Sin Wt (26) 


(a, t) = bm C08 —— 


where W,, and ¢,, are the amplitudes of translation and rotation, and w,, is natural 
frequency of the mth mode of vibration. Substitution of this solution form into 
the governing equations of free vibration of beam results in a standard eigenvalue 
problem ([K] — w2,[M]){A} = 0 the solution of which is well known. The elements 
of [A], [MM] matrices and vector {A} are given in Appendix. From this solution, 
lowest natural frequencies at m = 1 or the fundamental frequencies for various 
aspect ratios of beam can be obtained. 

Results of simply supported beam for maximum nondimensional free vibration 
frequencies in flexural and thickness-shear modes are presented in Tables 5 and 6, 
respectively. 


d 


4. Results 
4.1. Nondimensional displacements and stresses 


The results for transverse displacement (7), axial stress (G,,) and transverse shear 
stress (7,z), and fundamental frequencies (@) are presented in the following non- 
dimensional form for the purpose of presenting the results in this paper. 
Example 1. 

LOEbAFw(L/2,0) _ — boxe(L/2,h/2) _ br zz(0,0) 
EE ee a a Sheets 


w= 
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Table 5. Comparison of nondimensional fundamental frequency (@) of flexural mode of 
vibration (Example: 3). 


For S=4 For S = 10 
Source Model Ow % error* Ow % error® 
Present HPSDT 2.655 2.04 2.813 0.32 
Euler—Bernoulli ETB 2.779 6.80 2.838 1.21 
Timoshenko [1921] FSDT 2.624 0.85 2.808 0.14 
Heyliger and Reddy [1988] HSDT 2.596 —0.23 2.802 —0.07 
Ghugal and Shimpi [2000] TSDT 2.596 —0.23 2.803 —0.04 
Ghugal [2007] PSDT 2.700 OC 2.824 0.71 
Sonawane and Ghugal [2006] TSDT 2.065 0.12 2.807 0.11 
Cowper [1968] Exact 2.602 0.00 2.804 0.00 


*Percentage error quoted is with respect to the corresponding value of exact elasticity solu- 
tion by Cowper [1968]. 


Table 6. Comparison of nondimensional fundamental frequency 
(@y) of thickness-shear mode (Example: 3). 


We 
Source Model S=4 S=10 
Present HPSDT 34.295 198.280 
Timoshenko [1921] FSDT 37.320 198.616 
Heyliger and Reddy [1988] HSDT 34.250 198.235 
Ghugal and Shimpi [2000] TSDT 34.238 198.108 
Sonawane and Ghugal [2006] TSDT 34.096 197.961 
Example 2. 
_  10Ebh3w(L/2,0)  _ bhorx(aoL,h/2)  _ bhtzz(0, 0) 
Uw = e_eoa—_—_— O. = eo is = 
Example 3. 


In case of Example 2, the variation of o, at top and bottom surfaces of beam differs 
at mid span (a = L/2) due to the effect of heavy stress concentration under the 
concentrated load [Timoshenko and Goodier (1970)]. However, in the vicinity of 
concentrated load at x = agL = (0.5 — eh)L and when (0.5 — ch)L > L/2, this 
stress distribution, according to present theory, matches with the exact solution. 
The value of ag is not unique for all the theories. The values of ag are given in 
Tables 3 and 4. 

Further, it may be noted that transverse shear stress T,, when obtained by con- 
stitutive relation is indicated by TC® and when it is obtained by using equilibrium 
to 


equation, is indicated by 7,2". The percentage error in results obtained by models 
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of other researchers with respect to the corresponding results obtained by theory of 
elasticity is calculated as follows: 


value by a particular model — value by exact elasticity solution 


% error = x 100. 


value by exact elasticity solution 


5. Discussion 


The results obtained from the present theory are compared with the ETB, FSDT 
of Timoshenko [1921], HSDT of Heyliger and Reddy [1988], TSDT of Ghugal and 
Shimpi [2000], a single variable PSDT of Ghugal [2007], TSDT of Sonawane and 
Ghugal [2006], TSDT of Ghugal [2007], HSDT of Silverman [1980], and exact elastic- 
ity solutions given by Cowper [1968] for free vibration and Timoshenko and Goodier 
[1970] for static flexure of beams. 


5.1. Transverse displacement (w) 


The results of maximum nondimensional transverse displacements for the aspect 
ratios of 4 and 10 are presented in Tables 1 and 2 for a simply supported beam 
subjected to UDL. The values of transverse displacement given by present HPSDT 
and Reddy’s third-order shear deformation theory (HSDT) [1988] are exactly same 
and are closer to the exact values. The results of TSDTs of Ghugal and Shimpi 
[2000] and Sonawane and Ghugal [2006] are much closer to the exact solution. A 
recently developed single variable PSDT by Ghugal [2007] predicts the deflection 
with very good accuracy. 

Present theory and the theory of Heyliger and Reddy [1988] overestimate the 
maximum deflection for a beam subjected to UDL by 1.17% and 0.25% as compared 
to exact solution [1970] for aspect ratio 4 and 10, respectively, as seen from Tables 1 
and 2. The FSDT underestimates the value of maximum transverse deflection by 
1.07% and 0.20% for aspect ratio 4 and 10, respectively, whereas ETB underesti- 
mates the same by 12.44% and 2.20% as compared to exact value due to the neglect 
of transverse shear deformation effect. However, the theory of Ghugal and Shimpi 
[2000] overestimates it by 1.12% and 0.18%, respectively, for aspect ratio 4 and 10. 
The TSDT of Sonawane and Ghugal [2006] is in close agreement with exact theory 
since it underpredicts the deflection with very small error 0.22% for aspect ratio 
4 and 0.13% for aspect ratio 10 due to the inclusion of transverse normal stain 
effect in the theory. The variation of transverse displacement with aspect ratio (S) 
is shown in Fig. 1. It approaches to the results of classical beam theory (ETB) at 
higher aspect ratios. 

The transverse displacement results of beam with central concentrated load are 
presented in Tables 3 and 4. The error in transverse displacement of beam subjected 
to this load is varying from 2.06 to 2.09% in the present theory and theories of 
Ghugal (TSDT) [2007] and Silverman [1980], whereas ETB underestimates it by the 
values 14.17% and 2.69% for aspect ratio 4 and 10, respectively. The present and 
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Fig. 1. Variation of maximum transverse displacement (w) at (« = L/2,z = 0) with aspect ratio 
S of simply supported beam subjected to uniformly distributed load. 


Silverman’s theories overestimate the value by 2.09% for aspect ratio 4, whereas for 
aspect ratio 10 present theory and TSDT of Ghugal [2007] overestimate the value 
by 0.31%. The variation of transverse displacement with aspect ratio (S) is shown 
in Fig. 2 and this variation according to all refined theories approaches to that of 
classical beam theory (ETB) at higher aspect ratios. 


5.2. Aaial stress (6, ) 


The results of maximum nondimensional axial stresses obtained by the present 
theory and other refined theories are presented in Tables 1 and 2 for UDL and in 
Tables 3 and 4 for concentrated load, for the aspect ratios of 4 and 10, respectively. 
It can be seen from the results that for UDL, the maximum values of axial stress 
obtained from the present and Heyliger and Reddy’s theories are in good agreement 
with those of exact solution. The error in this stress is 0.48% and 0.08% for the 
aspect ratio 4 and 10 when compared with the exact solution. However, in the 
theories of Ghugal and Shimpi (TSDT), Ghugal (PSDT), and Sonawane and Ghugal 
(TSDT) the error in this stress is 0.63, 1.93, and 1.96%, respectively, for aspect ratio 
4. The error reduces drastically for aspect ratio 10 for all the theories. The ETB and 
FSDT underestimate the value of this stress by 1.64% and 0.27% for aspect ratios 
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Fig. 2. Variation of maximum transverse displacement (w) at (« = L/2,z = 0) with aspect ratio 
S of simply supported beam subjected to concentrated load. 


4 and 10, respectively. This stress varies linearly through the thickness of beam as 
shown in Fig. 3. 

The results of maximum nondimensional axial stress for beam subjected to con- 
centrated load by present theory at 0.46377L from the support matches to exact 
value for aspect ratio 4 and same matches to exact value for aspect ratio 10 at 
0.4855L from the support as seen from Tables 3 and 4. TSDT of Ghugal [2007] 
yields exact value of this stress at locations 0.4779L and 0.4911Z from the support 
for aspect ratio 4 and 10, respectively. The variation of this stress is linear through 
the thickness for aspect ratio 4 in the vicinity of load (agL); however, it is nonlinear 
under the load (at L/2) due to heavy stress concentration as shown in Fig. 4. 


5.3. Transverse shear stress (Tzz) 


The transverse shear stresses are obtained directly by constitutive relation and, 
alternatively, by integration of equilibrium equation of two-dimensional theory of 
elasticity and are denoted by (7%) and (7E®), respectively. The transverse shear 
stress satisfies the stress free boundary conditions on the top (z = —h/2) and 
bottom (z = +h/2) surfaces of the beam when these stresses are obtained by both 


the above-mentioned approaches. 
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Fig. 3. Variation of axial stress (ga) through the thickness of simply supported beam at (a = 
L/2,z) when subjected to uniformly distributed load for S = 4. 


For beam subjected to UDL maximum nondimensional transverse shear stresses 
obtained by the present theory and other refined theories are presented in Tables 1 
and 2 for the aspect ratio of 4 and 10, respectively. The present theory overestimates 
the transverse shear stress by the value 2.47% when obtained by constitutive law 
and underestimate this stress by value 9.7% when obtained by equilibrium equation 
for aspect ratio 4. Whereas for aspect ratio 10 the value of this stress obtained by 
constitutive relation is closer to the exact value and value obtained by equilibrium 
equation underestimates it by 3.88%. The theories of Heyliger and Reddy [1988], 
PSDT of Ghugal [2007], and TSDT of Sonawane and Ghugal [2006] underpredict the 
transverse shear stress (7C®) by 2.77, 0.67, and 1.8%, respectively, for aspect ratio 
4 when obtained by constitutive relation. However, TSDT of Ghugal and Shimpi 
[2000] gives the value of transverse shear stress closer to the exact value when 
obtained by constitutive law. All the refined theories underestimate the value of 
shear stress by more than 9% and 3% for aspect ratios 4 and 10, respectively, when 
obtained by equilibrium equation. The FSDT of Timoshenko [1921] overpredicts it 
by more than 33% when obtained by constitutive law and yields exact values when 
obtained by equilibrium equation for both the aspect ratios. Similarly, ETB gives 
the exact value of this stress when obtained by equilibrium equation for both the 
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Fig. 4. Variation of axial stress (x) through the thickness of simply supported beam subjected to 
concentrated load at (x = aoL, z) for aspect ratio S = 4. 


aspect ratios. The through thickness variation of this stress is given in Fig. 5 for 
aspect ratio 4. 

The maximum nondimensional transverse shear stress obtained by the present 
theory and other refined theories for beam with central concentrated load is pre- 
sented in the Tables 3 and 4 for the aspect ratio of 4 and 10, respectively. The value 
of shear stress obtained by present theory is in close agreement with exact value 
as the error in the value is very small (0.27%), when obtained using constitutive 
relation and matches to the exact value when obtained from integration equilib- 
rium equation for both aspect ratios. The TSDT of Ghugal [2007] overpredicts the 
value by 3.20%, when obtained by constitutive relation and matches to the exact 
value when obtained from the equilibrium equation for both aspect ratios. ETB and 
FSDT give exact value of this stress when obtained using equilibrium equations. 
The through thickness variation of this stress according to various theories is given 
in Fig. 6 for aspect ratio 4. 


5.4. Fundamental frequency (@,) of flecural mode 

The fundamental frequencies obtained by present theory, and other refined theo- 
ries are presented in Table 5. Theories of Timoshenko [1921], Heyliger and Reddy 
[1988], Ghugal and Shimpi [2000], and Ghugal and Sonawane [2006] predict the 
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Fig. 5. Variation of transverse shear stress (7z2) through the thickness of simply supported beam 
at (2 = 0, z) when subjected to uniformly distributed load and obtain using equilibrium equation 
for aspect ratio 4. 


values fundamental frequency in flexural mode of vibration which are in excellent 
agreement with that of exact solution as seen from Table 5. The ETB overesti- 
mates the fundamental frequency by 6.80% and 1.21% for the aspect ratios 4 and 
10, respectively, due to neglect of shear deformation in the theory. The PSDT of 
Ghugal [2007] overestimates the value of this frequency by 3.37% and 0.71% for 
aspect ratios 4 and 10, respectively. The present theory overestimates the value 
by 2.04% for aspect ratio 4 and by 0.32% for the aspect ratio 10. All the refined 
theories predict the value of this frequency more accurately for aspect ratio 10 as 
seen from Table 5 since the error is within 1%. 


5.5. Fundamental frequency of thickness-shear mode (#4) 


The results of this frequency of free vibration of thick beam according to FSDT and 
HSDT are not available in the literature and same are generated using computer 
programs. Similarly, the exact solution for comparison is also not available for the 
frequencies of thickness-shear mode. It is seen from Table 6 that the value of this 
frequency predicted by all the refined theories are in excellent agreement with each 
other for both the aspect ratios; however, the value predicted by FSDT for aspect 
ratio 4 is considerably higher compared to other refined theories. 
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Fig. 6. Variation of transverse shear stress (7z2) through the thickness of simply supported beam 
at (2 = 0, z) when subjected to concentrated load and obtain using equilibrium equation for aspect 
ratio S = 4. 


6. Conclusions 


In this paper, a HPSDT has been presented for thick homogeneous, isotropic beams. 
The theory has the following features: 


(a) It is a displacement-based theory which includes the transverse shear effects. 

(b) The number of unknown variables is same as that of FSDT. 

(c) Constitutive relations are satisfied in respect of axial stress and transverse shear 
stress. 

(d) Transverse shear stress satisfies zero shear stress boundary conditions on top 
and bottom surfaces of the beam perfectly. 

(e) The theory obviates the need of shear correction factor. 


A theory having above features is used for the static flexural and free flexural 
vibration analysis of thick isotropic beams. From this analysis, following conclusions 
are drawn. 


(1) The use of present theory gives good results in respect of transverse displace- 
ments. Results of available higher-order and refined shear deformation theories 
for the transverse displacement are in tune with the results of the present theory. 

(2) The results of axial stress obtained by the present theory are in excellent agree- 
ment with those of exact solution and those of other higher-order theories. 


Int. J. Comput. Methods 2009.06:585-604. Downloaded from www.worldscientific.com 
by QUEENSLAND UNIVERSITY OF TECHNOLOGY on 10/13/14. For personal use only. 


602 Y. M. Ghugal & R. Sharma 


(3) The maximum value of transverse shear stress obtained by constitutive relation 
is in excellent agreement with that of exact elasticity solution in case of beam 
subjected to UDL. However, integration of equilibrium equation yields much 
better value of transverse shear stress, closer to value of exact elasticity solution 


in case of beam subjected to concentrated load. 


(4) The fundamental frequencies in flexural mode, obtained from free flexural vibra- 
tion are in good agreement with those of exact solution and the frequencies of 
thickness-shear mode are in excellent agreement with other refined theories. 

(5) The governing differential equations and the associated boundary conditions 


are variationally consistent. 


The use of present theory gives very good results as seen from the numerical 


examples studied, which validates the efficacy and credibility of the HPSDT. 


Nomenclature 

A Cross-sectional area of beam; 

b Width of beam in y-directions; 

E,G,u Elastic constants of the material; 

E Young’s modulus; 

G Shear modulus; 

h Thickness of beam; 

I Moment of inertia of beam; 

[Kx] Stiffness matrix; 

L Span of the beam; 

[M1] Mass matrix; 

m A positive integer; 

q Intensity of uniformly distributed transverse load; 

Ss = L/h = aspect ratio of beam; 

t Time; 

u Axial displacement in x-direction; 

u Nondimensional axial displacement; 

w Transverse displacement in z-direction; 

w Nondimensional transverse displacement in z-direction; 
x,y,z Rectangular Cartesian coordinates; 

m Poisson’s ratio of the beam material; 

p Density of beam material; 

On Axial stress in x-direction; 

Ox Nondimensional axial stress in x-direction; 

ieee Transverse shear stress in zz-plane; 

pe Nondimensional transverse shear stress via constitutive relation; 
7EE Nondimensional transverse shear stress via equilibrium equations; 
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o) Unknown function associated with the shear slope; 

Ww Natural frequency of vibration; 

Ww Nondimensional natural frequency of vibration in flexural mode; 

We Nondimensional frequency of free vibration in thickness-shear mode. 
Abbreviations 


ETB Elementary Theory of Beam Bending 
FSDT First-order Shear Deformation Theory 
HSDT Higher-order Shear Deformation Theory 
PSDT Parabolic Shear Deformation Theory 
TSDT — Trigonometric Shear Deformation Theory 
HPSDT Hyperbolic Shear Deformation Theory 


Appendix 
The constants Ao, Bo, and Cp appeared in governing differential equations (Eqs. (7) 
and (8)) are as follows: 

Ao = cosh(1/2) — 12[cosh(1/2) — 2 sinh(1/2)], 

Bo = cosh?(1/2) + 6[sinh(1) — 1] — 24 cosh(1/2)[cosh(1/2) — 2 sinh(1/2)], 

Cy = cosh?(1/2) + (1/2)[sinh(1) + 1] — 4 cosh(1/2) sinh(1/2). 


l| 


The constants a,3, and appeared in general solution of differential equations 
Eqs. (13)—(15) are as follows: 


= Ag a e EIAo ‘ a 

The elements of stiffness matrix [A] are given below: 

El ‘s EIA e EIB 

Fe ace Ree Koo = on) +GACo 
TA T3 2 
The elements of mass matrix [M] are as follows: 
vg 2 TA 
My, = prin)” + pA, My = Mg, = a Mo2 = pI Bo, 


and the vector {A}? = {Win,¢m}, where W,, is the amplitude of translation and 
gdm is the amplitude of rotation. 
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Abstract: An exact dynamic stiffness matrix is formulated for a generally 
layered composite beam on the basis of third-order shear deformation theory. 
The Poisson effect and the couplings among the axial, torsion, and bending 
deformations are incorporated in the one-dimensional beam model. The 
dynamic stiffness matrix is derived by using the analytical solutions of the 
governing differential equations of the beams in free vibration. The application 
of the dynamic stiffness method to investigate the influences of Poisson 
effect, material anisotropy, slenderness, and boundary condition upon the free 
vibration characteristics of the laminated beams is demonstrated. 


Keywords: Composite beams; Dynamic stiffness method; Free vibration; 
Generally layered beams; Poisson effect; Third-order shear deformation theory. 


INTRODUCTION 


Laminated composite beams composed of fiber-reinforced composite 
materials have found increasing applications in a variety of engineering 
fields such as aerospace, civil, and marine during the recent decades. It 
becomes an obvious trend that more and more composite beams will 
be used in the design of structural components such as aircraft wings, 
helicopter blades, vehicle axles, and robot arms due to their excellent 
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engineering properties such as high strength-to-weight and stiffness-to- 
weight ratios and favorable fatigue characteristics. The dynamic analyses 
of laminated beams help to optimize the design and avoid future 
repair costs. It is important for design engineers to use a satisfactory 
structural model together with a proper solution method to obtain 
reliable dynamic characteristics of laminated composite beams. Because 
of the substantial benefits and promise for future applications in various 
industries, composite beams have aroused continuing research interest 
and many structural models have been developed for the dynamic 
analysis of such beams. 

Free vibration analysis of simple laminated composite beams 
without the effects of shear deformation and rotary inertia started only 
in the 1970s. It is evident from the reported studies that the classical 
laminated beam theory fails to accurately predict the natural frequencies 
of reasonably thick laminated beams. Since the ratio of extensional 
modulus to transverse shear modulus is high for fiber composites, 
the effect of transverse shear deformation must be considered in the 
dynamic analysis. Therefore, first-order shear deformation beam theory, 
which considers a constant transverse shear strain over the thickness 
of the beam, has been developed. This is the equivalent of isotropic 
Timoshenko beam theory. 

Kapania and Raciti (1989) presented a literature survey on the 
vibration analysis of laminated composite beams. Chandrashekhara 
et al. (1990) presented the exact solutions for the free vibration of 
symmetrically laminated composite beam with the shear deformation 
and rotary inertia included. Krishnaswamy et al. (1992) presented 
analytical solutions to free vibration of generally layered, moderately 
thick composite beams by the Lagrange multipliers method. Rotary 
inertia and shear deformation effects were included in the formulation. 
Abramovich and Livshits (1994) studied the free vibration of 
nonsymmetric cross-ply composite Timoshenko beams. Eisenberger 
et al. (1995) utilized the dynamic stiffness approach to study the free 
vibration of laminated beams using first-order shear deformation theory. 
Teboub and Hajela (1995) adopted the symbolic computation technique 
to analyze the free vibration of generally layered composite beam on 
the basis of first-order shear deformation theory. Banerjee and Williams 
(1996) presented an exact dynamic stiffness matrix for a composite 
beam, with the effects of shear deformation, rotary inertia, and coupling 
between the bending and torsional deformations included. Yildirim 
et al. (1999) investigated the influences of rotary inertia and axial and 
shear deformations on the in-plane free vibration of symmetric cross-ply 
laminated beams. Yildirim (2000) used the stiffness method to study 
the in-plane free vibration problem of symmetric cross-ply laminated 
beams, with the effects of rotary inertia and axial and transverse shear 
deformations included. Chakraborty et al. (2002) presented a refined 
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first-order shear deformable beam element and demonstrated its utility in 
solving the free vibration and wave propagation problems in laminated 
composite beam structures with symmetric as well as asymmetric ply 
stacking. Mahapatra and Gopalakrishnan (2003) presented a spectral 
finite element model for analysis of axial-flexural-shear coupled wave 
propagation in thick laminated composite beams. Ruotolo (2004) 
developed a spectral element for anisotropic laminated composite beams. 
The axial-bending coupled equations of motion were derived under the 
assumption of first-order shear deformation theory. 

The first-order shear deformation beam theory, which assumes 
the constant shear strain distribution throughout the beam thickness, 
violates the shear traction-free condition on the top and bottom surfaces 
of the beam. The shear correction factor is then employed to correct 
the discrepancy between the results derived from the exact theory 
and the solutions obtained via first-order shear deformation theory. 
Therefore, various higher-order shear deformation beam theories have 
been developed to improve the first-order theory by assuming a higher- 
order displacement field through the beam thickness. 

Bhimaraddi and Chandrashekhara (1991) modeled the laminated 
beams by a systematic reduction of the constitutive relations of the 
three-dimensional anisotropic body and obtained the basic equations of 
the beam theory based on parabolic shear deformation theory. Soldatos 
and Elishakoff (1992) developed a third-order shear deformation theory 
for static and dynamic analyses of an orthotropic beam incorporating 
the effects of transverse shear and transverse normal deformations. 
Chandrashekhara and Bangera (1992) studied the free vibration 
characteristics of laminated beams using a finite element method and 
third-order beam theory. Singh and Abdelnassar (1992) worked out 
the free and forced vibration problems of laminated beams based 
on third-order shear deformation theory. Khdeir and Reddy (1994) 
employed the transfer matrix method for the free vibration analysis 
of cross-ply laminated beams based on various shear deformation 
theories. Marur and Kant (1997) investigated the effect of higher- 
order shear deformation theories on the transient response of composite 
beams. Kant et al. (1997) presented an analytical method for the 
dynamic analysis of laminated beams using higher-order refined theory. 
Song and Waas (1997) studied the buckling and free vibration of 
stepped laminated composite beams using simple higher-order theory 
that assumed a cubic distribution for the displacement field through 
the beam thickness. Shimpi and Ainapure (1999) studied the free 
vibration of two-layered laminated cross-ply beams using a variationally 
consistent layerwise trigonometric shear deformation theory. Shi and 
Lam (1999) presented a new finite element formulation for the free 
vibration analysis of composite beams based on third-order beam 
theory. Shimpi and Ainapure (2001) presented a simple one-dimensional 
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beam finite element on the basis of a variationally consistent layerwise 
trigonometric shear deformation theory. Ghugal and Shimpi (2001) 
presented a review of displacement- and stress-based refined theories 
for isotropic and anisotropic laminated beams and discussed various 
equivalent single layer and layerwise theories for laminated beams. Rao 
et al. (2001) proposed a higher-order mixed theory for determining the 
natural frequencies of a diversity of simply supported laminated beams. 
Matsunaga (2001) studied the natural frequencies, buckling stresses, 
and interlaminar stresses of simply supported composite beams using 
a global higher-order theory. Arya et al. (2002) developed a zigzag 
model for symmetric laminated beams in which a sine term was used 
to represent the nonlinear displacement field across the thickness as 
compared to a third-order polynomial term in conventional higher-order 
theories. Karama et al. (2003) presented a new multilayered composite 
beam model by using a exponential function to predict the mechanical 
behavior of composite beams. Murthy et al. (2005) developed a refined 
two-node, four-degree-of-freedom/node beam element based on higher- 
order shear deformation theory for asymmetrically stacked composite 
beams. Aydogdu (2005) and Aydogdu (2006), using the Ritz method 
with different sets of boundary conditions, carried out vibration analyses 
of cross-ply and angle-ply laminated beams, respectively. The analysis 
was based on a three-degree-of-freedom shear deformable beam theory. 
Subramanian (2006) performed free vibration analyses of laminated 
beams using two higher-order displacement-based shear deformation 
theories. Both theories assume a quintic and quartic variation of in- 
plane and transverse displacements in the thickness coordinates of the 
beam, respectively, and a non-parabolic variation of transverse shear 
stress across the thickness of the beams is assumed for the first theory 
while a parabolic variation is assumed for the second theory. Tahani 
(2007) developed a new layerwise composite beam theory for generally 
laminated beams. Analytical solutions were obtained for the static 
bending and free vibration of cross-ply and angle-ply laminated beams 
by using the state space method. 

A review of the literature indicates that most of the research 
is devoted to dynamic analysis of cross-ply composite beams using 
elementary and first-order shear deformation theories and only a few 
works have been done on the vibration analysis of generally laminated 
beams based on higher-order shear deformation theories. An attempt 
to derive the dynamic stiffness matrix of an arbitrary ply-stacking 
composite beam based on third-order shear deformation theory, which 
assumes a cubic displacement field making the straight normal to the 
centroidal line deform parabolically and shear-free traction conditions 
at the top and bottom beam surfaces, has not still been reported. This 
article addresses this problem. The dynamic stiffness method to solve the 
free or forced vibration problems of the structural elements has received 
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much attention in recent years. Some advantages of this method are 
well known, particularly when higher frequencies and better accuracy are 
required. This method is often referred to as an exact method. A single 
element can be used to calculate any number of exact natural frequencies 
and modes of a uniform structure to any desirable accuracy. 

This article formulates the dynamic stiffness matrix to analyze 
the free vibration characteristics of generally layered composite beams 
based on third-order shear deformation theory. The Poisson effect and 
the couplings among the axial, torsion, and bending deformations are 
incorporated in the one-dimensional beam model. The derivation of the 
governing differential equations of laminated beams is accomplished by 
applying Hamilton’s principle. These equations are quite difficult to 
solve, in sharp contrast to those of laminated beams based on first- 
order shear deformation theory. The difficulty would appear to arise 
mainly due to the extensional-bending-torsional coupling and higher- 
order shear deformation effects, which lead to the formulation of higher- 
order governing differential equations. The dynamic stiffness matrix is 
found directly from the general solutions of the governing differential 
equations of motion of the beam in free vibration. The dynamic stiffness 
method is demonstrated by several illustrative examples of composite 
beams for which some published results are available. The influences 
of the Poisson effect, material anisotropy, slenderness, and boundary 
condition upon the natural frequencies of laminated beams are studied. 


MATHEMATICAL FORMULATIONS 


A laminated composite beam, as shown in Fig. 1, is considered. The 
laminated beam is made of many orthotropic layers, and the principal 
material directions of each layer need not be aligned with the x axis. In 
the right-handed Cartesian coordinate system, the x axis is coincident 
with the beam axis and the origin is on the midplane of the beam. The 


Figure 1. Coordinate axes and notation for a laminated composite beam. 
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length, breadth, and thickness of the beam are represented by L, b and 
h, respectively. 

To develop the equations of motion for a generally layered 
composite beam, the displacement field proposed in a third-order shear 
deformation theory is assumed to be the following: 


tise dt) =ueo te E 2 : (=) (+ + ~)| (la) 


u,(x,z,0) =z E = : (Z) ¥| (1b) 


u;(x, Z, t) = w(x, ft), (1c) 


where u,, uy, and uw, are the displacements of an arbitrary point in the beam 
domain along the x, y, and z coordinates, respectively; wu and w are the 
longitudinal and transverse displacements of a point on the beam midplane 
along the x and z directions, respectively; ¢@ and w are the rotations of 
the normal to the midplane about the y and x axes, respectively. This 
displacement field provides a parabolic variation of the transverse shear 
stress that is zero at the top and bottom surfaces of the beam. 

Based on the foregoing displacement field, these are the strain- 
displacement relations: 


Ou Tu) 4 (06 @w 
0 0 2 
= = = 2 
Pr By Me By Me 3h? (3 " Ox? ee) 
Yd Oi ee 
eS ages a 3h? Ox 
Ow 4 Ow 
0 2 
= — = ——_ = y) 
Pxz (++ =) az h? (0+ =) (2b) 


These are the constitutive equations of laminated plate based on 
third-order shear deformation theory (Reddy, 2004): 


Ny Ay Ap Aj By By By En Ey E16 ey 
Ny Ayy Ax. Arg Bip By Bog Ey. Ex. Eng ey 
Ns Aig Ars Age Big Bro Bos Eis Exo Eee Exy 
M, By By Bye Dy Do Dis Fu Fa Fie KY 
M, ¢ =| By By Bye Dip Dy Dye Fir Fr Fre Ky , 
M,, Bis Bye Bos Dip Drs Dos Fis Fre Fee Key 
Fe Ey Ey Ey Fu Fir Fig Aun Ay Ae Ky 
Py Eyy Ey Eye Fin Fa Foe Ayn Hx Are Ky 
PS Eig Ex Epo Fig Fae Fes Ais Hr Hoe Ky 


(3) 
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where N,, NG and N,, are the in- oe forces, M,, M,, and M,,, the 
bending and twisting saomnents P,, P,, and P,, the fi oher: order bending 
ie twisting moments, «° &} and 2 the midplane srains, «°, «°, and 

° the bending and Gnisting ioavanires. Ke, Ky , and 1 , the higher: order 
bending and twisting curvatures, and A;,, B;;, D, jo Eis and H;, (i, j = 
1, 2, 6) the stiffness coefficients. 

In the case of the laminated composite beams, one can neglect in- 
plane forces N,, N,,, bending moment M,, and higher-order moment 
P, everywhere in the laminates because the laminates are so narrow 
that these generalized stress components are insignificant. The previous 
results have shown that narrow laminates can reasonably cover a range 
of laminates of large aspect ratio. It may be mentioned that how to define 
the range of narrow laminates gua tecas is beyond the scope of Pea 
manuscript. The midplane strains e? and fy , the bending curvature Ky 
and the higher-order bending curvature Kk; in Eq. (3) are assumed to be 
nonzero. Thus, Eq. (3) may be rewritten Be 


Fj, 


N. Ay By By Ey Exe e} 
M, By Dy Dis Fu Fie KY 
My ¢ =| Bo Dis Doo Fis Foe K), (4) 
P, Ey Fy Fis Hy Aye Ky 
Pry Eis Fie Fos Hig Hoe i 


where 


Ay By Bye Ey E16 Ay Ajo By E12 

By, Dy Die Fu Fic Biy Bye Dy Fiz 

=| Bye Dy Dos Fis Fos | — | Bre Bos Dos Fre 
Ey Fu Fis An Ae Ey Eig Fir Ayo 

Eis Fie Fos His Hos Ex6 E65 Fo5 Are 

Ay Arg By Ex: | [ Atz Biz Bos E12 Eos 

. Ay, Ags Brg Ene Aye Bye Bos E16 Eos 
By Byg Dy Fry By Diy Dog Fir Frog 
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The transverse shear force-strain relations are given by 


Q,. | _ | As; D ce 
fate eee pea 6 


The laminate stiffness coefficients A;,, B;;, Dj;;, E,;, F;;, and H;;, and 
the transverse shear stiffnesses A;;, D;;, and F5;, which are functions of 
laminate ply orientation, material property, and stack sequence, are as 


follows: 


h 
: 0, ee gle ape ae aay (0 (6a) 


h 
z 


(Ass Dss Fis) = ff Oss(1. 27, e4)dz (6b) 


(A;; By Dj Ei Fig Hi) = a 


The stiffnesses in Eq. (6a) are defined for i, j = 1, 2, 6. 
The transformed reduced stiffness constants Q;; (i, j = 1, 2,6) and 
Q;; are obtained by the following: 


O01, = Q,, cost F + 2(O,5 + 2066) sin? cos? + Q,,sin'd — (7a) 
Oy = (Qi, + Qy — 406) sin® 9 cos” 9 + Q,,(sin* + cos* 9) (7b) 
Qo. = QO, sin* F + 2(O1) + 206) sin? 9 cos’ 8 + Q,,cos*H — (Tc) 
O16 = (Qi — Qn — 2Oe6) sin 9 cos? F + (Oi. — Oo, + 2066) 


x sin? 9 cos 3 (7d) 
Oy6 = (Qi; — Qi — 206) sin’ cos F + (QO), — Qo + 2066) 

x sin & cos* (Je) 
O66 = (Qy + Qo — 2019 — 20g) sin” B cos? B+ Qos 

x(sin* & + cos* 9) (7f) 
O55 = G),cos’ 3+ G,; sin’ & (7g) 


where @ is the angle between the fiber direction and longitudinal axis of 
the beam and the reduced stiffness constants Q,,, Q5, Q,, and Q¢, can 
be obtained in terms of the engineering constants Jones (1976): 


_ E, Vp Ey Vy Ey 
Q\, = (oye w= 4 =] 
— Vi2Va1 — Vi2Vaq — Vi2Va1 
E, 
Qn Q66 = Gy 


1 = VypVoq 
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The total strain energy V of the generally laminated composite beam 
shown in Fig. 1 is given as 


k,, |dx 
(8) 
Q,,, and R,, from Eqs. (4) and (5) 


xy “xy Xz Kyz 


b 
=F f [N, ey + Mx + Pe + M, Ki, + P,yk, + 0,6 -tR 
0 


Substituting V,, M,, P,, M 
into Eq. (8) yields 


are 
>a 
Ai (2°) + 2B Esk Ke + 2Bycetny, + 2E) EK Me DPS, 
+ Dy, (« oy 4 Dy gk x ny + PK, q+ 2F iki, de 
+ 2F kK Ko + Ay (x y + 2H kK M+ Dass ny + 2F 66k 912 xy 
+ Hyg ( 2) + Ags (€ a + 2Dss89.1K 2, + Fis (1; ) 


xz 


xy? P.y, 


(9) 


The total kinetic energy T of generally laminated composite beam 
can be written as 


=5 sf [i [(i,)? + (iy)? + (is) Jdedx (10) 
where p is the mass density per unit volume. The over dot represents the 


derivative with respect to time f. 
Substituting u,, uw), and u; from Eqs. (1) into Eq. (10) results in 


rai f'fie {(er[s-$( (6+ 2)]) 
rs (2 ji ; (2)'¥]) + «| dzdx (1) 


The governing equations of motion and associated boundary 


conditions of generally laminated beams will be derived using Hamilton’s 
principle, which can be stated in this form: 


is (ST — 6V)dt =0 (12) 


du = dw = do = dW = 5(aw /ax) =O at t=t,t 


where 0 is the first variation, ¢; and t, are two arbitrary time variables. 
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Substituting Eq. (2) into Eq. (9), then substituting the resulting 
equation and Eq. (11) into Eq. (12) and following the standard 
procedures of the variational techniques, we obtain the following 
equations of motion for generally layered composite beams: 


As db — Pu (— 4. \e6¢ 
“hit (gph h) b+ gels + Auge + (Bu ~ gan) Ge 
_— 4_\ey 4 _ Gw 
a (2. i ae ape ax SO (13a) 


4, oii Lue is ob | 16 | Mi 
3h2 *dx ' \Ont’ 3h? >) ax ° Ont 7 Ax? 


2 Die, fae, MeL NEO: PA. TL Nee 
+3 Eu ge + | app ae ae? a ona tis } B53 


4 - 16 8 4 16 Ow 
bh~ yypls) [ts + gah ~ pals) O+ | gals — gat) a 
— A4_\G@u (. 8. 16 \ &y 
PU Bu gape) ae tO 9a 16 t ope is) 32 
ee eRe. Migs a 6. 4 \ @w 
+{ Diy eae pati Ri Ay, 5 Fi 
3h x 
0 
(es =) = (13c) 
Ox 


+ 
16 8 » = 4_\ @u 
fat opal — gpals)¥ + Bis gah) Be 
+ 


=0 (13d) 


+( a B.) | ou = (14a) 
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4... 4 16.\. 16 0d 4. @u 
apt t Is pat) °— onal oy — 3p8 Fy 


6. 4 _\86 16— &w (16. 4 \@¥ 
+ Ay, Fy ar A au Ay Fi . 


9h4 3h2 ax2 ' Ont |! Ax3 9h4 3h2 ax2 
8 16 ow 
+ (30a - An Sen) (0+ 2) | 500 (146) 


Be, te, « Boop 
7 ayo ft Dy, nat Dx 


A. 16_— \ @w 
+( Fy a) = [56 =0 (14c) 


Ar ox. ss Ou 4 _ 16 — 
apes Bis) ay + | apps — gpa his 


8 . 16— \ dw 
cs ( za e ~ Des — 553 7a) =| oy =0 (14d) 
4 — ou Aye 16 — 
aE oy t \ ayah — oan 
oo 4_ 16_\dv 16— @w]., 
ie (saF Fs) ae OMe oe ee us 


It can be shown that Eqs. (13) have solutions that are separable in 
time and space and that the time dependence is harmonic. Letting 


{ u(x, t) w(x, t) d(x, t) W(x, 2) } = { U(x) W(x) B(x) V(x) } (15) 


where w is the angular frequency, U(x), W(x), P(x), and W(x) are 
the amplitudes of the harmonically varying longitudinal displacement, 
bending displacement, bending rotation and _ torsional rotation, 
respectively. 

Introducing Eqs. (15) into Eqs. (13), the following differential 
eigenvalue problem is obtained 


4 4 ow — &U 
e) 2 2 
I,a@°U — (sh -1) a ®P ze ay + Ay, a 


S42 )\0@ (2 42 \0O 42 Ow 
PN elgg is ogee WPS ape) ge gghel gah 


(16a) 
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pips. a ,0U 16 A ek 16) 2 @W 
(60) (60) 
’ 3n2 4 ax ont’ 3h ° dx Ont! Ox2 
4_ @uU Ae 16— \ B® 4 _ 16—_ \ @Ow 
ya ae Nowe ona tt pee ets ona i6 6x3 
16_ ow 8 16 6b Ow 
One aye + (4s. - 73s + Fs) (= + =) =0  (16b) 


4 4 16 8 > 4 16 
L, = po! (63) U+ I, + onal = 3m aw OD — 3p = onal? 
s0Ws f= Bia NOPE fe —_ 16_ \ ew 
@ ra Bu sFu oe D4¢ 3yat is + gpa tis 0x2 
_ Sic 16 — CY 16 — 4_ Ow 
+( Di ayer gpa ax + Ay, yo ax 


8 16 OW 


. 8 — 16 — Co 
+ | Dy h Fig t+ 6 


3h? 9n4 Ox? 
16 — 4_\ ew 
+ hopes ~ syn" 6) Bs 
= 8 — 16_ \ @w 
+ (Ds 3h2 F 66 + on4 Tl) Aye = 0 (16d) 


The solutions to Eqs. (16) are given by 
{ U(x) W(x) (x) W(x) } = {ABC D}e* (17) 


When Eqs. (17) are substituted into Eqs. (16), the equivalent 
algebraic eigenvalue equations are obtained, and the equations have 
nontrivial solutions when the determinant of the coefficient matrix of A, 
B, C, and D vanishes. Setting the determinant equal to zero yields the 
following characteristics equation: 


sk? + ngk® + gk? + nok? + nye + = 0 (18) 


Therefore, the fifth-order polynomial equation for the roots y must 
be solved, where vy = x” has substituted into Eq. (18) to explicitly reduce 
it into a fifth-order polynomial equation. 


Ns + na’ + 3° + mx? + mx + M = 9, (19) 
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where the coefficients 45, m4, 73, %>, 4;, and my are easily obtained by 
using the symbolic manipulator Mathematica (Wolfram, 1991) but are 
not presented here because of their length. 

The general solutions to Eqs. (16) are given by 


U(x) = Aye" + Aye" + Aze™* + Age * + Ase” + Age * 
mie A,e™* nity Age" 4 Age™* ee Ape 


5 
a (Ay;_1e"* + Aye") (19a) 
j=l 


W(x) = Bye" 4+ Bye 4 Bye am Bye ?* Et Bse** 
+ Bye ** + Bie + Bye a Bye** as Bye 


5 
= DF (By1e"* + Boje") (19b) 


j=l 
D(x) = Cre + Coe“? + Cye* + Cre *” + Coe* 
pig Cye3* a Cre ag Ce? ab Cye"* oe Cie ** 


5 
= DE (Gye + Gye") (19c) 


j=l 
W(x) = D,e"'* + Dye *'* + D,e** + Dye" ab Dse* 
+ Dee "3* + Dre™4* + Dee “4* + Dye + Dye “4* 


5 
= D0 (Dyj-1e"* + Dye") (19d) 


j=l 


where k; = ./7; (j = 1 ~ 5). In the solution of Eq. (19), if any x; is zero 
or repeated from another solution, the solutions to Eqs. (16) will be 
modified according to the well-known methods for ordinary differential 
equations with constant coefficients for those particular values of ;;. 
From Eqs. (16), only ten of the forty constants are independent. The 
relations among the constants are given here: 


Boj = ty Aoj-1 Bs; = —t;A; 
C51 = tjAoj-1 C3; = tjAp; 


Dy) = #,Ayj-1 Di = t)Ao)(i =1~5), 
where the lengthy expressions of the coefficients t,, tj, and ti, which 
may be obtained using Mathematica (Wolfram, 1991) via symbolic 
computation, are not given here due to space limitations. 

According to the sign convention shown in Fig. 2, the expressions of 
normal force N,(x), shear force Q,.(x), bending moment M,(x), torque 
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Figure 2. Sign convention for positive normal force N,(x), shear force Q,.(x), 
bending moment M,(x), torque M,,(x), and higher-order moment P, (x). 


M,,(x), and higher-order moment P,(x) can be obtained from Eqs. (14) 
and (20) as follows: 


5 
= 4 _ = e 4 — 
N,(x) = pe [Aux = Gaz = Bi) Kt; = ae eusiti 


j=l 


4 — R 4 Kx 
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Figure 3. Boundary conditions for displacements and forces of composite beam. 


4 _ ~ 8 = 16 — i 
= zpos — Bis Kj 342! 6 Deo gpa tts Kt; 


(Asse? Ae 8) (21d) 


2 4 4 _ 16 — - 
PO)\=y, E Ey; +(% Fyy- eA) xi 
& [30 3 Ops i 
nS ee ee | 
+ 3po 6 — opal is Gly > gpa Gh 
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Referring to Fig. 3, the boundary conditions for displacements and 
forces of laminated beam are, respectively, 


Atx=0:U=U, W=Ww, P= ®, vP=V,W =W, 
Atx=L:U=U, W=W, ®=0, V=V,W =W, (22a) 


Atx=0: N, = —Ny Q,. = Q..1 M, = My, My = =i) P, = Py 
Atx=L: Ny = Ne Q.. = —Q. M, = —M,» M,, = My, 
ee oe (22b) 


where the superscript primes denote the partial derivatives with respect 
to x. 

Substituting Eqs. (22) into Eqs. (20), the nodal displacements defined 
in Fig. 3 can be expressed in terms of A; as follows: 


{D} = [R]{A} (23) 
where {D} is the nodal degree-of-freedom vector defined by 
, 1)T 
{D} = {U, W, ®, WV W, U, W, ®, W, w, } 


{A} — { A, A; As A, Ay A, Ay Ag Ag Deas 
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1 1 1 1 1 
ty ts ft ty f 
ra t 1; ty ts 
‘, ; = a ‘, 
[R] = Ky ty Kot, K3fy Kyty Ksts 
ei eh2k ef3k ekal est 
tent treet test tyerst tserst 
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zene Zee te" t,emaE teens" 
Kyte! Kathe” Kyte" Kytye™” Ks tseXs” 

1 1 1 1 1 
ty —t, —t; -t, —ts 
ty t t, ty ts 
. - i, i, : 
Riki Hts Ky Key Rebs 

ewe eT ak eT 3k eT kak eT ksh 
=e"! teh —tewh tye Mt poe *st 
Hews’ — peek — pew E yew hh Fest 
Gee “pee ne eee ae 
Kie Rye 2" (Rye Rye Re 


With Eqs. (26b) substituted into Eqs. (21), the nodal forces defined 


in Fig. 3 can be expressed in terms of A; as 


{F} = [A{A} 


where {F} is the nodal force vector defined by 


(24) 


T 
{F} a {Nu Ora My, M si Py No 0.2 My My. Ph 
ty ty t ty ts 
i ty i, ty ts 
i ts bs bi fs 
ty ty t ty ts 
[H] = G pk L 4G pkoL 4G oka G kal K5L 
te i the 2 he 3 tye f tse 5 
t emit b eh2t t eh3t terse ts est 
ty emit ty eat t ef3k terse ts eksh 
t, emt ty eat t ef3k tense ts ehh 
t, emt t ek2k t ehst tense ts eksl 
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(j=1~5) 


Eliminating the coefficients A; from Eqs. (23) and (24) gives 
the following relationship between the nodal forces and nodal 
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displacements: 
{F} = [H][R]'{D} = [K]{D}, (25) 


where [K] is the frequency-dependent dynamic stiffness matrix. Because 
matrix [R] is a 10 x 10 matrix, it is very difficult to obtain the closed 
form of the inverse of [R] directly using a personal computer. However, 
the inverse of [R] can be determined in partitioned form. First, matrix 
[Ri] [Ro] 
[Rs] [Ra] 


[RJ = (Ws —[Ril'[Ro] [Ri] [9]ss 
[9]55 Ls [O]s.s ({Ra] — [Rs][RiP'[Ro))7! 


‘ [7s [0]5.5 
—[R3][RiJ" Ws 
where [J]; is a 5x5 identity matrix and [0];,; is a 5x5 matrix 
composed entirely of 0s. An advantage of using the above equation to 
evaluate the inverse of the 10 x 10 matrix [R] is that the matrices to be 
inverted have orders only of five, and their closed forms can be obtained 
using Mathematica (Wolfram, 1991) via symbolic computation. Once 
the closed form of [R]~! is determined, the closed form of the dynamic 
stiffness matrix [K] = [H][R]~! can be obtained directly. Although the 
expressions of the elements of dynamic stiffness matrix [K] are obtained 


by using the symbolic manipulator Mathematica, they are not presented 
here because of their length. 


[R] is partitioned into | with [R;] a 5 x 5 matrix. Then, 


NEWTON’S EIGENVALUE ITERATION METHOD 


Once the dynamic stiffness matrix is obtained, the appropriate boundary 
conditions for the particular composite beam under consideration are 
applied to obtain the transcendental eigenvalue problem [K(c)]{D} = 0. 
A simple Newton’s eigenvalue iteration method Singh and Ram (2002) 
is adopted in present study to determine all the natural frequencies 
in a given frequency band. A visual method involving plotting the 
characteristic determinant curve to visually approximate where the value 
of the determinant equals zero is also implemented. 

Now consider the problem of determining the nontrivial solutions 
w and {D} 40 of [K(@)]{D} =0 by means of Newton’s eigenvalue 
iteration method, where the elements of matrix [K] are transcendental 
functions in w and {D} is a constant eigenvector. Following Yang 
(1983), we define [K(a)] = — 4K) Newton’s eigenvalue iteration 


dw 


algorithm can be summarized as follows: (a) choose an initial guess 
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«; (b) compute the eigenvalues of [ik (o—))] — ALK (o™)]| {D”} = 
0 based upon the initial guess wm; (c) assign the minimum eigenvalue 
to ¢; (d) compute the new estimate  !) =m +e; (e) compute the 
matrices [K(«)] and [K()] by substituting w = w"); (f) repeat steps (b)- 
(e) until the mth iteration until |e| is less than the prescribed tolerance 
for convergence; (g) store the value of w”); (h) repeat steps (a)-(g) to 
evaluate another w”) for different initial value a. In order to ensure 
that no natural frequencies of the structure being analyzed are missed, 
the solutions obtained by the Newton’s eigenvalue iteration method are 
checked using the Sturm sequence property of the dynamic stiffness 
matrix, which states that the number of natural frequencies that are less 
than a specific value wy is equal to the number of negative elements on 
the main diagonal of the matrix [K(@,)], which has been triangulated 
by means of Gauss elimination without interchanges. When the natural 
frequency is located, the corresponding eigenvector can be obtained by 
inverse iteration. 


NUMERICAL RESULTS AND DISCUSSIONS 


In order to demonstrate the correctness and accuracy of the proposed 
dynamic stiffness formulation, the free vibration characteristics of several 
generally laminated composite beams are investigated. 

The following five boundary conditions: clamped-clamped, clamped— 
simply supported, free-free, clamped-free and simply supported are 
considered in this section. 


Clamped edge: U=W=®=WV=W =0 


Simply supported edge: U =W = W=M, = P, =0 
Free edge : N, = Q,, = M, = M,, = P, = 9 


The first illustrative example chosen to compute the numerical 
results is that of a glass-polyester laminated composite beam of 
rectangular cross-section with lay-up scheme [45°/45°/45°/45°]. The 
properties of the beam are given as follows: 


E, = 3741 x 10?Pa, E) = 13.67 x 10°Pa, G,) = 5.478 x 10° Pa, 
G,3 = 6.03 x 10° Pa 
Go; = 6.666 x 10°Pa, v5 =0.3 p= 1968.9kg/m3 
L=0.111798m, b=12.7x 103m, A=3.38x 103m 


The first four natural frequencies of the beam with various boundary 
conditions are computed and the numerical results are displayed in 
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Table 1. Natural frequencies (in Hz) of glass-polyester beam 


Free-free 
Clamped-— Ritchie 
Mode Clamped- simply Teboub and et al. Clamped- Simply 
no. clamped supported Present Hajela (1995) (1975) free supported 
1 763.6 530.1 765.4 765.4 767.9 120.6 348.1 
2 2089.0 1701.5 2097.4 2097.3 2091.9 752.8 1346.8 
3 4054.1 3516.2 4075.7 4075.5 4155.9 2094.0 3018.8 
4 6617.9 5941.1 6662.4 6662.1 6762.7 4064.4 5287.9 


Tables 1 and 2, along with the numerical solutions of the first-order 
shear deformation beam model of Teboub and Hajela (1995) and the 
experimental results of Ritchie et al. (1975). The Poisson effect is 
considered in Table 1 but ignored in Table 2. 

It can be seen from the comparison shown in Table | that present 
results agree very well with the numerical solutions of first-order shear 
deformation theory of Teboub and Hajela (1995) and the experimental 
results of Ritchie et al. (1975). Table 1 also shows the effect of boundary 
condition on the first four natural frequencies of the beam. Of the 
five boundary conditions considered, the clamped-free beam exhibits 
the lowest frequencies, as expected. It can be observed from Tables 1 
and 2 that the Poisson effect is seen to have a relatively important 
influence on the natural frequencies of this particular beam for all 
the boundary conditions. The comparison indicates that the maximum 
relative error of the natural frequencies obtained by neglecting Poisson 
effect is about 11%. 

In order to investigate the effect of slenderness on the natural 
frequencies of generally layered composite beams, a variety of results 
are presented for a [30°/50°/30°/50°] laminated beam for which some 
available solutions exist. Unless mentioned otherwise, the mechanical 


Table 2. Natural frequencies (in Hz) of glass-polyester beam without Poisson 
effect included 


Free-free 
Clamped- 
Mode  Clamped- simply Teboub and Clamped- Simply 
no. clamped supported Present Hajela (1995) free supported 


1 822.0 575.2 824.2 823.7 129.9 390.8 
2 2246.0 1834.2 2256.5 2255.0 810.4 1448.9 
3 4352.2 3780.3 4378.5 4375.4 2252.0 3261.2 
4 7091.4 6369.6 7146.2 7140.8 4364.3 5661.4 
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Table 3. Natural frequencies (in Hz) of [30°/50°/30°/50°] composite beam with 
L=0.381m 


Clamped-clamped 


Chandrashekhara Clamped— 


Mode and Bangera simply Free- Clamped- Simply 
no. Present (1992) supported free free supported 
1 638.4 640.5 467.4 654.9 105.3 353.5 
2 1651.6 1666.8 1392.4 1718.9 635.2 1114.1 
3 3013.5 3059.5 2690.8 3129.2 1680.8 2433.3 
4 3932.6 3397.8 3775.6 3987.1 1981.7 3461.7 
5 4619.1 4712.5 4377.5 4838.3 2496.0 4263.5 


properties of the beam used for this analysis are those shown below: 


E, = 144.80 x 10°Pa, E, = 9.65 x 10° Pa, 
Gin = Gy = 4.14 10°Pa, vy = 03 
G5; = 3.45 x 10°Pa, p = 1389.23kg/m’, 

b =25.4x 10-3 m,h = 25.4 x 10-?m 


The free vibration behavior of the beam is studied for two different 
beam lengths L = 0.381 m and L=0.572 m. The dynamic stiffness 
model is used to compute the natural frequencies of the beam with 
a variety of support conditions. The computed values of the first five 
natural frequencies of the beam are shown in Tables 3 and 4, along with 
the available solutions for the clamped-clamped boundary condition. 

As can be seen from Table 3, the natural frequencies predicted 
by present method are in good agreement with the available results 
for the clamped-clamped beam except for the fourth natural frequency. 
The author believes that the fourth frequency of Chandrashekhara and 
Bangera (1992) is misprinted. It can be observed from Tables 3 and 4 


Table 4. Natural frequencies (in Hz) of [30°/50°/30°/50°] composite beam with 
L=0.572 m 


Mode Clamped- Clamped-simply Simply 


no. clamped supported Free-free Clamped-free supported 
1 291.8 211.3 295.4 46.9 158.4 
2 779.6 648.4 795.4 288.8 512.4 
3 1470.2 1296.9 1504.6 787.2 1150.5 
4 2323.5 2100.3 2391.2 1315.0 1863.3 
5 2629.1 2588.4 2634.0 1491.1 2578.4 
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Figure 4. First five normal mode shapes of clamped-free composite beam with 
L = 0.381 m: (a) mode 1; (b) mode 2; (c) mode 3; (d) mode 4; (e) mode 5. 


that the slenderness has a significant effect on the natural frequencies 
of the beam for all the boundary conditions. The natural frequencies 
decrease with the increase of beam length, as expected. The difference 
will tend to decrease in the higher modes of vibration. 

For the clamped-free boundary condition, the first five normal 
mode shapes of the composite beam with L = 0.381 m and L = 0.572m 
are computed and the numerical results are plotted in Figs. 4 and 5, 
respectively. The effect of slenderness on the mode shapes of the composite 
beam is obvious, especially for the third and fifth mode shapes. 
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Figure 5. First five normal mode shapes of clamped-free composite beam with 
L = 0.572m: (a) mode 1; (b) mode 2; (c) mode 3; (d) mode 4; (e) mode 5. 


The third example is a laminated composite beam with lay-up 
sequence [30°/—60°/30°/—60°], which is known to be hygrothermally 
curvature stable. The geometric and material properties of the beam are 
given below: 


E, =6.9x 10?Pa, G,=4.8x 10°Pa, G,; = 4.14 x 10° Pa, 

G5; = 3.45 x 10° Pa 

Vo =0.3 p= 1550.1 kg/m?, L=0.381m, b= 25.4 x 10-7 m, 
h=25.4x 10%m 


Downloaded by [McGill University Library] at 12:00 23 March 2013 


322 Jun and Hongxing 


Table 5. Natural frequencies (in Hz) of composite beam with E; = 138 x 10° Pa 


Clamped-clamped 


Clamped— 
Mode Teboub and simply Clamped- Simply 
no. Present Hajela (1995) supported Free-free free supported 
1 614.0 600.9 450.4 632.4 101.5 341.6 
2 1587.5 1554.0 1343.1 1660.6 612.2 1078.7 
3 2895.0 2832.3 2601.2 3042.3 1622.4 2350.0 
4 4425.6 5138.3 4057.9 4525.5 2262.5 3657.0 
5 4522.7 N/A 4514.1 4686.5 2612.6 4505.9 
6 5210.9 N/A 5108.1 5219.4 2979.7 5079.9 


Note: N/A denotes the result not available. 


In order to illustrate the effect of material anisotropy on the natural 
frequencies of the beam, two different numerical values of £,, that is, 
E, = 138 x 10° Pa and E, = 303 x 10° Pa, are investigated. 

In Table 5, the first six natural frequencies of the beam with E, = 
138 x 10° Pa are displayed. Five different boundary conditions are 
considered. The numerical results for clamped-clamped beam compare 
well with the results reported in Teboub and Hajela (1995), except for 
the fourth natural frequency. An apparent discrepancy exists between the 
fourth frequency predicted by Teboub and Hajela (1995) and the one 
predicted by present method. It is believed that the result of Teboub 
and Hajela (1995), obtained by first-order shear deformation theory, is a 
mistake. It seems that the fourth frequency of Teboub and Hajela (1995) 
should be the sixth one. 

The first six natural frequencies of the composite beam with EF; = 303 x 
10° Pa are shown in Table 6. Good correlation exists between the values 


Table 6. Natural frequencies (in Hz) of composite beam with E,=303 x 10° Pa 


Clamped-clamped 


Clamped— 
Mode Teboub and simply Clamped- Simply 
no. Present Hajela (1995) supported Free-free free supported 
1 647.9 629.2 498.1 668.4 107.6 420.9 
2 1666.7 1617.4 1432.7 1747.2 646.3 1134.1 
3 3026.6 2931.1 2740.3 3184.2 1704.9 2528.7 
4 4618.3 4459.7 4278.2 4884.0 2505.1 3833.4 
5 5009.4 N/A 5004.7 5009.8 3089.5 4999.9 
6 6375.4 N/A 5894.4 6530.3 3512.1 5792.0 
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available in Teboub and Hajela (1995) and those calculated with the present 
method, as can be seen from the second and third columns of Table 6. It can 
be noticed from the results displayed in Tables 5 and 6 that increasing the 
in-plane tensile modulus will result in an increase in the natural frequency 
for all the boundary conditions. Changing the in-plane tensile modulus 
from E, = 138 x 10° Pa to E, = 303 x 10° Pa increases the fundamental 
frequency of the simply supported beam by approximately 20%. 


CONCLUSIONS 


The dynamic stiffness method has been introduced for the free vibration 
analysis of generally laminated composite beams using third-order 
shear deformation theory. An exact dynamic stiffness matrix has been 
formulated by directly solving the governing differential equations of 
motion of the beam in free vibration. Although the expressions of the 
elements of the dynamic stiffness matrix have been obtained in partitioned 
form by using the symbolic manipulator Mathematica, they are not 
presented here because of their length. A Mathematica code has been 
developed to generate the closed form of the dynamic stiffness and to solve 
for the transcendental eigenvalue problem using Newton’s eigenvalue 
iteration method. The validity of the results obtained from the present 
method has been established by comparing with the existing solutions in 
the literature. The importance of the Poisson effect on the analysis of 
one-dimensional laminated beams has been demonstrated. Also, various 
results have been presented to show the effects of slenderness, boundary 
condition, and material anisotropy on the natural frequencies of generally 
layered composite beams. It is expected that the present method will enable 
both free and forced vibration analyses of both an individual composite 
beam and an assembly of composite beams. 
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ABSTRACT 


A family of sinus models is presented for the analysis of laminated beams in the framework of free vibra- 
tion. A three-noded finite element is developed with a sinus distribution with layer refinement. The 
transverse shear strain is obtained by using a cosine function avoiding the use of shear correction factors. 
This kinematic accounts for the interlaminar continuity conditions on the interfaces between the layers, 
and the boundary conditions on the upper and lower surfaces of the beam. A conforming FE approach is 
carried out using Lagrange and Hermite interpolations. It is important to notice that the number of 
unknowns is independent of the number of layers. Vibration mechanical tests for thin and thick lami- 
nated and sandwich beams are presented in order to evaluate the capability of these new finite elements 
to give accurate results with respect to elasticity or finite element reference solutions. Both convergence 
velocity and accuracy are discussed and these new finite elements yield very accurate results at a low 
computational cost for various boundary conditions. In particular, the two models including the trans- 
verse normal effect have the capability to take into account the thickness mode shape. 


1. Introduction 


Considering the increasing applications of composite and sand- 
wich structures in the industrial field due to their high specific 
strength and stiffness, it is important to develop advanced and 
accurate models to design. In this framework, accurate knowledge 
of deflection and stresses is required to take into account effects of 
the transverse shear deformation due to the low ratio of transverse 
shear modulus to axial modulus, or failure due to delamination... 
In fact, they can play an important role on the behaviour of struc- 
tures in services, which leads to evaluate precisely their influence 
on local stress fields in each layer or on natural frequencies. 

The aim of this paper is to construct and evaluate a family of fi- 
nite elements to analyze laminated beams in elasticity in relation 
to small displacements, so as to obtain the accurate predictions 
of frequencies in free vibration case. In particular, we put the 
emphasis on the influence of transverse normal effects, especially 
for very thick beams. 

According to published research, various theories in vibrational 
mechanics for composite or sandwich structures (beams and plates 
for the present scope) have been developed. The following classifi- 
cation is associated with the dependency on the number of degrees 
of freedom (dofs) with respect to the number of layers: 
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e The Equivalent Single Layer approach (ESL): the number of 
unknowns is independent of the number of layers, but the trans- 
verse shear and normal stresses continuity on the interfaces 
between layers are often violated. The first work for one-layer 
isotropic plates was proposed in [1]. Then, we can distinguish 
the classical laminate theory [2] (it is based on the Euler- 
Bernoulli hypothesis and leads to inaccurate results for compos- 
ites and moderately thick beams, because both transverse shear 
and normal strains are neglected), the first order shear deforma- 
tion theory [3-9], and higher order theories [10]. In this later, 
hyperbolic [11], exponential [11,12], parabolic [13], cubic 
[14-16,13,17], polynomial functions [18-20] are used in the 
expansion of the in-plane displacement component. Some of 
these theories also include the transverse normal effect with 
non-constant polynomial expressions of the out-of-plane dis- 
placement [21,19,22,17]. Most of these approaches are based 
on a displacement formulation; nevertheless, mixed formula- 
tions are also carried out. In this framework, finite element 
[14,21,10,16,13], analytical [11,15,17,12], or state-space [5,23] 
solution are carried out. 

e The Layerwise approach (LW): The number of dofs depends on 
the number of layers. This theory aims at overcoming the 
restriction of the ESL concerning the discontinuity of out- 
of-plane stresses on the interface layers. This approach was 
introduced in [24,25], and also used in [26-28]. In recent contri- 
butions, various orders of expansion for the in-plane displace- 
ment are chosen: trigonometric [29], linear [30], quadratic 


[31], cubic [32,33]. Some of them take into account the trans- 
verse normal effect [32] with a mixed approach. Special studies 
dedicated to the sandwich beam can be cited [34,35]. The trans- 
verse displacement is constant in faces and quadratic in core. 
See also [36]. 


In this framework, refined models have been developed in order 
to improve the accuracy of ESL models avoiding the additional 
computational cost of LW approach. Based on physical consider- 
ations and after some algebraic transformations, the number of un- 
knowns becomes independent of the number of layers. [27] has 
extended the work of [37] for symmetric laminated composites 
with arbitrary orientation and a quadratic variation of the trans- 
verse stresses in each layer. A family of models, denoted zig-zag 
models, was first employed in [38], then in [39,31,40]. More 
recently, it was also modified and improved by some authors 
[41-46] with different order of kinematics assumptions, taking 
into account the transverse normal strain. 

This above literature deals with only some aspects of the broad 
research activity about models for layered structures and corre- 
sponding finite element formulations. An extensive assessment of 
different approaches has been made in [47-51]. About the partic- 
ular point of the evaluation of transverse normal stresses, see 
[52,53]. A survey of developments in the vibration analysis of lam- 
inated composite beams is compiled in [54], see also [55]. 

In this work, a family of finite elements for rectangular lami- 
nated beam analysis is built, in order to have a low cost tool, effi- 
cient and simple to use. In fact, our approach is associated with the 
ESL theory. These elements are totally free of shear locking and are 
based on a refined shear deformation theory [56] avoiding the use 
of shear correction factors for laminates. Our elements are based 
on the sinus model [57] and the important feature is the capability 
of the model to include the transverse normal effect. So, the trans- 
verse displacement is written under a second order expansion 
which avoids the Poisson locking mechanism (see [58]). For the 
in-plane displacement, the double superposition hypothesis from 
[59] is used: three local functions are added to the sinus model. Fi- 
nally, this process yields to only six or seven independent general- 
ized displacements. It should be noted that all interface and 
boundary conditions are exactly satisfied for displacements and 
transverse shear stress. Therefore, this approach takes into account 
physical meaning. 

As far as the interpolation of these finite elements is concerned, 
our elements are C°-continuous except for the transverse displace- 
ment associated with bending which is C'. 

In this article, the mechanical formulation for the different 
models is described. For each of these approaches, the associated 
finite element is given. They are illustrated by numerical tests 
which have been performed upon various laminated and sandwich 
beams. A parametric study is given to show the effects of different 
parameters such as length to thickness ratio and number of de- 
grees of freedom. The accuracy of computations are also evaluated 
by comparisons with an exact 2D elasticity solution, two-dimen- 
sional computations using commercial finite element software, 
three other sinus models [60] and also results available in litera- 
ture. Different boundary conditions are also evaluated. Through 
these examples, the influence of transverse normal effect is 
highlighted. 


2. Resolution of the mechanical problem 


2.1. The governing equations 


Let us consider a beam occupying the domain # = [0,L]x 
[-4<z<4] x [-2<x <4] in a Cartesian coordinate (x;,x2,Z). 


Fig. 1. The laminated beam and coordinate system. 


The beam has a rectangular uniform cross section of height h, 
width b and is assumed to be straight. The beam is made of NC lay- 
ers of different linearly elastic materials. Each layer may be as- 
sumed to be orthotropic in the beam axes. The x; axis is taken 
along the central line of the beam whereas x2 and z are the two 
axes of symmetry of the cross section intersecting at the centroid, 
see Fig. 1. As shown in this figure, the x2 axis is along the width of 
the beam. This work is based upon a displacement approach for 
geometrically linear elastic beams. 


2.1.1. Constitutive relation 

Each layer of the laminate is assumed to be orthotropic. Using 
matrix notation, the elastic stress-strain law of the kth layer is gi- 
ven by: 


(k) (k) (k) (k) 

O11 Cy G3 «(0 ey 

b | k k) | (k)) — (lath 

033 | = cH 0 | fe fie. fo] =[C™fe*] (1) 
of symm c® | | 


where we denote: the stress tensor [a] ; the strain tensor [é]; Cj are 
the three-dimensional stiffness coefficients. 


2.1.2. The weak form of the boundary value problem 

Using the above matrix notation and for admissible virtual dis- 
placement ii* € U*, the variational principle is given by: 

find w € U (space of admissible displacements) such as: 


= | [e(ii*)]" [a (i) |dB + | [u*)’ [fda + : [u’]' |F\daz 
= / plu} [iij]d@ Vit € U* (2) 


where [f] and [F] are the prescribed body and surface forces applied 
on 0%. &(u*) is the virtual strain, and p is the mass density. 

The variational principle Eq. (2) provides a convenient frame- 
work to develop finite element approximations. 


2.2. The displacement field for laminated beams 


Based on the sinus function (see [61,62]), two models which 
take into account the transverse normal deformation are presented 
in this section. 

In the following, we can distinguish: 


e The refined sinus model with 2nd order expansion for the trans- 
verse displacement (denoted SinRef-6p) where the refinement is 
added in each layer. 

e The refined sinus model (denoted SinRef-7p) with one more 
unknown than the previous one for the in-plane displacement. 


They are based on both 


e Various works on beams, plates and _ shells, cf. Ref. 
[63,56,57,61,64-66] concerning the refined theory. 
e The so-called 1,2-3 double-superposition theory developed by Li 


and Liu [59]. 


It also follows works about local-global approach studied in 
[67-69]. 

These refined models (see [60]) take into account the continuity 
conditions between layers of the laminate for both displacements 
and transverse shear stress, and the free conditions on the upper 
and lower surfaces owing to the Heaviside function. 

The kinematics of the two models ([70]) is assumed to be of the 
following particular form: 


(1) The SinRef-6p model: 
Uy (X1,X2,Z) = U(X1) — Z Wo(X1) 1 +f (Z)(@3(X1) + Wo(%1) 1) 
NC 
+ 95 (WB(x,z) + MI82(%,2)) (H(z = Ze) — HZ = 2041) 
kt 


U3(X1,X2,Z) 


Wo(X1) + ZW1(X1) + 2°Wa(x1) 
(3) 
(2) The SinRef-7p model: 


Uy (X1,X2,Z) = U(X1) + Z V(X1) +f (Z)(@3(X1) + Wo(%1) 4) 


MS (A(h) a(k) 
a3 yy (wik,2) + alh(x1,2)) (H(z = Zk) = H(z a Zk+1)) 
k=1 


U3(X1,X2,Z) Wo(X1) + ZW (X1) + Z?W2(X1) 
(4) 
where H is the Heaviside function defined by 
oe if z > Z 5) 
H(z—z,) =0 if not 


In the classic approach, wo is the bending deflection following 
the z direction, while u is associated with the uniform extension 
of the cross section of the beam along the central line, and w3 is 
the shear bending rotation around the x2 axis. 

It should be noted that the kinematic constraint concerning the 
relation with the derivative of the deflection (v(x1) = —Wo(x1) 1) is 
relaxed in the SinRef-7p model. 

The local functions u\) and ii\") based on the Legendre polyno- 
mial can be written as: 

v2 
iy (X12) = Cult (1) + (—3 +) ahaa) eS 


~(k 3 53 
ley (X1,2) = (— 38+ 7) us (xr) 


The coordinate system is precised on Fig. 2. A non-dimensional 


coordinate is introduced by: C, = axZ — by, dy = = 2 be = ee 
In the context of the sinus model, we have: 
h . 7z 
Zz) =— sin— 7 
fi) == sin (7) 
2NC+1 
layer (NC) 
ZNC 
Ck 
2k+1 a 
layer (k) 
Zk +1 
22, 
layer (1) 
z cal 
Ly 


Fig. 2. Coordinate system of laminated beam. 


and the derivative of this function will represent the transverse 
shear strain distribution due to bending. 

Remarks: from Eq. (3), classical beam models can be deduced 
without the local functions and the two higher-order terms of 
the transverse displacement: 


— Euler-Bernoulli 


f(z =0 
— Timoshenko 
f@=z 
— Sinus model 
h . 7z 
f= 7 in 


Hence, it is not necessary to introduce transverse shear correc- 
tion factors. 

At this stage, 3 x NC+ 5 and 3 x NC +6 generalized displace- 
ments are included in Eqs. (3) and (6) (sinRef-6p model) and Eqs. 
(4) and (6) (sinRef-7p model), respectively. 

The following part is dedicated to the obtention of relations be- 
tween kinematic unknowns from 


e Lateral boundary conditions. 
e Interlaminar continuity conditions (displacement, transverse 
shear stress). 


In the following, we only focus on the SinRef-7p model. The 
same procedure can be carried out for the SinRef-6p model by set- 
ting (x1) = —Wo(%1) 4. 


2.2.1. Continuity conditions and free conditions 

From the displacement field Eq. (4), some continuity conditions 
on displacements and interlaminar stress must be imposed. For an 
interface layer k € {2,...,NC}, we have 


e Displacement continuity conditions as in [67] i.e.: 


UU) (x1 ,Z4) = WEY (x12) k= 2,...,NC (8) 
Hi ee = Ol Ge) RS sce NC (9) 


e Transverse shear stress continuity between two adjacent layers: 


oO) (x1,2¢) = oS (x1,Z%) k=2,...,NC (10) 


So, 3 x (NC — 1) conditions are imposed, which allow to reduce 
the number of unknowns to nine generalized displacements. 

Free conditions of the transverse shear stress on the upper and 
lower surfaces must also be verified. So, we have: 


of (m,2=-3) =0 and aff (x,.2=5) =0 (11) 


Finally, the number of generalized displacements is reduced to 
seven, which is independent of the number of layers. 


2.2.2. Relation between the generalized displacements 

Using the displacement notation introduced in Eq. (6), the con- 
ditions Eqs. (8)-(11) can be written under a linear system which 
yields relations between w,(j #1), 45, 43, j= 1,...,NC and ul). 
This relation can be written under the following form: 


w;(X1) = Bi(Gd3(X1) + Wo(X1) 1) + I Y(X1) + Wo(%1) 1) + U5, (x1) 


+ #wy(x1), + we(x1) 4, f=1,-..,NC i=1,2,3 
with 5, =1, Bj =m =4, ="; =0 (12) 


where f’, 6), 2, ye, and n/(i=1,2,3) are the coefficients deduced 
from this linear system. 

Finally, the seven unknowns become u, Wo, 3, V, Wi, W2 and 
ul,. It is to be noted that the SinRef-6p model involves six un- 
knowns (u, Wo, 3, Wi, W2 and u},). 


2.2.3. Matrix expression for the weak form 

From the weak form of the boundary value problem Eq. (2), and 
using Eq. (14), an integration throughout the cross section is per- 
formed analytically in order to obtain an unidimensional formula- 
tion. Therefore, the right term of Eq. (2) can be written under the 
following: 


L 
0 


with [m] =f plFu(2)!" Fula) de (13) 


[ewe = [ [ex] [m| [Gu] dx 


where @ represents the cross section [—4 <z 
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[ul = [Fu(z)\léu) with [64]" 


: ener eer : 
= wow sios'u, 00 W2W21 (14) 


and [F,(z)| is a matrix which only depends on the transverse dis- 
placement component and is deduced from Eggs. (12), (3) and (4). 

Same calculations for the first left term of Eq. (2) are carried out 
to calculate the stiffness matrix, it is detailed in Appendix A. 

In Eq. (13), the matrix [m] is the integration throughout the 
cross section of the material characteristics of the beam. The inter- 
est of the choice of the Legendre polynomials can be emphasized in 
the calculation of the matrix [m] owing to their properties of 
orthogonality. 


2.3. The finite element approximation 


This section is dedicated to the finite element approximation of 
the generalized displacement, see matrices [&,], and [&;], Eq. (14). 
It is briefly described, and the reader can obtain a detailed descrip- 
tion in [57,60]. 


2.3.1. The geometric approximation 

Given the displacement field constructed above for sandwich 
and laminated beams, a corresponding finite element is developed 
in order to analyze the behaviour of laminated beam structures un- 
der combined loads. Let us consider the eth element L" of the mesh 
UL". This element has three nodes, denoted by (Sj)j-1.2,3 See Fig. 3. A 
point with coordinate x, on the central line of the beam will be as 
follows: 


2 
x(€) =~ NIj(S)x4(g)) (15) 
j=l 


where NIj(é) are Lagrange linear interpolation functions and x‘{(g;) 
are Cartesian coordinates (measured along the x, axis) of the node 


u u 
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g; of the element if é is an isoparametric or reduced coordinate and 
its variation domain is [—1,1]. 


2.3.2. Interpolation for the beam element 

The finite element approximations of the assumed displace- 
ment field components are hereafter symbolically written as 
ul (X1,X2,Z) where the superscript h refers to the mesh UL, 

From the kinematics (see Eq. (4)), the transverse displacement 
wi must be C'-continuous; whereas the rotation c!!, the extension 
displacement u', v' and u}, can be only C°-continuous. Therefore, 
the generalized displacement w,w", and w# are interpolated by 
the Hermite cubic functions Nhj(é). 

According to the transverse shear locking phenomena, the other 
shear bending generalized displacements, rotation w, are interpo- 
lated by Lagrange quadratic functions denoted Nq;(¢). This choice 
allows the same order of interpolation for both w', and w! in 
the corresponding transverse shear strain components due to 
bending, thus avoiding transverse shear locking according to the 
field compatibility approach [71]. 

Finally, traction u", v" and u}, are interpolated by Lagrange qua- 
dratic functions. 


2.3.3. Elementary matrices 
In the previous section, the finite element approximations were 
defined, and elementary mass [Mi,,] matrix can be deduced from 


Eq. (13). It has the following expression: 
[Miu] = [ (NI (| [Nd (16) 


where [N] are deduced expressing the generalized displacement 
vectors, see Eq. (14), from the elementary vector of degrees of free- 
dom (dof) denoted [q,] by: 


[Eu] = IN] [del (17) 


The matrix [N] contains only the interpolation functions. 

The same technique can be used defining the elementary 
mechanical load vector and the elementary rigidity matrix, de- 
noted {B;] and [Kj] respectively, but it is not detailed here. 


3. Numerical examples: free vibration tests 


Some examples of sandwich and laminated beams are used to 
evaluate these finite elements. It should be noted that this sinus 
family has been already evaluated in the static case [70]. It has 
shown good features for all the standard requirements: it has a 
proper rank without any spurious energy modes, and it does not 
imply shear locking. 

Here, we focus on the dynamic analyses which are carried out in 
the free vibration case. It concerns large variety of boundary condi- 
tions with wide range of length to thickness ratios for symmetric, 
unsymmetric and different types of sandwich beams. These exam- 
ples are taken from [12,72,73,18,36]. The results are compared 
with the ANSYS solution with a very refined mesh, exact 2D 
solution or theories available from the literature. Some of these 
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Fig. 3. Description of the laminated beam finite element d.o.f. - SinRef-Gp (left) - SinRef-7p (right). 


examples are extended to a very thick beam to assess these finite 
elements. 


3.1. Convergence study for the SinRef-7p model [73] 


First, a convergence study with respect to the mesh is carried 
out. A symmetric three layers beam is considered with an aspect 
ratio S = 10. It is detailed below: 


Geometry: composite cross-ply beam (0°/90°/0°) and length to 
thickness ratio S = 10, three layers of equal thickness. 
Boundary conditions: simply supported beam. 

Material properties: 


E, =181GPa, E, = 10.3 GPa, 
Ca= 287 GPa, te = 095, 


Gir = 7.17 GPa, 
Vir = 0.33 


where L and T refer to the fiber and transverse direction 
respectively. 


Fig. 4. Mesh with 1275 dofs (ANSYS). 


Table 1 
Table of principal notation. 


[] Stress tensor 

[é] Strain tensor 

Gj Elastic stiffness modulus 

[Miu] Elementary mass matrix 

[Eu], [és] Generalized displacement vector 
[N] Interpolation functions vector 


i) 


Degrees of freedom elementary vector 
Displacement vector 

Length of the beam 

Width of the beam 

Height of the beam, face, and core respectively 


NOt ezeeroraig 
—s 
> 
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The same study is carried out with the commercial code ANSYS 
[74]. A very refined mesh with a 2D approach is considered as a ref- 
erence. The mesh of 1275 dofs is shown in Fig. 4. 

Table 2 shows the quick convergence, and a N=8 mesh seems 
to be sufficient to model the laminated composite beam for a dy- 
namic analysis. The % error is very low for the first six frequencies. 


3.2. symmetric laminated composite [12,72] 


The example is issued from [12] and [72]. It deals with a sym- 
metric laminated composite with the following characteristics: 


Geometry: the beam studied has a length of L = 6.35 m, and a 
thickness h = 0.2794 m (thin S = 22.7), and h = 2.794 m (thick 
S ~ 2.2). It possesses three layers at (90°/0°/90°), with thickness 
(0.25 h/0.5 h/0.25 h). 

Boundary conditions: simply supported beam. 

Material properties: The material used is boron epoxy which has 
the following mechanical properties: 


Ey, = 241.5 GPa, Ex) = E33 = 18.89 GPa, Gi2 = Gi3 = 5.18 GPa 
G23 = 3.45 GPa, VWi2 =V13 = 0.24, Vv23=0.25, op =2015 kg/m?. 


Mesh: N = 8. 

Results: the mode shapes are precised as: bend, sh, t/c, thic 
for bending, shear, axial traction/compression and thickness 
mode respectively.The notation of sinus models are given in 
Table 1. 


Tables 3 and 4 present numerical values of frequencies for the 
thin and very thick beam. These results show the excellent agree- 
ment with reference values for eight and seven natural frequen- 
cies. Results of the SinRef-c model are better than those of the 
Sin and Sin-c models, especially for the thick beam. The maximal 
% error does not exceed 2.9, whereas the two others have an error 
of 17% and 14% respectively. The SinRef-7p model seems to be the 
best model among the sinus family with a maximal % error equal to 
1.6 regardless of the slenderness. 


IC Number of layers 

Number of elements Table 2 

Time Mesh convergence study for the SinRef-7p model - natural frequencies — three-layers 

Length to thickness ratio (0°/90°/0°) - S= 10. 
Op Continuity coefficients for the Sin-c model = 
( ak, pr) Continuity coefficients for the SinRef-c model N Frequencies (Hz) 
Sin coe Sinus model without continuity requirements [61] Se ee ee eee) 
Sin-c Sinus model with continuity requirements Bend 38.15 0.4 38.04 0.1 38.04 0.1 
SinRef-c Refined sinus model with continuity requirements Bend 115.67 44 110.99 0.2 110.81 0.0 
SinRef-6p Refined sinus model with continuity requirements including Bend 211.29 11.8 190.07 0.6 188.99 0.0 

six unknowns Bend - - 275.97 OS 269.12 0.0 
SinRef-7p Refined sinus model with continuity requirements including Bend 345.01 1.8 365.80 41 351.50 0.0 

seven unknowns t/c 39132 2.6 389.96 23 389.86 2.2 

Table 3 
Natural frequencies - three-layers (90°/0°/90°) - S = 22.7. 
Frequencies (Hz) thin beam 
Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) Ansys 

Bend 14.97 0.2 14.98 0.3 14.97 0.2 14.97 0.2 14.96 0.2 14.93 
Bend 57.85 0.3 57.94 0.4 57.80 0.2 57.83 0.3 57.69 0.0 57.67 
Bend 123.55 0.5 123.96 0.8 123.33 0.3 123.45 0.4 122.90 0.0 122.90 
Bend 206.18 0.8 207.23 13 205.65 0.5 205.95 0.7 204.59 0.0 204.50 
Bend 300.71 0.9 302.75 1.8 299.77 0.8 300.39 11 297.90 0.2 297.23 
Bend 403.60 1.5 406.91 2.4 402.29 1.2 403.35 1.5 399.56 0.6 397.28 
Bend 512.67 2, 517.43 3h, 511.15 1.7 512.78 2 507.72 ileal 502.19 
sh 640.06 15 632.94 0.4 634.37 0.6 634.37 0.7 634.37 0.7 630.25 


Table 4 
Natural frequencies — three-layers (90°/0°/90°) - S = 2.2. 


Frequencies (Hz) thick beam 


Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) Ansys 
Bend 82.81 0.7 83.66 1 82.78 0.7 83.11 pie 82.36 0.2 82.17 
Bend 195.62 0.2 195.67 0.3 195.83 0.3 196.82 0.8 196.45 0.6 195.22 
sh 277.98 3 274.94 0.2 274,31 0. 274,31 0.0 274.29 0.0 274.31 
Bend 319.36 2.9 313.36 ti: 311.73 0.5 312.92 0.9 312.91 0.9 310.07 
Bend 460.18 8.4 442.07 41 428.96 A, 429.48 1.2 429.43 12 424.311 
Bend 515.41 17.4 501.47 14.2 451.63 2.9 450.69 2 439.22 0.1 438.81 
Bend 621.47 15.6 585.51 8.9 547.42 1.8 546.29 1.7 546.14 1.6 537.42 


It should be noted that the values of the natural frequencies are 
always overestimated when compared to ANSYS finite element 
solution. 


3.3. Free vibration of symmetric and anti-symmetric lay-up [73] 


In this section, two stacking sequences of laminated composite 
are considered. 


Geometry: composite cross-ply beam (0°/90°/0°), (0°/90°) and 
length to thickness ratio S = 2,S=5, S=10, S=20. 
Boundary conditions: free vibration of a simply supported beam. 
Material properties: same material properties as in Section 3.1. 
Results: the results are presented under a non-dimensional 
natural frequency as follows: @ = LS(p/Yo)', with Yo = 
10.3 GPa, p = 1578 kg/m. 

They are compared with exact two-dimensional elasticity 


solution from [73] and results computed from ANSYS. 


mode I] 


mode 2 


The shape modes for the thick symmetric and anti-symmet- 
ric beams are illustrated in Figs. 5 and 6. 

It can be noticed that the natural frequencies given in Table 5 by 
the refined models for the symmetric lay-up are in excellent agree- 
ment with the reference solution for S > 5. The errors are less than 
2%, excepted for thickness mode frequencies. The SinRef-c model 
improves results computed from the Sin and Sin-c models regard- 
less of the length to thickness ratio. However, it is also observed 
that the two later models provide satisfactory results for moder- 
ately thick cases. 

The effect of the transverse normal stress is significant for the 
very thick beam. On the one hand, the SinRef-6p and SinRef-7p 
models give accurate results for S = 2 compared with the SinRef- 
c model. On the other hand, they allow to exhibit thickness-stretch 
modes even if the corresponding error seems high. In fact, Fig. 5 
shows that the fifth mode shape is symmetrical. 

As far as the anti-symmetric lay-up (0°/90°) is concerned, the 
errors given in Table 6 vary from 0.% to 1.8% for the SinRef-7p 


mode 3 


mode I 


mode 2 


Fig. 6. Shape modes for the unsymmetric beam (0°/90°) - S = 2 - SinRef-7p. 


Table 5 
Natural frequencies - (0°/90°/0°). 


S Natural frequencies © 
Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) Ansys Exact 2D [73] 
2} Bend 3.50 1.6 3.55 3.4 3.53 2.4 3.45 0.2 3.45 0.1 3.45 - 
sh 748 6.7 7.03 0.3 11.08 58.1 7.01 0.0 7.01 0.0 7.01 - 
Bend 8.17 6.3 9.10 18 8.16 6.2 7.70 0.2 7.69 0.1 7.68 - 
Bend 14.31 19.2 17.11 42 13.02 8.5 12.08 0.7 12.08 0.6 12.00 - 
Thic - - - - - - 14.59 0.0 14.59 0.0 14.59 - 
Bend 22.19 37 27.62 70 18.03 11.3 16.48 1.7 16.45 1.6 16.20 - 
Thic - - - - - - 17.22 91 17.22 9 18.94 - 
5 Bend 6.94 1.9 6.82 0.2 6.81 0.2 6.82 Oz) 6.81 0.1 6.81 6.806 
Bend 16.80 1.6 16.79 1.6 16.54 0.1 16.56 0.2 16.53 0.0 16.52 16.515 
Bend 27.17 1.6 28.07 5. 26.73 0.04 26.75 0.1 26.72 0.0 26.72 26.688 
Bend 38.51 hil 41.35 10.7 37.32 0.02 37.34 0.0 BY 3| 0.0 37.33 37255) 
Thic - - - - - - 47.87 9.4 47.87 9.4 43.75 - 
sh 46.76 6.7 43.93 (02) 43.80 0.01 43.80 0.0 43.79 0.0 43.80 - 
Bend 47.86 0.6 47.86 0.6 48.18 0.4 48.21 0.1 48.18 0.0 48.18 48.035 
Bend 51.24 13.3 ny/ils} 3.3 59.26 0.2 59.25 0.2 59.22 0.2 59.11 58.876 
10 Bend 9.44 1. 9.34 0. 9.36 0.1 9.36 0.2 9.36 0.1 9.34 9.343 
Bend 27.76 1.9 27,29 0.1 Died 0.1 27.30 0.2 Dies 0.0 27.24 27.224 
Bend 47.36 1.9 46.78 0.6 46.53 0.1 46.56 Or 46.48 0.0 46.47 46.416 
Bend 67.29 1.6 67.23 1.6 66.25 0.1 66.30 0.2 66.19 0.0 66.19 66.058 
Bend 87.77 1.5 89.13 3.1 86.51 0.1 86.57 Or 86.45 0.0 86.43 86.169 
t/c 95.73 2) 95.73 2h, 95.90 2.2 95.88 Ded, 95.88 Ded, 93.78 - 
Bend - 113.04 5.4 107.38 0.1 107.45 OF 107.33 0.1 107.20 106.75 
20 Bend 10.67 0.2 10.64 @, 10.65 0.1 10.66 0.2 10.65 0.1 10.64 10.64 
Bend 37.78 1. 37.39 0. 37.45 0.1 37.46 0.2 37.43 0.1 37.40 37.374 
Bend 72.98 ES 71.87 0. 71.94 0.1 71.97 0.2 71.87 0.0 71.85 71.744 
Bend 111.23 1.9 109.35 0.1 109.30 0.1 109.37 0.2 109.18 0.0 109.15 108.89 
Bend 150.57 Dh, 148.21 0.4 147.83 0.2 147.94 0.3 147.67 Ont 147.54 147.04 
Bend 190.54 Pl 188.26 0.9 187.19 0.3 187.31 0.4 186.97 0.2 186.53 185.68 
t/c 191.47 0.4 191.47 0.4 191.81 0.6 191.81 0.7 191.81 (Oy 190.52 - 
Table 6 
Natural frequencies - anti-symmetric lay-up (0°/90°). 
S Natural frequencies @ 
Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) Ansys 
2) Bend 3.50 9 Sh 5) 11 3.24 ie Bro) 1.6 3.22 0.7 3.20 
Bend 748 1.5 9.10 23} 7.87 6.8 7.67 40 7.58 9) 7.37 
sh 14.31 84 7.03 9 7.76 0.0 7.76 0.0 7.76 0.0 7.76 
Bend 19.18 116 19.18 116 8.94 1.1 8.90 0.6 8.89 (05) 8.85 
Bend 25.16 129 27.62 152 12.87 17.7 11.63 6.3 11.50 5.1 10.94 
Thic - - - - - - 14.46 13.6 14.33 12.6 12.73 
Thic - - - - - - 14.00 De 13.97 1.9 13.71 
5 Bend 4.83 1 4.87 2 4.78 0.2 4.80 0.4 4.78 0.2 4.77 
Bend 15.19 4 15.60 6 14.71 0.6 14.78 1.1 14.67 0.4 14.61 
Bend 27.30 7 28.64 12 25.87 1.8 25.90 1.9 25.65 0.9 25.40 
tc 38.12 7 36.39 3} 35.56 0.4 35.52 0.3 35.45 0.1 35.42 
Bend 40.29 12 43.09 19 37.42 4 37.09 3.0 36.68 1.8 36.02 
sh 54.15 11 50.29 3} 48.52 0. 48.53 0.0 48.51 0.0 48.52 
10 + Bend 5.30 0.3 5.32 0.5 5.29 0.1 5.30 0.2 5.30 0.1 5.29 
Bend 19.33 1 19.49 2 19.14 0.1 19.20 0.4 19.14 0.1 19.12 
Bend 38.67 2 39.33 4 37.87 Or? 38.03 0.7 37.83 0.1 SVT 
Bend 60.91 4 62.57 7 58.97 0.6 59.24 1.1 58.81 0.4 58.60 
Bend 84.87 6 88.13 9 81.26 1 81.53 1.6 80.81 0.7 80.22 
tc 90.06 2 88.92 0.5 88.65 0.2 88.63 0.2 88.55 0.1 88.44 
20 = Bend 5.45 <0.1 5.46 0.1 5.45 0.1 5.46 0.1 5.46 0.1 5.45 
Bend 21.23 0.3 21.28 0.4 21.20 0.1 21.22 0.2 21.20 0.1 21.18 
Bend 45.86 0.7 46.08 1 45.62 0.1 45.71 0.3 45.63 0.2 45.55 
Bend 77.58 1 78.23 2) 76.81 OS 77.03 0.6 76.80 0.3 76.59 
Bend 114.86 2 116.31 3} 113.11 0.6 113.52 1.0 113.05 0.6 112.40 
Bend 156.58 3 159.32 5 153.29 1 153.95 1.6 153.13 1.1 151.48 
tc 188.63 0.4 188.09 0.1 188.26 0.2 188.25 OD 188.20 Of 187.89 
model. The improvement is really significant compared with the SinRef-7p results are very close to the SinRef-6p frequencies. 


four other models, especially for the very thick beam where Again, only two models have the capability to represent thickness 
the Sin and Sin-c models give very poor results. Nevertheless, the mode shape (cf. Fig. 6) as they assume quadratic variation of 


transverse displacement through the thickness. The fifth and sixth 
modes clearly illustrate the effect of transverse normal deforma- 
tion. It can be noticed that these modes are not symmetrical. 


3.4, Free vibration of sandwich beam 


3.4.1. Three-layer sandwich beam [73] 
The first example of sandwich beam has the following 
characteristics: 


Geometry: the three-layer sandwich beam has graphite-epoxy 
faces and a soft core with thickness 0.1 h/0.8 h/0.1 h and length 
to thickness ratio S=2,S=5,S=10, S=20. 

Boundary conditions: simply supported beam. 

Material properties: Face: EF); = 131.1 GPa, E22 = F33 = 6.9 GPa 
Gi2 = 3.588 GPa, Gi3 = 3.088 GPa, G3 = 2.3322 GPa, Vqy2 = V3 = 
0.32, v23 = 0.49, pr = 1000 kg/m?. Core : F;; =0.2208 MPa, 
E52 = 0.2001 MPa, E33 = 2760 MPaGi2 = 16.56MPa, Gi3 = 
545.1 MPa, G23 = 455.4 MPa, Vi2= 0.99, Vq3= 0.00003, Vv23 = 
0.00003, p. = 70 kg/m?. 

Results: results are presented under a non-dimensional natural 
frequency as follows: 


@ = @LS(p;/Yo)"? with Yo = 6.9GPa — Cf. Table 7 


As far as the sandwich beam with S > 5 is concerned, Table 7 
shows that the refined sinus models yield accurate results in all 
cases. The magnitude of the relative error never exceed 3.6% 
and 5.8 % for the three refined sinus and sinus models 
respectively. 

Then, the five models are able to estimate accurately the natural 
frequencies of a sandwich beam. In our case, the SinRef-7p model 
gives the best results. For example, the % error is less than 0.2 for 
S = 5, and is equal to 4% for the thickness mode. We can also put 
the emphasis on the effect of the relation between wo(x;), and 
v(x1) for the SinRef-7p and SinRef-6p models. The accuracy on fre- 
quencies is improved with one more unknown. 

For S = 2, remarks of Section 3.3 are identical. It should be noted 
that the Sin and Sin-c models allow to estimate correctly the first 
three frequencies. Nevertheless, the estimation of frequencies is 
improved owing to the transverse normal effect in the SinRef-6p 
and SinRef-7p models. 

Fig. 7 illustrates three thickness mode shapes occurring in this 
very thick case. Moreover, these models are shown to provide bet- 
ter accuracy than the zig-zag model described in [73]. In this refer- 
ence, we also notice the difficulty to estimate the frequencies of 
thickness modes. 

Finally, it can be observed that the use of more unknown func- 
tions in the formulation seems to make the beam more flexible. 


mode 7 


Fig. 7. Thickness mode shape for the sandwich beam - S = 2 - SinRef-7p. 


Table 7 
Natural frequencies - sandwich beam. 
S) Natural frequencies @ 
Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) Ansys Exact 2D [73] 

2 Bend 3.67 4 S57 13 3.65 35 3.64 3 353 0.2 353 - 
sh 5.54 37 5.34 0.0 5.48 25 5.48 25 5.34 0.1 5.34 - 
Bend 7.99 5.4 8.03 5.9 7.88 3.8 7.74 2 7.60 0.2 7.58 - 
Thic - - = - - 11.07 4 11.07 4 11.61 - 
Thic - - - - - 9.40 19 9.40 19 11.66 - 
Bend 13.22 10 13.77 14 12.46 39 12.08 0.7 11.97 0.2 11.99 - 
Thic - - - - - - 15.00 24 15.00 24 12.09 - 
Bend 19.61 18 21.08 27 T7222 41 16.49 0.3 16.45 Os 16.53 - 

a Bend 8.09 3.4 7.85 0.3 8.04 20 8.05 2.9 7.83 Os 7.82 7.82 
Bend 17.96 3.9 17.43 0.8 17.86 33 17.83 32 17.31 On 17.28 17.27 
Bend 28.01 4, 2742 1.8 27.88 35 27,7) 2.9 26.97 0.2 26.93 26.90 
sh 34.66 oy 33.42 0. 34.22 2.4 34.22 25 3337 0.1 33.40 - 
Bend 38.62 43 38.27 3.4 38.35 3.6 37.91 2.4 37.06 0.1 37.01 36.93 
Bend 50.06 52 50.32 5.8 49.31 3.6 48.46 1.9 47.58 0.1 47,55 47.39 
Thic - - - - - - 55.39 4 55.39 4 58.02 - 

10 Bend 12.49 21 12.25 0.1 12.45 te 12.47 1.9 12.26 0.1 12.23 12.23 
Bend 32.37 3.4 31.41 0.3 32.16 a7 222) 2.9 31,23 0.1 31.30 31.29 
Bend 5217 3.8 50.53 0.5 51.82 3.1 51.84 31 50.31 0.1 50.26 50.21 
Bend 71.90 3.8 69.77 0.8 71.48 a2 W137 34 69.26 0.1 69.21 68.09 
Bend 91.88 3.9 89.52 12 91.43 3.4 91.08 3.0 88.51 0.1 88.41 88.18 
Bend 112.43 4. 110.11 1.9 111.91 3.5 111.20 2.9 108.25 0.2 108.02 107,61 
t/c 121.04 0.8 121.04 0.8 121.36 1 121.11 0.9 121.11 0.9 120.03 - 

20 ~—Bend 15.50 0.8 15.39 0. 1351 0.8 15.52 0.9 15.41 0.2 15.38 15.38 
Bend 49.99 2. 49.04 0.1 49.82 ie 49.88 18 49.04 Os 48.98 48.94 
Bend 89.53 2.8 87.18 0.2 89.03 23 89.16 25 87.07 0.1 87.01 86.90 
Bend 169.56 3.6 164.26 0.4 168.41 2.9 168.55 3.0 163.69 0.1 163.58 163.12 
Bend 209.45 3.8 202.88 0.6 208.08 3.1 208.10 3.2 201.94 0.1 201.64 200.87 
t/c 242.08 0.2 242.06 0.2 242.73 0.4 242.64 0.4 240.59 0.4 241.61 - 


3.4.2. Five-layer sandwich beam [18] 
In this part, a five-layer sandwich beam is concerned. It is de- 
scribed in the following. 


Geometry: the five-layer sandwich beam with three stiff isotro- 
pic layers at top/bottom/middle and two soft cores sandwiched 
in between (face/core/face/core/face): h,=10.16mm, hy = 
0.508 mm —L = 508 mm, width = 25.4mm, h = 21.844 mm— 
S2.5, 5, 25 

Boundary conditions: simply supported beam. 

Material properties: isotropic face: E, = 68.97 x 10? MPa, 
v=0.3 p =2.7155 x 10° kg/m3; isotropic core: G, = 34.485 
MPa, v = 0.3, p = 67.8840 kg/m?. 


The natural frequencies obtained from the present investigation 
are compared in Table 8 with two reference solutions (from [18] 
and the commercial code). Again, the SinRef-7p model yields very 
accurate results even for a very thick case. The main improvement 
occurs between the SinRef-6p and SinRef-7p models what shows 
the importance of the additional unknown v(x;). For this example, 
we also observe the necessity to satisfy the continuity of the trans- 
verse shear stress at the layer interfaces. This effect is particularly 
high (Cf Sin and Sin-c results). 


3.5. Influence of boundary conditions 


Free vibrations of beams with arbitrary boundary conditions are 
studied. Under the considerations of Sections 3.2, 3.3 and 3.4, only 
the SinRef-7p model is applied for the determination of frequen- 
cies, namely the most accurate theory among the ones already 
tested. These results are compared with higher-order shear defor- 
mation theory from [11]. It should be noted that these theories do 


not ensure the continuity of the transverse shear stress on the 
interfaces between the layers for the unsymmetric beam. This lim- 
itation does not exist in our approach. 

The considered test has the following characteristics: 


Geometry: composite cross-ply beam (0°/90°/0°) and (0°/90°) 
with S=5, and layers of equal thickness. 

Boundary conditions: clamped/clamped (CC), free/free (FF), sim- 
ply supported/free (SF), clamped/simply supported (CS), simply 
supported/simply supported (SS), clamped/free (CF) beam. 
Material properties: 


E, /E2 = 40, 
Vy2= 0.25 


Gi2 = Gy3 = 0.6E2, G3 = 0.5Fp, 


Results: the natural frequencies are normalized as @= 
ol? ,/(p/E2)/h. A comparison with the published numerical 
results from [11] is carried out. It implies two models: 

HSDBT Hyperbolic shear deformation beam theory 

PSDBT Parabolic shear deformation beam theory 
the indices ds or cs stand for discontinuity and continuity inter- 
laminar stress respectively. 


The results for different stacking sequences are given in Table 9. 
As one can observe for the symmetric beam, the frequencies for the 
SinRef-7p model are always upper than these of the two other 
models, excepted for the CC condition. Concerning the unsymmet- 
ric case, results are always lower than the two other discontinuous 
models, and the difference is about 10%. This fact is already ob- 
served by [11] between continuous and discontinuous models. 
Nevertheless, as for Section 3.3, we can say that the present model 
exhibits the most reliable performance. 


Table 8 
Frequencies - five-layer sandwich beam [18]. 
S Frequencies (Hz) 
Sin Error (%) Sin-c Error (%) SinRef-c Error (%) SinRef-6p Error (%) SinRef-7p Error (%) ANSYS _ Ref. [18] 
~2.5 931.13 344 203.25 2.9 225.17 7.6 226.03 8.0 203.55 2.8 209.31 - 
2366.8 451 417.42 2a 468.20 9.1 468.20 9.1 419.67 aD 429.12 - 
2519.5 442 482.77 4 469.70 ee 475.62 2.5 463.90 0.0 464.01 - 
2769.3 318 645.38 2.5 739.50 11.7 757.36 14.4 652.69 14 661.86 - 
5 297.24 200 97.91 1.5 107.32 7.9 107.47 8.1 97.96 1.5 99.45 - 
931.32 350 203.25 1.6 22507 9.0 226.04 9.4 203.55 15 206.67 - 
1259.8 300 309.13 1.6 345.07 9.8 347.72 10.7 310.13 13 314.16 - 
1647.8 288 417.43 15 468.20 10.5 468.20 10.5 419.86 0.9 423.80 - 
2366.9 410 482.77 4 470.01 1.3 475.95 2.6 463.86 0.0 464.01 - 
2519.6 369 529.24 14 602.06 12.2 613.15 14.2 534.28 0.4 536.69 - 
2769.3 323 645.49 13} 743.36 13.7 761.76 16.5 655.11 0.2 653.79 - 
~25 = 13.43 23 11.26 3 11.58 6 11.59 6 1126 3.2 10.90 10.91 
52.80 65 32.58 1.7 34.64 7 34.66 7 32.59 12 32.02 32.20 
115.59 113 54.74 1 59.21 8 59.25 8 54.77 0.2 54.23 54.65 
198.34 160 76.50 0.5 83.50 8 83.59 8 76.58 0.2 76.09 76.74 
251.95 158 97.92 0.3 107.49 9 107.65 9 98.10 0.4 97.61 98.47 
297.39 150 119.13 0.1 131.37 9 131.63 9 119.52 0.4 118.94 119.96 
Table 9 
Comparison of frequencies for composite beams with (0°/90°/0°) and (0°/90°) layouts. 
Models FF cc SF cs Ss CF 
(0°/90°/0°) PSDBT,; [11] 18.976 11.446 13.206 10.032 8.968 4.158 
HSDBTs [11] 18.955 11.427 13.195) 10.021 8.964 4.157 
SinRef-7p 19.123 11.100 13.472 10.000 9.201 4.189 
(0°/90°) PSDBTa; [11] 13.000 10.103 9.221 8.068 6.144 2.384 
HSDBT,, [11] 12.849 10.059 9.162 8.037 6.124 2.383 
SinRef-7p 11.709 8.743 8.413 7al53) 5.671 2.289 


Table 10 
Comparison of non-dimensional frequencies for soft core sandwich beam (0°/90°/ 
core/0°/90°). 


S Models oO 

4 GLHT 0.638 1.800 3.631 6.133 9.276 
aay 0.616 1772 3.621 6.186 9.464 
HSDT-33 1.495 3.277 5.497 Ran 10.182 
HSDT-Reddy 2.249 4.682 7.293 10.176 13.396 
SinRef-7p 0.645 1.819 3.674 6.223 9.463 

10 GLHT 1.346 2.993 5.126 7.860 11.250 
ZZT 1.282 2.874 4.970 7.685 11.075 
HSDT-33 3.468 7.355 11.402 15.748 20.481 
HSDT-Reddy 5.012 11.075 17.051 23.089 29.263 
SinRef-7p 1.361 3.026 5.183 7.961 11.442 


In all cases, the highest frequencies occur for the FF boundary 
condition. 


3.6. Comparison with results available in the literature 


In this paragraph, the most enriched model (SinRef-7p) is com- 
pared with results available in the literature. Unsymmetric beams 
are chosen from [20]. 

The finite element is tested with a deep laminated sandwich 
beam composed of two face sheets of (0/90) lay-up at the top 
and bottom with core sandwiched in between (0°/90°/core/0°/90°). 


Geometry: five-layer sandwich beam with soft core: h,/hy = 10. 
Boundary conditions: simply supported beam. 
Material properties: 
Face sheets: Ey, = 131 GPa, En¢ = Exp = 10.34 GPa, V2 = 
V3 = 0.22, V23 = 0.49, Gra = Gy3¢ = 6.895 GPa, 
6.205 GPa, p; = 1627 kg/m?. 
Isotropic core: G, = 3.45 MPa, v=0., E, = 6.89 MPa, 
Pp. = 97 kg/m?. 


Gif = 


Results: the natural frequencies are normalized as m= 
col? (p;/E2¢)/h. The results of four other models are given 


from [20]: 

e GLHT (6 parameters) analytical results based on global-local 
higher order theory [59]. 

e ZZT (3 parameters) zig-zag theory satisfying the continuity of 
transverse shear stress at interfaces [40]. 

e HSDT-33 third order theory for in-plane and transverse 
displacements. 

e HSDT-Reddy (3 parameters) Reddy’s model. 


The comparison of non-dimensional frequencies with the avail- 
able results from [20] are given in Table 10 for thick and semi-thick 
beams. In all cases, we observe that the SinRef-7p models give re- 
sults very close to the GLHT model which is considered as a refer- 
ence in [20]. We can also notice that the increasing of the order 
expansion of the transverse displacement is not sufficient to get 
good results. In fact, the frequencies of the HSDT-33 model are very 
overestimated. It is more important to ensure the continuity of the 
transverse shear stress. 


4. Conclusion 


In the framework of a sinus family, two numerical models have 
been presented and assessed through a wide variety of stacking se- 
quences, length to thickness ratios, and boundary conditions in 
free vibration analysis. Special attention is pointed towards the 


transverse normal stress effect which plays an important role in 
thick cases. It is a three-node multilayered beam finite element 
with a parabolic distribution of transverse displacement. Based 
on sinus equivalent single layer model, a third order kinematic 
per layer is added, improving the shear bending description for 
thick beams. There is no need for transverse shear correction fac- 
tors and all the interface and boundary conditions are exactly sat- 
isfied. So, this approach has a strong physical meaning. Finally, the 
number of unknowns is independent of the number of layers. 

All these different examples prove the efficiency of the family of 
refined sinus models for laminated composite and sandwich beams 
in the field of finite element. Few elements are needed to obtain 
good results. The new models have very good capability for a wide 
area of applications. In particular, for the very thick case (S = 2), 
the SinRef-7p model which take into account the transverse nor- 
mal effect yields very accurate results for both frequencies and 
mode shapes. Nevertheless, for the thin beam, it seems that the 
Sin-c model presents a good compromise between the accuracy 
and the computational cost. 


A. Matrix expression for the weak form 


The expressions of the strains can be described using a matrix 
notation: 


[é] = [Fs(2)]lés} 


: oT : : ee ee 
with [&s} = |Ua : Wo Wor1 : 3 031 U3, U3,, 2 UV Va 


2Wy Wi Wi: W2 W214 W241 (A.1) 


and [F,(z)]| depends on the normal coordinate z. 

From the weak form of the boundary value problem Eq. (2), and 
using Eq. (A.1), an integration throughout the cross section is per- 
formed analytically in order to obtain an unidimensional formula- 
tion. Therefore, the first left term of Eq. (2) can be written under 
the following form: 


| [e(ii")]" [o(ii)|d@ = i [e7|"[k[éJdx. with 
B 0 


K= [Fey IClr@de (A.2) 


where [C] is the constitutive law given in Section 2.1.1. 
In Eq. (A.2), the matrix [k] is the integration throughout the 
cross section of the beam material characteristics. 
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1. Introduction 


Since the beginning of the XXIth century, there has been a 
considerable interest in the modelling of small-scale structures 
comprising micro and nanostructures. These small-scale structures 
present some scale effects that can be captured using nonlocal 
mechanics (Wang et al., 2010a). Therefore, many recent researches 
in theoretical mechanics have been focused on the development of 
theoretical solutions of structural stability (and dynamics) prob- 
lems, with some additional scale parameters introduced in the 
nonlocal constitutive law. Some reference nonlocal solutions have 
been published for beam, plate, shell structural models (see for 
instance (Wang et al., 2010a)). In a certain sense, one could say 
that the mechanics community has investigated the small-scale 
world with specific constitutive laws generally issued of nonlocal 
mechanics, including gradient or integral-based nonlocal models. 
On the other hand, it has been also recently shown that some 
generic structural models used for mechanical or civil engineering 
problems belong to the class of nonlocal mechanics. Challamel and 
Wang (2008) used a nonlocal mechanics model to highlight some 
specific scale effects for a micro and nano-cantilever elastic struc- 
tural case. This beam model has also been used at the macroscale 
level for composite beams or sandwich elastic beams (see also 
(Zhang et al., 2010) or (Challamel and Girhammar, 2011)). There- 
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fore, nonlocality has a wide range of applications from small-scale 
structures to large-scale structures, even if the source of nonlo- 
cality is physically and inherently different. We do not discuss 
here the nonlocal inelasticity models (plasticity or damage) used 
for macroscale or microscale structures in presence of softening 
(see (Bazant and Cedolin, 2003) or more recently (Challamel et 
al., 2010a) or (Challamel, 2010)). In the present paper, we discuss 
the buckling of higher-order shear beam-columns in the light of 
enriched continuum, namely nonlocal and gradient mechanics. We 
show the equivalence between the enriched kinematics of usual 
higher-order beam theories with the nonlocal and gradient nature 
of the associated constitutive law. These equivalences are useful 
for a hierarchical classification of usual beam theories comprising 
Euler-Bernoulli beam theory, Timoshenko and third-order shear 
beam theories. 

With respect to integral-based elasticity nonlocal model, Erin- 
gen’s based nonlocal model (Eringen, 1983) has been shown 
to be efficient to take into account scale effects at the beam 
scale for most structural cases (see for instance Peddieson et al. 
(2003) for the bending problem, or more recently Challamel and 
Wang (2008). Sudak (2003) obtained the buckling solution for 
some Euler—Bernoulli beam problems including Eringen’s nonlocal 
terms. These results have been extended to Timoshenko nonlocal 
columns (see for instance (Wang et al., 2006); (Reddy, 2007)). Wang 
et al. (2009) investigated the post-buckling problem of cantilevered 
nano rods/tubes under an end concentrated load. Reddy (2010) 
gave the general nonlinear formulation of higher-order beam mod- 
els with Eringen’s constitutive law. Challamel and Wang (2010) 
studied the lateral-torsional buckling problem of Eringen’s based 
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nonlocal beams. Challamel et al. (2010b) studied the buckling of 
elastic beams on nonlocal foundation, or the buckling of beam sys- 
tems with nonlocal elastic connections (Challamel et al., in press). 
Another family of enriched continuum is the so-called gradient 
models where the constitutive law also depends on the gradients 
of the state variables. The in-plane buckling of gradient elastic- 
ity Euler-Bernoulli column has been studied by Papargyri-Beskou 
et al. (2003). Lam et al. (2003) also developed a gradient elasticity 
Euler—-Bernoulli beam and show the stiffening effect of small length 
terms. Lazopoulos (2003) studied the post-buckling behaviour of 
gradient elasticity columns. Park and Gao (2006) developed a mod- 
ified couple stress theory for Euler—Bernoulli kinematics. Kong et al. 
(2009) developed a general gradient elasticity theory including the 
modified couple stress theory for the Euler-Bernoulli beam mod- 
els. Ma et al. (2008) extended the modified couple stress theory of 
Park and Gao (2006) to Timoshenko beam models. These models 
are included in the gradient elasticity Timoshenko beam models of 
Wang et al. (2010b). 


2. Euler-—Bernoulli beam mechanics 


The energy functional for the buckling of “local” Euler-Bernoulli 
columns is given by: 


eq 1 

U[w]= | =Elw’? — —Pw'?dx (1) 
9 2 2 

where L is the length of the column, P is the axial load, w is the 

deflection, EI is the bending stiffness. The Euler-Bernoulli beam 

mechanics is based on the one-dimensional constitutive law: 


M=Elx with x=-—w’ (2) 


where M is the bending moment, and x is the curvature. The sta- 
tionarity of the energy functional 5U=0 leads to the differential 
equations: 


Elw™) + Pw" =0 (3) 
with the natural and essential boundary conditions: 
[Elw’5w'], =O and [-(Elw”” + Pw')6w] - =0 (4) 


For instance, for the pinned-pinned case, the Euler buckling formu- 
lae is simply: 


2 
P=P= with pF = Bi( 7) (5) 


3. Timoshenko beam mechanics 


This part is devoted to the “local” Timoshenko theory that can be 
understood as a nonlocal Euler-Bernoulli beam theory. In the hier- 
archical classification, the Timoshenko model can be considered as 
a superior model that includes the Euler—Bernoulli one when the 
shear effect can be neglected. In presence of axial loads, Engesser 
and Haringx’s type models have to be distinguished (see Bazant 
and Cedolin (2003) for instance). A discussion about the hypere- 
lastic formulation of generic Timoshenko models can be found in 
Reissner (1982), Bazant (2003), Hodges et al. (2006) or Attard and 
Hunt (2008). The energy functional of Engesser-type Timoshenko 
column is given by: 


L 
uivswi= fer? + Sw — yy 
0 


5 Pw2dx (6) 


where vw is the rotation, G is the shear modulus, A is the total area, x 
is the so-called shear coefficient, a dimensionless factor. It should be 
noted that asymptotic methods may provide a more consistent way 


to determine the shear stiffnesses without assuming shear correc- 
tion factors or plane sections remain plane (Yu and Hodges, 2005). 
The Timoshenko beam mechanics is based on the two-dimensional 
constitutive law: 


(w)=(@ 2) (2) wm (2)=(aPy) 0 


where M is the bending moment, V is the shear force, ¥ is the 
pseudo-curvature and y is the shear strain. The stationarity of the 
energy functional 6U=0 leads in this case to: 


{ KGA(w" — W') + Pw" =0 


Elw" + kGA(w’ — w)=0 (8) 
with the natural and essential boundary conditions: 
[ElW’sy],=0 and [(—Ely" — Pw)Sw]) =0 (9) 


The characteristic length |, can be introduced as: 


| EI 
k= \/ (10) 


The system of differential equations is now written with such a 
characteristic length as: 


7 y) 4 2, yy 
re " 


The second equation shows that the rotation w is the nonlocal 
spatial average variable of the slope angle w’: 


v=w with w—l2w" =w' (12) 


The Timoshenko theory is clearly a nonlocal Euler-Bernoulli 
beam theory where the rotation w of the cross section is the 
nonlocal spatial average variable of the slope angle w’. A simi- 
lar conclusion could be anticipated from the paper of Falsone and 
Settineri (2011) even ifthe nonlocal mechanics has not been explic- 
itly used. Furthermore, Eq. (11) leads to the uncoupled differential 
equation: 


(El — Pz)" + Pw’ =0 or (EI — PI2)w4) + Pw" =0 (13) 


leading to the well-known Engesser formulae for most boundary 
conditions except for instance the fixed-pinned conditions (see 
Plantema (1966), Ziegler (1982) or Wang et al. (2005)): 


; _ pe _ pe 
14+ PE/KGA 1+(PE/ENI2 


(14) 


For instance, for the pinned-pinned case, the Engesser formulae is 

simplified in: 

pt _ 1 

PE 147(I/LY 
This is also the formula of the in-plane and out-of-plane buckling 

problem of Euler-Bernoulli beam model with Eringen’s nonlocal 


law (see for instance Challamel and Wang (2010)). In fact, the non- 
local Euler—Bernoulli constitutive law is written as: 


2 
with pf — Bi( 7) (15) 


=i 


M—[M" =Elx orequivalently M=EIx with x - 2x" = x 
(16) 


with x as the curvature (one can choose x=—w’”). This nonlocal 
constitutive law can be also presented in an integral format using 
the Green’s operator associated with this differential equation: 


L 
M(x) = | G(x, y)x(y)dy (17) 
0 
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The elastic energy of the nonlocal Euler—Bernoulli column can be 
expressed in the following form (see Challamel and Wang (2008); 
Zhang et al. (2010)): 


L 

U[w] = dee - 1 wax (18) 
6 2 2 

Eq. (18) is also equivalent to the double integral representation 


of the nonlocal beam problem, generally considered for integral 
nonlocal elasticity problems: 


L ply Ly 
U[w] -| / JE1atx, yxeoxe)dvay — | 5Pw"dx (19) 
o Jo 0 


which is also equivalent to: 


v8 
U[w] = | 5 (El PI2)w’? 5 Pw'2dx (20) 
0 


The differential equation of the buckling of nonlocal 
Euler-Bernoulli column is obtained from application of the 
variational principle, and is given for instance by Zhang et al. 
(2010): 


(EI — PI2)w + Pw” = 0 (21) 


which is exactly the differential equation of the Timoshenko 
column (see Eq. (13)). Zhang et al. (2010) already men- 
tioned the analogy between the vibrations problem of nonlocal 
Euler-Bernoulli beams and the vibrations problem of Rayleigh 
beams. It is shown in the present paper that the buckling problem of 
“local” Timoshenko column is equivalent to the one of the nonlocal 
Euler-Bernoulli column. Therefore, Timoshenko buckling formu- 
lae will be strictly equivalent to nonlocal Euler—Bernoulli buckling 
formulae if the same boundary conditions at the beam extremity 
are equivalent. The Timoshenko model degenerates into the local 
Euler—Bernoulli model when the length scale |; is vanishing (infinite 
shear stiffness). 


4. Higher-order shear beam mechanics 


The Timoshenko beam model requires shear correction fac- 
tors to compensate for the error due to the constant shear stress 
assumption. Some higher-order shear beam theories have been 
developed to enrich the simplified kinematics of Timoshenko 
model, with a polynomial compensation. In this enriched theory, 
the transverse shear strain (and shear stress) is vanishing on the top 
and bottom planes of the beam. Bickford—Reddy’s theory typically 
belongs to this class of enriched beam kinematics (see (Levinson, 
1981; Bickford, 1982; Reddy, 1984; Levinson, 1985)). The buck- 
ling of Bickford—Reddy column is studied by Wang et al. (2000). 
The theory of Shi and Voyiadjis (2011) (see also (Voyiadjis and Shi, 
1991)) has been developed in a variationnally consistent frame- 
work, and is slightly different from the theory of Bickford—Reddy, 
even if it is a third-order shear theory. The energy functional of Shi 
and Voyiadjis-type column is given by: 


L 
1 ; KGA, , 
uivw = | Ley? + Aww’ — yy 
0 
ew" wy 5 Pwdx (22) 


This is clearly a gradient elasticity Timoshenko model with an 
additional length scale denoted by a. The shear stiffness and the 
additional gradient term are obtained from: 


2 
25 y? / 1 El 
KGA = a [9(: ‘7 dS and a= 84 KCA (23) 


The modified gradient Timoshenko beam model is based on the 
three-dimensional constitutive law: 


M EI 0 0 x x -y' 
(" )-(° KGA 0 )@) with (> )= (w+ ) (24) 
M* 0 O- KGAd y' y' wy’ 


M canbe considered as a higher-order moment (see also (Wang 
et al., 2000)). The stationarity of the energy functional yU=0 leads 
in this case to the principle of virtual work of this gradient system: 


L 
w= [ Médx + Voy + M*d5y’ — Pw'dw’ dx = 0 (25) 
0 


The usual format of the principle of virtual work of gradient elas- 
ticity systems is clearly recognized in Eq. (25) (see more generally 
(Germain, 1973)). The stationarity principle leads to the system of 
differential equations: 


KGA(w" w’) + Pw" 4 a?KGA(w(4) = wv") -0 
El" + KGA(w' — w) — a2xGA(w” — w”) =0 


(26) 


with the natural and essential boundary conditions: 
[(EIy' — @kGa(w" — W))oW] 
=0, [(«GA(w’ — Ww) — a?KGA(w"" — yr") = Pw')Sw] 


=O and [a°KGA(w” 7 wow’, =0 (27) 


As detailed by Shi and Voyiadjis (2011) (see also (Wang et al., 
2000) for Reddy-Bickford theory), these six boundary conditions 
are clearly related to the higher-order nature of this shear the- 
ory (namely the gradient theory). The last additional condition that 
does not appeared in the “local” Timoshenko theory is also written 
as: 


[M*5w'] =0 (28) 


By derivative the second equation of Eq. (26) and adding to the first 
equation, the following simplification can be made: 


Ely” + Pw" =0 (29) 


The sixth-order differential equation can be obtained for the 
deflection: 


2 2 
a2w') 4 (Fi 14 de ) we Pw’ =0 with [= fl 


EI EI EI KGA 
(30) 


The buckling solution of Shi and Voyiadjis-type column is then 
obtained for the pinned-pinned case (w=M=M =0 for x=0 and 
xX=L): 
psv 14 22(a/L) 

PE +m? [(le/LY + (@/LY] 


1\2 
with pF = Ei( 7) (31) 
Note that considering some other higher-order boundary con- 
ditions such as w=M=w’ =0 for x=0 and x=L would lead to some 
exponential solutions different from Eq. (31). More generally, the 
following formulae can be shown for usual boundary conditions 
(except of course the clamped-pinned case, for the same reasons as 
that developed for the Timoshenko beam): 


psv 1+ (PE /EI)a2 
PE ~ 14 (PE/EI(2 + a2) 


This formulae is similar to the one presented by Wang et al. 
(2000) for buckling of Bickford—Reddy column, even if the present 
higher-order shear model is different in principle from the 
Bickford—Reddy theory. This higher-order shear model is a gen- 
eralization of Euler-Bernoulli or Timoshenko models. It is worth 


(32) 
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mentioning that the present model is different from the gradi- 
ent Timoshenko model recently developed by Wang et al. (2010b), 
where some other additional gradient terms have been considered. 


5. Some other Timoshenko gradient elasticity models 


Another application of gradient elasticity is the model of Hans 
and Boutin (2008) applied to repetitive frame structures, and 
obtained using homogeneization considerations. This model is 
based on the energy functional: 


+ Pw'dx 


(33) 


L 
Ulw, vw] = | SEW? F«GA(W' wy 4 SEhyw"? 
0 


where Ely is an additional inner bending stiffness. This model 
belongs to the class of gradient Timoshenko beam model, based 
on the three-dimensional constitutive law: 


M EI+Ely O —Elw xX xX 

Vv 0 KGA 0O y with y 

M* -Ely 0 Ely y' y' 

-w' 

ww (34) 
taa 


The stationarity of the energy functional 5U=0 leads to the system 
of differential equations: 


El" — xGA(w’ — w) = 0 a5 
KGA(w" — W') + Elyw) + Pw" = 0 


The sixth-order differential equation can be obtained for the deflec- 
tion: 


Bias PP Bie iy oo 
; (FF as ci HY 
’ EI 
=0 with [= KCA (36) 


leading to the buckling solution in the pinned-pinned case: 


pHB 1+ El,/EI [1 + 1(Ie/LY | 
ee 14 72(1/L) 


(37) 


An other natural generalization of the gradient elasticity Timo- 
shenko model applied to microstructured beams would be based 
on the four-dimensional constitutive law: 


M H—H 0 0  O x x 
Pp 0 Eb? 0 0 z 7 
v |=lo0 0 «Ga o ee, | 
M* 0 Oo 0 «KGAa? y! y! 
—W’ 
i A 
-|" (38) 
w! — 


with two additional length scales (a,b) that can be eventually 
merged. J” can be considered as a higher-order bending term. This 
gradient elasticity model is associated with the following functional 
for Engesser type column: 


L 
u[W.w] = | sey? + cw’ — yw? 


a ea (w" wl Ma 


+ b2 = yr? 5 Pwd (39) 


leading to the following system of differential equations: 


KGA(W” — Wy’) + Pw" + a2KGA(W) — ’”) = 
El" — b2Ehb4) + KGA(w' — Wr) — a2kGA(W" — Wr") = 


with the natural and essential boundary conditions: 
[(ElW’ — a2&GA(w" — yy’) — Elb? ’’) 7 =0 
[(«GA(w’ — Wf) — a2KGA(w” — yr") — ew], 
=0, [a2KGA(w" 

2 " , _ 
[b° Ely BW], = 


In this case, a height-order differential equation is obtained for the 
deflection w(x) as: 


—wW') bw], = Oand 


Pb? 
_g2p2y(8) 2 2 (6) 
a“b“w (> +a zi w 
Pi Vo Pwo (42) 
KGA ' El EL 


The buckling solution of gradient elasticity Engesser-type Tim- 
oshenko column is then obtained for the pinned-pinned case (w = 
M = M* = W"" = 0 for x=0 and x=L), as a generalization of Shi and 
Voyiadjis-type column: 


pre 14H [(a/L) + (b/L)?] + x4 Y tio 
2 
(Ic/L)”] + 14 


PE ~ 1472 [(a/L)” 
m\2 EI 
= Ei(7) and l.=4/— (43) 


Considering now the Haringx-type column with the gradient 
elasticity Timoshenko model, the following functional can be con- 
sidered: 


L 
1 KGA, , KGA, _, ; 
uivawi= fei? + Aw vy +P (w" wy? 
0 
QEI 12° 1 2, 1 ij 2 
+b x¥ 5 Pw 5P(w wy dx (44) 


leading to the following system of differential equations: 


KGA(w” — y') + Pw’ + a2xGA(w™) — w'”) = (45) 
El’ — b? Ely) + (kGA + P)(w' — w) a —w")=0 
with the natural and essential boundary conditions: 
[(Eh! — a2 eGA(w" — ww’) — EIb2 yi"), = 
[(«GA( w’ — yr) — a2KGA(w” — yr") — Py)iw] 
ty) 
(46) 
=0, [a2xGA(w" -w’) bw], = Oand 


[BEIW"dY"], a=0 


In this case, a height-order differential equation is also obtained for 
the deflection w(x) as: 


2 
a2)wk®) 4 ( re “ ) we 


—a2b?w(®) + (b? 4 
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The buckling solution of gradient elasticity Haringx-type Timo- 
shenko column is then obtained for the pinned-pinned case (w = 
M = M* =” = 0 forx=0 and x=L) as: 


OE) Ef 
(7) | w(t) (7) omit (48) 


EI 
KGA 


2 
pe = (7) andl, = 


6. Concluding remarks 


The buckling of higher-order shear beam-columns is studied in 
the light of enriched continuum. We show the equivalence between 
the enriched kinematics of usual higher-order beam theories with 
the nonlocal and gradient nature of the associated constitutive 
law. These equivalences are useful for a hierarchical classification 
of usual beam theories comprising Euler—Bernoulli beam theory, 
Timoshenko and third-order shear beam theories. The Timoshenko 
theory appears to be a Eringen’s based nonlocal Euler—-Bernoulli 
beam model. Shi and Voyadjis theory appears to be a gradient 
Timoshenko beam theory. This last theory is a generalization of 
the two previous ones, namely the Timoshenko theory and the 
Euler-Bernoulli theory. These theories belong to the general gradi- 
ent elasticity Timoshenko beam framework. 
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A refined shear deformation theory for flexure of thick beams 


Abstract Yuwaraj M. Ghugal* and 
A Hyperbolic Shear Deformation Theory (HPSDT) taking Rajneesh Sharma 

into account transverse shear deformation effects, is used for Department of Applied Mechanics, Govern- 
the static flexure analysis of thick isotropic beams. The dis- ment College of Engineering, Aurangabad- 
placement field of the theory contains two variables. The aonb bes Nabeatshitta Stare lite 
hyperbolic sine function is used in the displacement field in 

terms of thickness coordinate to represent shear deformation. 

The transverse shear stress can be obtained directly from the 

use of constitutive relations, satisfying the shear stress-free 

boundary conditions at top and bottom of the beam. Hence, oe or tee 2010 

the theory obviates the need of shear correction factor. Gov- 

erning differential equations and boundary conditions of the SIMI Tai ce ce ale rae Mi 
theory are obtained using the principle of virtual work. Gen- 
eral solutions of thick isotropic simply supported, cantilever 
and fixed beams subjected to uniformly distributed and con- 
centrated loads are obtained. Expressions for transverse dis- 
placement of beams are obtained and contribution due to 
shear deformation to the maximum transverse displacement 
is investigated. The results of the present theory are com- 
pared with those of other refined shear deformation theories 
of beam to verify the accuracy of the theory. 

Keywords 

hyperbolic shear deformation theory, static flexure, general 


solution of beams, shear contribution factor. 


1 INTRODUCTION 


The Bernoulli-Euler elementary theory of bending (ETB) of beam disregards the effect of 
the shear deformation. The theory is suitable for slender beams and is not suitable for thick or 
deep beams since it is based on the assumption that the transverse normal to the neutral axis 
remains so during bending and after bending, implying that the transverse shear strain is zero. 
Since the theory neglects the transverse shear deformation, it underestimates deflections and 
overestimates the natural frequencies in case of thick beams, where shear deformation effects 
are significant. 

The first order shear deformation theory (FSDT) of Timoshenko [14] includes refined effects 
such as the rotatory inertia and shear deformation in the beam theory. Timoshenko showed 
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NOMENCLATURE 


Cross sectional area of beam; 

Width of beam in y direction; 

Elastic constants of the material; 

Young’s modulus; 

Shear modulus; 

Thickness of beam; 

Moment of inertia of cross section of beam; 
Span of the beam; 

Intensity of uniformly distributed transverse load; 
Axial displacement in x direction; 
Transverse displacement in z direction; 
Rectangular Cartesian coordinates; 
Poisson’s ratio of the beam material; 

Axial stress in x direction; 


Q 
i Se 


o) 


ese he legen are 


ae 
© 
R 


Transverse shear stress in zx plane; 
Unknown function associated with the shear slope. 


eaaa 
8 8 


ABBREVIATIONS 


ETB Elementary Theory of Beam-bending 
FSDT First-order Shear Deformation Theory 
HSDT Higher-order Shear Deformation Theory 
TSDT Trigonometric Shear Deformation Theory 
PSDT Parabolic Shear Deformation Theory 
HPSDT Hyperbolic Shear Deformation Theory 
UDL Uniformly distributed load 


that the effect of transverse shear is much greater than that of rotatory inertia on the response 
of transverse vibration of prismatic bars. In this theory transverse shear strain distribution is 
assumed to be constant through the beam thickness and thus requires shear correction factor 
to appropriately represent the strain energy of deformation. Cowper [4] has given refined 
expression for the shear correction factor for different cross-sections of the beam. 

The discrepancies in the elementary theory of beam bending and first order shear defor- 
mation theory forced the development of higher order or equivalent refined shear deformation 
theories. Levinson [11], Bickford [3], Rehfield and Murthy [12], Krishna Murty [10], Baluch, 
et.al [1], Bhimaraddi and Chandrashekhara [2] presented parabolic shear deformation theories 
assuming a higher variation of axial displacement in terms of thickness coordinate. These the- 
ories satisfy shear stress free boundary conditions on the top and bottom surfaces of the beam 
and thus obviate the need of shear correction factor. Kant and Gupta [9], and Heyliger and 
Reddy [8] presented higher order shear deformation theories for the static and free vibration 
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analyses of shear deformable uniform rectangular beams. 

The theories based on trigonometric and hyperbolic functions to represent the shear de- 
formation effects through the thickness is the another class of refined theories. Vlasov and 
Leont’ev [18] and Stein [13] developed refined shear deformation theories for thick beams in- 
cluding sinusoidal function in terms of thickness coordinate in the displacement field. However, 
with these theories shear stress free boundary conditions are not satisfied at top and bottom 
surfaces of the beam. This discrepancy is removed by Ghugal and Shimpi [7] and developed 
a variationally consistent refined trigonometric shear deformation theory for flexure and free 
vibration of thick isotropic beams. Ghugal and Nakhate [5] obtained the general bending so- 
lutions for thick beams using variationally consistent refined trigonometric shear deformation 
theory. Ghugal and Sharma [6] developed the variationally consistent hyperbolic shear defor- 
mation theory for flexural analysis of thick beams and obtained the displacements, stresses 
and fundamental frequencies of flexural mode and thickness shear modes from free vibration 
of simply supported beams. 

In this paper, a variationally consistent hyperbolic shear deformation theory previously 
developed by Ghugal and Sharma [6] for thick beams is used to obtain the general bending 
solutions for thick isotropic beams. The theory is applied to uniform isotropic solid beams of 
rectangular cross-section for static flexure with various boundary and loading conditions. The 
results are compared with those of elementary, refined and exact beam theories available in 
the literature to verify the credibility of the present shear deformation theory. 


2 THEORETICAL FORMULATION 

The variationally correct forms of differential equations and boundary conditions, based on 
the assumed displacement field are obtained using the principle of virtual work. The beam 
under consideration occupies the following region: 


U<c< Ly --b/2<ysb/2: Shite ee h/2 


where x, y, z are Cartesian coordinates, LZ is the length, 6 is the width and h is the total 
depth of beam. The beam is subjected to transverse load of intensity q(x) per unit length of 
the beam. The beam can have any meaningful boundary conditions. 


2.1 The displacement field 
The displacement field of the present beam theory is of the form [6] 


u(e%,2) = 2 + [zcosh (5) - sinh (7)] 6 (e) (1) 


w(z,z) =w(z) (2) 


Here u and w are the axial and transverse displacements of the beam center line in the x 
and z directions respectively. The first term in Eqn (1) is the axial displacement according to 
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the elementary theory of beam bending (ETB) due to Bernoulli-Euler which is linear through 
the thickness of the beam the second term in the bracket is the displacement due to transverse 
shear deformation, which is assumed to be hyperbolic sine function in terms of thickness 
coordinate, which is non-linear in nature through the thickness of beam. The hyperbolic sine 
function is assigned according to the shearing stress distribution through the thickness of the 
beam. The y (a) is an unknown function to be determined and is associated with the rotation 
of the cross-section of the beam at neutral axis. 


: 1 
Normal strain: €, = a = re + | zeosh (5) = sinh (=)| “ (3) 
il 
Shear strains: zz = a - = - [cosh (5) aah (=) y (4) 


Stresses 


One dimensional constitutive laws are used to obtain normal bending and transverse shear 
stresses. These stresses are given by 


Or = Eé,, Trz = Gyxz (5) 
where F and G are the elastic constants of beam material. 


2.2 Governing equations and boundary conditions 


Using the expressions (3) through (5) for strains and stresses and dynamic version of principle of 
virtual work, variationally consistent governing differential equations and boundary conditions 
for the beam under consideration are obtained. The principle of virtual work when applied to 
the beam leads to 


a=L z=h/2 a 
b i 0 i; h/2 (0,6Ex + TsO Ve) dxdz — ‘i qowdx =() (6) 


where the symbol 6 denotes the variational operator. Employing Green’s theorem in Eqn. (6) 
successively, we obtain the coupled Euler-Lagrange equations which are the governing differen- 
tial equations of the beam and the associated boundary conditions of the beam. The governing 
differential equations obtained are as follows: 


d4w d?yp 
EI BIAj oS 7 
dx4 0 ae qd (7) 
3 d2 
BIA, HIB. ? eA = (8) 
da? dx? 


where Ap, Bo and Cp are the constants as given in Appendix and the associated boundary 
conditions obtained are as follows: 
d°w dy 


3 
Either EI EIA 
oe dx? ° da? 


=0 or wis prescribed (9) 
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2 
Either Foran - ines =())) -or ay is prescribed (10) 
dx? dx dx 
2 
ihe BIAS = BiB" Ao, oak Breaded (11) 
dx? dx 


Thus the variationally consistent governing differential equations and the associated bound- 
ary conditions are obtained. The static flexural behavior of beam is given by the solution of 
these equations and simultaneous satisfaction of the associated boundary conditions. 


2.3. The general solution for the static flexure of beam 


Using the governing equations (7) and (8) for static flexure of beam, the general solution for 
w(x) and ¢(x) can be obtained. By integrating and rearranging the first governing equation 
(Eqn. 7) one can get following equation 
dew dp _ Q(2) (12) 
ag? °dx2 =~ «ET 
where Q(z) is the generalized shear force for the beam under consideration and it is given by 
Q (a) = [ qdx+C}. The second governing equation (Eqn. 8) can be written as 


dw Ao dp 
—  — — — + — 0 13 
dz? Bo dx? Bp its) 
Using Eqn. (12) and Eqn. (13), a single differential equation in terms of ¢ can be obtained 
as follows. 


dp 2 Ce) 
Geo eer la) 


where the constant a, 6 and \ used in Eqn. (13) and Eqn. (14) are given in Appendix. The 
general solution of above Eqn. (14) is given by: 


yp (a) = C2 cosh Ax + C3 sinh Ax - 0 (15) 


The general solution for transverse displacement (w) can be obtained by substituting the 
expression for y(x) in Eqn. (13) and integrating thrice with respect to z. The solution is 


3 AjgEI 
EIw(z) i i 7 ‘i qdxdxdxdx + a + r (C2 sinh Ax + C3 cosh Ar) 
(16) 


ta 
+4 + C5x = Ce 


where C, — C¢ are the arbitrary constants of integration and can be obtained by imposing 
natural (forced) and kinematic (geometric) boundary conditions of beams. 
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3. ILLUSTRATIVE EXAMPLES 
3.1 Example 1: Simply supported beam with uniformly distributed load q 


A simply supported beam with rectangular cross section (bx h) is subjected to uniformly 
distributed load q over the span L at surface z = —h/2 acting in the downward z direction. 
The origin of beam is taken at left end support i.e. at x = 0. The boundary conditions 
associated with simply supported beam are as follows. 
3 2 
nite = BIT = -o=0 ate = and (17) 
2 
nity = BIZ =w=0 atx =0,L (18) 
The boundary condition, ¢ = 0 at x = L/2 is used from the condition of symmetry of 
deformation, in which the middle cross section of the beam must remain plane without warping 
(see Timoshenko [15]). Applying appropriate boundary conditions from (19) and (20) in general 
solutions of the beam the final expressions for ¢(x) and w(x) are obtained as follows: 


(19) 


BNE qL : 5% 2 | 


+ 
2BEI L XL cosh(AL/2) 


w(x) = 


gu fae: ig? 2), 3qL*[x 2x? 2 cosh (Ax - AL/2) (20) 
Q4EI\TA “13 L}) 5GA|L L? (AL)? cosh (AL/2) 


The maximum transverse displacement at x = L/2 obtained from Eqn. (20) is 


w(L/2) = a ee (21) 


3.2 Example 2: Simply supported beam with central concentrated load P 


A simply supported beam with rectangular cross section (b x h ) subjected to concentrated 
load P at mid span i.e. at x = L/2 at surface z = -h/2. The origin beam is taken at left end 
support i.e. at x =0. The boundary conditions associated with simply supported beam with 
a concentrated load are given as: 


2 
BID = 9 = Osta = 2 and BrTy = EIS = w=0ate=0,L (22) 

From the condition of symmetry, the middle cross-section of the beam must remain normal 
and plane, hence shear rotation, ¢ = 0 at x = L/2 [15]. Using these boundary conditions, in 
the region (0 = « = L/2) of beam, the general expressions for ¢(2) and w() are obtained as 


follow: 


y (x) 


cosh (Az) | (23) 


” 2bEI | cosh (AL/2) 
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ins PL 3% ae _3PL eC sinh Ax (24) 
ONM?* 48ET\°L 13} 5GA\L  dLcosh(AL/2) 
The maximum transverse displacement at x = L/2 obtained from Eqn. (24) is 
L h? 
w(L =a Fy {P24 +1) | (25) 


3.3. Example 3: Cantilever beam with uniformly distributed load q 


A cantilever beam with rectangular cross section (bx h) is subjected to uniformly distributed 
load q at surface z = —h/2 acting in the z direction. The origin of beam is taken at free end 
i.e. at x =O0 and it is fixed or clamped at x = L. The boundary conditions associated with 
cantilever beam are as given: 


dw dy d?w dy 
El ee ae erty at x = 0 and 
d 
Pe Spa 20 atx=L (26) 
da 


Using these boundary conditions the general expressions for ¢(x) and w(x) are obtained 
from the general solution as follows: 


qL |coshAx sinhA(L-2) «& 

(a) = 2) (27) 
BET | coshaAL ALcoshAL  L 

oe @L4 a age Vi 3 qL? f Co. 2(sinh AL - sinh Ax) _ ee) (28) 

2MEI\EA Lb 5GA LT? AL cosh AL (AL)* cosh AL 
The maximum transverse displacement at free end (x = 0) obtained from Eqn. (28) is 
h2 
w()= Ze [rvosa+n (29) 


3.4 Example 4: Cantilever beam with concentrated load P at free end 


A cantilever beam with rectangular cross section (b x h) is subjected to concentrated load P 
at free end i.e. at «= L at surface z = —h/2 acting in the z direction. The origin of the beam 
is taken at fixed end 1.e. at x = 0. The boundary conditions associated with cantilever beam 
are as given: 

dw dy 


d 
EI = Er =0 ata=Land=w= y = Oatx=0 (30) 
aan dx dx 
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Using these boundary conditions in general solution of the beam, the general expressions 
for ¢(a) and w(x) are obtained as follows: 


g(x) = Sar (sinh Ax — cosh Ax + 1) (31) 


== ( x =) “= (4 av) 
w(x) = 


+ + 
6EI\ L? Ts 5GA\L AL 
The maximum transverse displacement at free end (x = L) obtained from Eqn. (32) is 


3 2 
w(2)= Fe [1060+ (33) 


3.5 Example 5: Fixed-fixed (Clamped-clamped) beam with uniformly distributed load q 


A fixed-fixed beam with rectangular cross section (bx h) is subjected to uniformly distributed 
load q at surface z = —h/2. The origin of the beam is taken at left end fixed/clamped support 
i.e. x =0. The boundary conditions associated with this beam are as follows: 


Bw dp dw L 
Pee ye =p ceo: aie 
dic3 dix? dag ee Ea 
d 
o=w=EI—=0 ata=0,Land 
dx 
dw dd ql? 
dz? dx 12EI 


at x =0 (34) 


Using the appropriate boundary conditions, from the set given by Eqn. (34), in general 
solution of the beam, the general expressions for ¢(xz) and w(z) are obtained as follows: 


re qL ewe (: 2°) (35) 


2GEI| sinh (AL/2) L 


(36) 


gl* («+ oe _3ql x 2? (cosh(AL/2)-coshrA(L/2-2)) 
Is ~2) 5GA|L LP \L sinh (\L/2) 


The maximum transverse displacement at center of the beam (x = L/2) obtained from 
Eqn. (36) is 


w(L/2) = ea t+9oa9m | (37) 
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3.6 Example 6: Fixed-fixed beam with central concentrated load P 


A fixed-fixed beam with rectangular cross section (b x h) is subjected to concentrated load P 
at mid span at surface z = -h/2. The origin of the beam is taken at left end fixed/clamped 
support i.e. x2 =0. The boundary conditions associated with this beam are as follows: 


L 
Ly nee ee ee ee at x = 0 and 
dx 2 


dw dd _ PL 
dx2 dx  8EI 


ate =0 (38) 


Using these boundary conditions, in the region (0 = x = L/2) of beam, the general expres- 
sions for @(x) and w(2) are obtained as follow: 


es sinh Ax 
- —*__(1+4sinh Ax — cosh Av - 39 
p(x) 2BET ( + sinh Ax — cosh Ax aa | (39) 
131 Daa od 3.PL (x  coshAg-sinhAzr-1 
= 3 AO 
ce aa i a) +24 (E+ AL ) my) 


The maximum transverse displacement at center of the beam (a = L/2) obtained from 
Eqn. (40) is 


3 2 
whore or f +9.6(1 +2) | (41) 


While obtaining the expressions for maximum transverse displacement (deflection) in the 
above examples it is observed that the quantity AL is very large and therefore tanhAL ~ 1, 
1/AL = 1/(AL)? =~ 0 and sinh AL ~ coshAL. For problems of practical interest this is a very 
good approximation. 


4 RESULTS 


In expressions of maximum transverse displacement the first term in the bracket is the dis- 
placement contribution according to the classical Bernoulli-Euler beam theory and the second 
term represents the effect of transverse shear deformation. These expressions can be written 
in the generalized form as follows: 


w=we[L+ws(1+49(2) | (42) 


In the above equation w, is the transverse displacement according to the classical Bernoulli- 
Euler beam theory and ws, is the proportionality constant due to transverse shear deformation 
effect. In Tables 1 through 3 the values of w, for different beam problems are compared with 
those of other refined theories. 
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Table 1 Values of proportionality constant (ws) for simply supported beams. 


Source Model Uniform Load Soe eee 
Load 
Present HPSDT 1.92 2.4 
Timoshenko [14] FSDT 1.92 2.4 
Levinson [11] HSDT 1,92 = 
Bhimaraddi and Chandrashekhara [2] | PSDT 1.92 = 
Ghugal and Nakhate [5] TSDT 1.92 2.4 
Timoshenko and Goodier [16] Exact 1.93846 = 
Table 2. Values of proportionality constant (ws) for cantilever beams. 
Source Model Uniform Load CORE TERRES 
Load 
Present HPSDT 0.8 0.6 
Timoshenko [14] FSDT 0.8 0.6 
Levinson [11] HSDT 1,2 0.75 
Bhimaraddi and Chandrashekhara [2] | PSDT 0.8 0.6 
Ghugal and Nakhate [5] TSDT 0.8 0.6 
Timoshenko and Goodier [16] Exact = 0.75 
Venkatraman and Patel [17] Exact 0.68 — 
Table 3. Values of proportionality constant (ws) for fixed-fixed beams. 
Source Model Uniform Load One BUR te 
Load 
Present HPSDT 9.6 9.6 
Timoshenko [14] FSDT 9.6 9.6 
Levinson [11] HSDT 12.0 a: 
Bhimaraddi and Chandrashekhara [2] | PSDT 9.6 — 
Ghugal and Nakhate [5] TSDT 9.6 9.6 


The numerical results shown in Table 1 for simply supported beam with uniform load 
and concentrated load indicate that the results of proportionality constant (w,) due to shear 
deformation effect according to present theory (HPSDT) are identical to those of beam theories 
of Timoshenko (FSDT), Levinson (HSDT), Bhimaraddi and Chandrashekhara (PSDT), and 
Ghugal and Nakhate (TSDT). The results of these theories are closed to exact value in case 
of simply supported beam with uniform load. In case of cantilever and fixed-fixed beams 
with uniform load Levinson’s variationally inconsistent beam theory yields higher values of w, 
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than those obtained by present theory and other refined theories as shown in Tables 2 and 3. 
However, for cantilever beam with concentrated load Levinson’s theory gives the exact value 
of this constant (see Table 2). In case of beam with both the ends fixed, it is observed that 
the constant of proportionality due to shear deformation is independent of loading conditions. 


5 CONCLUSIONS 


In this paper a hyperbolic shear deformation theory has been used to obtain the bending 
solutions for thick homogeneous, isotropic, statically determinate and indeterminate beams. 
General solutions for the transverse displacement and rotation are presented for transversely 
loaded beams with various end conditions. Expressions for maximum transverse displacements 
are deduced from the general solutions of the thick beams. The effect of transverse shear 
deformation on the bending solutions of thick beams can be readily observed from the analytical 
expressions presented for the transverse displacement. The values of transverse displacement 
contribution (w;) due to transverse shear deformation effect obtained by present theory are 
found to be identical to those of first order shear deformation theory of Timoshenko with the 
shear correction factor equal to 5/6. The present theory requires no shear correction factor. 
The accuracy of present theory is verified by comparing the results of other refined theories 
and the exact theory. 
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APPENDIX 


The constants Ap, Bo and Co appeared in governing equations (7) and (8) and boundary 
conditions given by equations (9) — (11) are as follows: 


Ao = cosh (3) =12 [cosh (5) -2sinh(3)] 
Bo = cosh? (5) + 6 [sinh (1) - 1] - 24 cosh (5) [cost (5) -2sinh(5)] 


1 1 1 1 
Co = cosh?” (;) + (;) [sinh (1) + 1] - 4cosh (=) sinh (5) 
2 2 2 2 
The constants a, 8 and \ appeared in Eqns. (13) and (14) are as follows: 
ee 
=a 


_ GACo ae: 


A = 
0> B BiAg* m 


a 
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Abstract 


In this paper, unified shear deformation theory is used to analyze simply supported thick isotropic beams for the 
transverse displacement, axial bending stress, transverse shear stress and natural frequencies. This theory enables 
the selection of different in-plane displacement components to represent shear deformation effect. The numbers 
of unknowns are same as that of first order shear deformation theory. The governing differential equations and 
boundary conditions are obtained by using the principle of virtual work. The results of displacement, stresses, 
natural bending and thickness shear mode frequencies for simply supported thick isotropic beams are presented 
and discussed critically with those of exact solution and other higher order theories. The study shows that, while 
the transverse displacement and the axial stress are best predicted by the models 1 through 5 whereas models 1 
and 2 are overpredicts the transverse shear stress. The model 4 predicts the exact dynamic shear correction factor 
(x? /12 = 0.822) whereas model 1 overpredicts the same. 

© 2011 University of West Bohemia. All rights reserved. 


Keywords: Thick beam, shear deformation, principle of virtual work, bending analysis, transverse shear stress, free 
flexural vibration, natural frequencies, dynamic shear correction factor 


1. Introduction 


Beams are common structural elements in most structures and they are analyzed using classical 
or refined shear deformation theories to evaluate static and dynamic characteristics. Elementary 
theory of beam bending underestimates deflections and overestimates the natural frequencies 
since it disregards the transverse shear deformation effect. Timoshenko [24] was the first to 
include refined effects such as rotatory inertia and shear deformation in the beam theory. This 
theory is now widely referred to as Timoshenko beam theory or first order shear deformation 
theory. In this theory transverse shear strain distribution is assumed to be constant through the 
beam thickness and thus requires problem dependent shear correction factor. The accuracy of 
Timoshenko beam theory for transverse vibrations of simply supported beam in respect of the 
fundamental frequency is verified by Cowper [6,7] with a plane stress exact elasticity solution. 

The limitations of elementary theory of beam and first order shear deformation theory led to 
the development of higher order shear deformation theories. Many higher order shear deforma- 
tion theories are available in the literature for static and dynamic analysis of beams [2—5, 11,15]. 
Levinson [17] has developed a new rectangular beam theory for the static and dynamic anal- 
ysis of beam. Reddy [18] has developed well known third order shear deformation theory for 
the non-linear analysis of plates with moderate thickness. The trigonometric shear deforma- 
tion theories are presented by Touratier [25], Vlasov and Leont’ev [26] and Stein [20] for thick 
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beams. However, with these theories shear stress free boundary conditions are not satisfied at 
top and bottom surfaces of the beam. Ghugal and Shipmi [9] and Ghugal [10] has developed a 
trigonometric shear deformation theory which satisfies the shear stress free condition at top and 
bottom surfaces of the beam. Soldatos [22] has dveloped hyperbolic shear deformation theory 
for homogeneous monoclinic plates. Recently Ghugal and Sharma [8] employed hyperbolic 
shear deformation theory for the static and dynamic analysis of thick isotropic beams. A study 
of literature [1, 12—14, 19] indicates that the research work dealing with flexural analysis of thick 
beams using refined shear deformation theories is very scant and is still in infancy. Sayyad [21] 
has carried out comparison of various shear deformation theories for the free vibration analysis 
of thick isotropic beams. 

In the present study, various shear deformation theories are used for the bending and free 
vibration analysis of simply supported thick isotropic beams. 


2. Beam under consideration 


Consider a beam made up of isotropic material as shown in Fig. 1. The beam can have any 
boundary and loading conditions. The beam under consideration occupies the region given by 


Ci ek ds —b/2<y <b/2, —h/2<z2<h/2, (1) 


where x, y, z are Cartesian co-ordinates, L is length, b is width and h is the total depth of the 
beam. The beam is subjected to transverse load of intensity g(x) per unit length of the beam. 


q{x) 
oo — 
aan 
h/2 
ro) x,u ¢ ¥ 
h/2 
: 
——er es 


Zw 


Fig. 1. Beam under bending in x — z plane 


2.1. Assumptions made in theoretical formulation 
1. The in-plane displacement wu in x direction consists of two parts: 
(a) A displacement component analogous to displacement in elementary beam theory 
of bending; 


(b) Displacement component due to shear deformation which is assumed to be parabo- 
lic, sinusoidal, hyperbolic and exponential in nature with respect to thickness coor- 
dinate. 
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2. The transverse displacement w in z direction is assumed to be a function of x coordinate. 
3. One dimensional constitutive law is used. 
4. The beam is subjected to lateral load only. 


2.2. The displacement field 


Based on the before mentioned assumptions, the displacement field of the present unified shear 
deformation theory is given as below 


tet): = 2g + Flz)o(a, 1), (2) 
(3) 


T 
= 
8 

S 


wie 2T) 


Here u and w are the axial and transverse displacements of the beam center line in x and 2- 
directions respectively and ¢ is the time. The ¢ represents the rotation of the cross-section of 
the beam at neutral axis which is an unknown function to be determined. The functions f(z) 
assigned according to the shearing stress distribution through the thickness of the beam are 
given in Table 1. 


Table 1. Functions f(z) for different shear stress distribution 


Function 7) 


Model 1 | (Ambartsumian [2]) 
Model 2 | (Kruszewski [15]) 


Model 3 | (Reddy [18]) 
Model 4 | (Touratier [25]) 


Model 5 | (Soldatos [22]) z cosh (4) — hsinh (#)| 


Model 6 | (Karama et al. [14]) 
Model 7 | (Akavci [1]) 


2.3. Necessity of refined theories 


The shear deformation effects are more pronounced in the thick beams than in the slender 
beams. These effects are neglected in elementary theory of beam (ETB) bending. In order 
to describe the correct bending behavior of thick beams including shear deformation effects 
and the associated cross sectional warping, shear deformation theories are required. This can 
be accomplished by selection of proper kinematics and constitutive models. The functions 
f(z) is included in the displacement field of higher order theories to take into account effect 
of transverse shear deformation and to get the zero shear stress conditions at top and bottom 
surfaces of the beam. 
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2.4. Strain-displacement relationship 


Normal strain and transverse shear strain for beam are given by 


— du Pw Od 
Oe ae = hae + flea (4) 
Ou Ow : 
Vzec = Dz + Or =f (z)¢. (5) 


2.5. Stress-Strain relationship 


According to one dimensional constitutive law, the axial stress/normal bending stress and trans- 
verse shear stress are given by 
gon ace 


Ox 


Tza 


3. Governing equations and boundary conditions 


Using Eqns. (4) through (7) and the principle of virtual work, variationally consistent govern- 
ing differential equations and boundary conditions for the beam under consideration can be 
obtained. The principle of virtual work when applied to the beam leads to 


+h/2 
i fe (O20Ex + Tre0 Ven) Az dx + (8) 


h/2 


+h/2 Be L 
sesabecs d = = 
off os (Se ut WD pw) 2d / qow dx 0, 


where the symbol 6 denotes the variational operator. Integrating the preceding equations by 
parts, and collecting the coefficients of Ow and 6¢, the governing equations in terms of dis- 
placement variables are obtained as follows 


Ow Od pAy Otw  pBo &d Ow _ 
405 053 &@ bpop + B ono te op = & ” 
Pw Od pBo Bw pCo Pb 
Pures = gg? 0 eno” ae (20) 


and the associated boundary conditions obtained are of following form 
Pw Oh pAo Bw pBod¢ 


Aaa + Bona E drdk = =f Oe = 0 or w is prescribed (11) 
2 
Acs — Bye = 0 or “ is prescribed (12) 
2 
eal + eee =) or ¢ is prescribed (13) 
Ox? Ox 


where Ag, Bo, Co and Dp are the stiffness coefficients given as follows 


+h/2 +h/2 
Ao = E | zdz, Bo= Ef 2ilzydz; (14) 
—h/2 —h/2 


h/ h/ 
Co = ef * p(s) dz, Do= of “Lf de. 


—h/2 —h/2 
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3.1. Illustrative examples 


In order to prove the efficacy of the present theories, the following numerical examples are 
considered. The following material properties for beam are used 


E 
E=210GPa, p=03, G=———andp=7800kg/m’*, (15) 
2(1+ p) 


where F is the Young’s modulus, p is the density, and ju is the Poisson’s ratio of beam material. 


Example 1: Bending analysis of beam 


A simply supported uniform beam shown in Fig. 2 subjected to uniformly distributed load 


Ue). =, yy Gael ( + ) acting in the z-direction, where q,, is the coefficient of single 
Fourier expansion of load. The value of g,,, for uniformly distributed load given as follows 


4 
Im = a0 ’ m=1,3,5,..., 
MT 
Ga. = 0 5 TR SD AO ht (16) 


where q is the intensity of uniformly distributed load. 


Fig. 2. Simply supported beam subjected to uniformly distributed load 


The governing equations for bending analysis of beam (static flexure), discarding all the 
terms containing time derivatives become 


d*w d°¢ 
A —-Bo— = 17 
apt 0553 q; (17) 
d3w do 
Bo ae Coza + Doo = 0. (18) 


The following is the solution form assumed for w(x) and ¢(a) which satisfies the boundary 
conditions exactly 


MTX 
’ 


w(x) = S- Wm sin T 
m=1 


MTX 
’ 


(a) = > bm cos . (19) 
m=1 
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where w,,, and @,,, are the unknown coefficients of the respective Fourier expansion and m is the 
positive integer. Substituting this form of solution and the load q(x) into governing equations, 
yields the following two algebraic simultaneous equations 


mnt mn? 
(4) Wm — (a) Pm = Gm; (20) 
m7 mn? 
a (2 B ) wn + (c RP + Do) Oy. =. 0s (21) 


Solving Egns. (20) and (21) simultenously to determine unknowns w,,, and @, 


Gm (Come + Do) oe 
Wm = a a ee Nf SAAN, ~~ «ONES PEN ee EN 
(Co" 7 + Do) (Ao7Z#-) — (BoE) (BoE) 
mr 
F: _ Gm (Bo LS ) (23) 
"(Cot ZF + Do) (Ao) — Bo") (Bo) 


Using Eqns. (22) and (23) substitute Eqn. (19) in the displacement field [Eqns. (2) and (3)] 
and stress-strain relationships [Eqns. (6) and (7)] to obtain expressions for axial displacement, 
transverse displacement, axial bending stress and transverse shear stress 


MTX 


Axial displacement: — |-2 wm +f (2)4m| cos (24) 

Transverse displacement: WwW = Wmsin — (25) 
2,2 

Axial bending stress: ae un —f (2) on sin — (26) 

Transverse shear stress: +. =. -G}'(Z)d,¢ 008 ie (27) 


Example 2: Free flexural vibration of beam 


The governing equations for free flexural vibration of simply supported beam can be obtained 
by setting the applied transverse load equal to zero in Eqns. (9) and (10). A solution to resulting 
governing equations, which satisfies the associated initial conditions, is of the form 


_ mnrx . 
w= Wm sin —— sin Wmt, (28) 


Manx 
Oo = “On cos 


SIN Wt, (29) 


where w,, and @,, are the amplitudes of translation and rotation respectively, and w,,, is the 
natural frequency of the m‘" mode of vibration. Substitution of this solution form into the 
governing equations of free vibration of beam results in following algebraic equations 


mint mn pAg m?r? pBo mr 
Ap—— m Bo— m | — e ean h mp7 Pm} =- Y; 
(AAT) me (BAe) te] a? (GER +8) wn SPT] = 8 Go 


3,3 2_2 B 
[20 Twn + (co™ a + Da) én aur |- (a) Wm + rom = 0. (31) 
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The Eqns. (30) and (31) can be written in the following matrix form 
Ku Kip 2| Mi Mie Wm 
— =; 32 
(es eal lie eae ae - 
Above Egn. (32) can be written in following more compact form 
([A] — wy, [M]){A} = 0, (33) 


where {A} denotes the vector, {A}7 = {W,,,m}. The [K] and [/] are symmetric matrices. 
The elements of the coefficient matrix [A] are given by 


mint m3 mr? 
Ki = (40 iz ) . Ke ha S= (2 3 ) eS (c RP + Do) . (34) 
The elements of the coefficient matrix |//] are given by 
Ag mn? Bo mr C 
My = ce {2 x | ; My2 = Ma = 7 Mo. = pe (35) 
For nontrivial solution of Eqn. (33), {A} 4 0, the condition expressed by 
([A] — win[M]) = 0, (36) 


yields the eigen-frequencies w,,. From this solution natural frequencies of beam for various 
modes of vibration can be obtained. 


4. Numerical results 


The results for transverse displacement (w), axial bending stress (c,,), transverse shear stress 
(7) and fundamental frequency w,,, are presented in the following non-dimensional form 
1OEbhew on ( —e (+ ) p 
= = = Wiel == 


L 
p= —— ra zn ; Th S=-, 37 
- qoL* ° do f do h E h OY 


where S is the aspect ratio. 
The percentage error in results obtained by theories/models of various researchers with re- 
spect to the corresponding results obtained by theory of elasticity is calculated as follows 
eee value by a particular model — value by exch claslclly solution x 100%. (8) 
value by exact elasticity solution 
The results obtained for the above examples (static and dynamics) solved in this paper are 
presented in Tables 2 through 5. 


5. Discussion of results 


The results obtained from the present theories are compared with the elementary theory of beam 
(ETB), first order shear deformation theory (FSDT) of Timoshenko [24], higher order shear 
deformation theories of Heyliger and Reddy [12], Ghugal [10] and exact elasticity solutions 
given by Timoshenko and Goodier [23] and Cowper [7]. The value of dynamic shear correction 
factor is compared with its exact value given by Lamb [16]: 
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a) Transverse Displacement (i): The comparison of maximum transverse displacement 


b 


ww 


for the simply supported thick isotropic beams subjected to uniformly distributed load is 
presented in Table 2. The maximum transverse displacement predicted by models 5 and 
6 is in excellent agreement with the exact solution for all the aspect ratios whereas the 
error in predicting transverse displacement by other models decreases with increase in as- 
pect ratio. The FSDT overestimates the maximum transverse displacement whereas ETB 
underestimates the same for all the aspect ratios as compared to that of exact solution. 


Axial Bending Stress (¢,,): Table 2 shows the comparison of axial bending stress for the 
simply supported thick isotropic beams subjected to uniformly distributed load. Among 
all the models, model 6 overestimates the value of axial bending stress for all the aspect 
ratios as compared to that of exact solution whereas axial bending stress predicted by rest 
of the models is in excellent agreement with that of exact solution. The values of axial 


Table 2. Comparison of transverse displacement w at (x = L/2, z = 0), axial bending stress @, at 
(a = L/2, z = +h/2) and transverse shear stress 7, at (x7 = 0, z = 0) for isotropic beam subjected to 
uniformly distributed load 


S Theory w % Error Ox % Error Tex % Error 
2 Model 1 [2] 2.357 —3.913 3.210 0.312 1.156 —22.93 
Model 2 [15] 2.515 2.527 3.261 1.906 1.333 —11.13 
Model 3 [18] 2.532 3.220 3.261 1.906 1.415 —5.667 
Model 4 [25] 2.529 3.098 3.278 2.437 1.451 —3.267 
Model 5 [22] 2.513 2.445 3.206 0.187 1.442 —3.866 
Model 6 [14] 2.510 2.323 3.322 3.812 1.4830  —4.667 
Model 7 [1] 2.523 2.853 3.253 1.656 1.397 —6.866 
Timoshenko [FSDT] [24] 2.538 3.465 3.000 —6.250 0.984 —34.40 
Bernoulli-Euler [ETB] 1.563 —3.628 3.000 —6.250 — — 
Timoshenko and Goodier [Exact] [23] 2.453 0.000 3.200 0.000 1.500 0.000 
4 Model 1 [2] 1.762 —1.288 12.212 0.098 2.389 —20.36 
Model 2 [15] 1.805 1.120 12.262 0.508 2.836 —5.466 
Model 3 [18] 1.806 1.176 12.263 0.516 2.908 —3.066 
Model 4 [25] 1.805 1.120 12.280 0.655 2.993  —0.233 
Model 5 [22] 1.802 0.952 12.207 0.057 2.982 —0.600 
Model 6 [14] 1.801 0.896 12.324 1.016 2.957 —1.433 
Model 7 [1] 1.804 1.064 12.254 0.442 2.882 —3.933 
Timoshenko [FSDT] [24] 1.806 1.176 12.000 —1.6389 1.969 —34.36 
Bernoulli-Euler [ETB] 1.563 —12.43 12.000 —1.639 — — 
Timoshenko and Goodier [Exact] [23] 1.785 0.000 12.200 0.000 3.000 0.000 
10 Model 1 [2] 1.595  —0.187 75.216 0.021 6.066 —19.12 
Model 2 [15] 1.602 0.250 75.266 0.087 7.3828  —2.293 
Model 3 [18] 1.602 0.250 75.268 0.090 7.361 —1.853 
Model 4 [25] 1.601 0.187 75.284 0.111 7.591 1.213 
Model 5 [22] 1.601 0.187 75.211 0.014 7.576 1.013 
Model 6 [14] 1.601 0.187 75.330 0.172 7.513 0.173 
Model 7 [1] 1.601 0.187 75.259 0.078 7.3812  —2.506 
Timoshenko [FSDT] [24] 1.602 0.250 75.000 —0.265 4.922 —34.37 
Bernoulli-Euler [ETB] 1.563 —2.190 75.000 —0.265 — — 


Timoshenko and Goodier [Exact] [23] 1.598 0.000 75.200 0.000 7.500 0.000 
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Model 1 

Model 2 

Model 3 

Model 4 

Model 5 

Model 6 

Model 7 
Timoshenko [FSDT] 
Bernoulli-Euler [ETB] 


PTETTT OMS 


Fig. 3. Variation of axial bending stress (6,,) through thickness of beam subjected to uniformly distributed 
load for aspect ratio 4 at (x = L/2, z) 
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Fig. 4. Variation of transverse stress (7;,) through thickness of beam subjected to uniformly distributed 
load for aspect ratio 4 at (2 = 0, z) 


bending stress predicted by FSDT and ETB are identical for all the aspect ratios. The 
through thickness variation of axial bending stress is non-linear in nature as shown in 
Fig. 3. 


c) Transverse Shear Stress (7,,,): The comparison of maximum transverse shear stress 
for the simply supported thick isotropic beams subjected to uniformly distributed load is 
presented in Table 2. The transverse shear stress is obtained using constitutive relation. 
Examination of Table 2 reveals that model 1 overestimates the value of transverse shear 
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Table 3. Comparison of non-dimensional fundamental (m = 1) flexural and thickness shear mode 
frequencies of the isotropic beam 


S=4 5 = 10 
Mocs Wy,  Q%Error Wy Wy  % Error Wy 
Model 1 [2] 2.625 0.884 37.237 2.808 0.143 217.439 
Model 2 [15] 2.597 —0.192 33.704 2.802  —0.071 194.752 
Model 3 [18] 2.596 —0.230 34.259 2.802 —0.071 198.109 
Model 4 [25] 2.596 —0.230 34.238 2.802 —0.071 198.109 
Model 5 [22] 2.596 —0.230 34.263 2.802 —0.071 198.258 
Model 6 [14] 2.608 0.230 34.711 2.805 0.036 201.290 
Model 7 [1] 2.598 —0.154 33.748 2.803 —0.036 195.055 
Bernoulli-Euler [ETB] 2.779 6.802 -= 2.838 1.212 — 
Timoshenko [FSDT] [24] 2.624 0.845 34.320 2.808 0.143 198.616 
Ghugal [10] 2.602 0.000 34.135 2.804 0.000 198.105 
Heyliger and Reddy [12] 2.596 —0.230 34.250 2.802 —0.071 198.235 
Cowper [7] 2.602 0.000 — 2.804 0.000 — 
—@— Model1 
—H— Model 2 
3.0 —@ Model 3 
—A— Model 4 
28 —te— Model5 
—*—  Model6 
2.6 a Model 7 
Oy —#— Timoshenko [FSDT] 
24 —¥— Bernoulli-Euler [ETB] 
2.2 
2.0 
0 20 40 60 80 100 


Fig. 5. Variation of fundamental bending frequency (q,,) of beam with aspect ratio 


stress whereas it is in excellent agreement when predicted by models 3 through 7 as 
compared to that of exact solution for all the aspect ratios. The transverse shear stress 
is overpredicted by models 1 and 2. Fig. 4 shows the through thickness variation of 
transverse shear stress for the thick isotropic beam subjected to uniformly distributed 
load for aspect ratio 4. 


d) Fundamental Flexural mode frequency (~,,): The comparison of lowest natural fre- 
quency in flexural mode is shown in Table 3. Observation of Table 2 shows that, Model 1 
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Table 4. Comparison of non-dimensional flexural frequency (&%,) of the isotropic beam for various 
modes of vibration 
Modes of vibration 
eee n=) R= 2) mH 3 m4. in =s5 
4 Model 1 [2] 2.625 8.823 16.491 24.713 33.165 


Model 2 [15] 2.597 8.598 15.957 23.923 32.304 
Model 3 [18] 2.596 8.569 15.793 23.435 31.240 
Model 4 [25] 2.596 8.573 15.811 23.483 31.339 
Model 5 [22] 2.596 8.569 15.791 23.429 31.228 
Model 6[14] 2.608 8.691 16.202 24.357 32.935 


Model 7 [1] 2.598 8.612 16.004 24.027 32.493 
Cowper [7] 2.602 — — — — 
10 Modell [2] 2.808 10.791 22.903 37.999 55.142 
Model 2 [15] 2.802 10.711 22.582 37.228 53.740 
Model 3 [18] 2.802 10.709 22.566 37.164 53.557 
Model 4 [25] 2.802 10.710 22.570 37.175 53.583 
Model 5 [22] 2.802 10.709 22.566 37.163 53.554 
Model 6 [14] 2.805 10.742 22.708 37.537 54.317 


Model 7 [1] 2.803 10.715 22.598 37.271 53.827 
Cowper [7] 2.804 —_ a 


Fig. 6. Variation of fundamental bending frequency (@,,) of beam with various modes of vibration (m) 


overestimates the lowest natural frequencies, in flexural mode by 0.884 % and 0.143 % 
for aspect ratios 4 and 10 respectively. The fundamental frequencies, in flexural mode 
predicted by models 2 through 6 is identical and in excellent agreement with that of ex- 
act solution Ghugal [10] yields the exact value of lowest natural frequencies, in flexural 
mode for aspect ratios 4 and 10. FSDT of Timoshenko overestimates the flexural mode 
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Table 5. Comparison of non-dimensional fundamental frequency of thickness shear mode (dj) of the 
isotropic beam for various modes of vibrations 


S Model Modes of vibration 
is See eS ee 


4 Model 1 [2] 37.237 44.378 53.547 63.736 74.521 


Model 2 [15] 33.704 41.042 50.402 60.787 71.772 
Model 3 [18] 34.259 41.593 50.941 61.302 72.257 
Model 4 [25] 34.238 41.571 50.917 61.279 = 72.235 
Model 5 [22] 34.263 41.597 50.945 61.306 72.261 
Model 6[14] 34.711 41.968 51.251 61.562 72.478 


Model 7 [1] 33.748 41.078 50.431 60.811 71.792 
10 Modell [2] 217.489 226.391 240.105 257.416 277.363 


Model 2 [15] 194.752 204.080 218.272 236.080 256.514 
Model 3 [18] 198.235 207.555 221.739 239.539 259.959 
Model 4 [25] 198.109 207.425 221.606 239.401 259.819 
Model 5 [22] 198.258 207.578 221.763 239.563 259.984 
Model 6 [14] 201.290 210.468 224.467 242.071 262.302 


Model 7 [1] 195.055 204.368 218.539 236.327 256.740 


frequency by 0.845 % and 0.143 % for aspect ratios 4 and 10 respectively whereas ETB 
overestimates the same by 6.802 % and 1.212 % due to neglect of shear deformation in 
the theory. The variation of lowest natural frequency in flexural mode with the aspect 
ratios is shown in Fig. 5. The comparison of flexural frequency for various modes of 
vibration (m) is shown in Table 4. The examination of Table 4 reveals that, the flexural 
frequencies obtained by various models are in excellent agreement with each other. The 
variation of flexural frequencies with various modes of vibration (™m) is shown in Fig. 6. 


e) Fundamental frequency (@,): Table 3 shows comparison of lowest natural frequency in 
thickness shear mode. Exact solution for the lowest natural frequency in thickness shear 
mode is not available in the literature. From the Table 3 it is observed that, thickness shear 
mode frequencies predicted by models 2 through 6 are in excellent agreement with each 
other whereas model | overestimates the same. Table 5 shows comparison of thickness 
shear mode frequencies for various modes of vibration and found in good agreement with 
each other. The solution for the circular frequency of thickness shear mode (m = 0) for 
thin rectangular beam is given by 


Ko GA 
=,/—* =,/K,—— 39 
where /¢,_ is dynamic shear correction factor. 


Table 6. Dynamic shear correction factors 


0.000 
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Dynamic shear correction predicted by model 4 is same as the exact solution given by 
Lamb [16]. The corresponding values of shear factor for m = 0 according to models 3 
and 5 is identical. The model 1 yields the higher value of dynamic shear correction factor 
whereas model 7 shows lower value for the same, Table 6. 


6. Conclusions 


From the study of comparison of various shear deformation theories for the bending and free 
vibration analysis of thick isotropic beams following conclusions are drawn. 


1. 


The maximum transverse displacement predicted by all the models is in excellent agree- 
ment as compared to that of exact solution. 


. The axial bending stress predicted by the models | through 5 and 7 is in tune with exact 


solution whereas model 6 overestimates it for all the aspect ratios. 


. Through thickness variation of axial bending stress is non-linear in nature. 


. The maximum transverse shear stress predicted by models 3 through 7 is in excellent 


agreement as compared to that of exact solution whereas model 1 and 2 overestimates the 
value of transverse shear stress for all the aspect ratios. 


. Results of lowest natural frequencies for flexural mode predicted by models 3 through 5 


are identical and in excellent agreement with that of exact solution. Model 1 overesti- 
mates the flexural mode frequency as compared to that of exact solution. Flexural mode 
frequencies predicted by models 2 and 7 are in tune with the exact solution. 


. The results of thickness shear mode frequencies are in excellent agreement with each 


other for all modes of vibration. 


. Model 4 yields the exact value of dynamic shear correction factor and it is in excellent 


agreement when predicted by models 3 and 5. 
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ABSTRACT 


A trigonometric shear deformation theory for flexure of thick beams, taking into account transverse shear 
deformation effects, is developed. The number of variables in the present theory is same as that in the first 
order shear deformation theory. The sinusoidal function is used in displacement field in terms of thickness 
coordinate to represent the shear deformation effects. The noteworthy feature of this theory is that the 
transverse shear stresses can be obtained directly from the use of constitutive relations with excellent 
accuracy, satisfying the shear stress free conditions on the top and bottom surfaces of the beam. Hence, the 
theory obviates the need of shear correction factor. Governing differential equations and boundary 
conditions are obtained by using the principle of virtual work. The thick simply supported isotropic beams 
are considered for the numerical studies to demonstrate the efficiency of the. Results obtained are discussed 
critically with those of other theories. 


Keywords: Trigonometric shear deformation, thick beam, flexure, principle of virtual work, equilibrium 


equations, stress 
1. INTRODUCTION 


It is well-known that elementary theory of 
bending of beam based on_ Euler-Bernoulli 
hypothesis disregards the effects of the shear 
deformation and stress concentration. The theory is 
suitable for slender beams and is not suitable for 
thick or deep beams since it is based on the 
assumption that the transverse normal to neutral 
axis remains so during bending and after bending, 
implying that the transverse shear strain is zero. 
Since theory neglects the transverse shear 
deformation, it underestimates deflections in case 
of thick beams where shear deformation effects are 
significant. 

Bresse [1], Rayleigh [2] and Timoshenko [3] were 
the pioneer investigators to include refined effects 
such as rotatory inertia and shear deformation in the 
beam theory. Timoshenko showed that the effect of 
transverse vibration of prismatic bars. This theory 
is now widely referred to as Timoshenko beam 
theory or first order shear deformation theory 
(FSDT) in the literature. In this theory transverse 
shear strain distribution is assumed to be constant 
through the beam thickness and thus requires shear 
correction factor to appropriately represent the 
strain energy of deformation. Cowper [4] has given 
refined expression for the shear correction factor 


for different cross-sections of beam. The accuracy 
of Timoshenko beam theory for transverse 
vibrations of simply supported beam in respect of 
the fundamental frequency is verified by Cowper 
[5] with a plane stress exact elasticity solution. To 
remove the discrepancies in classical and first order 
shear deformation theories, higher order or refined 
shear deformation theories were developed and are 
available in the open literature for static and 
vibration analysis of beam. 

Levinson [6], Bickford [7], Rehfield and 
Murty [8], Krishna Murty [9], Baluch, Azad and 
Khidir [10], Bhimaraddi and Chandrashekhara [11] 
presented parabolic shear deformation theories 
assuming a higher variation of axial displacement 
in terms of thickness coordinate. These theories 
satisfy shear stress free boundary conditions on top 
and bottom surfaces of beam and thus obviate the 
need of shear correction factor. Irretier [12] studied 
the refined dynamical effects in linear, homogenous 
beam according to theories, which exceed the limits 
of the Euler-Bernoulli beam theory. These effects 
are rotary inertia, shear deformation, rotary inertia 
and shear deformation, axial pre-stress, twist and 
coupling between bending and torsion. 

Kant and Gupta [13], Heyliger and Reddy [14] 
presented finite element models based on higher 
order shear deformation uniform rectangular 


beams. However, these displacement based finite 
element models are not free from phenomenon of 
shear locking (Averill and Reddy [15], Reddy [16]). 
There is another class of refined theories, 
which includes trigonometric functions to represent 
the shear deformation effects through the thickness. 
Vlasov and Leont’ev [17], Stein [18] developed 
refined shear deformation theories for thick beams 
including sinusoidal function in terms of thickness 
coordinate in displacement field. However, with 
these theories shear stress free boundary conditions 
are not satisfied at top and bottom surfaces of the 
beam. A study of literature by Ghugal and Shimpi 
[19] indicates that the research work dealing with 
flexural analysis of thick beams using refined 
trigonometric and hyperbolic shear deformation 
theories is very scarce and is still in infancy. 
In this paper development of theory and _ its 
application to thick fixed beams is presented. 


2. DEVELOPMENT OF THEORY 
The beam under consideration as shown in Fig. | 
occupies in O-—x—y-—zCartesian coordinate 


system the region: 


Os<sx<L; Os yb; ieee 
2 2, 


where x, y, z are Cartesian coordinates, L and b are 
the length and width of beam in the x and y 
directions respectively, and h is the thickness of the 
beam in the z-direction. The beam is made up of 
homogeneous, linearly elastic isotropic material. 


Fig. 1 Beam under bending in x-z plane 


2.1 The displacement field 


The displacement field of the present beam theory 
is of the form: 


dw h . 72z 
u(x,zZ)=—-Zz +—sin 
dx Za h 


w(x, Zz) = w(x) 


where wu is the axial displacement in x direction 
and w is the transverse displacement in z direction 
of the beam. The sinusoidal function is assigned 
according to the shear stress distribution through 
the thickness of the beam. The function ¢ 


represents rotation of the beam at neutral axis, 
which is an unknown function to be determined. 
The normal and shear strains obtained within the 
framework of linear theory of elasticity using 
displacement field given by “(1)” are as follows. 


Normal strain: 


2 
fo EE ed eee (2) 
Ox dx It h dx 
: ou dw NZ 
Shear strain: = + = 3 
Vo oz «dx se h é @) 


The stress-strain relationships used are as follows: 
0, = Eé,. T., = GY (4) 
2.2 Governing 
Conditions 
“Using (2) through (4)” and using the principle 
of virtual work, variationally consistent governing 
differential equations and boundary conditions for 
the beam under consideration can be obtained. The 
principle of virtual work when applied to the beam 

leads to: 


Equations and Boundary 


7 


-j- q(x)dwdx =0 


where the symbold denotes the variational 
operator. “Employing Green’s theorem to (4) 
successively”, we obtain the coupled Euler- 
Lagrange equations which are the governing 
differential equations and associated boundary 
conditions of the beam. The governing differential 
equations obtained are as follows: 


d‘*w 24 ao 
EI EI = g(x 6 
dxt 7 dx* ai) (©) 

3 2: 
24 -, Ew _ 6 -, Te GA go 6 (7) 


ca dx x” dx 2 


The associated consistent natural boundary 
conditions obtained are of following form: 


At the ends x = 0 and x = L 


3 2 
gee 228 p28 =p 
dx Tw dx 
or W is prescribed (8) 
Meee 0 
d. u dx 
or dw is prescribed (9) 
dx 
2. 
Men ve” © 5 4% _¢ 


7 wed mw dx 
or @ is prescribed (10) 
Thus the boundary value problem of the beam 
bending is given by the above  variationally 
consistent governing differential equations and 
boundary conditions. 


2.3 The General Solution of Governing 

Equilibrium Equations of the Beam 

The general solution for transverse 
displacement w(x) and warping function ¢ (x) is 
obtained using “(6) and (7)” using method of 
solution of linear differential equations with 
constant coefficients. Integrating and rearranging 
“(6)”, we obtain the following expression 


*w 24d? Xi 
d ue =— #2 ms Q(x) (11) 
dx m dx EI 

where Q(x) is the generalized shear force for beam 


and it is given by O(x)=|adx+C, ; 
0 


Now “(7)” is rearranged in the following form: 


(12) 


A single equation in terms of ¢ is now obtained 
using “(11) and (12)” as: 


a9 _ yr 4-2) 


13 
dx’ aki ma 


where constants a , 8 and / in “(12) and (13)” are 


as follows 


3 
(4-25), 6-[E SF Jana a 2 
4 2 48 EI a 


The general solution of “(13)” is as follows: 


Q(x) 
BEI 


$(x) = C, coshAx+C, sinh Ax — (14) 


The equation of transverse displacement w(x) is 


obtained by substituting the expression of o(x) in 


“(12)” and then integrating it thrice with respect to 
x. The general solution for w(x) is obtained as 
follows 


EI w(x) =f[[Jadrardcax oe 


(2a “ p\Z(Csinaxs C,coshx) (15) 
Er peat oF EWG 
2 
where C,,C,,C,,C,,C, and C, are arbitrary 
constants and can be obtained by imposing 


boundary conditions of beam. 


3. ILLUSTRATIVE EXAMPLES 

In order to prove the efficacy of the present 
theory, the following numerical examples are 
considered. The following material properties for 
beam are used 

E = 210 GPa, uw = 0.3 and p= 7800 kg/m’, 


where E is the Young’s modulus, p is the density, 
and yp is the Poisson’s Units 


3.1 Simply supported beam subjected to 


2 
parabolic load, g(x) = qo () 


The simply supported beam is having its origin at 
left support and is simply supported at x = 0 and x 
=L. The beam is subjected to parabolic load, on 


surface z = +h/2 acting in the downward z direction 


with maximum intensity of load q, . 


) qo 
arallll 


Fig. 2: Simply supported beam with parabolic load 


General expressions obtained for w(x ) and 
d(x) are as follows: 


1x° 5x 4x 


ii ball ioe tage Sane 


w(x)= 16 
() 1200FT| 10 Eh? (x* x fo) 
wWGL\E L 

Lf 1 1x coshax 
$(x)=” a (17) 
BEI\12 32 ALsinhAL 


The axial displacement and stresses obtained based 
on above solutions are as follows 


Bee 4 
1zb| Cb LP 3 
TAL 23 % 3 
ue maa EEE (18) 
E 
48 . az EL | 
+— sin 3 74 
1 hoh\ LC iW 
1p 102 
cee 
| AR!) 120ER x 
Oo, =— SSS SS (19) 
b rmGULUDL 
48 . az Ex 
=<— 7 SU ae 
u hGtL 


Iv od 
por BML HZ 3L 12 


i 20 
“pt bh h | cosh ax aks 
ALsinh AL 
x 
40—-10 
ge = GL [se bi 
xX 2 2 
80bh| h 240 Eh’ x (21) 


3.2 Simply supported beam _ subjected to 


° 3 x? 
parabolic load, q(x) = qg| 1- 2p 


The simply supported beam is having its origin at 
left support and is simply supported at x = 0 and x 
=L. The beam is subjected to parabolic load, on 


surface z = +h/2 acting in the downward z direction 


with maximum intensity of load q,. 


2 
q(x) = GQ f= 


do 


Fig. 3: Simply supported beam with parabolic load 


General expressions obtained for w(x ) and 


ry (x) are as follows: 


x 1x 25x n ll x 
“Uo3r 3Lb 3L 
Gol’ LOEN( 1 x* 1x 
w(x)= + 22 
(*) 100EI|} wa GL\i2t 12V Ce 
11IS2Q0 Eh (1x 1x 
me GLAZE 24 } 
5 x 1x 
L|19 7 273 
¢(x) = Q*+)12 L 3L (23) 


7 BEI ii sinh Ax —cosh Ax 
AL 
The axial displacement and stresses obtained based 


on above solutions are as follows 


1x? 11 
(a2 
PB o2E P38 
Uegel || M0 ee hae = 2 
1hh| wGL\3L 12 
y= Hh 11520 BL x (24) 
Eb me GHE\2 LL 
Sox ix 
48 TEELII2 L 3 
a hGh , Sinh Ax~ cosh Ax 
ke. AL pa | 
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Po2L L 
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4. NUMERICAL RESULTS 

In this paper, the results for inplane displacement, 
transverse displacement, inplane and _ transverse 
stresses are presented in the following non 
dimensional form for the purpose of presenting the 
results in this work. 


For beams subjected to parabolic load, g(x) 


= Ebu _ 1OEbAR w 
u= > w= ee 
Ih dol 
_ bo. = bet... 
oO, = 5 t. =——<~ 

do do 


Table 1: Non-Dimensional Axial Displacement (w ) at (x = 0.75L, z = h/2), Transverse Deflection (w ) at 
(x = 0.75L, z =0.0), Axial Stress (o,) at (x = 0.752, z = h/2) Maximum Transverse Shear Stresses pn 
and 7.” (x = 0, z = 0.0) of the Simply Supported Beam Subjected to Parabolic Load for Aspect Ratio 4 
(Example 1) 


Source Model iu Ww o, a ares 
Present TSDT -3.2832 0.4276 -3.6371 -0.5150 0.5000 
Ghugal and Sharma HPSDT -3.2767 0.4272 -3.6211 -0.4984 0.5000 
Krishna Murty HSDT -3.2784 0.4275 -3.6254 -0.5000 0.5000 
Timoshenko FSDT -3.2146 0.5294 -3.4688 -0.3663 0.5000 
Bernoulli-Euler ETB -3.2146 0.3562 -3,4688 — 0.5000 


Table 2: Non-Dimensional Axial Displacement (w ) at (x = 0.75L, z = h/2), Transverse Deflection (w ) at 
(x = 0.75L, z =0.0), Axial Stress (o,) at (x = 0.75Z, z = h/2) Maximum Transverse Shear Stresses pe 
and 72" (x = 0, z= 0.0) of the Simply Supported Beam Subjected to Parabolic Load for Aspect Ratio 10 
(Example 1) 


Source Model u Ww o, Ee qe oi 
Present TSDT -50.3994 0.3676 -21.8481 -1.2901 1.2500 
Ghugal and Sharma HPSDT -50.383 1 0.3676 -21.8320 -1.2461 1.2500 
Krishna Murty HSDT -50.3875 0.3676 -21.8364 -1.2500 1.2500 
Timoshenko FSDT -50.2278 0.3893 -21.6796 -0.5723 1.2500 
Bernoulli-Euler ETB -50.2278 0.3562 -21.6796 — 1.2500 


Table 3: Non-Dimensional Axial Displacement (i ) at (x = 0.25L, z = h/2), Transverse Deflection (Ww ) at 
(x = 0.25L, z =0.0), Axial Stress (o,) at (x = 0.25Z, z = h/2) Maximum Transverse Shear Stresses aa 
and 74" (x = 0, z= 0.0) of the Simply Supported Beam Subjected to Parabolic Load for Aspect Ratio 4 
(Example 2) 


Source Model u w Oo, Zoe val ae 
Present TSDT 7.9147 0.9479 -7.2656 -2.4845 -4.1066 
Ghugal and Sharma HPSDT 7.9055 0.9484 -7.2493 -2.4238 -6.3828 
Krishna Murty HSDT 7.9047 0.9483 -7.2504 -2.4167 -4.8125 
Timoshenko FSDT 7.7317 0.9487 -7.0078 -2.3462 -2.5000 
Bernoulli-Euler ETB 7.7317 0.8059 -7.0078 a+ -2.5000 


Table 4: Non-Dimensional Axial Displacement (i ) at (x = 0.25L, z = h/2), Transverse Deflection (w ) at 
(x = 0.25L, z =0.0), Axial Stress (o,) at (x = 0.25Z, z = h/2) Maximum Transverse Shear Stresses pe 
and 72” (x = 0, z=0.0) of the Simply Supported Beam Subjected to Parabolic Load for Aspect Ratio 10 
(Example 2) 


Source Model iu w o, Go peg 
Present TSDT 121.2663 0.8286 -44.0566 -6.3547 -0.3566 
Ghugal and Sharma HPSDT 121.2432 0.8287 -44.0403 -6.1621 -2.6328 
Krishna Murty HSDT 121.2413 0.8287 -44.0414 -6.1667 -1.0625 
Timoshenko FSDT 120.8089 0.8287 -43.7988 - 1.4663 -6.2500 
Bernoulli-Euler ETB 120.8089 0.8059 -43.7988 — -6.2500 
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Fig. 4: Variation of axial displacement (wu ) through 
the thickness of beam at (x = 0.75L, z) for aspect 


ratio 4. (Example 1) 
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Fig. 5: Variation of axial displacement (u ) through 
the thickness beam at (x = 0.75L, z = 0) for aspect 


ratio 10. (Example 1) 
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Fig. 6: Variation of axial stress (o,) through the 


thickness beam at (x = 0.75L, z) for aspect ratio 4. 


(Example 1) 
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Fig. 7: Variation of axial stress (o,) through the 


thickness of beam at (x = 0.75L, z) for aspect ratio 


10. (Example 1) 
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Fig. 8: Variation of transverse shear stress (7,, ) 
through the thickness of beam at (x = 0, z) obtain 
using constitutive relation for aspect ratio 4. 
(Example 1) 
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Fig. 9: Variation of transverse shear stress (7,, ) 
through the thickness of beam at (x = 0, z) obtain 
using constitutive relation for aspect ratio 4. 
(Example 1) 
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Fig. 10: Variation of transverse shear stress (7,, ) 


through the thickness of beam at (x = 0, z) obtain 
using equilibrium equation for aspect ratio 4. 
(Example 1) 
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Fig. 11: Variation of transverse shear stress (7,, ) 


through the thickness of beam at (x = 0, z) obtain 
using equilibrium equation for aspect ratio 10. 
(Example 1) 
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12: Variation of axial displacement (i ) 
through the thickness of beam at (x = 0.25L, z) for 
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13: Variation of axial displacement (i ) 
through the thickness of beam at (x = 0.25L, z) for 
aspect ratio 10. (Example 2) 
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Fig. 14: Variation of axial stress (o,) through the 


thickness of beam at (x = 0.25L, z) for aspect ratio 


4. (Example 2) 
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Fig. 15: Variation of axial stress (o,) through the 


thickness of beam at (x = 0.25L, z) aspect ratio 10. 


(Example 2) 
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Fig. 16: Variation of transverse shear stress (7,, ) 


through the thickness of beam at (x = 0.01L, z) 
obtain using constitutive relation for aspect ratio 4. 
(Example 2) 
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Fig. 17: Variation of transverse shear stress (T,, ) 


through the thickness of beam at (x = 0.01L, z) 


obtain using constitutive relation for aspect ratio 4. 
(Example 2) 
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Fig. 18: Variation of transverse shear stress (T,, ) 


through the thickness of beam at (x = 0, z) obtain 
using equilibrium equation for aspect ratio 4. 
(Example 2) 
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Fig. 19: Variation of transverse shear stress (7, ) 


through the thickness of beam at (x = 0, z) obtain 
using equilibrium equation for aspect ratio 10. 
(Example 2) 
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Fig. 20: Variation of maximum _ transverse 
displacement (w) of beam at (x = 0.75L, z = 0) 
with aspect ratio S. (Example 1) 
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Fig. 21: Variation of maximum _ transverse 


displacement (w) of beam at (x = 0.25L, z = 0) 
with aspect ratio S. (Example 2) 


5. DISCUSSION OF RESULTS 

The comparison of results of maximum non- 
dimensional axial displacement (wu ) for the aspect 
ratios of 4 and 10 is presented in Tables 1 through 4 
for simply supported beams subjected to parabolic 
loads (see Figs. 3 and 4). The values of axial 
displacement given by present theory are in close 
agreement with the values of other refined theories 
for aspect ratio 4 and 10. The through thickness 
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distribution of this displacement obtained by 
present theory is in close agreement with other 
refined theories as shown in Figs. 4,5, 12 and 13 for 
aspect ratio 4 and 10. 

The results of axial stress (a, ) are shown in Tables 


1 through 4 for aspect ratios 4 and 10. The axial 
stresses given by present theory are compared with 
other higher order shear deformation theories. It is 
observed that the results by present theory are in 
excellent agreement with other refined theories as 
well as ETB and FSDT. The through the thickness 
variation of this stress given by all the theories is 
linear at x = 0.75Z and x = 0.25L . The variations of 
this stress are shown in Figs. 6, 7, 14 and 15. 

The comparison of maximum non-dimensional 
transverse shear stress for simple beams with 
varying and parabolic loads obtained by the present 
theory and other refined theories is presented in 
Tables 1 through 4 for aspect ratio of 4 and 10 
respectively. The maximum transverse shear stress 
obtained by present theory using constitutive 
relation is in good agreement with that of higher 
order theories for aspect ratio 4 and for aspect ratio 
10. The through thickness variation of this stress 
obtained via constitutive relation are presented 
graphically in Figs. 8, 9, 16 and 17 and those 
obtained via equilibrium equation are presented in 
Figs. 10, 11, 18 and 19. The through thickness 
variation of this stress when obtained by various 
theories via equilibrium equation shows the 
excellent agreement with each other. The maximum 
value of this stress occurs at the neutral axis. 

The comparison of results of maximum non- 
dimensional transverse displacement (w ) for the 
aspect ratios of 4 and 10 is presented in Tables 1 
through 4 for simply supported beams subjected to 
parabolic load. The values of present theory are in 
excellent agreement with the values of other refined 
theories for aspect ratio 4 and 10 except those of 
classical beam theory (ETB) and FSDT of 
Timoshenko. The variation of w with aspect ratio 
(S) is shown in Figs. 20 and 21. The refined 
theories converge to the values of classical beam 
theory for the higher aspect ratios. 


6. CONCLUSION 

The variationally consistent theoretical formulation 
of the theory with general solution technique of 
governing differential equations is presented. The 
general solutions for beams with parabolic loads are 
obtained in case of thick simply supported beams. 
The displacements and stresses obtained by present 
theory are in excellent agreement with those of 
other equivalent refined and higher order theories. 


The present theory yields the realistic variation of 
axial displacement and stresses through the 
thickness of beam. Thus the validity of the present 
theory is established. 
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Abstract 


A trigonometric shear deformation theory for flexure of thick or deep beams, taking into account transverse shear 
deformation effects, is developed. The number of variables in the present theory is same as that in the first order 
shear deformation theory. The sinusoidal function is used in displacement field in terms of thickness coordinate to 
represent the shear deformation effects. The noteworthy feature of this theory is that the transverse shear stresses 
can be obtained directly from the use of constitutive relations with excellent accuracy, satisfying the shear stress 
free conditions on the top and bottom surfaces of the beam. Hence, the theory obviates the need of shear correction 
factor. Governing differential equations and boundary conditions are obtained by using the principle of virtual 
work. The thick isotropic beams are considered for the numerical studies to demonstrate the efficiency of the 
theory. It has been shown that the theory is capable of predicting the local effect of stress concentration due to 
fixity of support. The fixed isotropic beams subjected to parabolic loads are examined using the present theory. 
Results obtained are discussed critically with those of other theories. 

© 2012 University of West Bohemia. All rights reserved. 


Keywords: thick beam, trigonometric shear deformation, principle of virtual work, equilibrium equations, dis- 
placement, stress 


1. Introduction 


It is well-known that elementary theory of bending of beam based on Euler-Bernoulli hypothesis 
disregards the effects of the shear deformation and stress concentration. The theory is suitable 
for slender beams and is not suitable for thick or deep beams since it is based on the assumption 
that the sections normal to neutral axis before bending remain so during bending and after 
bending, implying that the transverse shear strain is zero. Since theory neglects the transverse 
shear deformation, it underestimates deflections in case of thick beams where shear deformation 
effects are significant. 

Bresse [5], Rayleigh [16] and Timoshenko [20] were the pioneer investigators to include 
refined effects such as rotatory inertia and shear deformation in the beam theory. Timoshenko 
showed that the effect of transverse shear is much greater than that of rotatory inertia on the 
response of transverse vibration of prismatic bars. This theory is now widely referred to as Tim- 
oshenko beam theory or first order shear deformation theory (FSDT) in the literature. In this 
theory transverse shear strain distribution is assumed to be constant through the beam thickness 
and thus requires shear correction factor to appropriately represent the strain energy of defor- 
mation. Cowper [6] has given refined expression for the shear correction factor for different 
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cross-sections of beam. The accuracy of Timoshenko beam theory for transverse vibrations of 
simply supported beam in respect of the fundamental frequency is verified by Cowper [7] with 
a plane stress exact elasticity solution. To remove the discrepancies in classical and first order 
shear deformation theories, higher order or refined shear deformation theories were developed 
and are available in the open literature for static and vibration analysis of beam. 

Levinson [15], Bickford [4], Rehfield and Murty [18], Krishna Murty [14], Baluch et al. [2], 
Bhimaraddi and Chandrashekhara [3] presented parabolic shear deformation theories assuming 
a higher variation of axial displacement in terms of thickness coordinate. These theories satisfy 
shear stress free boundary conditions on top and bottom surfaces of beam and thus obviate the 
need of shear correction factor. Irretier [12] studied the refined dynamical effects in linear, 
homogenous beam according to theories, which exceed the limits of the Euler-Bernoulli beam 
theory. These effects are rotary inertia, shear deformation, axial pre-stress, twist and coupling 
between bending and torsion. 

Hilderbrand and Reissner [11] have given the distribution of stress in built-in beam of nar- 
row rectangular cross section using Airy’s stress function and the principle of least work. Tim- 
oshenko and Goodier [21] presented the elasticity solutions for simply supported and cantilever 
beams using Airy’s stress polynomial functions and using stress functions in the form of a 
Fourier series. 

Kant and Gupta [13], Heyliger and Reddy [10] presented finite element models based on 
higher order shear deformation uniform rectangular beams. However, these displacement based 
finite element models are not free from phenomenon of shear locking (Averill and Reddy [1]; 
Reddy [17]). 

There is another class of refined theories, which includes trigonometric functions to repre- 
sent the shear deformation effects through the thickness. Vlasov and Leont’ev [22], Stein [19] 
developed refined shear deformation theories for thick beams including sinusoidal function in 
terms of thickness coordinate in displacement field. However, with these theories shear stress 
free boundary conditions are not satisfied at top and bottom surfaces of the beam. A study of 
literature by Ghugal and Shimpi [8] indicates that the research work dealing with flexural anal- 
ysis of thick beams using refined trigonometric and hyperbolic shear deformation theories is 
very scarce and is still in infancy. 

In this paper development of theory and its application to thick fixed beams is presented. 


2. Development of theory 


The beam under consideration as shown in Fig. | occupies in 0 — x — y — z Cartesian coordinate 


system the region: 
h h 
O<a<l, Cay sb, eee 
where x, y, z are Cartesian coordinates, L and b are the length and width of beam in the x and y 
directions respectively, and h is the thickness of the beam in the z-direction. The beam is made 


up of homogeneous, linearly elastic isotropic material. 


2.1. The displacement field 


The displacement field of the present beam theory is of the form: 


u(x, 2) = —2~ + — sin 4c), (1) 
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Fig. 1. Beam under bending in x—z plane 


where wu is the axial displacement in x direction and w is the transverse displacement in z direc- 
tion of the beam. The sinusoidal function is assigned according to the shear stress distribution 
through the thickness of the beam. The function ¢@ represents rotation of the beam at neutral 
axis, which is an unknown function to be determined. The normal and shear strains obtained 
within the framework of linear theory of elasticity using displacement field given by Eq. (1) are 
as follows: 


2 
Normal strain: ¢, = a = Se sin — (2) 
Shear strain: yz. = a + “ = COS ~¢. (3) 

The stress-strain relationships used are as follows: 
On = Beg, Tex = Gee (4) 


2.2. Governing equations and boundary conditions 


Using the expressions for strains and stresses (2) through (4) and using the principle of virtual 
work, variationally consistent governing differential equations and boundary conditions for the 
beam under consideration can be obtained. The principle of virtual work when applied to the 
beam leads to: 


e=L pz=+h/2 c=L 
bf / (O20Ex + Tex 0 Vex )Ax dz — i q(x)dw dx = 0, (5) 
xz=0 z 


=—h/2 x=0 


where the symbol 6 denotes the variational operator. Employing Green’s theorem in Eq. (4) 
successively, we obtain the coupled Euler-Lagrange equations which are the governing differ- 
ential equations and associated boundary conditions of the beam. The governing differential 
equations obtained are as follows: 


er ane er = q(x), (6) 
4 dw 6d GA 
qe das Pda? + Q 8 =% m 


The associated consistent natural boundary conditions obtained are of following form: 
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At the ends x = Oandz = L 


d’w 24 _ d’¢ : : 

Ve = bls _ abla =0 or wis prescribed, (8) 
@w 24_d d 

M, = EIT; - are =0 or — is prescribed, (9) 
24d2w 6d 

Ves = ag 26) sone pieeenbed (10) 


mdx? 72 dz 


Thus the boundary value problem of the beam bending is given by the above variationally 
consistent governing differential equations and boundary conditions. 


2.3. The general solution of governing equilibrium equations of the beam 


The general solution for transverse displacement w(x) and warping function ¢(x) is obtained 
using Eqs. (6) and (7) using method of solution of linear differential equations with constant 
coefficients. Integrating and rearranging the first governing Eq. (6), we obtain the following 
equation 

d’w 24d? x 

= ao? ae Q) (11) 

dx? — a da? EI 

where ((x) is the generalized shear force for beam and it is given by Q(x) = f} qda + Ch. 
Now the second governing Eq. (7) is rearranged in the following form: 


d’w x2d¢ 
iG dap 2) 


A single equation in terms of ¢ is now obtained using Eqs. (11) and (12) as 


—— - $= (13) 


where constants a, (3 and \ in Eqs. (12) and (13) are as follows 


nT 24 TGA ee 
a= (3-3), o= (ES) ee 


The general solution of Eq. (13) is as follows: 


Q(«) 


(x) = Cy cosh Ax + C3 sinh Ax — BET" 


(14) 


The equation of transverse displacement w(x) is obtained by substituting the expression of 
@(a) in Eq. (12) and then integrating it thrice with respect to x. The general solution for w(x) 
is obtained as follows: 


3 
Bin) = [ff [rceararae +8 + (15) 


EI 2 
(4 = 8) $5 (Cp sinh dx + C3 cosh Ax) + onan By grates 6 


where C'), C2, C3, C4, C's and C are arbitrary constants and can be obtained by imposing bound- 
ary conditions of beam. 
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3. Illustrative example 


In order to prove the efficacy of the present theory, the following numerical example is consid- 
ered. The material properties for beam used are: E = 210 GPa, js: = 0.3 and p = 7800 kg/m?, 
where F is the Young’s modulus, p is the density, and pu is the Poisson’s ratio of beam material. 

A fixed-fixed beam has its origin at left hand side support and is fixed at x = 0 and L. 
The beam is subjected to parabolic load g(x) = qo ( z\e on surface z = —h/2 acting in the 
downward z direction with maximum intensity of load g) as shown in Fig. 2. The boundary 


conditions associated with this beam at fixed ends are: oe =¢@=w=Oatxr=O0and L. 


Fig. 2. Fixed beam with parabolic load 


General expressions obtained for w(x) and (2) are as follows: 


(x) = gol" Ba ,@_4e° BER (25-35) = (16) 
120 38" LP? Bie a? GIA VOL 31? 
4AEh? ( x 12? | sinhAr—coshAr+1 
5GL? (-3 2 oe. iene) 
3 
o(x) = aan ¢ + 5 + sinh \x — cosh Ar) ; (17) 


The expression for axial displacement u is obtained by substituting Eqs. (16) and (17) into the 
first equation in (1) and it is as follows: 


ght iz x 4t ge ADE fe?- <3 

“Eo | lhe RD “LL BP PGRN LT 
4E h? £ 
Sap A (a pen es) eee tel ) = 18 
=a ( eye O08 Ax — sin Az)) (18) 
1 EL ° 
asin | (-1 +555 + cosh Ax — sinh Av) ; 
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The expression for axial stress is obtained using Eqs. (2), (4), (16) and (17) as follows: 


do oi? ¢ DORI fs? . 1 
v= 8 fos eae ES 4 


b 10h h2 Ee GG I 3 

AE h? 

5GR —(1 + AL(sinh Aa — cosh a2) - (19) 
= TZ ib 

5,4 8G (05 —5 + AL(sinh Ax — cosh Az) \. 


The expressions for transverse shear stress is obtained using constitutive relation (4) and using 
Eq. (17) as follows: 


16 qo Ll 
oR — = 7 os = (1- 52, + sinh Ax — cosh ax) : (20) 


Expression for transverse shear stress 7“ obtained from equilibrium equation 

The alternate approach to determine the transverse shear stress is the use of equilibrium 
equations. The first stress equilibrium equation of two dimensional theory of elasticity is as 
follows: 


On mA OF 

Ox Oz 

Substituting expression for a, into Eq. (21) and integrating it with respect to the thickness 

coordinate zand imposing the boundary condition rT, = 0 at the bounding surfaces z = +h/2 
of the beam one can obtain the final expression of transverse shear stress, which is follows: 


= 0. (21) 


BE _ 9% 2402 4ER?.,, 
Tee h2 ) 0%, oT, -aie* (cosh \x — sinh Ax) (22) 
= Tz E qoh 5 
CON a ne (30— + \?L?(cosh Ax — sinh Ae). 


Results are obtained using expressions (16) through (22) for displacements and stresses. The 
numerical results are presented in Table 1 and graphically presented in Figs. 3 — 11. 


Table 1. Non-dimensional axial displacement (i) at (x7 = 0.75L, z = h/2), transverse deflection (w) at 
(x = oe oe z = 0.0), axial stress (7) at (2 = 0, z = h/2), maximum transverse shear stresses ae 
and ae E (x = 0.01L, z = 0.0) of the beam for slenderness ratio (S') 4 and 10 


Present 


Ghugal and Sharma [9] 
Krishna Murthy [14] 
Timoshenko [20] 


Bernoulli-Euler 

Present —10.833 1 | 0. 13.433 9 
Ghugal and Sharma [9] —10.8275 | 0. 14.189 1 
Krishna Murthy [14] —10.8215 | 0. 13.542 2 
Timoshenko [20] —13.7695 | 0. 10.000 0 
Bernoulli-Euler —13.7695 | 0. 10.000 0 
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Fig. 3. Variation of axial displacement (a) through 
the thickness of fixed-fixed beam at (x = 0.75L, z) 
for slenderness ratio 4 
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Fig. 5. Variation of maximum transverse displace- 
ment (w) of fixed-fixed beam at (x = 0.75LD, 
z = 0) with slenderness ratio S' 
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Fig. 7. Variation of axial stress (@,) through the 
thickness of fixed-fixed beam at (x = 0, z) for slen- 
derness ratio 10 
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Fig. 4. Variation of axial displacement (a) through 
the thickness of fixed-fixed beam at (x = 0.75L, z) 
for slenderness ratio 10 
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Fig. 6. Variation of axial stress (@,.) through the 
thickness of fixed-fixed beam at (x = 0, z) for slen- 
derness ratio 4 
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Fig. 8. Variation of transverse shear stress (Tz) 
through the thickness of fixed-fixed beam at (7 = 
0.01L, z) obtained using constitutive relation for 
slenderness ratio 4 
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Fig. 9. Variation of transverse shear stress (7,,) through the thickness of fixed-fixed beam at (x = 0.01L, 
z) obtained using constitutive relation for slenderness ratio 4 
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Fig. 10. Variation of transverse shear stress (T,,) through the thickness of fixed-fixed beam at (x = 
0.01L, z) obtained using equilibrium equation for slenderness ratio 4 
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Fig. 11. Variation of transverse shear stress (T,,) through the thickness of fixed-fixed beam at (x = 
0.01L, z) obtained using equilibrium equation for slenderness ratio 10 
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4. Results 


The results for inplane displacement, transverse displacement, axial and transverse stresses are 
presented in the following non dimensional form for the purpose of presenting the results in this 


paper: 
_ Ebu — 10Ebh? w : bo» - bT xx L 
U5 YS aa Oy = ’ Tza = ’ S=—. 
qoh gol do do h 
The numerical results for displacements and stresses are obtained using FORTRAN programs 
developed based on the non-dimensional expressions for these quantities. 


5. Discussion and conclusion 


The variationally consistent theoretical formulation of the theory with general solution tech- 
nique of governing differential equations is presented. The general solutions for beam with 
parabolic load is obtained in case of thick fixed beams. The displacements and stresses ob- 
tained by present theory are in excellent agreement with those of other equivalent refined and 
higher order theories. The present theory yields the realistic variation of axial displacement and 
stresses through the thickness of beam. The theory is shown to be capable of predicting the 
effects of stress concentration on the axial and transverse stresses in the vicinity of the built-in 
end of the beam which is the region of heavy stress concentration. Thus the validity of the 
present theory is established. 
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Nomenclature 

A Cross sectional area of beam = bh 

b Width of beam in y-direction 

E,G, Elastic constants of the beam material 

h Thickness of beam 

I Moment of inertia of cross-section of beam 

L Span of the beam 

qo Intensity of parabolic transverse load 

S Slenderness ratio of the beam = L/h 

w Transverse displacement in z-direction 

Ww Non-dimensional transverse displacement 

u Non-dimensional axial displacement 

x,y,z Rectangular Cartesian coordinates 

Ox Non-dimensional axial stress in x-direction 

pois Non-dimensional transverse shear stress via constitutive relation 
pr Non-dimensional transverse shear stress via equilibrium equation 
(x) Unknown function associated with the shear slope 

List of abbreviations 

CR Constitutive Relations 

EE Equilibrium Equations 


TSDT — Trigonometric Shear Deformation Theory 
HPSDT Hyperbolic Shear Deformation Theory 
HSDT Third Order Shear Deformation Theory 


FSDT 
ETB 


First Order Shear Deformation Theory 
Elementary Theory of Beam 
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A New Beam Element for Structural Analysis 


Yucheng Liu 


Abstract—This paper presents an isotropic beam element based 
on a sinusoidal shear deformation theory. The element shape 
functions are found directly from the solutions of the governing 
differential equations that describe the deformations of the cross 
section based on the high order theory. The presented beam element 
is used for stiffness analysis and the results are compared with the 
solutions obtained from classical beam theory, elasticity theory, and 
Petrolito beam theory. 


Keywords—beam, Touratier theory, shear deformation theory, 
stiffness analysis, analytical solution. 


I. INTRODUCTION 


Classical beam theory was based on the Bernoulli-Euler 
law, which assumes that plain sections of the cross section 
remain plain and perpendicular to the beam axis and neglects 
shear deformation. This theory correctly calculates the load- 
carrying and deflection characteristics of thin beams. 
However, for thick beams in which shear deformation is 
important, the Bernoulli-Euler theory yields some errors in 
describing such beam’s behaviors. This defect was overcome 
by Timoshenko’s beam theory, which takes into account shear 
deformation and rotational inertia effects [1]. In Timoshenko 
beam theory, the resulting stress field no longer satisfies the 
usual shear free boundary condition on the top and bottom 
surfaces of the beam. Therefore, in this theory, it is necessary 
to include a Timoshenko shear coefficient into the integrated 
shear constitutive equation. This problem was solved by 
Levinson [2], who developed a high order shear deformation 
theory based on a cubic in-plane displacement approximation 
that relaxes the restriction on the warping of the cross section. 
In Levinson’s theory, the equilibrium equations of the 
classical plate theory was used for the derivation, which is 
variational inconsistent with the kinematics of displacements. 
By using the cubic displacement field of Levinson, Bickford 
[3], Heyliger and Reddy [4] developed variationally consistent 
high order beam theories, separately. 

Different beam elements have been developed based on 
these beam theories and even plate theories. Heyliger and 
Reddy [4] presented a high order beam element for the static 
and dynamic behavior of rectangular beams by using the 
variationally consistent higher order plate theory of Reddy [5, 
6]. Petrolito [7] used Bickford beam theory to perform exact 
stiffness analysis of thick beams. He derived solutions of the 
governing differential equations as well as the beam element’s 
shape functions. The accuracy of Petrolito’s beam element 
was verified by comparing with elasticity theory and classical 
beam theory. Eisenberger [8] continued to derive the exact 
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stiffness matrix for the high order beam element and present 
an exact beam element. Examples showed that with such exact 
beam element, the exact results could be obtained independent 
of the number of elements. 

Besides the aforementioned high order shear deformation 
theories, Touratier [9] developed a new plate theory that 
accounts for cosine shear stress distribution and free boundary 
conditions for shear stress on the top and bottom surfaces of 
the plate. This theory also rectifies the defect of Timoshenko’s 
theory and was proved being more efficient than other refined 
plate theories, in which the shear deformation is represented 
by a sinusoidal function. Even Touratier theory is a plate 
theory, it can also be employed to define beam element. In this 
paper, a new beam element is presented based on Touratier 
theory. An illustrative example shows that the presented beam 
element is efficient for stiffness analysis and accurately 
describes the deflection behaviors of thick beams. By using 
Touratier theory, the beam element can be developed without 
using shear correction factors and independent of material 
behavior in the kinematics. 


II. GOVERNING EQUATIONS 


A typical beam element is shown in Fig. 1. Assuming that 
there are no loads applied along the X direction, the 
deformation of the beam is described by the displacements 
along X and Z directions, u and w, and the rotation about Y 
direction, 8. According to Touratier’s theory, the displacement 
field of the present beam element takes the form 


W = W(X) (1) 
0 = A(x) 
u =Uu(X,Z) = A sin( = 0 *) Z a 
a h Ox Ox 
The strain components are 
duh. (z) 00 Ow a’w 
é, =. =— sin -Z 
Ox 4 h \\ éx éx? Ox? (2) 
du dw 7 | =) 
Va =~ + = Cos O+ 
Oz = Ox h Ox 
The stress-strain relationships are 
ox = Eex and txz = Gyxz (3) 


where E is Young’s modulus, G = E/2(1 + v) is the shear 
modulus and v is Poisson’s ratio. Here this beam element is 
assumed as isotropic. 
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Fig. 1. Typical beam element 
The equilibrium equations for the beam element are 
obtained using Hamilton’s principle [4] based on Eqs. (1) to 
(3), which can be expressed as 


i [ [ (o 06, + 7,,57,, dxdydz — [ qowdx=0 (4) 


where b is the width of the beam and q is the distributed 
transverse load acting on the beam. 

Substituting Eqs. (1) to (3) into Eq. (4) and we can have the 
equilibrium equations for the beam as 


" 


2h? he hr 44 Be 
Ebo' Ebw"| +|0.5Gbh(0+w’')| +q=0 
( a a i w ) is | (e+w)] +4 


3 3 3 
(2 i -}ew . : evo +0.5Gbh(9 + w’) =0 
2 


(5) 

Taking the beam’s cross-sectional area A = bh and the 

second moment of the cross-sectional area I = bh3/12, Eq. (5) 
can be simplified as 


[0.166EI0' —0.06EIw"] +[0.5GA(0+w')] +q=0 


[0.166EIw" — 0.648E10"] +0.5GA(0 + w')= 0 (6) 


where EI is the beam’s bending rigidity, GA is the beam’s 
shear rigidity, and the prime denotes d/dx. 
From Eq. (6), the generalized forces appropriate for this 
beam element can be defined as 
F, = 0.166EI6" — 0.06Elw" + 0.5GA(0 + w') 


F, =0.06EIw" — 0.166EI@’ 
F, = 0.648EI6@' —0.166EIw" (7) 


where the F1 is a generalized shear force, while F2 and F3 are 
generalized moments. 

According to Petrolito [7], in order to fully determine the 
boundary conditions for the beam, either quantity in the 
following three pairs needs to be specified 

w or Fl; 
w’ or F2; 
8 or F3. 

So far, the beam theory has been entirely presented, which 
includes a sinusoidal displacement field from Touratier’ 
theory (Eq. (1)), two equilibrium equations (Eq. (6)), and 
three pairs of associated boundary conditions at each end of 
the beam. In following sections, the equilibrium equations 
(Eq. (6)) are solved to determine the lateral deflection of the 
beam, w, and the rotation of a normal to the axis of the beam, 
8 in a linear bending problem. 


IH. GENERAL SOLUTIONS OF Eq. (6) 


The coupled differential equations (Eq. (6)) can be solved 
and the solutions include two parts: homogeneous solutions 
and particular solutions. For the homogeneous solutions, 
assuming there is no applied transverse load, q = 0, Eq. (6) 
can be decoupled as 


w —2w =0 ang 99-709 =0 gy 
with 


46GA 276 
2 
EI h°(1+v) (9) 

Such problem (Eq. (8)) has been solved by Petrolito [7] and 
Eisenberger [8] and the solution is 
w=C, +C,x+C,x’ +C,x° +C, sinh(Ax) + C, cosh(1x) 
_ —9.768EIC, 

GA 


Wha 


é 


(10) 

Particular solutions need to be derived according to the 

applied loads or moments. If the applied load q(x) is linearly 

distributed along the beam length L with the maximum 
magnitude Q 


x 
q(x) =—Q, 
s (11) 
The particular solution of Eq. (6) is obtained as 
(39) = 008" 
= EET, 
0.04x* 0.78x? 2.03 EI 
0,(x) > 2 1 
EIL GAL (GA) L (12) 
Else if the applied load is given by 
q(x) =~Q, (i -=)o, 
L L (13) 
The particular solution is 
W(x) = w,(x) +22 w,(L—x) 
Q, 
= Q, 
8; (x) = 8, (x) - 6, (L — x) 
Q (14) 


Obviously, if the applied load is constant, q(x) = Q, the 
particular solution can be obtained from Eq. (14) by assuming 


QI =Q2=Q. 


IV. ELEMENT FORMULATION 


Based on above demonstration, a typical beam element, e, 
can be presented. Fig. 2 plots this beam element and the 
element has two nodes each with three degrees of freedom w, 
w’, and 0. 


i X 
w*(0) w*(L*) 
w*(0) we(L*) 
6°(0) 6*(L*) 


Fig. 2. Presented beam element 
The beam element formulation, which is similar to that 
developed by Petrolito [7], is represented as 
w*(x) = Al(x)(B™)°(d® —do) = Ni(x)d* + wy (x) 
O° (x) = A; (x)(B™)°(d® — dg) = N3(x)d° + 0; (x) (15) 


where the shape function matrices N1(x) and N2(x) are 

N,(x) = A,(X)B™ N,(x) = A,(x)B™ (16) 

and wf(x) and 0f(x) are fixed end solutions according to the 
applied loading on the element 

w,(x)=-A\(x)B"'dy 0, (x) =—A,(x)B'd, 


Notations in Eq. (15) to (17) are defined as 


(17) 


C, -2C,x—3C,x? + 0.226AC, sinh(Ax) + 0.2264C, cosh(Ax) 
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A,(x) =[1, x, x’, x°, sinh(/x), cosh(Ax)] 


A, (x) =[0,-1,-2x, — + 31° 0.226, cosh(29).0.226asinh( 


B=[A,(0), A;(0), A, (0), A,(L), A;(L), A, (L)] 
d, =[W, (0), Wo (0), A) (0), Wo (L), wo (L), & (L)] 
d® =[w* (0), w’*(0), 0° (0), w°(L*), w'*(L"), 8° (L*)] 

(18) 
where Le is the length of the beam element, dO and de are 
degrees of freedom of the beam element. 

From Eq. (7) and Eq. (15), the generalized forces for the 
element are 
F°(x) = Sy (x)d* + S5,(x) 
F{ (x) = SS(x)d° +8%,(x) 
F(x) = $3 (x)d° +S53(x) (19) 
where S1(x), S2(x), and S3(x) are generalized force matrices 
S,(X) = 0.166EIN3(x) — 0.06EIN((x) + 0.SGA(N, (x) + N{(x)) 
S, (x) = 0.06EIN/(x) — 0.166EIN; (x) 
S,(x) = 0.648EIN; (x) — 0.166EIN/(x) 

(20) 

while Sfl(x), Sf2(x), and Sf3(x) are generalized fixed end 


forces 
S , (x) = 0.166EI97 (x) — 0.06 Elw4 (x) + 0.5GA(0(x) + wy (x)) 


S ;>(x) = 0.06EIw" (x) — 0.166EIO" (x) 
S ,,(x) = 0.648EI0% (x) — 0.166 EIw" (x) 
(21) 
Also, from Petrolito’s theorem, the stiffness equations for a 
beam which is composed of E beam elements are given by 


E 

> (K‘d‘ -R*)=0 

e-l (22) 
where Ke denotes the element stiffness matrix, which is 
symmetric, and Re is the element load vector 


=f fing 
R=[' pNj dx a 


V. ILLUSTRATIVE EXAMPLE 


A beam problem is solved in this section using the present 
beam element. The results are compared with the solutions 
obtained using Petrolito’s beam theory [7], elasticity theory 
[10], and classical beam theory (the Timoshenko beam). In 
this example, the aspect ratio of the beam L/h varies from 1 to 
100 and Poisson’s ratio v is set as 0.3. 

Example: simply supported beam subjected to a uniform 
load 

In this example, a simply supported beam with length L and 
depth h (Fig. 1) is subjected to a uniform load q = QI/L (Fig. 
3). This beam is analyzed using the present element and 
because of its symmetry, the beam is meshed with two 
elements where each element represents a half beam. 


q=Q/L 


. L . 


Fig. 3. Simply supported beam subjected to a uniform load 

The central displacement w and maximum stress ox for the 
simply supported beams with different L/h are calculated 
using the present beam theory. The results are normalized 
with respect to the results obtained from the classical beam 
theory and are compared to the normalized elasticity solution 
and Petrolito’s solution (as listed in table 1, the normalized 
elasticity solution and petrolito’s results were presented in 
[7]). 

The results listed in table 1 indicate that the present beam 
formulation agrees very well to the elasticity theory and 
Petrolito’s beam model. Evident errors are observed compare 
to the classical solution when L/h < 5, in which cases the 
models cannot be considered as beams. As the ratio L/h 
increases, all the results tend toward the classical solution. The 
accuracy of the present beam formulation is therefore verified. 


Table I 
NORMALIZED CENTRAL DISPLACEMENT, W, NORMALIZED MAXIMUM STRESS, 
=X FOR EXAMPLE 
L/h Displacement Stress 
Present | Elasticity | Petrolito | Present | Elasticity | Petrolito 

1 3.412 3.399 3.434 1.309 1.271 347 

2 1.621 1.622 1.620 1.079 1.067 .087 

3 1.276 1.278 1.277 1.036 1.030 .039 

4 1.156 1.157 1.156 1.012 1.017 .022 

5 1.100 1.100 1.100 1.009 1.011 014 
10 1.025 1.025 1.025 1.003 1.003 .003 
25 1.004 1.004 1.004 1.001 1.000 .001 
50 1.001 1.001 1.001 1.000 1.000 .000 
100 | 1.000 1.000 1.000 1.000 1.000 .000 


VI. CONCLUSIONS 


In this paper, a new beam formulation based on Touratier’s 
sinusoidal beam theory is presented. The governing 
differential equations for such beam are derived and solved. 
The present beam formulation can be used to correctly solve 
regular beam problems and by using this formulation, only the 
minimum number of elements are required to mesh the beam, 
enabling the problem to be solved rapidly. Developed based 
on Touratier’s beam theory, such beam formulation does not 
require a shear correction factor and is very suitable for 
modeling composite beams. 
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Abstract:- The number of variables in the present theory is same as that in the first order shear 
deformation theory. A third order shear deformation theory for flexure of thick beams, taking into 
account transverse shear deformation effects, is developed. The sinusoidal function is used in 
displacement field in terms of thickness coordinate to represent the shear deformation effects. The 
noteworthy feature of this theory is that the transverse shear stresses can be obtained directly from the 
use of constitutive relations with excellent accuracy, satisfying the shear stress free conditions on the 
top and bottom surfaces of the beam. Hence, the theory obviates the need of shear correction factor. 
The thick cantilever isotropic beams are considered for the numerical studies to demonstrate the 
efficiency of theory. Results obtained are discussed critically with those of other theories. 


Keywords:- Thick beam, displacements, stresses, , third order shear deformation, flexure. 


I. INTRODUCTION 

It is well-known that elementary theory of bending of beam based on Euler-Bernoulli hypothesis 
disregards the effects of the shear deformation and stress concentration. The theory is suitable for slender beams 
and is not suitable for thick or deep beams since it is based on the assumption that the transverse normal to 
neutral axis remains so during bending and after bending, implying that the transverse shear strain is zero. Since 
theory neglects the transverse shear deformation, it underestimates deflections in case of thick beams where 
shear deformation effects are significant. 

Bresse [1], Rayleigh [2] and Timoshenko [3] were the pioneer investigators to include refined effects 
such as rotatory inertia and shear deformation in the beam theory. Timoshenko showed that the effect of 
transverse vibration of prismatic bars. This theory is now widely referred to as Timoshenko beam theory or first 
order shear deformation theory (FSDT) in the literature. In this theory transverse shear strain distribution is 
assumed to be constant through the beam thickness and thus requires shear correction factor to appropriately 
represent the strain energy of deformation. Cowper [4] has given refined expression for the shear correction 
factor for different cross-sections of beam. The accuracy of Timoshenko beam theory for transverse vibrations 
of cantilever beam in respect of the fundamental frequency is verified by Cowper [5] with a plane stress exact 
elasticity solution. To remove the discrepancies in classical and first order shear deformation theories, higher 
order or refined shear deformation theories were developed and are available in the open literature for static and 
vibration analysis of beam. 

Levinson [6], Bickford [7], Rehfield and Murty [8], Krishna Murty [9], Baluch, Azad and Khidir [10], 

Bhimaraddi and Chandrashekhara [11] presented cosine shear deformation theories assuming a higher variation 
of axial displacement in terms of thickness coordinate. These theories satisfy shear stress free boundary 
conditions on top and bottom surfaces of beam and thus obviate the need of shear correction factor. Irretier [12] 
studied the refined dynamical effects in linear, homogenous beam according to theories, which exceed the limits 
of the Euler-Bernoulli beam theory. These effects are rotary inertia, shear deformation, rotary inertia and shear 
deformation, axial pre-stress, twist and coupling between bending and torsion. 
Vlasov and Leont’ev [13] developed refined shear deformation theories for thick beams including sinusoidal 
function in terms of thickness coordinate in displacement field. However, with these theories shear stress free 
boundary conditions are not satisfied at top and bottom surfaces of the beam. In this paper development of 
theory and its application to thick cantilever beam is presented. 


Il. SYSTEM DEVELOPMENT 


The beam under consideration as shown in Fig. 1 occupies in O—x— -y—z Cartesian coordinate system 


h h 


the region: O<x<L: O<y<b; -—<z<— 
2 2 
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Where x, y, z are Cartesian coordinates, L and b are the length and width of beam in the x and y 
directions respectively, and h is the thickness of the beam in the z-direction. The beam is made up of 
homogeneous, linearly elastic isotropic material. 


a td) : 
| 


x. % 


|-——_ 1 |g 


| 
zw 


Fig.1: Beam under bending in x-z plane 


A. The Displacement Field 
The displacement field of the present beam theory is of the form: 
dw A z? 
w= + 1 
u(x, Z) Z or <{ 3 ee Joo (1) 


w(x, Z) = wx) 
Where w is the axial displacement in x direction and w is the transverse displacement in z direction of 
the beam. The sinusoidal function is assigned according to the shear stress distribution through the thickness of 
the beam. The function ¢ represents rotation of the beam at neutral axis, which is an unknown function to be 


determined. The stress-strain relationships used are as follows: 

o, = E&,, T, =GY, (2) 
B. Governing Equations and Boundary Conditions 
Using the principle of virtual work, variationally consistent governing differential equations and boundary 
conditions for the beam under consideration can be obtained. The principle of virtual work when applied to the 
beam leads to: 


x=L pz=th/2 x=L 
bf ey een (0,06, +7., 7, )dxdz— | 9 Ux dwadx =0 (3) 
where the symbol 6 denotes the variational operator. 

The associated consistent natural boundary conditions obtained are of following form: 


At the ends x = 0 andx=L 


3 2 
dw 24, ab_, 


Y=] 3 2 
dx a dx or W is prescribed (4) 
2 
Mes Fr ao 7 
dx T dx or “” is prescribed (5) 
dx 
24dw 6 d@¢ 
M =EI EI =0 or @¢ is prescribed 6 
P ae ge ae ¢ isp (6) 


Thus the boundary value problem of the beam bending is given by the above variationally consistent 
governing differential equations and boundary conditions. 
C. The General Solution of Governing Equilibrium Equations of Beam 
The general solution for transverse displacement w(x) and warping function ¢ (x) is obtained using “(6) and (7)” 


using method of solution of linear differential equations with constant coefficients. Integrating and rearranging 
“(6)”, we obtain the following expression 
dw _ 24d*g Q(x) re 
de wdx El 


Where Q(x) is the generalized shear force for beam and it is given by QO(x)= fadx+ Cx 
0 


III. ILLUSTRATIVE EXAMPLE 
In order to prove the efficacy of the present theory, the following numerical examples are considered. 
The following material properties for beam are used 
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E = 210 GPa, uw = 0.3 and p= 7800 kg/m’, where E is the Young’s modulus, p is the density, and u is the 
Poisson’s Units 

Cantilever beam subjected to cosine load 

The cantilever beam is having its origin at left at x = 0 and free at x =L. The beam is subjected to cosine load, 


on surface z = +h/2 acting in the downward z direction with maximum intensity of load q,. 


Fig.2: Cantilever beam with cosine load 


General expressions obtained for w(x ) and g(x) are as follows: 


2 L 
o(x)= Ay Go 1 sin + sinh Ax—cosh as) (8) 
am C, Gbh 2L 
240( 8 1X Ix lx) 408, ER 1X 
z| COs 1 ytoay lta +] COs 1 
(x) Ql | «\a 2L 6L 2L mz C,GL 2L (0) 
w(x) = —— 
120EI) 20 A, Eh’ Se =) 
xC,GL AL L 


The axial displacement and stresses obtained based on above solutions are as follows 
240( 4 . mx) 1x x 40B, EW(an. 2x 
; > sin + 5 >| ~sin 
1zb| z\a 2L) 2L L wOoGl\2 2L 
qh | 1Ohh) 2040 ER? 


— fo ——— ——(coshAx-sinhiAx-1 10 
"Eb x C, GE! ) 


pA 
ee 1 é = bap anes sinh Ax —cosh Ax+1—sin 
h 3h |zGCh 2L 


1zL|240( 2 xx x B EW ax 2A, Eh” 
5 cos 10 = COS = 
q| WhWlL a\ a 2L L Cer 2h. #6 EL 


phy 4z |2 EA, * cos * + ALcosh Ax—ALsinh Ax 
3h 2L 


(ALsinh Ax-ALcosh 2] 
(11) 


aGC, 


2 
-4 2 ~ ei . it sin sinh Ax—cosh 23) (12) 
T Uy 


2 2 2 2 
t= Jol ( 42 |2 c sin =) 5a ae e sin om 20 fo Et VL (oun 2x-sinh 28) 
1 


* ~ 80bh he 2L 6G Um #*£¢,62 
ZEA ni V2 ez? 5 
aGC,L\2hW 3h* 48 


(13) 


2 
4°. sinh Ax—A2L cosh Ax+ sin = 
4 2L 


IV. RESULTS 
In this paper, the results for inplane displacement, transverse displacement, inplane and transverse 


stresses are presented in the following non dimensional form for the purpose of presenting the results in this 
work. 
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For beams subjected to cosine load, g(x) 


_ Ebu _ 10EbW’>w _ bo, = _ _ br., 
_ w= sO, = = T= = 


Qh , Gol’ I 7 Lo 


Table I: Non-Dimensional Axial Displacement at (x = L, z = h/2), Transverse Deflection at (x = L, z =0.0), 
Axial Stress at (x = 0, z = h/2) Maximum Transverse Shear Stresses (x = 0.01L, z = 0.0) for Aspect Ratio 4 
Model | u w fom FR ZEEE 


x 2x 2x 


HSDT | -71.15 | 6.17 | 37.00 | 1.90 -2.76 
FSDT | 23.15 6.54 | 22.21 | 0.31 3.76 


ETB 23.15 5.75 | 22.21 | - 3.76 


Table II: Non-Dimensional Axial Displacement at (x = L, z = h/2), Transverse Deflection at (x = L, z =0.0), 
Axial Stress at (x = 0, z = h/2) Maximum Transverse Shear Stresses (x = 0.01L, z = 0.0) for Aspect Ratio 10 
Model | a Ww io FR PRE 


x zx 


HSDT | -1064.34 | 5.82 | 171.47 | 7.82 3.86 
FSDT | 361.78 5.88 | 138.80 | 4.80 9.40 


ETB 361.78 5.75 | 138.80 | - 9.40 
0.50 5 0.50 5 
zh —sk— Present HSDT —sk— Present HSDT 
age —@— FSDT —@— FSDT 
, —@— ETB 


—@— ETB 


00 200 300 400 


-400 -300 -200 -100 


u 


-0.25 4 


-0.50 — 


-0.50 4 
Fig. 3: Variation of axial displacement ( u) through the thickness of cantilever beam at (x=L, z) when subjected 
to cosine load for aspect ratio 4 and 10. 


0.50 7 0.50 — 
| —te— Present HSDT 
ve & FSDT wh —ce— Present HSDT 
5+ —@— E&TB 0.25 _ —@- FSDT 
—@— ETB 


] I T 10-00 
40 -180 — -120 -60 


-0.25 


-0.50 -0.50 
Fig. 4: Variation of axial stress ( o ,) through the thickness of cantilever beam at (x = 0, z) when subjected to 
cosine load for aspect ratio 4 and 10. 
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0.50 0.50 +—_¢ 
—3e— Present HSDT —sk— Present HSDT 
ash + —@— FSDT vh 4 if —@— FSDT 
* + 
0.25 - 0.25 7 
, > 
> 
4 | + 
> 
0.00 0.00 ~ 
; _— o | a 
9 Pp 90 | 
° 
> -0.25 + 
-0.25 + > 
> 
+ 
’ 0.50 *— + 
-0.50 «4 


Fig. 5: Variation of transverse shear stress ( w ) through the thickness of cantilever beam at (x = 0.01Z, z) 
obtained via equilibrium equation when subjected to cosine load for aspect ratio 4 and 10. 
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0.25 4 Oe) 
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Fig. 6: Variation of transverse shear stress ( a ) through the thickness of cantilever beam at (x = 0.01L, z) 


obtain via constitutive relation when subjected to cosine load for aspect ratio 4 and 10. 
° 


—fe— Present HSDT 
—@— FsDT 
—@— = 
w 


Fig. 7: Variation of displacement ( w ) through the thickness of cantilever beam at (x = L, z) when 
subjected to cosine load for aspect ratio S. 


Vv. DISCUSSION OF RESULTS 


The comparison of results of maximum non-dimensional axial displacement (4) for the aspect ratios 
of 4 and 10 is presented in Tables I and II for beam subjected to cosine loads. The values of axial displacement 
given by present theory are in close agreement with the values of other refined theories for aspect ratio 4 and 10. 
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The through thickness distribution of this displacement obtained by present theory is in close agreement with 
other refined theories as shown in Figs. 3 and 4 for aspect ratio 4 and 10. 
The results of axial stress (o,) are shown in Tables I and II for aspect ratios 4 and 10. The axial 


stresses given by present theory are compared with other higher order shear deformation theories. It is observed 
that the results by present theory are in excellent agreement with other refined theories as well as ETB and 
FSDT. The through the thickness variation of this stress given by all the theories is linear. The variations of this 
stress are shown in Figs. 5 and 6. 

The comparison of maximum non-dimensional transverse shear stress for simple beams with varying 
and cosine loads obtained by the present theory and other refined theories is presented in Tables I and II for 
aspect ratio of 4 and 10 respectively. The maximum transverse shear stress obtained by present theory using 
constitutive relation is in good agreement with that of higher order theories for aspect ratio 4 and for aspect ratio 
10. The through thickness variation of this stress obtained via constitutive relation are presented graphically in 
Figs. 7 and 8 and those obtained via equilibrium equation are presented in Figs. 9 and 10. The through thickness 
variation of this stress when obtained by various theories via equilibrium equation shows the excellent 
agreement with each other. The maximum value of this stress occurs at the neutral axis. 

The comparison of results of maximum non-dimensional transverse displacement (w ) for the aspect 
ratios of 4 and 10 is presented in Tables I and II cantilever beam subjected to cosine load. The values of present 
theory are in excellent agreement with the values of other refined theories for aspect ratio 4 and 10 except those 


of classical beam theory (ETB) and FSDT of Timoshenko. The variation of W with aspect ratio (S$) is shown in 
Fig. 11. The refined theories converge to the values of classical beam theory for the higher aspect ratios. 


VI. CONCLUSION 
The general solutions for beams with cosine loads are obtained in case of thick cantilever beams. The 
displacements and stresses obtained by present theory are in excellent agreement with those of other theories. 
The present theory yields the realistic variation of axial displacement and stresses through the thickness of beam. 
Thus the validity of the present theory is established. 
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